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❏✉❛♥✲❆♥t♦♥✐♦ ❊s❝❛r❡♥♦1✱ ▼✐❝❦② ❘❛❦♦t♦♥❞r❛❜❡2∗✱ ❛♥❞ ❉✐❞❛❝❡ ❍❛❜✐♥❡③❛2

1✿ P♦❧②t❡❝❤♥✐❝ ■♥st✐t✉t❡ ♦❢ ❆❞✈❛♥❝❡❞ ❙❝✐❡♥❝❡s✱ ✼✲✾ r✉❡ ▼✳ ●r❛♥❞❝♦✐♥❣✱ ✾✹✷✵✵

■✈r②✲s✉r✲❙❡✐♥❡✱ ❋r❛♥❝❡✳
2✿ ❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧ ❛♥❞ ▼✐❝r♦✲▼❡❝❤❛tr♦♥✐❝ ❙②st❡♠s ❞❡♣❛rt✳ ✭❆❙✷▼✮✱

❋❊▼❚❖✲❙❚ ■♥st✐t✉t❡✱

❈◆❘❙ ✲ ❯♥✐✈❡rs✐t② ♦❢ ❋r❛♥❝❤❡✲❈♦♠té ❛t ❇❡s❛♥ç♦♥ ✭❯❋❈✮ ✲ ❊◆❙▼▼ ✲ ❯❚❇▼✱

❇❡s❛♥ç♦♥ ❋r❛♥❝❡✳
∗✿ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✱ ❡♠❛✐❧✿ ♠r❛❦♦t♦♥❅❢❡♠t♦✲st✳❢r

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❞❡❛❧s ✇✐t❤ t❤❡ ❝♦♥tr♦❧ ♦❢ ❛ t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭✷✲❉❖❋✮ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦r ❢♦r ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ❛♥❞ ✇❤✐❝❤ ❡①❤✐❜✐ts str♦♥❣ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t②
❛♥❞ str♦♥❣ ❝r♦ss✲❝♦✉♣❧✐♥❣s✳ ❚♦ t❛❝❦❧❡ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✱ ✇❡
♣r♦♣♦s❡ t✇♦ ❞❡❝♦✉♣❧❡❞ ♠♦❞❡❧s ✐♥ ✇❤✐❝❤ t❤❡② ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✭✜❝t✐✈❡✮ ❡①t❡r♥❛❧
❞✐st✉r❜❛♥❝❡s ✇❤✐❝❤ r❡q✉✐r❡ ♣r♦♣❡r ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳ ❚❤❡♥✱ ❛ ❜❛❝❦st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡
✐s ♣r♦♣♦s❡❞ t♦ ❝♦♥str✉❝t ❛ r♦❜✉st ❝♦♥tr♦❧❧❡r t❤❛t ♠❡r❣❡s s❧✐❞✐♥❣✲♠♦❞❡ ❛♥❞ ❛❞❛♣t✐✈❡
s❝❤❡♠❡s✳ ❊①t❡♥s✐✈❡ ❡①♣❡r✐♠❡♥t❛❧ t❡sts ❛r❡ ✜♥❛❧❧② ❝❛rr✐❡❞ ♦✉t t♦ ♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝②
♦❢ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡ ♣r♦♣♦s❡❞✳

❑❡② ✇♦r❞s✿ P✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✱ ✷ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t②✱
❝r♦ss✲❝♦✉♣❧✐♥❣s✱ ❜❛❝❦st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡✱ ♠❡r❣❡❞ s❧✐❞✐♥❣ ♠♦❞❡ ❛♥❞ ❛❞❛♣t✐✈❡
s❝❤❡♠❡s✱ r♦❜✉st ❝♦♥tr♦❧❧❡r✳

✶ ■◆❚❘❖❉❯❈❚■❖◆

❚❤❡ s✐❣♥✐✜❝❛♥t ❛❞✈❛♥❝❡ ♦❢ ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ♠✐❝r♦✴♥❛♥♦ ♦❜✲
❥❡❝ts ✐♥ r❡❝❡♥t ②❡❛rs✱ ❢r♦♠ t❡❝❤♥♦❧♦❣✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❤❛s
✐♥❝r❡❛s❡❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ r❛♥❣❡ ✐♥ ♠❛♥② ✜❡❧❞s ✭❜✐♦❧♦❣②✱ ♠❡❞✐❝✐♥❡✱ ❛✉t♦♠♦t✐✈❡✱
❛❡r♦♥❛✉t✐❝s ❛♥❞ ❛❡r♦s♣❛❝❡✱ ❞❛t❛✲st♦r❛❣❡✱ ❡t❝✮✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡ ✇❤❡♥
✇♦r❦✐♥❣ ❛t ♠✐❝r♦✴♥❛♥♦ s❝❛❧❡ ✐s t❤❡ ❛❜✐❧✐t② t♦ ❡①❡❝✉t❡ t❛s❦s ✇✐t❤ ❛ r❡❧❛t✐✈❡❧②
❤✐❣❤ ♦♣❡r❛t✐♥❣ s♣❡❡❞ ❛♥❞ ❛ ✈❡r② ❤✐❣❤ ♣♦s✐t✐♦♥✐♥❣ ♣r❡❝✐s✐♦♥✳ P✐❡③♦❡❧❡❝tr✐❝ ❜❛s❡❞
❛❝t✉❛t♦rs ❛r❡ t❤❡ ♠♦st ✉s❡❢✉❧ t♦♦❧s ❢♦r s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s✱ ♠❛✐♥❧② ❞✉❡ t♦ t❤❡
❤✐❣❤ r❡s♦❧✉t✐♦♥✱ t❤❡ ✇✐❞❡ ♦♣❡r❛t✐♥❣ ❜❛♥❞✇✐❞t❤ ❛♥❞ t❤❡ s✐❣♥✐✜❝❛♥t st✐✛♥❡ss

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡ ✼ ▼❛② ✷✵✶✺



t❤❡② ❝❛♥ ♦✛❡r✳ ❚❤❡ ♠♦st ❦♥♦✇♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✐s t❤❡
s✉r❢❛❝❡ s❝❛♥♥✐♥❣ ❛t ❛t♦♠✐❝ s❝❛❧❡ ✇✐t❤ s❝❛♥♥✐♥❣ t✉♥♥❡❧✐♥❣ ♠✐❝r♦s❝♦♣❡ ❬✶❪ ❛♥❞
❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡ ❬✷❪✳ ■♥ t❤❡s❡ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ t✉❜❡
s❝❛♥♥❡r ❬✸❪ ✐s ✉s❡❞ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ♣♦ss✐❜❧❡ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ s❝❛♥♥❡❞
s❛♠♣❧❡ ✇✐t❤ ❛ ♥❛♥♦♠❡tr✐❝ r❡s♦❧✉t✐♦♥✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤✐s t❛s❦ ❝❛♥ ❛❧s♦ ❜❡ ❡♥✲
s✉r❡❞ ❜② ❝♦♠♣❧✐❛♥t str✉❝t✉r❡s ❬✹✱✺❪ ❞r✐✈❡♥ ❜② ♣✐❡③♦❡❧❡❝tr✐❝ st❛❝❦ ❛❝t✉❛t♦rs ❬✻❪✳
❆♥♦t❤❡r ✇❡❧❧✲❦♥♦✇♥ ❝❛t❡❣♦r② ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✐♥❝❧✉❞❡s ♠✐❝r♦❣r✐♣♣❡rs
❬✼✱✽❪ ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛❧❧② ♠❛❞❡ ♦❢ t✇♦ ❝❛♥t✐❧❡✈❡r❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱ ❛❧✲
❧♦✇✐♥❣ t❤❡♠ t♦ ❜❡ ✉s❡❞ ❢♦r ♠❛♥✐♣✉❧❛t✐♦♥ ♦r ❤❛♥❞❧✐♥❣ ♦❢ ♠✐❝r♦✲♦❜❥❡❝ts✳ ❚❤❡②
❛r❡ ✈❡r② ✉s❡❞ ❢♦r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ♣✐❝❦✲❛♥❞✲♣❧❛❝❡ t❛s❦s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♠✐✲
❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② ❬✾❪✳ ❋r♦♠ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝❛t❡❣♦r✐❡s
❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱ ✐t ✐s ✇♦rt❤ t♦ ♠❡♥t✐♦♥ t❤❛t s♦♠❡
♦❢ t❤❡♠ ❛r❡ ❞❡s✐❣♥❡❞ t♦ ♣r♦✈✐❞❡ ❞❡✢❡❝t✐♦♥s ✭❞✐s♣❧❛❝❡♠❡♥ts✮ ❛❧♦♥❣ ♦♥❡ ❞✐r❡❝✲
t✐♦♥✴❛①✐s✱ ✐✳❡✳ ♦♥❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✭✶✲❉❖❋ ♦r ♠♦♥♦✈❛r✐❛❜❧❡✮ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦rs✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ❛♥❞ ♣✐❡③♦❡❧❡❝✲
tr✐❝ st❛❝❦s✳ ❖t❤❡r ❛❝t✉❛t♦rs ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❤❛♥❞❧❡ s✉r❢❛❝❡ ♦r s♣❛t✐❛❧ t❛s❦s ❜②
♣r♦✈✐❞✐♥❣ ❞✐s♣❧❛❝❡♠❡♥ts ❛❧♦♥❣ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✿ ♠✉❧t✐✲❉❖❋ ✭♠✉❧t✐✈❛r✐❛❜❧❡✮
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ ❞✉♦✲❜✐♠♦r♣❤ ❛♥❞ ❞✉♦✲♠✉❧t✐♠♦r♣❤
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs✱ ♣✐❡③♦❡❧❡❝tr✐❝ t✉❜❡s s❝❛♥♥❡rs✳

❉❡s♣✐t❡ t❤❡ ❛❞✈❛♥t❛❣❡s✱ ✈❛r✐❡t② ❛♥❞ t❤❡ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❝✐t❡❞ ❛❜♦✈❡✱
♣✐❡③♦❡❧❡❝tr✐❝ ❜❛s❡❞ ❛❝t✉❛t♦rs t②♣✐❢② ❛❞✈❡rs❡ ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ✭❤②st❡r❡s✐s ❛♥❞
❝r❡❡♣✮ ♠❛❦✐♥❣ t❤❡ ❝♦♥tr♦❧ ❞❡s✐❣♥ ♦❢t❡♥ ❛ ❝♦♠♣❧❡① t❛s❦ ❬✶✵✱ ✶✶❪✳ ■♥ ❛❞❞✐t✐♦♥✱
str♦♥❣ ❝♦✉♣❧✐♥❣s ❛♣♣❡❛r ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❛①❡s ✐♥ ♠✉❧t✐✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦rs✱ r❡s✉❧t✐♥❣ ✐♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝❛✉s❡ ♦❢ ♣♦s✐t✐♦♥✐♥❣ ✐♥❛❝❝✉r❛❝②✳ ❚❤❡ ♣r♦❜✲
❧❡♠ ❤❡r❡ ✐s t❤❛t t❤❡s❡ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ ✐✳❡✳ t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣✱ ✇❤✐❝❤
❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ ❡①♣❡❝t❡❞ ❛❝t✉❛t♦r ❞✐s♣❧❛❝❡♠❡♥ts ✭♦r ❞✐r❡❝t tr❛♥s❢❡rs✮✱ ❛❧s♦
❛♣♣❡❛r ✐♥ t❤❡s❡ ❝♦✉♣❧✐♥❣s ❬✶✵✱ ✶✷✕✶✹❪✳ ■t ✐s ✇♦rt❤ ❛❧s♦ ❤✐❣❤❧✐❣❤t✐♥❣ t❤❛t s②s✲
t❡♠s✱ ✐♥ ♣r❛❝t✐❝❡✱ ❢❡❛t✉r❡ ❛♠♣❧✐t✉❞❡✲❧✐♠✐t❡❞ ✐♥♣✉ts ❬✶✺✱✶✻❪✳ ❚❤✐s ❛s♣❡❝t ♠✉st
❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❞❡s✐❣♥ ❢♦r st❛❜✐❧✐t② ♣✉r♣♦s❡s✳ ❋♦r t❤❡s❡ r❡❛s♦♥s✱
✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡✈❡❧♦♣ ❛♣♣r♦♣r✐❛t❡ ❝♦♥tr♦❧ ❞❡s✐❣♥s t❤❛t ♥♦t ♦♥❧② t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t ✐♥❤❡r❡♥t ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ ❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉✲
❛t♦rs ❛①✐s ❜✉t ❛❧s♦ t❤❡ ❜♦✉♥❞❡❞ ❝♦♥tr♦❧ ✐♥♣✉ts✳

❉❡❛❧✐♥❣ ✇✐t❤ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❢❡❛t✉r✐♥❣ ❤②st❡r❡s✐s ❛♥❞ ❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t✐❡s
❤❛s ❜❡❡♥ ❛❞❞r❡ss❡❞ ✉s✐♥❣ ❢❡❡❞❜❛❝❦ ❛♥❞ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ str❛t❡❣✐❡s✱ ♦r✱ t❤❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜♦t❤✳ ❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ r❡❧✐❡s ♦♥ ♣r❡❝✐s❡ ♠♦❞❡❧s ❛♥❞ t❤❡✐r
✐♥✈❡rs❡s ♦r ❛♣♣r♦①✐♠❛t❡ ✐♥✈❡rs❡s ❛s ❝♦♠♣❡♥s❛t♦r ♦❢ t❤❡ ❤②st❡r❡s✐s ♦r ♦❢ t❤❡
❝r❡❡♣✳ ■♥ ❢❡❡❞❜❛❝❦✱ t❤❡ ❧✐tt❡r❛t✉r❡ ✐s ❛❜✉♥❞❛♥t ❛♥❞ t❡❝❤♥✐q✉❡s ❢r♦♠ ❝❧❛ss✐❝❛❧
s❝❤❡♠❡s t♦ ♠♦r❡ ❛❞✈❛♥❝❡❞ ❧✐❦❡ r♦❜✉st✴❛❞❛♣t✐✈❡ s❝❤❡♠❡s ✇❤✐❝❤ r❡❣❛r❞ ♦r ❞✐s✲
r❡❣❛r❞ t❤❡ ❤②st❡r❡s✐s ♦r ❝r❡❡♣ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢
❢❡❡❞❜❛❝❦ t❡❝❤♥✐q✉❡s ❛r❡ ✐♥❞❡❡❞ t❤❡ r♦❜✉st♥❡ss ❛♥❞ t❤❡ ❞✐st✉r❜❛♥❝❡s r❡❥❡❝t✐♦♥
t❤❡② ❝❛♥ ♦✛❡r✳

■♥ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ s❝❤❡♠❡s✱ t❡❝❤♥✐q✉❡s ♠❛✐♥❧② ✐♥❝❧✉❞❡❞ P■❉ ❬✶✼✕✶✾❪✱ ❧✐♥✲

✷



❡❛r r♦❜✉st ❝♦♥tr♦❧ ♠❡t❤♦❞s ❬✷✵✕✷✺❪ ❛♥❞ ♦t❤❡r ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s✱
▲②❛♣✉♥♦✈✲❜❛s❡❞ ❙❧✐❞✐♥❣ ▼♦❞❡ ❈♦♥tr♦❧ ✭❙▼❈✮✱ ✐t❡r❛t✐✈❡✱ ❛❞❛♣t✐✈❡ ❛♥❞ r❡♣❡t✲
✐t✐✈❡ ❝♦♥tr♦❧ s❝❤❡♠❡s ❬✷✻✕✸✺❪✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❧❛❝❦ ♦❢ ❝♦♥✈❡♥t✐❡♥t
s❡♥s♦rs t♦ ♣❡r❢♦r♠ t❤❡ ❢❡❡❞❜❛❝❦✱ ❢♦r ✐♥st❛♥❝❡ ❢♦r ❝❡rt❛✐♥ ♠✐♥✐❛t✉r✐③❡❞ ♣♦s✐✲
t✐♦♥✐♥❣ s②st❡♠s ❢♦r ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♥♦ ❡♠❜❡❞❞❛❜❧❡ s❡♥s♦rs ✇✐t❤ t❤❡ r❡q✉✐r❡❞
♣❡r❢♦r♠❛♥❝❡s✱ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ s❝❤❡♠❡ ✐s ♦❢t❡♥ ✉s❡❞ ✐♥st❡❛❞ ♦❢ ❢❡❡❞❜❛❝❦✳

■♥ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧✱ t❤❡ ♠♦st ✉s❡❞ ♠♦❞❡❧s ♦❢ ❤②st❡r❡s✐s ❛♥❞ t❤❡ r❡❧❛t❡❞
❝♦♠♣❡♥s❛t♦rs ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ❡❧❡♠❡♥t❛r② ❤②st❡r❡s✐s ❝❛❧❧❡❞
❤②st❡r♦♥s✳ ❚❤❡② ❛r❡ t❤❡ Pr❡✐s❛❝❤ ❬✸✻✕✸✾❪ ❛♥❞ t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤❡s
❬✹✵✕✹✺❪✳ ❚❤❡ ♦♣❡♥✲❧♦♦♣ ❝♦♠♣❡♥s❛t♦r✱ ✐✳❡✳ t❤❡ ❤②st❡r❡s✐s ✐♥✈❡rs❡ ♠♦❞❡❧✱ ✐s ❛❢✲
t❡r✇❛r❞s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ✐❞❡♥t✐✜❡❞ ♠♦❞❡❧✳ ❚❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡
✈❡r② ❛❝❝✉r❛t❡ s✉❜❥❡❝t t♦ t❤❡ ✉s❡ ♦❢ ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ❤②st❡r♦♥s✳ ❆♥♦t❤❡r ❢❛♠✲
✐❧② ♦❢ ❤②st❡r❡s✐s ♠♦❞❡❧s ✐s ❜❛s❡❞ ♦♥ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❚❤❡ s♦❧❡ ✉t✐❧✐③❡❞ ✐♥
♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ✐s t❤❡ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ❬✹✻✱✹✼❪ ✇❤✐❝❤ ❤❛s ❛♥ ❛❞✲
✈❛♥t❛❣❡ ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ ❡❛s❡ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ❚❤❡ s②♥t❤❡s✐s ♦❢ t❤❡ ♦♣❡♥✲❧♦♦♣
❝♦♠♣❡♥s❛t♦r ✐♥ ❇♦✉❝✲❲❡♥ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✐♥ ❬✶✹✱✹✽❪✳

❚❤❡ ❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t② ❤❛s ❜❡❡♥ ♠♦❞❡❧❡❞ ❛s ❛ s❡r✐❡s ♦❢ s♣r✐♥❣✲❞❛♠♣❡r s②st❡♠s
r❡s✉❧t✐♥❣ ✐♥ ❛ ❧✐♥❡❛r ❞②♥❛♠✐❝ ♠♦❞❡❧ ❬✹✾❪✳ ❚❤✐s ❧✐♥❡❛r ❞②♥❛♠✐❝ ♠♦❞❡❧ ❝❛♥ ❜❡
❞✐r❡❝t❧② ✐♥✈❡rt❡❞ ✇❤❡♥ ✐t s❛t✐s✜❡s t❤❡ ❜✐✲❝❛✉s❛❧✐t② ❛♥❞ ❜✐✲st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ✐♥
♦r❞❡r t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❝r❡❡♣ ❬✺✵✱✺✶❪✳ ❚❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡
❤❛s ❛❧s♦ ❜❡❡♥ ✉s❡❞ ✐♥ ❬✶✸✱✹✸❪ ❛❧❧♦✇✐♥❣ t❤❡ ✉s❡ ♦❢ t❤❡ ✐❞❡♥t✐✜❡❞ ❞②♥❛♠✐❝ ♠♦❞❡❧
✐ts❡❧❢ ❛s ❝♦♠♣❡♥s❛t✐♦♥✱ ✐✳❡✳ ✇✐t❤♦✉t ❡①tr❛✲❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ ♠♦❞❡❧✳
■♥ ❬✺✷✱ ✺✸❪✱ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ♠♦❞❡❧ ❛♥❞ t♦ ❝♦♠♣❡♥✲
s❛t❡ ❢♦r t❤❡ ❝r❡❡♣✳ ◆❡✈❡rt❤❡❧❡ss✱ ♦♣❡♥✲❧♦♦♣ ❝♦♥tr♦❧❧❡❞ s②st❡♠s ❛r❡ ♥♦t r♦❜✉st
❛♥❞ ❝❛♥ ♥♦t ❤❛♥❞❧❡ t❤❡ ♠♦❞❡❧s ✉♥❝❡rt❛✐♥t✐❡s ❛s ✇❡❧❧ ❛s ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✳
❚❤❡r❡❢♦r❡✱ ❢❡❡❞❢♦r✇❛r❞ t❡❝❤♥✐q✉❡s ❝❛♥ ♥♦t ❜❡ ❡♠♣❧♦②❡❞ ✐♥ ❝❡rt❛✐♥ ❛♣♣❧✐❝❛t✐♦♥s
✇❤❡r❡ t❤❡ ♠♦❞❡❧s ✉t✐❧✐③❡❞ ♠❛② ✈❛r② ❞✉r✐♥❣ t❤❡ ❢✉♥❝t✐♦♥✐♥❣✱ ✇❤❡r❡ t❤❡ ✐❞❡♥t✐✲
✜❡❞ ♠♦❞❡❧s ❛r❡ ♥♦t ♣r❡❝✐s❡ ❡♥♦✉❣❤ ♦r ✇❤❡r❡ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s ❛r❡ ♣r❡s❡♥t✳
❚❤✐s ✐s ✇❤② ❢❡❡❞❢♦r✇❛r❞ s❝❤❡♠❡s ❛r❡ ✐♥❝r❡❛s❡❞ ✇✐t❤ ❢❡❡❞❜❛❝❦ s❝❤❡♠❡s ✐♥ t❤❡s❡
❛♣♣❧✐❝❛t✐♦♥s t♦ ✐♥❝r❡❛s❡ t❤❡ r♦❜✉st♥❡ss ❛♥❞ t♦ r❡❛❝❤ s♦♠❡ s♣❡❝✐✜❡❞ ♣❡r❢♦r✲
♠❛♥❝❡s t❤❛t ❝♦✉❧❞ ♥♦t ❜❡ ❛tt❛✐♥❡❞ ✇✐t❤ ❢❡❡❞❜❛❝❦ ♦r ❢❡❡❞❢♦r✇❛r❞ ✐♥❞✐✈✐❞✉❛❧❧②
❬✶✵✱✶✷✱✺✹✕✺✾❪✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ t❤❡ ♣r♦♣♦s✐t✐♦♥ ♦❢ ❛♥ ❛❧✲
t❡r♥❛t✐✈❡ ❝♦♥tr♦❧ str❛t❡❣② ❢♦r ❛ ✷✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r t♦
♣❡r❢♦r♠ ❝♦♠♣❧❡① tr❛❥❡❝t♦r✐❡s ❛♥❞ ✇❛②♣♦✐♥t tr❛❝❦✐♥❣s ❡✈♦❧✈✐♥❣ ✐♥ t❤❡ ♣❧❛♥❛r
s♣❛❝❡ ✭y ❛♥❞ z ❛①❡s✮✳ ❚❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r ✐s ♠❛✐♥❧② ✉t✐❧✐③❡❞ ✐♥ ♣r❡❝✐s❡
♣♦s✐t✐♦♥✐♥❣ s✉❝❤ ❛s ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧②✳ ❚❤❡ t❛s❦s ❝♦♥s✐st
♣r✐♥❝✐♣❛❧❧② t♦ ♠❛♥✐♣✉❧❛t❡✱ t♦ ♣✐❝❦✲tr❛♥s♣♦rt✲❛♥❞✲♣❧❛❝❡ ♦r t♦ ❛ss❡♠❜❧❡ ❛rt✐✜✲
❝✐❛❧ ✭♥♦♥✲❜✐♦❧♦❣✐❝❛❧✮ ♦❜❥❡❝ts ♦❢ s✐③❡s r❛♥❣✐♥❣ ❜❡t✇❡❡♥ t❡♥s ♦❢ ♠✐❝r♦♥s t♦ ❛
❢❡✇ ♦❢ ♠✐❧❧✐♠❡t❡rs✳ ❚❤❡s❡ t❛s❦s r❡q✉✐r❡ ✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥ ♦❢ ♣♦s✐t✐♦♥✐♥❣✱
❛♥ ❛❝❝✉r❛❝② ❜❡tt❡r t❤❛♥ t❤❡ ♠✐❝r♦♥✱ ❛ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡ ❣❡♥❡r❛❧❧② r❛♥❣✲
✐♥❣ ❜❡t✇❡❡♥ 100µ◆ ❛♥❞ 40♠◆ ❛♥❞ ❛ ❜❛♥❞✇✐❞t❤ ✐♥ ❡①❝❡ss ♦❢ ❛ t❡♥ ♦❢ ❍❡rt③
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❬✾❪✳ ❇❛s❡❞ ♦♥ P❩❚ ✭❧❡❛❞✲③✐r❝♦♥❛t❡✲t✐t❛♥❛t❡✮ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧✱ t❤❡ ✷✲❉❖❋
♣✐❡③♦❛❝t✉❛t♦r ✇❛s ❛ ❣♦♦❞ ❝❛♥❞✐❞❛t❡ ❢♦r t❤❡s❡ t❛s❦s s✐♥❝❡ ✐t ❝❛♥ ♣❡r❢♦r♠ ✉♣ t♦
30♠◆ ♦❢ ❢♦r❝❡✱ ♥❛♥♦♠❡tr✐❝ r❡s♦❧✉t✐♦♥✱ ❛♥❞ ❛ ❜❛♥❞✇✐❞t❤ ♦❢ ❤✉♥❞r❡❞s ♦❢ ❍❡rt③✳
❛❞❞✐t✐♦♥❛❧❧② t♦ t❤❛t✱ t❤❡ t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ❛❝t✉❛t♦r ♣❡r♠✐ts t♦
♣❡r❢♦r♠ ❞❡①t❡r♦✉s ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥✳ ❆s ❛❞✈❡rs❡ s✐❞❡ ❤♦✇❡✈❡r✱ t❤❡ ✷✲❉❖❋
♣✐❡③♦❛❝t✉❛t♦r ❡①❤✐❜✐ts ❛ str♦♥❣ ♥♦♥❧✐♥❡❛r ♣❤❡♥♦♠❡♥♦♥ ✭❤②st❡r❡s✐s✮ ❛♥❞ str♦♥❣
❝r♦ss✲❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛①❡s✳ ■♥ ❢❛❝t✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❝r♦ss✲
❝♦✉♣❧✐♥❣s ❞r❛♠❛t✐❝❛❧❧② ❞✐st♦rt t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛t♦r✳ ❚❤❡s❡ ♣❤❡♥♦♠❡♥❛
str♦♥❣❧② ❝♦♠♣r♦♠✐s❡ t❤❡ ❛❝❝✉r❛❝②✱ ❛♥❞ ❡✈❡♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ✜♥❛❧ t❛s❦s t♦
❜❡ ♣❡r❢♦r♠❡❞✳ ❲❡ ♣r♦♣♦s❡ ✐♥ t❤✐s ♣❛♣❡r ❛ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡ t❤❛t
♣❡r♠✐ts t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❤②st❡r❡s✐s ❛♥❞ ❢♦r t❤❡s❡ str♦♥❣✲❝♦✉♣❧✐♥❣s t♦ ♠❛❦❡
t❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r r❡❛❝❤ t❤❡ ♣❡r❢♦r♠❛♥❝❡s r❡q✉✐r❡❞ ✐♥ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✲
✐♥❣ ❧✐❦❡ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♣r♦♣♦s❡
t♦ r❛ss❡♠❜❧❡ t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ✐♥ ❛ s✐♥❣❧❡ ♣❛r❛♠❡t❡r ❝♦♥✲
s✐❞❡r❡❞ ❛s ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s ❛♥❞ t❤❛t ✇✐❧❧ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❞✉r✐♥❣
t❤❡ ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥✳ ❋♦r t❤❛t✱ t❤❡ ❇❛❝❦st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡ ✐s ✉s❡❞ t♦ ♠❡r❣❡
s❧✐❞✐♥❣✲♠♦❞❡ ❛♥❞ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ s❝❤❡♠❡s t♦ ♦✈❡r❝♦♠❡ t❤❡ ❛❞✈❡rs❡ ❡✛❡❝ts ♦❢
t❤❡ ❞✐st✉r❜❛♥❝❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛❝t✉❛t♦r✬s ❜✐❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t✳ ❚❤❡ ♣r✐♥✲
❝✐♣❛❧ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧✐♥❣ t❡❝❤♥✐q✉❡ ❛♥❞ ❝♦♥tr♦❧ str❛t❡❣② ✐s
t❤❛t t❤❡r❡ ✐s ♥♦ r❡q✉✐r❡♠❡♥t t♦ ❤❛✈❡ ❛ s♣❡❝✐✜❝ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r✐✲
t✐❡s✳ ❖♥❧② ♥♦r♠s t❤❛t ❜♦✉♥❞ t❤❡♠ ❛r❡ r❡q✉✐r❡❞ ❞✉r✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧❧❡r
s②♥t❤❡s✐s✳ ❙✐♠✐❧❛r❧②✱ t❤❡r❡ ✐s ♥♦ r❡q✉✐r❡♠❡♥t ♦❢ ❛ ♣r❡❝✐s❡ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡
❝r♦ss✲❝♦✉♣❧✐♥❣s✱ ❝♦♥tr❛r② t♦ t❤❡ ♠♦❞❡❧s ✐♥ ❢❡❡❞❢♦r✇❛r❞ ❛♥❞ ✐♥ ❢❡❡❞❢♦r✇❛r❞✲
❢❡❡❞❜❛❝❦ ❝♦♠❜✐♥❡❞ t❡❝❤♥✐q✉❡s✳ ❆❧❧ t❤✐s r❡♥❞❡rs t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧✐♥❣ ❛♠♦♥❣
t❤❡ ♠♦st s✐♠♣❧❡ t❡❝❤♥✐q✉❡s ❜✉t r♦❜✉st ✐♥ t❤❡ ❝♦♥tr♦❧ ❧❛✇✳ ❉✐✛❡r❡♥t ❛♥❞ ❡①t❡♥✲
s✐✈❡ ❡①♣❡r✐♠❡♥ts ❛r❡ ❝❛rr✐❡❞ ♦✉t t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞✱
✐♥ ♣❛rt✐❝✉❧❛r ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s✳ ❉✐s❝✉ss✐♦♥s ✇✐t❤ r❡❣❛r❞s t♦ t❤❡ ♣r♦♣♦s❡❞
❝♦♥tr♦❧❧❡r ❣❛✐♥s ❝❛❧❝✉❧❛t✐♦♥✱ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛♥❞ t♦ t❤❡ ❝♦♠♣❛r✐s♦♥
♦❢ t❤❡ ♠❡t❤♦❞ ✇✐t❤ ❝❧❛ss✐❝❛❧ ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥ ❛r❡ ♣r❡s❡♥t❡❞✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ♣✐❡③♦✲
❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r ✭♣✐❡③♦❛❝t✉❛t♦r✮ ✐s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥✲✷✳ ❲❡
♣❛rt✐❝✉❧❛r❧② s❤♦✇ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❧✉♠♣❡❞ ♣❛✲
r❛♠❡t❡r t❤❛t r❛ss❡♠❜❧❡s t❤❡ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t② ❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✳
■♥ s❡❝t✐♦♥✲✸ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✐s ♣r♦✈✐❞❡❞✳ ❙❡❝t✐♦♥✲
✹ ♣r❡s❡♥ts t❤❡ r♦❜✉st✲❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ t♦ ❝♦✉♥t❡r❛❝t t❤❡ ❞✐st✉r❜❛♥❝❡s ❛❝✲
❝♦♠♣❧✐s❤✐♥❣ t❤❡ ❝♦♥tr♦❧ ♦❜❥❡❝t✐✈❡✳ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥s ❛r❡
♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥✲✺✳ ▲❛st❧②✱ t❤❡ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ❛r❡ ❣✐✈❡♥ ✐♥
s❡❝t✐♦♥✲✻✳
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✷ ▼♦❞❡❧✐♥❣ ♦❢ ❛ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r

❆ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r ✭♣✐❡③♦❛❝t✉❛t♦r✮ ✐s ❛ ❝❛♥t✐❧❡✈❡r ✇✐t❤ r❡❝t✲
❛♥❣✉❧❛r s❡❝t✐♦♥ ❛♥❞ ✇❤✐❝❤ ❤❛s ♦♥❡ ♦r s❡✈❡r❛❧ ❧❛②❡rs✳ ❚❤❡ ❧❛②❡rs ❝❛♥ ❜❡ ♣✐❡③♦✲
❡❧❡❝tr✐❝ ✭❛❝t✐✈❡ ❧❛②❡r ♦r ♣✐❡③♦❧❛②❡r✮ ♦r ♥♦♥✲♣✐❡③♦❡❧❡❝tr✐❝ ✭♣❛ss✐✈❡ ❧❛②❡r✮✳ ❲❤✐❧st
t❤❡ ❧❡❛❞✲③✐r❝♦♥❛t❡✲t✐t❛♥❛t❡ ✭P❩❚✮ ❝❡r❛♠✐❝s ✐s ♦❢t❡♥ ✉s❡❞ ❛s ♣✐❡③♦❧❛②❡rs✱ ❝❤r♦♠✐✉♠✱
❝♦♣♣❡r ❛♥❞ s✐❧✐❝♦♥❡ ❛r❡ ✉s❡❞ ❛s ♣❛ss✐✈❡ ♦♥❡s✳ ❚❤❡ ❜❡♥❞✐♥❣ ♦❢ t❤❡ ♣✐❡③♦❛❝t✉❛✲
t♦r✱ ✇❤✐❝❤ ✐s t❤❡ ♦✉t♣✉t ❞✐s♣❧❛❝❡♠❡♥t✱ ✐s ♦❜t❛✐♥❡❞ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ str❛✐♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❧❛②❡rs ✭♣❛ss✐✈❡ ❛♥❞ ♣✐❡③♦✲
❧❛②❡rs✮ ❞✉❡ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ❡❧❡❝tr✐❝ ✈♦❧t❛❣❡✳ ❋✐❣✳ ✶✲❛ ♣r❡s❡♥ts t❤❡
❝❛s❡ ♦❢ ❛ ✶✲❉❖❋ ❛❝t✉❛t♦r ✇✐t❤ t✇♦ ❧❛②❡rs✿ ♦♥❡ ♣❛ss✐✈❡ ❧❛②❡r ❛♥❞ ♦♥❡ ❛❝t✐✈❡
❧❛②❡r✳ ■♥ t❤✐s✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ✈♦❧t❛❣❡ U t♦ t❤❡ ♣✐❡③♦❧❛②❡r ②✐❡❧❞s ✐ts ❝♦♥✲
tr❛❝t✐♦♥✴❡①♣❛♥s✐♦♥✳ ❉✉❡ t♦ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦♥str❛✐♥t ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧❛②❡rs✱
❛ ❜❡♥❞✐♥❣ δ ✐s ✜♥❛❧❧② ♦❜t❛✐♥❡❞✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❞②✲
♥❛♠✐❝ ♠♦❞❡❧✐♥❣ ✐♥❝❧✉❞✐♥❣ t❤❡ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t② ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞✳
❙❝❤❡♠❛t✐❝❛❧❧②✱ ❛s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✶✲❜✱ s✉❝❤ ❞②♥❛♠✐❝ ♠♦❞❡❧ ✐s ❝♦♠♣♦s❡❞
♦❢ ❛ st❛t✐❝ ♥♦♥❧✐♥❡❛r✐t② H(U(s)) ✭♦r s✐♠♣❧② H(U)✮ t❤❛t tr❛❝❦s t❤❡ ❤②st❡r❡s✐s
✐♥ ♣✐❡③♦❡❧❡❝tr✐❝✐t② ❛♥❞ ❛ ❧✐♥❡❛r ❞②♥❛♠✐❝s D(s) ✭s ❜❡✐♥❣ t❤❡ ▲❛♣❧❛❝❡ ✈❛r✐❛❜❧❡✮
♦❢ t❤❡ ✇❤♦❧❡ ♣❧❛♥t✳ ❚❤✐s s❝❤❡♠❡ ✐s ❝❛❧❧❡❞ ❍❛♠♠❡rst❡✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞
✐s ✇✐❞❡❧② ❛❞♠✐tt❡❞ ✐♥ t❤❡ ❧✐tt❡r❛t✉r❡✳ ■♥ t❤❡ ✜❣✉r❡✱ δs ✐s t❤❡ st❛t✐❝ ♦✉t♣✉t
❞✐s♣❧❛❝❡♠❡♥t ✇✐t❤♦✉t ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥t ❞②♥❛♠✐❝s✳ ■♥ t❤❡ ♥❡①t s✉❜✲
s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ♠♦❞❡❧ t❤❡ ❤②st❡r❡s✐s H(U) ❛♥❞ t❤❡ ❞②♥❛♠✐❝s D(s)✳ ❚❤❡♥ ✇❡
✇✐❧❧ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ✐♥ ✷✲❉❖❋ ❛❝t✉✲
❛t♦rs✳ ❚❤❡ ♠♦❞❡❧ ✐s ❛❢t❡r✇❛r❞s ✉s❡❞ t♦ ❞❡r✐✈❡ ❛ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s
❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡ r❛ss❡♠❜❧❡❞ ✐♥ ❛ ❜♦✉♥❞❡❞ ❞✐st✉r❜❛♥❝❡ ♣❛r❛♠❡t❡r✳
❚❤✐s ❧❛tt❡r ♠♦❞❡❧ ✇✐❧❧ ✜♥❛❧❧② ❜❡ ✉s❡❞ ✐♥ s❡❝t✐♦♥✲✸ ❢♦r t❤❡ ❝♦♥tr♦❧❧❡r s②♥t❤❡s✐s✳

✭❛✮

Static hysteresis

model
Linear dynamics

1-DOF piezoactuator

✭❜✮

❋✐❣✳ ✶✳ ✭❛✮✿ ❞❡✢❡❝t✐♦♥ δ ♦❢ ❛ ✶✲❉❖❋ ❝❛♥t✐❧❡✈❡r❡❞ ♣✐❡③♦❛❝t✉❛t♦r ❞✉❡ t♦ ❛♥ ❡①t❡r♥❛❧
✐♥♣✉t U ✳ ✭❜✮✿ ❍❛♠♠❡rst❡✐♥ ❜❧♦❝❦✲s❝❤❡♠❡ ♦❢ t❤❡ ✶✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r✳

✺



✷✳✶ ◆♦♥❧✐♥❡❛r ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ♦❢ t❤❡ ❤②st❡r❡s✐s ✐♥ ✶✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦rs

◆✉♠❡r♦✉s ♠♦❞❡❧s ❛r❡ ❛✈❛✐❧❛❜❧❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❤②st❡r❡s✐s H(U) ♦❢ ♣✐❡③♦❛❝✲
t✉❛t♦rs ❚❤❡ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ♦❢ ❤②st❡r❡s✐s ♥♦t ♦♥❧② ♣r♦✈✐❞❡s ❛♥ ✐♥t❡r❡st✐♥❣
s✐♠♣❧✐❝✐t② ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❜✉t ❛❧s♦✱ ❝❛♥ r❡♣r❡✲
s❡♥t ❛ ✇✐❞❡ ❤②st❡r❡s✐s ❝❧❛ss❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ✐s ♣❛rt✐❝✉❧❛r❧②
✇❡❧❧ s✉✐t❡❞ ❢♦r str✉❝t✉r❛❧ ❛♥❛❧②s✐s ✭st❛❜✐❧✐t②✱ ♣❡r❢♦r♠❛♥❝❡s✮ ❛♥❞ ❝♦♥tr♦❧❧❡rs s②♥✲
t❤❡s✐s ❬✶✹✱✹✽❪✳

❋✐rst✱ t❤❡ st❛t✐❝ ♥♦♥❧✐♥❡❛r✐t② δs = H(U) ✐s ❞❡s❝r✐❜❡❞✳ ❚❤❡ ❇♦✉❝✲❲❡♥ st❛t✐❝
♠♦❞❡❧ ♦❢ ❤②st❡r❡s✐s ❛❞❛♣t❡❞ t♦ ♣✐❡③♦❛❝t✉❛t♦rs ✐s ❞❡s❝r✐❜❡❞ ❜② ❬✹✽✱✻✵❪✿











δs(t) = dpU(t)− h(t)

ḣ(t) = dpAbwU̇(t)− Bbw

∣

∣

∣U̇(t)
∣

∣

∣h(t)− CbwU̇(t) |h(t)|
✭✶✮

✇❤❡r❡ Abw✱ Bbw ❛♥❞ Cbw ❛r❡ ❝♦❡✣❝✐❡♥ts ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❤②st❡r❡s✐s s❤❛♣❡ ❛♥❞
❛♠♣❧✐t✉❞❡ ❛♥❞ dp ✐s ❛ ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥t t❤❛t ❞❡✜♥❡s t❤❡ ♠❛❣♥✐t✉❞❡ ❞❡✢❡❝t✐♦♥✳
❚❤❡ s✐❣♥❛❧ h(t) r❡♣r❡s❡♥ts t❤❡ ❤②st❡r❡s✐s ✐♥t❡r♥❛❧ st❛t❡✳ ❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✐s
t❤❡ ♦✉t♣✉t ❡q✉❛t✐♦♥ ✇❤✐❧st t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✭♥♦♥❧✐♥❡❛r ❛♥❞ ❞✐✛❡r❡♥t✐❛❧✮ ✐s
t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❤②st❡r❡s✐s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ tr❛♥s✐❡♥t ❞②♥❛♠✐❝ ♣❛rt ♦❢ ❛ ♣✐❡③♦❛❝t✉❛t♦r ❝❛♥ ❜❡
❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ s❡❝♦♥❞✲♦r❞❡r s②st❡♠✱ t❤❛t ✐s✿

aδ̈(t) + bδ̇(t) + δ(t) = δs(t) ✭✷✮

✇❤❡r❡ a ❛♥❞ b ❛r❡ ❝♦❡✣❝✐❡♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❚❤❡
❞②♥❛♠✐❝s ✐s ❡❛s✐❧② ❞❡r✐✈❡❞✿ D(s) = 1

as2+bs+1
✳

❚❤❡ ✜♥❛❧ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝ ♠♦❞❡❧ ✐s t❤❡r❡❢♦r❡✿











aδ̈ + bδ̇ + δ = dpU − h

ḣ = dpAbwU̇ − Bbw

∣

∣

∣U̇
∣

∣

∣h− CbwU̇ |h|
✭✸✮

✷✳✷ ❊①t❡♥s✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢♦r ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦rs

❚❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧ ✐s ✈❛❧✉❛❜❧❡ ❢♦r ✶✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦rs✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s
♣❛♣❡r ❜❡✐♥❣ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ ♦❢ ❛ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r ❞❡✈♦t❡❞ t♦
♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣✱ ✇❡ ♣r♦♣♦s❡ t♦ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧✳ ❈♦♥s✐❞❡r ❋✐❣✳ ✷

✻



✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ❜❧♦❝❦✲❞✐❛❣r❛♠ ♦❢ ❛ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r ✇✐t❤ t❤❡ ✐♥♣✉t

✈❡❝t♦r U =
(

Uy Uz

)T

❛♥❞ t❤❡ ♦✉t♣✉t ✈❡❝t♦r δ =
(

δy δz

)T

✳ ❚❤❡ ❛①❡s ♦❢

❞✐s♣❧❛❝❡♠❡♥t ✭❜❡♥❞✐♥❣✮ ♦❢ t❤❡ ♣✐❡③♦❛❝t✉❛t♦r ❛r❡ y ❛♥❞ z✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t
t❤❡r❡ ❛r❡ ♥♦ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛①❡s✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♠♦❞❡❧
❛❧♦♥❣ ❡❛❝❤ ❛①✐s ✐s ❞✐r❡❝t❧② ②✐❡❧❞❡❞ ❢r♦♠ ✭✸✮✿











aiδ̈i + biδ̇i + δi = dpiUi − hi

ḣi = dpiAbwiU̇i − Bbwi

∣

∣

∣U̇i

∣

∣

∣hi − CbwiU̇i |hi|
✭✹✮

✇❤❡r❡ i ∈ {y, z}✳

❍♦✇❡✈❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥s✱ t❤❡r❡ ❛r❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ ❛①❡s y ❛♥❞ z t❤❛t ♠❛❦❡ t❤❡ ♠♦❞❡❧
✭✹✮ ♥♦t ❛♣♣❧✐❝❛❜❧❡✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡s❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡ ❛❧s♦ ♥♦♥❧✐♥❡❛r✳ ▲❡t ✉s
❞❡♥♦t❡ Ci(Uj, hj)✱ ✇✐t❤ i ∈ {y, z} ❛♥❞ j ∈ {y, z}− i✱ t❤❡ ❝♦✉♣❧✐♥❣ ❢♦✉♥❞ ✐♥ t❤❡
❛①✐s i ❛♥❞ ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ✈♦❧t❛❣❡ Uj✳ ❚❤✉s✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♠♦❞❡❧ ❛❧♦♥❣
❡❛❝❤ ❛①✐s ✐s t❛❦❡♥ ❢r♦♠ ✭✹✮ ✐♥ ✇❤✐❝❤ ✇❡ ❛❞❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣ ❡①♣r❡ss✐♦♥✿











aiδ̈i + biδ̇i + δi = dpiUi − hi + Ci(Uj, hj)

ḣi = dpiAbwiU̇i − Bbwi

∣

∣

∣U̇i

∣

∣

∣hi − CbwiU̇i |hi|
✭✺✮

✇❤✐❝❤ ✐s r❡✇r✐t❛❜❧❡ ❛s✿

aiδ̈i + biδ̇i + δi = dpiUi +Θi ✭✻✮

✇❤❡r❡ Θi = −hi + Ci(Uj, hj) ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ ❛s ❜♦✉♥❞❡❞ ❛♥❞ ✈❛r②✐♥❣ s✐❣♥❛❧
✐♥ t❤❡ s❡q✉❡❧✳ ■t ✐s ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t② ✐s ❛❞❞✐t✐✈❡
r❡❧❛t✐✈❡ t♦ t❤❡ ❤②st❡r❡s✐s ❬✷✵✱ ✹✸❪✳ ❚❤✉s✱ ✐t ❝❛♥ ❛❧s♦ ❜❡ r❛ss❡♠❜❧❡❞ ✐♥ Θi✱
✐✳❡✳ Θi = −hi + Ci(Uj, hj) + Ccri(Ui) + Ccri(Uj) ✇❤❡r❡ Ccri(Ui) ✐s t❤❡ ❝r❡❡♣
✐♥ t❤❡ ❞✐r❡❝t tr❛♥s❢❡r ❛♥❞ Ccri(Uj) ✐s t❤❡ ❝♦✉♣❧✐♥❣ ❝r❡❡♣✳ ❙✐♥❝❡ t❤❡ ❝r❡❡♣ ✐♥
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✐s ❜♦✉♥❞❡❞ ❬✻✶❪✱ ✇❡ ❤❛✈❡ Θi st✐❧❧ ❜♦✉♥❞❡❞✳

■♥ ❛ ♠❛tr✐① ❢♦r♠✱ ✭✻✮ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

2-DOF piezoactuator

❋✐❣✳ ✷✳ ❆ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r✳

✼



aδ̈ + bδ̇ + δ = dpU +Θ ✭✼✮

✇❤❡r❡ a = diag (ay, az)✱ b = diag (by, bz) ❛♥❞ dp = diag (dpy, dpz)✳ ❲❡ ❤❛✈❡✿

δ = (δy, δz)
T ✱ U = (Uy, Uz)

T ❛♥❞ Θ = (Θy,Θz)
T ✳

◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ♠❛tr✐① ❢♦r♠✱ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❤②st❡r❡s✐s ❛♥❞ ✇❤✐❝❤
✐s ❛ ♣❛rt ♦❢ Θ ✐s 1 ✿

ḣ = dpAbwU̇(t)− Bbw

(∣

∣

∣U̇(t)
∣

∣

∣ ◦ h(t)
)

− Cbw

(

U̇(t) ◦ |h(t)|
)

✭✽✮

✇❤❡r❡ h = (hy, hz)
T ✱ Abw = diag (Abwy, Abwz)✱ Bbw = diag (Bbwy, Bbwz) ❛♥❞

Cbw = diag (Cbwy, Cbwz)✳

❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ ♠♦❞❡❧ ✐♥ ✭✼✮✱ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s
✭❤②st❡r❡s✐s ❛♥❞ ❡✈❡♥t✉❛❧ ❝r❡❡♣✮ ❝❛♥ ❜❡ r❛ss❡♠❜❧❡❞ ✐♥ ❛ ❜♦✉♥❞❡❞ ♣❛r❛♠❡t❡r Θ✳
❚❤❡ ♠♦❞❡❧ ✭✼✮ ✇✐❧❧ ❜❡ ❡♠♣❧♦②❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✲✹ t♦ ❝❛❧❝✉❧❛t❡ ❛ ❝♦♥tr♦❧ ❧❛✇
✇❤❡r❡ Θ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❜♦✉♥❞❡❞ ❞✐st✉r❜❛♥❝❡✳ ❆s t❤❡ ❜♦✉♥❞ ♦❢ t❤❡ ♣❛r❛♠❡t❡r
Θ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❞✉r✐♥❣ t❤❡ ❝♦♥tr♦❧ ❞❡s✐❣♥✱ t❤❡ ②✐❡❧❞❡❞ ❝♦♥tr♦❧❧❡r ✇✐❧❧ ❜❡
r♦❜✉st ❢❛❝❡ t♦ t❤❡ ❤②st❡r❡s✐s ❛♥❞ ❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ t♦ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s
❜❡t✇❡❡♥ t❤❡ ❛①❡s✳

✸ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥

✸✳✶ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✐s ❜❛s❡❞ ♦♥ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r ❛❜❧❡
t♦ ❜❡♥❞ ❛❧♦♥❣ t❤❡ y ❛①✐s ❛♥❞ ❛❧♦♥❣ t❤❡ z ❛①✐s✱ s❡❡ ❋✐❣✳ ✸✲❛✳ ❚❤✐s ♣✐❡③♦❛❝t✉❛t♦r
❤❛s ❛ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ❛♥❞ ✐ts t♦t❛❧ ❞✐♠❡♥s✐♦♥s ❛r❡✿ 27♠♠×1♠♠×0.91♠♠✳
❚❤❡ ❛❝t✐✈❡ ❧❡♥❣t❤ ✭❧❡♥❣t❤ ♦✉t ♦✛ t❤❡ ❝❧❛♠♣✐♥❣✮ ✐s 25♠♠ ✇❤✐❝❤ ♣❡r♠✐ts t♦
♦❜t❛✐♥ ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥t ✇✐t❤ ♦♥❧② ±10❱ ♦❢ ✈♦❧t❛❣❡ ✐♥♣✉ts✳ ❚✇♦
✐♥❞✉❝t✐✈❡ s❡♥s♦rs ❢r♦♠ ■❇❙ ✲❝♦♠♣❛♥② ❛r❡ ✉t✐❧✐③❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ❜❡♥❞✐♥❣s ♦❢
t❤❡ ❛❝t✉❛t♦r✳ ❚❤❡ s❡♥s♦rs ❛r❡ t✉♥❡❞ t♦ ❤❛✈❡ ❛ r❡s♦❧✉t✐♦♥ ♦❢ ❛❜♦✉t 100♥♠ ❛♥❞
❛ ❜❛♥❞✇✐❞t❤ ♦❢ 1.5❦❍③ ✇❤✐❝❤ ❛r❡ s✉✣❝✐❡♥t ❡♥♦✉❣❤ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ❝❛rr✐❡❞
♦✉t ✐♥ t❤✐s ♣❛♣❡r✳ ❊❛❝❤ s❡♥s♦r ❛s ✇❡❧❧ ❛s t❤❡ ❛❝t✉❛t♦r ❛r❡ s✉♣♣♦rt❡❞ ❜② ❛
♣r♦♣❡r ①✲②✲③ ♠❛♥✉❛❧ ❛♥❞ ♣r❡❝✐s❡ st❛❣❡ t❤❛t ♣❡r♠✐ts t♦ ❛❞❥✉st t❤❡✐r r❡❧❛t✐✈❡
♣♦s✐t✐♦♥✳ ❲❡ ❡♠♣❧♦② ❛ ❝♦♠♣✉t❡r ❛♥❞ ❞❙P❆❈❊ ❜♦❛r❞ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ t♦
♠❛♥❛❣❡ t❤❡ ❞✐✛❡r❡♥t s✐❣♥❛❧s ❛♥❞ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❝♦♥tr♦❧❧❡rs t❤r♦✉❣❤ t❤❡

1 (X ◦ Y ) ❞❡♥♦t❡s t❤❡ ❍❛❞❛♠❛r❞ ♣r♦❞✉❝t ♦❢ ✈❡❝t♦rs X = [Xij ]i,j ❛♥❞ Y = [Yij ]i,j ✱
✐✳❡✳(X ◦ Y ) = [XijYij ]i,j

✽



▼❛t❧❛❜✲❙✐♠✉❧✐♥❦ s♦❢t✇❛r❡✳ ❚❤❡ s❛♠♣❧✐♥❣ ♣❡r✐♦❞ ✐s s❡t ❡q✉❛❧ t♦ 0.2♠s ✇❤✐❝❤ ✐s
s✉✣❝✐❡♥t❧② ❧♦✇ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❛❝t✉❛t♦r✳ ❙✐♥❝❡ t❤❡ ✐♥♣✉t
✈♦❧t❛❣❡s ❞♦ ♥♦t ❡①❝❡❡❞ ±10❱✱ ♥♦ ❛♠♣❧✐✜❡r ✐s r❡q✉✐r❡❞✳ ❋✐❣✳ ✸✲❜ ❞❡♣✐❝ts t❤❡
❞✐❛❣r❛♠ ♦❢ t❤❡ s❡t✉♣✳

2-DOF

piezoactuator

sensor along

y-axis
sensor along

z-axis

manual

positioning

stage

2-DOF

piezoactuator

sensors

for y and z axes

computer

(Matlab-Simulink)

d
S
P
A
C
E
 b
o
ar
d

(a)

(b)

❋✐❣✳ ✸✳ ✭❛✮✿ t❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r✳ ✭❜✮✿ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳

✸✳✷ ❈❤❛r❛❝t❡r✐③❛t✐♦♥

❋✐rst✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣✐❡③♦❛❝t✉❛t♦r ✐s ❝❤❛r❛❝t❡r✐③❡❞✳ ❚❤❡ ❛✐♠ ✐s t♦ ❡✈❛❧✲
✉❛t❡ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ t❤❡ ❛①❡s ❛♥❞ t❤❡ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t✐❡s ✐♥
t❤❡♠✳ ❋♦r t❤❛t✱ ❛ s✐♥❡ ✐♥♣✉t ✈♦❧t❛❣❡ Uy(t) = 10 sin (2πft) ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ y

❛①✐s ✜rst✱ ✇✐t❤ Uz ❧❡❢t ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤❡ ❢r❡q✉❡♥❝② ✐s ❝❤♦s❡♥ t♦ ❜❡ f = 1❍③✱
✇❤✐❝❤ ✐s ❝♦♥✈❡♥✐❡♥t t♦ st❛rt t❤❡ ❤②st❡r❡s✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t✲
✐♥❣ ❞✐s♣❧❛❝❡♠❡♥t δy ✐s r❡♣♦rt❡❞ ❛♥❞ t❤❡ ❞✐r❡❝t tr❛♥s❢❡r ✐♥ t❤❡ (Uy, δy)✲♠❛♣
❝❛♥ ❜❡ ♣❧♦tt❡❞ ✭s❡❡ ❋✐❣✳ ✹✲❛ ✇✐t❤ s♦❧✐❞✲❝✐r❝❧❡ ♣❧♦t✮✳ ■♥ t❤❡ ♠❡❛♥t✐♠❡✱ t❤❡ ♦✉t✲
♣✉t δz ✐s ❛❧s♦ r❡♣♦rt❡❞ ❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣ ✐♥ t❤❡ (Uy, δz)✲♠❛♣ ✐s ♣❧♦tt❡❞
✭s❡❡ ❋✐❣✳ ✹✲❝✮✳ ❚❤❡ s❛♠❡ ❡①♣❡r✐♠❡♥t ✐s ❛❧s♦ ❝❛rr✐❡❞ ♦✉t ❜✉t ✐♥st❡❛❞ ♦❢ ✉s✐♥❣
Uz = 0❱✱ ✇❡ ✉s❡ ♥♦♥✲♥✉❧❧ ❛♥❞ ❝♦♥st❛♥t ✈❛❧✉❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ s❛♠❡ ✜❣✲
✉r❡✱ ✇❡ ♣❧♦t t❤❡ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ✇✐t❤ Uz = 2❱ ❛♥❞ Uz = 4❱✳ ◆♦✇✱ ✇❡ s❡t
Uy = 0❱ ❛♥❞ ✇❡ ❛♣♣❧② ❛ s✐♥❡ ✐♥♣✉t ✈♦❧t❛❣❡ Uz(t) = 10 sin (2πft) ✇✐t❤ t❤❡
s❛♠❡ ❢r❡q✉❡♥❝② f = 1❍③✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞✐s♣❧❛❝❡♠❡♥t δz ✈❡rs✉s t❤❡ ✈♦❧t❛❣❡✱
✐✳❡✳ (Uz, δz)✲♠❛♣✱ ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✹✲❞ ✭✇✐t❤ s♦❧✐❞✲❝✐r❝❧❡ ♣❧♦t✮ ✇❤✐❧st t❤❡ ❝r♦ss✲
❝♦✉♣❧✐♥❣ ✐♥ t❤❡ (Uz, δy)✲♠❛♣ ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✳ ✹✲❜✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r❡✈✐♦✉s
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❡①♣❡r✐♠❡♥t✱ ❞✐✛❡r❡♥t ♥♦♥✲♥✉❧❧ ❛♥❞ ❝♦♥st❛♥t ✈❛❧✉❡s ♦❢ Uy ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✉t✲
❧✐③❡❞ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❝✉r✈❡s ❛r❡ ♣❧♦tt❡❞ ✐♥ t❤❡ s❛♠❡ ✜❣✉r❡✳ ❆s ❢r♦♠ t❤❡s❡
r❡s✉❧ts✱ t❤❡ ❞✐r❡❝t tr❛♥s❢❡rs ✭❋✐❣✳ ✹✲❛ ❛♥❞ ❞✮ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤②st❡r❡s✐s
♥♦♥❧✐♥❡❛r✐t✐❡s ✇✐t❤ ❛♠♣❧✐t✉❞❡s t❤❛t r❡❛❝❤ hh

Hh
= 21%✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡

❝r♦ss✲❝♦✉♣❧✐♥❣s ❤❛✈❡ ❛♥ ❛♠♣❧✐t✉❞❡ ❡①❝❡❡❞✐♥❣ −30µ♠ ↔ 21µ♠ = 51µ♠ ✭s❡❡
(Uz, δy)✲♠❛♣ ✇❤❡♥ Uy = 0❱✮✳ ❆s t❤❡ ♠❛①✐♠❛❧ ❞✐s♣❧❛❝❡♠❡♥t r❡❛❝❤❛❜❧❡ ✐♥ t❤❡
y✲❛①✐s ✇❤❡♥ ✐t ✐s ❛❝t✉❛t❡❞ ✭s❡❡ (Uy, δy)✲♠❛♣✮ ✐s ❛❜♦✉t 50µ♠✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡
r❡❧❛t✐✈❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ✐♥ t❤❡ y✲❛①✐s✿ 51µm

50µm
= 102%✳ ❚❤✐s ♠❡❛♥s

t❤❛t t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣ ✐s str♦♥❣❡r t❤❛♥ t❤❡ ❞✐r❡❝t tr❛♥s❢❡r ✐ts❡❧❢✳ ❘❡❣❛r❞✐♥❣
t❤❡ z✲❛①✐s✱ t❤❡ r❡❧❛t✐✈❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ✐s ♦❢ 37µm

60µm
= 62%✳ ❋✐♥❛❧❧②✱ ✇❡

r❡♠❛r❦ t❤❛t t❤❡s❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡ ❛❧s♦ ❤②st❡r❡t✐❝✳ ❚❤❡s❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s
s❤♦✇ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣s ❛♥❞ t❤❡ str♦♥❣ ♥♦♥❧✐♥❡❛r✐t✐❡s t❤❛t t②♣✐❢② t❤❡ ✷✲❉❖❋
♣✐❡③♦❛❝t✉❛t♦r✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ s✐❣♥❛❧ ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡
t❤❡ ❤②st❡r❡s✐s✱ ✇❤✐❝❤ ✐s 1❍③ ✐♥ t❤✐s ❝❛s❡✱ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ s✉✣❝✐❡♥t❧② ❧♦✇ ✐♥
♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ♣❤❛s❡✲❧❛❣ ❝❛✉s❡❞ ❜② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❛❝t✉❛t♦r✱ ❛♥❞ ♥♦t
t♦♦ ❧♦✇ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t② ✇❤✐❝❤ t②♣✐✜❡s
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❬✹✸❪✳ ❉✐✛❡r❡♥t ❛♥❞ ❡①t❡♥s✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ t❤❡
♣✐❡③♦❛❝t✉❛t♦r ✉s❡❞ ❤❡r❡ s❤♦✇♥ t❤❛t ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡ ♦❢ t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥
❢r❡q✉❡♥❝② ✐s ❜❡t✇❡❡♥ 0.1❍③ ❛♥❞ s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ ❛ ❍❡rt③✳ ■t ✐s ❛❧s♦ ✇♦rt❤
t♦ ♥♦t✐❝❡ t❤❛t t❤❡ t✇♦ s❡♥s♦rs ❡♠♣❧♦②❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛❧♦♥❣
y ❛♥❞ z ❛①❡s s❤♦✉❧❞ ❜❡ ♣r♦♣❡r❧② ❛♥❞ ♦rt❤♦❣♦♥❛❧❧② ♠♦✉♥t❡❞✱ ♦t❤❡r✇✐s❡ t❤❡
❝r♦ss✲❝♦✉♣❧✐♥❣s ♦❜s❡r✈❡❞ ✇✐❧❧ ✐♥❝❧✉❞❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs✳
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❋✐❣✳ ✹✳ ❍②st❡r❡s✐s ❛♥❞ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛♥❞ ♦❢ t❤❡ ❤②st❡r❡s✐s ✐♥
t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❛❝t✉❛t♦r✱ ✇❡ ❤❛✈❡ ❝❛rr✐❡❞ ♦✉t ❛ ❝♦♠♣❧❡① s♣❛t✐❛❧ tr❛❥❡❝✲
t♦r② tr❛❝❦✐♥❣✱ ❜② ✉t✐❧✐③✐♥❣ ❛ ❧✐♥❡❛r ❝♦♠♣❡♥s❛t♦r ✭❛ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ✇✐t❤
❧✐♥❡❛r ❣❛✐♥s✮✳ ❚❤❡ r❡s✉❧ts✱ ✇❤❡♥ t❤❡ ❞❡s✐r❡❞ tr❛❥❡❝t♦r② ✭r❡❢❡r❡♥❝❡✮ ✐s ❛ ❝✐r❝❧❡
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✇✐t❤ 20µ♠ r❛❞✐✉s ❛♥❞ 1❍③ ❢r❡q✉❡♥❝②✱ ❛r❡ ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✺✲❛✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥
♦❢ t❤❡ ❡rr♦rs ✐♥ t❤❡ t✇♦ ❛①❡s y ❛♥❞ z ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✳ ✺✲❜ ❛♥❞ ❝ r❡s♣❡❝✲
t✐✈❡❧②✳ ❚❤❡s❡ ✜❣✉r❡s ❞❡♠♦♥str❛t❡ t❤❛t✱ ❞✉❡ t♦ t❤❡ str♦♥❣ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛♥❞
t♦ t❤❡ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t②✱ t❤❡ ❛❜s♦❧✉t❡ tr❛❝❦✐♥❣ ❡rr♦r ✭❞❡✜♥❡❞ ❛s ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ t❤❡ ♦✉t♣✉t✮ ✐♥ t❤❡ y✲❛①✐s ❝❛♥ r❡❛❝❤ 12µ♠ ✇❤✐❧st
t❤❛t ♦❢ t❤❡ z✲❛①✐s ❝❛♥ r❡❛❝❤ 10.5µ♠✳ ❚❤❡s❡ ❡rr♦rs ❝♦rr❡s♣♦♥❞ t♦ r❡❧❛t✐✈❡ ❡r✲
r♦rs ♦❢ 60% = 13µm

20µm
❛♥❞ 52.5% = 10.5µm

20µm
r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s♣❛t✐❛❧ ❝✉r✈❡ s❤♦✇

t❤❛t s✉❝❤ ❡rr♦rs ❛r❡ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ❛♥❞ t❤❛t t❤❡ ♣✐❡③♦❛❝t✉❛t♦r ❝❛♥♥♦t ❝♦r✲
r❡❝t❧② ❢♦❧❧♦✇ t❤❡ ❞❡s✐r❡❞ tr❛❥❡❝t♦r②✳ ❇② ✐♥❝r❡❛s✐♥❣ t❤❡ ❢r❡q✉❡♥❝② f ✱ t❤❡ ❡rr♦rs
✐♥❝r❡❛s❡ s✉❜st❛♥t✐❛❧❧②✳ ■t ✐s t❤❡r❡❢♦r❡ ✐♠♣♦rt❛♥t t♦ ❝♦♥tr♦❧ t❤❡ ♣✐❡③♦❛❝t✉❛t♦r
✇✐t❤ ❝♦♥✈❡♥✐❡♥t ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛♥❞ ♦❢ t❤❡ ❤②st❡r❡s✐s✳

(a)

(b) (c)

❋✐❣✳ ✺✳ ❖♣❡♥✲❧♦♦♣ r❡s♣♦♥s❡ ♦❢ t❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r ✇✐t❤ ❛ ❝✐r❝✉❧❛r ❞❡s✐r❡❞ tr❛✲
❥❡❝t♦r②✳

❋✐♥❛❧❧②✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✐s ❡①♣❡r✐♠❡♥t❛❧❧② ❝❤❛r❛❝✲
t❡r✐③❡❞✳ ❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s ❝❛rr✐❡❞ ♦✉t ❜② ✉s✐♥❣ ❤❛r♠♦♥✐❝ ♦r ❢r❡q✉❡♥❝②
❛♥❛❧②s✐s✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ t❤❡ ❤②st❡r❡s✐s
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛❜♦✈❡✱ ❜✉t ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛ s✐♥❡ s✐❣♥❛❧ ✇✐t❤ ♦♥❡ ❢r❡q✉❡♥❝②✱
✇❡ ❡♠♣❧♦② s✇❡♣t s✐♥❡ s✐❣♥❛❧ st❛rt✐♥❣ ❢r♦♠ 1❍③ ✭6.28r❛❞✴s✮✳ ❋✐❣✳ ✻✲❛ ❞❡♣✐❝ts
t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♠❡❛s✉r❡❞ ❛t t❤❡ y✲❛①✐s✳ ■t ✐♥❝❧✉❞❡s t❤❡ ♠❛❣♥✐t✉❞❡s ♦❢✿
✐✮ t❤❡ ❞✐r❡❝t tr❛♥s❢❡r t❤❛t ❧✐♥❦s Uy ❛♥❞ δy ✭r❡❛❧ s②st❡♠✮✱ ✐✐✮ t❤❡ 2nd ♦r❞❡r ♠♦❞❡❧
t❤❛t ❛♣♣r♦①✐♠❛t❡s t❤✐s ❞②♥❛♠✐❝s ❛♥❞ t❤❛t ✇✐❧❧ ❜❡ ❢✉rt❤❡r ✉s❡❞ ❢♦r t❤❡ ❝♦♥✲
tr♦❧❧❡r ❞❡s✐❣♥✱ ✐✐✐✮ ❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣ t❤❛t ❧✐♥❦s Uz ❛♥❞ δy✳ ❚❤❡ ♣❛r❛♠❡t❡rs
♦❢ t❤❡ ✐❞❡♥t✐✜❡❞ 2nd ♦r❞❡r ♠♦❞❡❧ ❛r❡✿ ay = 4.136×10−8 ❛♥❞ by = 5.198×10−6✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❋✐❣✳ ✻✲❜ ❞❡♣✐❝ts t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♠❡❛s✉r❡❞ ❛t t❤❡
z✲❛①✐s✳ ■t ✐♥❝❧✉❞❡s t❤❡ ♠❛❣♥✐t✉❞❡s ♦❢✿ ✐✮ t❤❡ ❞✐r❡❝t tr❛♥s❢❡r t❤❛t ❧✐♥❦s Uz ❛♥❞
δz ✭r❡❛❧ s②st❡♠✮✱ ✐✐✮ t❤❡ 2nd ♦r❞❡r ♠♦❞❡❧ t❤❛t ❛♣♣r♦①✐♠❛t❡s t❤✐s ❞②♥❛♠✐❝s ❛♥❞
t❤❛t ✇✐❧❧ ❜❡ ❢✉rt❤❡r ✉s❡❞ ❢♦r t❤❡ ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥✱ ✐✐✐✮ ❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣
t❤❛t ❧✐♥❦s Uy ❛♥❞ δz✳ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✐❞❡♥t✐✜❡❞ 2nd ♦r❞❡r ♠♦❞❡❧ ❢♦r t❤✐s
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❛①✐s ❛r❡✿ ay = 5.362 × 10−8 ❛♥❞ by = 4.863 × 10−6✳ ❚❤❡s❡ r❡s✉❧ts s❤♦✇ t❤❛t
t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ t❤❡ s②st❡♠ ✐s ♦❢ 783❍③ ✭4920r❛❞✴s✮ ❛♥❞ ♦❢ 687❍③
✭4320r❛❞✴s✮ ❢♦r t❤❡ y✲❛①✐s ❛♥❞ ❢♦r t❤❡ z✲❛①✐s r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ❛r❡ ✈❡r② ✐♥t❡r✲
❡st✐♥❣ ❢♦r t❤❡ t❛r❣❡tt❡❞ t❛s❦s✳ ❍♦✇❡✈❡r ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡
str♦♥❣ ❢♦r t❤❡ t✇♦ ❛①❡s✿ 1.6❞❇ ❛♥❞ −1.09❞❇ r❡s♣❡❝t✐✈❡❧②✳ ❆s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳
✺✱ t❤❡② ❣r❡❛t❧② ❝♦♠♣r♦♠✐s❡ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ♣✐❡③♦❛❝t✉❛t♦r t♦ ❢♦❧❧♦✇ ❞❡s✐r❡❞
tr❛❥❡❝t♦r②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ ❛ ❤✐❣❤ ◗✲❢❛❝t♦r ✇✐t❤ ❛ ❤❡✐❣❤t ♦❢
31.9❞❇ ❛♥❞ 33.5❞❇ ❢♦r t❤❡ y✲❛①✐s ❛♥❞ ❢♦r t❤❡ z✲❛①✐s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ♣❡❛❦s
r❡s✉❧t ✐♥ ❜❛❞❧② ❞❛♠♣❡❞ ♦s❝✐❧❧❛t✐♦♥s ✐♥ t❤❡ r❡s♣♦♥s❡s ♦❢ t❤❡ ❛❝t✉❛t♦r t♦ ❜r✉sq✉❡
✐♥♣✉ts ✭❧✐❦❡ r❡❝t❛♥❣✉❧❛r✮ ✇❤✐❝❤ ❛r❡ ✉♥✇❛♥t❡❞ ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ✐♥ ♠✐✲
❝r♦❛ss❡♠❜❧② t❛s❦s✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥ ✐s t♦ ♣r♦♣♦s❡ ❛ ❝♦♥tr♦❧ str❛❣❡t②
t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ str♦♥❣ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛♥❞ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✐♥ ♦r❞❡r
t♦ r❡❛❝❤ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✉s✉❛❧❧② r❡q✉✐r❡❞ ✐♥ t❤❡ t❛r❣❡tt❡❞ t❛s❦s✳

magnitude [dB] for the y-axis

magnitude [dB] for the z-axis

real system

2nd-order model used

cross-coupling

cross-coupling

2nd-order model used

real system

frequency [rad/s]

frequency [rad/s]

(b)

(a)

❋✐❣✳ ✻✳ ❖♣❡♥✲❧♦♦♣ r❡s♣♦♥s❡ ♦❢ t❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r ✇✐t❤ ❛ ❝✐r❝✉❧❛r ❞❡s✐r❡❞ tr❛✲
❥❡❝t♦r②✳

✹ ❇❛❝❦st❡♣♣✐♥❣ ❝♦♥tr♦❧ ♦❢ t❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛❞❞r❡ss t❤❡ ❝♦♥tr♦❧ ❞❡s✐❣♥ ❢♦r t❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r
✉s✐♥❣ t❤❡ ❜❛❝❦st❡♣♣✐♥❣ ❢r❛♠❡✇♦r❦ ✐♥❝❧✉❞✐♥❣ ❛❞❛♣t✐✈❡ ❛♥❞ r♦❜✉st ❛❝t✐♦♥s✳ ❚❤❡
r❡s✉❧t✐♥❣ ❝♦♥tr♦❧❧❡r ✐s r♦❜✉st ❡♥♦✉❣❤ t♦ ❞❡❛❧ ✇✐t❤ ♠♦❞❡❧ ✉♥❝❡rt❛✐♥t✐❡s✱ ❡✐t❤❡r
str✉❝t✉r❡❞ ♦r ♥♦♥✲str✉❝t✉r❡❞✱ ♦r ❞✐st✉r❜❛♥❝❡ ♣r♦✈✐❞❡❞ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡✐r
❜♦✉♥❞s✳ ❚♦ ❢✉❧✜❧❧ t❤❡ ❝♦♥tr♦❧ ♦❜❥❡❝t✐✈❡✱ ❛ s❧✐❞✐♥❣ s✉r❢❛❝❡ z✱ ❡♥❝♦♠♣❛ss✐♥❣ tr❛❝❦✲
✐♥❣ ❡rr♦rs✱ ✐s ❞❡✜♥❡❞ ✇✐t❤✐♥ t❤❡ ❜❛❝❦st❡♣♣✐♥❣ r❡❝✉rs✐✈❡ ♣r♦❝❡ss s♦ t❤❛t t❤❡
st❛t❡s tr❛❥❡❝t♦r✐❡s r❡❛❝❤ ❛♥❞ r❡♠❛✐♥ ✐♥ t❤❡ ♦r✐❣✐♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡
❛❞❛♣t✐✈❡ ♣❛rt✱ ❛❧s♦ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❜❛❝❦st❡♣♣✐♥❣ ❞❡s✐❣♥✱ ✐s ✉s❡❞ t♦ ❝♦♣❡ ✇✐t❤
✉♥❦♥♦✇♥ s❧♦✇✲t✐♠❡ ✈❛r②✐♥❣ ❞✐st✉r❜❛♥❝❡s ❬✻✷❪✳
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❘❡❝♦♥s✐❞❡r t❤❡ ❞✐st✉r❜❡❞ ♠♦❞❡❧ ♦❢ t❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r ❞❡s❝r✐❜❡❞ ✐♥ ✭✼✮✿

aδ̈ + bδ + δ = dpU +Θ ✭✾✮

❙✐♥❝❡ ✇❡ ❛r❡ ✐♥ ❝♦♥❝❡r♥ ✇✐t❤ ❛ tr❛❥❡❝t♦r② tr❛❝❦✐♥❣ ♣r♦❜❧❡♠✱ t❤❡ ❧❛tt❡r ❞✐✛❡r✲
❡♥t✐❛❧ ♠♦❞❡❧ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❛ st❛t❡✲s♣❛❝❡ ♠♦❞❡❧ ✇✐t❤ t❤❡ ❡rr♦r ✈❛r✐❛❜❧❡
ξ = (ξ1, ξ2)

T ✿

ξ̇1 = ξ2

ξ̇2 = 1

a
(dpU +Θ− bδ̇ − δ)− δ̈d

✭✶✵✮

✇❤❡r❡ ξ1 = δ − δd ❛♥❞ ξ2 = δ̇ − δ̇d ❛r❡ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ✈❡❧♦❝✐t② ❡rr♦rs
r❡s♣❡❝t✐✈❡❧②✳

❙t❡♣ ✶✿ ▲❡t ✉s ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ t♦ ❞❡❞✉❝❡
❛ ❝♦♥tr♦❧ t❤❛t st❛❜✐❧✐③❡s t❤❡ ✜rst ✐♥t❡❣r❛t♦r s✉❜s②st❡♠ ✭✶✵✲❛✮✿

V1(ξ1) =
1

2
ξT1 ξ1 ✭✶✶✮

✇❤♦s❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ✐s ❣✐✈❡♥ ❜②

V̇1(ξ) = ξT1 ξ2 ✭✶✷✮

✇❤✐❝❤ ❝❛♥ ❜❡ r❡♥❞❡r❡❞ ♥❡❣❛t✐✈❡ ✭V̇1(ξ) < 0✮ ✐❢ ✇❡ ♣r♦♣♦s❡ ξ2 ❛s ✈✐rt✉❛❧ ❝♦♥✲
tr♦❧❧❡r ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❛✇✿

ξ2 = −λ1ξ1 ✭✶✸✮

✇❤❡r❡ λ1 = ❞✐❛❣(λ1y, λ1z) ✇✐t❤ λ1y > 0 ❛♥❞ λ1z > 0✳ ❲✐t❤ t❤✐s✱ ξ1 ✐s ♥♦t ♦♥❧②
st❛❜❧❡ ❜✉t ❛❧s♦ ❛s②♠♣t♦t✐❝❛❧❧② ❝♦♥✈❡r❣❡♥t t♦ t❤❡ ♦r✐❣✐♥✳

❙t❡♣ ✷✿ ▲❡t ✉s ♣r♦♣♦s❡ t❤❡ ❡rr♦r ✈❛r✐❛❜❧❡ z = (zy, zz)
T ✉s✐♥❣ t❤❡ ✈✐rt✉❛❧

❝♦♥tr♦❧❧❡r ❛s ❛ r❡❢❡r❡♥❝❡✱ ✐✳❡✳ ξd2 = −λ1ξ1✿

z = ξ2 − ξd2 = ξ2 + λ1ξ1 ✭✶✹✮

✇❤✐❝❤ ♣r♦❞✉❝❡s t❤❡ ♠♦❞✐✜❡❞ st❛t❡

✶✸



ξ2 = z − λ1ξ1 ✭✶✺✮

❈♦♠♣✉t✐♥❣ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ ✭✶✹✮ ②✐❡❧❞s✿

ż =
1

a
(dpU +Θ− bδ̇ − δ) + λ1z − λ2

1ξ1 − δ̈d ✭✶✻✮

▲❡t ✉s s♣❧✐t t❤❡ ♦✈❡r❛❧❧ ✈❡❝t♦r ❞✐st✉r❜❛♥❝❡ ✐♥t♦ t✇♦ t❡r♠s✿ ❛ ❤✐❣❤✲ ❛♥❞ ❛ ❧♦✇✲
r❛t❡ ❞✐st✉r❜❛♥❝❡ Θ = Θh +Θl✱ ✇❤♦s❡ ❡①♣r❡ss✐♦♥ ✐s ✇r✐tt❡♥ ❛s✿

Θ = Θh +Θl =







θhy
+ θly

θhz
+ θlz





 ✭✶✼✮

✇❤❡r❡ Θh ❛♥❞ Θl ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s✿

‖Θh‖2 ≤ εh

‖Θl‖2 ≤ εl

✭✶✽✮

✇❤❡r❡ εh ❛♥❞ εl ❛r❡ ♣♦s✐t✐✈❡ s❝❛❧❛rs✳ ■♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ t❤❡ ✜♥❛❧ ❝♦♥tr♦❧
▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ✭❈▲❋✮✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❧♦✇✲r❛t❡ ❞✐st✉r❜❛♥❝❡ ❡st✐♠❛t✐♦♥
❡rr♦r Θ̃l ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ❛s ✇❡❧❧✿

Θ̃l = Θl − Θ̂l ✭✶✾✮

❛♥❞

˙̃Θl = −
˙̂
Θl ✭✷✵✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥❛❧ ❈▲❋ ✐s t❤❡r❡❢♦r❡ ♣r♦♣♦s❡❞✿

V2(ξ1, z) =
1

2
ξT1 ξ1 +

1

2
zT z +

1

2
Θ̃T

l γ
−1Θ̃l ✭✷✶✮

✇❤❡r❡ γ = ❞✐❛❣(γy, γz) ✐s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐①✳ ❚❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡
❈▲❋ V2(ξ1, z) ✐s ②✐❡❧❞❡❞✿

V̇2(ξ1, z) = −ξT1 λ1ξ1 + ξT1 z + zT ż + Θ̃T
l γ

−1 ˙̂Θl ✭✷✷✮

✶✹



❘❡♣❧❛❝✐♥❣ ż ♦❢ ✭✷✷✮ ❜② ✭✶✻✮✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❛♣t❛t✐♦♥ ❧❛✇

˙̂
Θ = −γz ✭✷✸✮

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧❧❡r

U =
1

dp
[a(−λ1z + λ2

1ξ1 − ξ1 − λ2z + δ̈d) + Θ̂l + s✐❣♥(z) + bδ̇ + δ] ✭✷✹✮

✇❤❡r❡ s✐❣♥(z) = (s✐❣♥(zy), s✐❣♥(zz))
T ✱ ✇❤❡r❡ t❤❡ ❣❛✐♥ ♠❛tr✐① λ2 = diag (λ2y, λ2z)

♦♥❧② r❡q✉✐r❡s t♦ ❜❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ t♦ ✈❡r✐❢② ♥❡❣❛t✐✈✐t② ♦❢ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡
♦❢ t❤❡ ❈▲❋ ❛♥❞ ✇❤❡r❡ α = diag (αy, αz) ✐s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐①❀

✇❡ ♦❜t❛✐♥✿

V̇2(ξ1, z) = −ξT1 λ1ξ1 − zTλ2z + zT (Θh − αs✐❣♥(z)) ✭✷✺✮

✭✷✺✮ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❛s ❢♦❧❧♦✇s✿

V̇2(ξ1, z) ≤ −ρmin{λ1}‖ξ1‖
2

2 − ρmin{λ2}‖z‖
2

2 + |zTΘh| − α‖z‖1 ✭✷✻✮

✇❤❡r❡ ρmin{·} st❛♥❞s ❢♦r t❤❡ ♠✐♥✐♠✉♥ ❡✐❣❡♥✈❛❧✉❡✳ ❚❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥ ✐s st✐❧❧
s❛t✐s✜❡❞ ✇✐t❤✿

V̇2(ξ1, z) ≤ −ρmin{λ1}‖ξ1‖
2

2 − ρmin{λ2}‖z‖
2

2 + (εh − α)‖z‖1 ✭✷✼✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

• P✶✳ ‖xTy‖2 ≤ ‖x‖2‖y‖2
• P✷✳ ‖x‖2 ≤ ‖x‖1
• P✸✳ ‖x‖1 =

∑n
i=1 |xi|

• P✹✳ |xi| = xT s✐❣♥(x)

❢♦r ❛♥② ✈❡❝t♦rs x ❛♥❞ y ✇✐t❤ ❧❡♥❣t❤ ❡q✉❛❧ t♦ n✳

❚❤❡r❡❢♦r❡✱ t♦ ✐♥s✉r❡ ♥❡❣❛t✐✈✐t② ♦❢ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❈▲❋ ❛s ✐♥ ✭✷✼✮✱
✇❡ ❝❤♦♦s❡✿

α = εh + η ✭✷✽✮

✇❤✐❝❤ ❧❡❛❞s t♦✿

✶✺



V̇2(ξ1, z) ≤ −ρmin{λ1}‖ξ1‖
2

2 − ρmin{λ2}‖z‖
2

2 − η‖z‖1 ✭✷✾✮

■♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❝♦♥tr♦❧❧❡r✱ ✭✶✹✮ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❧❛✇ ♦❢
✭✷✹✮✳ ❚❤❡♥✱ ✇❡ t❛❦❡ λ1 = λ2 = λ = diag(λy, λz) ✇❤✐❝❤ ♣❡r♠✐ts t♦ ❤❛✈❡ ❛
s✐♠♣❧❡r ❡①♣r❡ss✐♦♥ ♦♥❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ st❛t❡s ♦❢ t❤❡ s②st❡♠✳ ❲❡ ♦❜t❛✐♥✿

U = 1

dp
[a(−(λ2 + 1)ξ1 − 2λξ2 + δ̈d)

+
∫ t
0 γ(ξ2 + λξ1)dτ + αs✐❣♥(ξ2 + λξ1) + bδ̇ + δ]

✭✸✵✮

❋✐❣✳ ✼ s❤♦✇s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞✐❛❣r❛♠ ♦❢ t❤❡ t❤❡ ✇❤♦❧❡ s②st❡♠ ✇❤❡r❡ t❤❡
❝♦♥tr♦❧ ❧❛✇ ❞❡✜♥❡❞ ❜② ✭✸✵✮ ✐s ✐♥s✐❞❡ t❤❡ ❜❧♦❝❦ ✧r♦❜✉st ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧❧❡r✧✳
❙✐♥❝❡ t❤❡ ❝♦♥tr♦❧❧❡r r❡q✉✐r❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ δ = (δy, δz)

T ✱ ✇❡ ✉t✐❧✐③❡ ❛♥
♦❜s❡r✈❡r t♦ ❢✉r♥✐s❤ t❤✐s✳ ❚❤❡ ♦❜s❡r✈❡r✱ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ♠♦❞❡❧ t❤❛♥ ♣r❡s❡♥t❡❞
✐♥ s❡❝t✐♦♥✲✷ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ✐♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬✻✸❪✱ ♣❡r♠✐ts t♦ ♣r♦✈✐❞❡ ❛♥
❡st✐♠❛t❡ ♦❢ δ ❛♥❞ ❛♥ ❡st✐♠❛t❡ ♦❢ δ̇ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t✐❡s✳ ❲❡
❛❧s♦ t❡st❡❞ ❛ ❞✐r❡❝t ✭♥✉♠❡r✐❝❛❧✮ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t δ t♦ ♣r♦✈✐❞❡ δ̇✳
❚❤✐s ♠❡t❤♦❞ ✐s s✐♠♣❧❡ ✐♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❜✉t✱ ✐♥ ❝♦✉♥t❡r♣❛rt✱ ✐♥tr♦❞✉❝❡s ❛♥
✐♠♣♦rt❛♥t ♥♦✐s❡ t❤❛t ✜♥❛❧❧② ❞❡❝r❡❛s❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ✇❤♦❧❡ ❝❧♦s❡❞✲
❧♦♦♣✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡ δ̇d ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ δ̈d ♦❢ t❤❡ ❞❡s✐r❡❞
❞✐s♣❧❛❝❡♠❡♥t δd ❛r❡ ❞✐r❡❝t❧② ②✐❡❧❞❡❞ ❜② ♥✉♠❡r✐❝❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ❧❛tt❡r✳
❚❤❡ r❡s✉❧t✐♥❣ δ̇d ❛♥❞ δ̈d ❛r❡ ♥♦t ♣r♦♥❡ t♦ ♥♦✐s❡ s✐♥❝❡ δd ✐ts❡❧❢ ✐s ♥♦t ❢r♦♠ ❛♥②
♠❡❛s✉r❡♠❡♥t ❜✉t ❣❡♥❡r❛t❡❞ ❢r♦♠ ▼❛t❧❛❜✲❙✐♠✉❧✐♥❦✳

■♥ t❤❡ ❝♦♥tr♦❧❧❡r ✭✸✵✮✱ t❤❡ t❡r♠ αs✐❣♥(ξ2 +λξ1) ✐s t❤❡ ❝♦r❡ ♦❢ t❤❡ s❧✐❞✐♥❣ ♠♦❞❡
❛❝t✐♦♥ ❛♥❞ t❤❡ t❡r♠

∫ t
0 γ(ξ2 + λξ1)dτ ✐s t❤❡ ❝♦r❡ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❛❝t✐♦♥✳ ■t

✐s ♣♦ss✐❜❧❡ t♦ ♥❡❣❧❡❝t t❤❡ t✇♦ ❧❛st t❡r♠s✱ ✐✳❡✳ bδ̇ + δ✱ s✐♥❝❡ t❤❡ ❝♦♥tr♦❧❧❡r ❝❛♥
❝♦♠♣❡♥s❛t❡ ❢♦r s✉❝❤ ❞②♥❛♠✐❝s ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❣❛✐♥s✱ ❛s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ t❤❡
❡①♣❡r✐♠❡♥t❛❧ s❡❝t✐♦♥✳

setpoints

disturbed

system

sensors

for y and z axes

+

state-observer

+

robust

adaptive

controller

control

gains

-

2-DOF piezoactuator

realt-time software layer hardware layer

❋✐❣✳ ✼✳ ❖✈❡r❛❧❧ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥tr♦❧ s❡t✉♣

❚♦ s✉♠♠❛r✐③❡✱ t❤❡ ❝♦♥tr♦❧❧❡r ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❛♥ ♦✈❡r❛❧❧
❞✐st✉r❜❛♥❝❡ ✭❤②st❡r❡s✐s ✰ ❝♦✉♣❧✐♥❣s ✰ ❝r❡❡♣✮ ✇❤✐❝❤ ✐s ❛❢t❡r✇❛r❞s ❝♦♥s✐❞❡r❡❞

✶✻



❛♥❞ ❤❛♥❞❧❡❞ ❛s ❛♥ ✉♥❦♥♦✇♥✲❜✉t✲❜♦✉♥❞❡❞ ✉♥❝❡rt❛✐♥t②✳ ❚❤✐s ✉♥❝❡rt❛✐♥t② ✐s s♣❧✐t
✐♥t♦ t✇♦ ❦✐♥❞s✿ ❢❛st ❛♥❞ s❧♦✇ t✐♠❡ ✈❛r②✐♥❣✳ ❚❤❡ ❝♦♥tr♦❧❧❡r ✐s ❞❡s✐❣♥❡❞ ✈✐❛ t❤❡
❜❛❝❦st❡♣♣✐♥❣ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ✉♥❝❡rt❛✐♥t② ❤❛s ❜❡❡♥ ❛❝❝♦✉♥t❡❞ ❢♦r ❞✉r✐♥❣
✐ts s②♥t❤❡s✐s ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ st❛❜✐❧✐t②✳ ❋♦r t❤❡ ❢❛st ❞✐st✉r❜❛♥❝❡ ✇❡ ❤❛✈❡
✐♥tr♦❞✉❝❡❞ ❛ s❧✐❞✐♥❣✲♠♦❞❡ t❡r♠✱ ✇❤❡r❡❛s t❤❡ s❧♦✇ ♦♥❡ ✐s ❛❞❞r❡ss❡❞ ✈✐❛ t❤❡
❛❞❛♣t✐✈❡ t❡r♠✳ ❚❤❡♥✱ t❤❡ ❝♦♥tr♦❧❧❡r ♣❡r❢♦r♠❛♥❝❡ ✭r♦❜✉st♥❡ss✮ ✇✐❧❧ ❜❡ ❣✉❛r❛♥✲
t❡❡❞ ❢♦r t❤❡ ❢❛st✲❞✐st✉r❜❛♥❝❡ ❝❛s❡ ♣r♦✈✐❞❡❞ t❤❛t ✐ts ♥♦r♠ r❡♠❛✐♥s ❜❡❧♦✇ t❤❡
✈❛❧✉❡ ✉s❡❞ ✇✐t❤✐♥ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ■♥ t❤❡ s❧♦✇✲❞✐st✉r❜❛♥❝❡ ❝❛s❡ t❤❡ s✉❝✲
❝❡ss❢✉❧ ❡st✐♠❛t✐♦♥ ✇✐❧❧ ❝♦✉♥t❡r❛❝t ✐ts ❛❝t✉❛❧ ✈❛❧✉❡✳ ❚❤❡ st❛❜✐❧✐t② r♦❜✉st♥❡ss ♦❢
t❤❡ ♦✈❡r❛❧❧ ❝❧♦s❡❞✲❧♦♦♣ s②st❡♠ ✐s t❤❡r❡❢♦r❡ ❡♥s✉r❡❞ t❤❛♥❦s t♦ t❤❡ ❣✐✈❡♥ ♥♦r♠s
❛♥❞ t♦ ❡st✐♠❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡✳

✺ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ t❡sts ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❜❛❝❦st❡♣♣✐♥❣✲
❜❛s❡❞ r♦❜✉st ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ t♦ t❤❡ ✷✲❉❖❋ ♣✐❡③♦❛❝t✉❛t♦r ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥✲
✸✳ ❲❤✐❧st tr❛❝❦✐♥❣ ♦❢ ♣r❡❞❡✜♥❡❞ tr❛❥❡❝t♦r✐❡s ✐s t❤❡ ♦❜❥❡❝t✐✈❡✱ t✇♦ s❡ts ♦❢ ❡①✲
♣❡r✐♠❡♥ts✱ ❜♦t❤ ✇✐t❤ ❝♦♠♣❧❡① tr❛❥❡❝t♦r✐❡s✱ ✇❡r❡ ❝❛rr✐❡❞ ♦✉t t♦ ❡✈❛❧✉❛t❡ t❤❡
❝♦♥tr♦❧ str❛t❡❣②✳ ■♥ t❤❡ ✜rst s❡t✱ ❢♦✉r ✇❛②♣♦✐♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ r❡❢❡r❡♥❝❡
❢♦r ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝② ✈❛❧✉❡s t♦ ♦❜t❛✐♥ ❛ r❡❝t❛♥❣✉❧❛r ♣❛t❤✳ ■♥ t❤❡ s❡❝♦♥❞ s❡t✱
❝✐r❝✉❧❛r tr❛❥❡❝t♦r✐❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s ♦❢
t❤❡ ❝♦♥tr♦❧❧❡rs✳

✺✳✶ ❘❡❝t❛♥❣✉❧❛r ✇❛②♣♦✐♥ts tr❛❝❦✐♥❣

❆ ♣❡r✐♦❞✐❝ sq✉❛r❡ tr❛❥❡❝t♦r② ✇✐t❤ s✐③❡s 10µ♠ ×10µ♠ ❛♥❞ ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥✲
❝✐❡s ✐s ❛♣♣❧✐❡❞ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧
❛♣♣r♦❛❝❤✳ ❚❤❡ ❝♦♥tr♦❧❧❡r ❣❛✐♥s ✉s❡❞ ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✶✳ ❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡s❡
❝♦♥tr♦❧❧❡r ❣❛✐♥s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥✲✺✳✹✳

❚❤❡ r❡s✉❧ts ✇✐t❤ 1❍③ ♦❢ ❢r❡q✉❡♥❝② ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣ ✽✳ ■♥ t❤❡s❡✱ t❤❡ t✐♠❡✲
❞♦♠❛✐♥ ❡✈♦❧✉t✐♦♥s ✭r❡❢❡r❡♥❝❡ tr❛❝❦✐♥❣ ❛♥❞ ❡rr♦rs✮ ❛❧♦♥❣ y ❛♥❞ z ❛①❡s ♦❢ t❤❡
♣✐❡③♦❛❝t✉❛t♦r ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣ ✽✲❛ ✇❤✐❧st t❤❡ s♣❛t✐❛❧ tr❛❥❡❝t♦r② tr❛❝❦✐♥❣ ✐s
s❤♦✇♥ ✐♥ ❋✐❣ ✽✲❜✳ ❚❤❡s❡ ✜❣✉r❡s s❤♦✇ t❤❛t t❤❡ tr❛❝❦✐♥❣ ❡rr♦rs✱ ✐✳❡✳ ❜✐❛s ❜❡t✇❡❡♥
t❤❡ ♦✉t♣✉t δy ✭r❡s♣✳ δz✮ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ δdy ✭r❡s♣✳ δdz ✮ ❛r❡ ♥❡❣❧✐❣✐❜❧❡✱ ❞❡s♣✐t❡
t❤❡ ♥♦✐s❡ ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ s❡♥s♦rs ✉s❡❞✳ ■♥❞❡❡❞✱ t❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ✐♥ ❝❧♦s❡❞✲
❧♦♦♣ ❛r❡ ❧♦✇❡r t❤❛♥ 2% ❢♦r ❜♦t❤ ❛①❡s✱ ✇❤✐❧st ✐♥ ♦♣❡♥ ❧♦♦♣ ✭s❡❡ s❡❝t✐♦♥✲✸✮ ✇❡
❤❛❞ 60% ❛♥❞ 52.5% ❢♦r y ❛♥❞ z ❛①❡s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♥♦✐s❡
s❤♦✇s ❛ ♣❡❛❦✲t♦✲♣❡❛❦ ♦❢ ±0.3µ♠ ❛♥❞ ♦❢ ±0.9µ♠ ❢♦r t❤❡ y✲❛①✐s ❛♥❞ ❢♦r t❤❡
z✲❛①✐s r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ t❤✐s ♥♦✐s❡ ❜② s❡tt✐♥❣ ❛ ❧♦✇❡r
❜❛♥❞✇✐❞t❤ ❢♦r t❤❡ s❡♥s♦rs ✉s❡❞ ❜✉t t❤✐s ✇✐❧❧ ❝♦♠♣r♦♠✐s❡ ✐ts ❝❛♣❛❜✐❧✐t② t♦

✶✼



❚❛❜❧❡ ✶
❈♦♥tr♦❧❧❡r ❣❛✐♥s ❢♦r t❤❡ r❡❝t❛♥❣✉❧❛r tr❛❥❡❝t♦r②✳

❋r❡q✉❡♥❝② ✭❛①✐s✲y✮ λy γy αy

f = 1 ✷✵✵ ✵✳✺ ✵

f = 10 ✸✵✵ ✵✳✺ ✸

f = 30 ✹✵✵ ✵✳✺ ✾

❋r❡q✉❡♥❝② ✭❛①✐s✲z✮ λz γz αz

f = 1 ✶✻✵ ✵✳✺ ✵

f = 10 ✺✵✵ ✵✳✼✽ ✵

f = 30 ✹✵✵ ✵✳✽ ✷

♠❡❛s✉r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✇❤♦❧❡ s②st❡♠✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✉s❡ s❡♥s♦rs
✇✐t❤ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ✭♦♣t✐❝❛❧ s❡♥s♦rs ▲❈✷✹✷✵ ❢r♦♠ ❑❡②❡♥❝❡✮✳ ❍♦✇❡✈❡r✱
✐♠♣❧❡♠❡♥t✐♥❣ t✇♦ ♦❢ t❤❡♠ t♦ s✐♠✉❧t❛♥❡♦✉s❧② ♠❡❛s✉r❡ t❤❡ t✇♦ ❞✐s♣❧❛❝❡♠❡♥ts
✇❛s ✐♠♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ❜✉❧❦② s✐③❡s✳

❘❡❣❛r❞✐♥❣ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡✛❡❝t s❡❡♥ ♦♥ δy ✭r❡s♣✳ δz✮
❞✉❡ t♦ Uz ✭r❡s♣✳ Uy) ✐s ✇❡❛❦ ❛♥❞ q✉✐❝❦❧② r❡❥❡❝t❡❞✳ ■♥ t❤❡ ❡rr♦r ❝✉r✈❡s✱ t❤❡
♠❛①✐♠❛❧ ❝r♦ss✲❝♦✉♣❧✐♥❣ ✐s q✉❛♥t✐✜❡❞ ❛s 3% = 0.3µm

10µm
❛❧♦♥❣ δy ✭r❡s♣✳ 6% = 0.6µm

10µm

❛❧♦♥❣ δz✮ ❛♥❞ ✐s ❛❢t❡r✇❛r❞s r❛♣✐❞❧② ❞❡❝r❡❛s❡❞ t♦ ③❡r♦✳ ❆s ✇❡ s❡❡✱ t❤❡ ❝r♦ss✲
❝♦✉♣❧✐♥❣s ✇❤✐❝❤ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❞✐st✉r❜❛♥❝❡ Θ ✇❡r❡ ❣r❡❛t❧② ❛❝❝♦✉♥t❡❞
❢♦r ❜② t❤❡ ❝♦♥tr♦❧ ❧❛✇ s✐♥❝❡ t❤❡② ✇❡r❡ 102% ❛♥❞ 62% ✇✐t❤♦✉t t❤❡ ♣r♦♣♦s❡❞
❝♦♥tr♦❧ t❡❝❤♥✐q✉❡ ✭s❡❡ s❡❝t✐♦♥✲✸✮✳ ❋✐♥❛❧❧②✱ ✐t ✐s q✉❛♥t✐✜❡❞ t❤❛t t❤❡ s❡tt❧✐♥❣ t✐♠❡
♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ✐s ❧♦✇❡r t❤❛♥ 25♠s ✇❤✐❝❤ ✐s ✈❡r② ❝♦♥✈❡♥✐❡♥t ❢♦r t❤❡ ❡①♣❡❝t❡❞
♣♦s✐t✐♦♥✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳

■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧❧❡❞ ✷✲❉❖❋ ♣✐❡③♦❛❝✲
t✉❛t♦r ✇❤❡♥ ✉s✐♥❣ sq✉❛r❡ s♣❛t✐❛❧ tr❛❥❡❝t♦r②✱ ✇❡ ✐♥❝r❡❛s❡ t❤❡ ❢r❡q✉❡♥❝②✳ ❋✐❣ ✾
❞❡♣✐❝t t❤❡ r❡s✉❧t ❢♦r 10❍③ ❛♥❞ ❋✐❣ ✶✵ ❢♦r 30❍③✳ ❚❤❡s❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡
❝♦✉♣❧✐♥❣ ❡✛❡❝ts r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✱ ✐✳❡✳ ♥❡❣❧✐❣✐❜❧❡ ❛♥❞ q✉✐❝❦❧② r❡❥❡❝t❡❞✱ t❤❛♥
✇✐t❤ 1❍③✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ t❤❡ s❡tt❧✐♥❣ t✐♠❡ ✐s st✐❧❧ ❧❡ss t❤❛♥ 25♠s ❢♦r
❜♦t❤ ❛①❡s ❛♥❞ t❤❡ ❡rr♦rs ♦❢ tr❛❝❦✐♥❣ r❡♠❛✐♥ ✇❡❛❦✳ ❇❡②♦♥❞ 30❍③ ❤♦✇❡✈❡r✱ t❤❡
tr❛❝❦✐♥❣ ❡rr♦rs st❛rt t♦ s❧♦✇❧② ✐♥❝r❡❛s❡✳

✺✳✷ ❈✐r❝✉❧❛r tr❛❥❡❝t♦r② tr❛❝❦✐♥❣

■♥ t❤✐s ♣❛rt✱ ✇❡ ✉t✐❧✐③❡ ❝✐r❝✉❧❛r s♣❛t✐❛❧ tr❛❥❡❝t♦r② ❛s r❡❢❡r❡♥❝❡✱ ✇✐t❤ ❛ r❛❞✐✉s ♦❢
20µ♠✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡✲❞♦♠❛✐♥ r❡❢❡r❡♥❝❡s ❛r❡✿ δdy = 20 sin (2πf) ❛♥❞
δdz = 20 cos (2πf)✳ ❆❣❛✐♥✱ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❢r❡q✉❡♥❝② f ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ❚❤❡
❝♦♥tr♦❧❧❡r ❣❛✐♥s ❡♠♣❧♦②❡❞ ❞✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ❤❡r❡ ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✷✳ ❚❤❡

✶✽
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(a): time-domain performances

(b): spatial-domain performances

❋✐❣✳ ✽✳ ❈❧♦s❡❞✲❧♦♦♣ ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤ ❛ sq✉❛r❡ tr❛❥❡❝t♦r② r❡❢❡r❡♥❝❡ ✇✐t❤ ❢r❡q✉❡♥❝②
♦❢ 1❍③✳

❝❤♦✐❝❡ ♦❢ t❤❡s❡ ❝♦♥tr♦❧❧❡r ❣❛✐♥s ✇✐❧❧ ❛❧s♦ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥✲✺✳✹✳

❚❛❜❧❡ ✷
❈♦♥tr♦❧❧❡r ❣❛✐♥s ❢♦r t❤❡ ❝✐r❝✉❧❛r tr❛❥❡❝t♦r②✳

❋r❡q✉❡♥❝② ✭❛①✐s✲y✮ λy γy αy

f = 1 ✸✵✵ ✶✳✷ ✵

f = 10 ✻✶✵ ✶✳✷ ✻

f = 30 ✻✶✵ ✶✳✹ ✶✽

❋r❡q✉❡♥❝② ✭❛①✐s✲z✮ λz γz αz

f = 1 ✶✻✵ ✵✳✽ ✵

f = 10 ✻✺✵ ✶✳✹ ✵✳✸

f = 30 ✶✵✵✵ ✶✳✷ ✷

❋✐rst✱ ❛ ❝✐r❝✉❧❛r r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r② ✇✐t❤ ❢r❡q✉❡♥❝② ♦❢ 1Hz ✇❛s ❛♣♣❧✐❡❞✳ ❚❤❡
t✐♠❡✲❞♦♠❛✐♥ r❡s✉❧ts ✐♥❝❧✉❞✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ tr❛❝❦✐♥❣ ❛♥❞ t❤❡ ❡rr♦r ❛r❡ ♣✐❝t✉r❡❞
✐♥ ❋✐❣ ✶✶✲❛✳ ❲❡ s❡❡ t❤❛t t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐s ❧❡ss t❤❛♥ 2.5% = 0.5µm

20µm
❢♦r t❤❡

y ❛①✐s ❛♥❞ ❧❡ss t❤❛♥ 10% = 2µm

20µm
❢♦r t❤❡ z ❛①✐s✱ ✐♥ ✇❤✐❝❤ t❤❡ ♥♦✐s❡ ❝❛♥ ❜❡
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(a): time-domain performances

(b): spatial-domain performances

❋✐❣✳ ✾✳ ❈❧♦s❡❞✲❧♦♦♣ ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤ ❛ sq✉❛r❡ tr❛❥❡❝t♦r② r❡❢❡r❡♥❝❡ ✇✐t❤ ❢r❡q✉❡♥❝②
♦❢ 10❍③✳

♦❜s❡r✈❡❞ ❛s ❛ ❣r❡❛t ♣❛rt ♦❢ t❤❡ ❡rr♦r ❝❛✉s❡✳ ❆❣❛✐♥✱ t❤❡ ❡rr♦r ✇❛s s✉❜st❛♥t✐❛❧❧②
r❡❞✉❝❡❞ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧ ❧❛✇✳ ■♥ ❋✐❣ ✶✶✲❜ ❛r❡ ♣✐❝t✉r❡❞ t❤❡ s♣❛t✐❛❧
❝✉r✈❡s ✇❤✐❝❤ s❤♦✇ t❤❛t t❤❡ ♣✐❡③♦❛❝t✉❛t♦r ✇❡❧❧ tr❛❝❦s t❤❡ ❝✐r❝✉❧❛r r❡❢❡r❡♥❝❡
tr❛❥❡❝t♦r②✳

❚♦ ❛♥❛❧②③❡ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ t♦ tr❛❝❦ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ❢♦r t❤❡
❝✐r❝✉❧❛r tr❛❥❡❝t♦r②✱ ✇❡ ❛❧s♦ ❝❛rr✐❡❞ ♦✉t ❡①♣❡r✐♠❡♥ts ✇✐t❤ 10❍③ ❛♥❞ 30❍③✳ ❚❤❡
r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣ ✶✷ ❛♥❞ ❋✐❣ ✶✸✳ ❚❤❡② s❤♦✇ t❤❛t t❤❡ tr❛❝❦✐♥❣ ❡rr♦r
r❡♠❛✐♥ ❛❧♠♦st s✐♠✐❧❛r t❤❛♥ ✇✐t❤ ❧♦✇ ❢r❡q✉❡♥❝②✳ ❋r♦♠ 30❍③✱ t❤✐s ❡rr♦r st❛rts
t♦ s❧♦✇❧② ❞❡❝r❡❛s❡ ❞✉❡ t♦ t❤❡ ♣❤❛s❡✲❧❛❣✳ ❚♦ ❛♥❛❧②③❡ t❤❡ ❜❛♥❞✇✐❞t❤ ❛♥❞ t❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣✱ ✇❡ ♣r❡s❡♥t ✐♥ t❤❡ ♥❡①t✲s✉❜s❡❝t✐♦♥ ✐ts ❢r❡q✉❡♥❝②
r❡s♣♦♥s❡s✳

✺✳✸ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s

■♥ t❤✐s ♣❛rt✱ ✇❡ r❡♣♦rt t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞ s②st❡♠✳ ❚❤❡
❝♦♥tr♦❧ ❣❛✐♥s ✉s❡❞ ❢♦r t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❛r❡ t❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f = 30❍③ ✐♥
t❛❜❧❡ ✷✱ ✐✳❡✳ λy = 610✱ γy = 1.4✱ αy = 18✱ λz = 1000✱ γz = 1.2 ❛♥❞ αz = 2✳ ■♥
❢❛❝t✱ t❤❡ ❝♦♥tr♦❧ ❣❛✐♥s t✉♥❡❞ ❛t ❤✐❣❤ ❢r❡q✉❡♥❝② ❛r❡ ❛❧s♦ ❡✣❝✐❡♥t ✇❤❡♥ ✇♦r❦✐♥❣
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(a): time-doman performances

(b): spatial-doman performances

❋✐❣✳ ✶✵✳ ❈❧♦s❡❞✲❧♦♦♣ ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤ ❛ sq✉❛r❡ tr❛❥❡❝t♦r② r❡❢❡r❡♥❝❡ ✇✐t❤ ❢r❡q✉❡♥❝②
♦❢ 30❍③✳

❛t ❧♦✇❡r ❢r❡q✉❡♥❝✐❡s✳ ❋✐❣ ✶✹✲❛ ❞❡♣✐❝ts t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s ♦❜s❡r✈❡❞ ❛t t❤❡
y✲❛①✐s✿ t❤❡ ❞✐r❡❝t tr❛♥s❢❡r δy

δdy
❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣ δy

δdz
✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

❋✐❣ ✶✹✲❜ ❞❡♣✐❝ts t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s ♦❜s❡r✈❡❞ ❛t t❤❡ z✲❛①✐s✿ t❤❡ ❞✐r❡❝t
tr❛♥s❢❡r δz

δdz
❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣ δz

δdy
✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s

❤❛✈❡ ❜❡❡♥ r❡❞✉❝❡❞ t❤❛♥❦s t♦ t❤❡ ❝♦♥tr♦❧ ❧❛✇✿ −40❞❇ ❛♥❞ −50❞❇ ❢♦r t❤❡ y✲
❛①✐s ❛♥❞ ❢♦r t❤❡ z✲❛①✐s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s ❛❧s♦ ❞❡♠♦♥str❛t❡
t❤❛t t❤❡ 3dB✲❜❛♥❞✇✐❞t❤s ❛r❡ ♦❢ 77❍③ ✭484r❛❞✴s✮ ❛♥❞ ♦❢ 93❍③ ✭589r❛❞✴s✮ ❢♦r
t❤❡ t✇♦ ❛①❡s✳ ❚❤❡s❡ r❡s✉❧ts ❞❡♠♦♥str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝♦♥tr♦❧ ❧❛✇ t♦
r❡❥❡❝t t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣✱ t♦ ✐♥❝r❡❛s❡ t❤❡ ❜❛♥❞✇✐❞t❤ ❛♥❞ t♦ r❡❞✉❝❡ t❤❡ ✐♥✐t✐❛❧
r❡s♦♥❛♥❝❡ ♣❡❛❦s ✇❤✐❝❤ ✇❡r❡ ✈❡r② ✐♠♣♦rt❛♥t ✭s❡❡ ❋✐❣✳ ✻✮✳

✺✳✹ ❉✐s❝✉ss✐♦♥s

❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ t❛❜❧❡ ✶ ❛♥❞ t❛❜❧❡ ✷✱ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r
♣❛r❛♠❡t❡rs λ = diag (λy, λz)✱ γ = diag (γy, γz) ❛♥❞ α = diag (αy, αz) ❛r❡
❡♠♣❧♦②❡❞ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ✈❛❧✉❡s ❧✐st❡❞ ✐♥ t❛❜❧❡s t❛❜❧❡ ✶ ❛♥❞
t❛❜❧❡ ✷ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝❤r♦♥♦❧♦❣✐❝❛❧ t❡sts ❡✈♦❧✉t✐♦♥ ❢r♦♠ ❧♦✇ t♦ ❤✐❣❤❡r
❢r❡q✉❡♥❝② ✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ❣❛✐♥ ✈❛❧✉❡s ❝❛❧❝✉❧❛t❡❞ ❛t ❤✐❣❤ ❢r❡q✉❡♥❝② ✭f =
30Hz ✐♥ t❤✐s ❝❛s❡✮ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❡✈❡r② ❢r❡q✉❡♥❝② ❧♦✇❡r t❤❛♥ t❤✐s✱ ❡✐t❤❡r
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(a): time-domain performances
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(b): spatial-domain performances

❋✐❣✳ ✶✶✳ ❈❧♦s❡❞✲❧♦♦♣ ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤ ❛ ❝✐r❝✉❧❛r tr❛❥❡❝t♦r② r❡❢❡r❡♥❝❡ ✇✐t❤ ❢r❡q✉❡♥❝②
♦❢ 1❍③✳

❢♦r r❡❝t❛♥❣✉❧❛r ♦r ❝✐r❝✉❧❛r tr❛❥❡❝t♦r✐❡s✳ ■❢ ✇❡ ✐♥❝r❡❛s❡ t❤❡ ✈❛❧✉❡s ♦❢ ❛❧❧ t❤❡s❡
♣❛r❛♠❡t❡rs✱ ✇❡ ✐♥❝r❡❛s❡ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣✳ ❆ t♦♦ ❧❛r❣❡ ✈❛❧✉❡
♦❢ λ ✐♥tr♦❞✉❝❡s ❤♦✇❡✈❡r ❛ ❧♦✇ ❢r❡q✉❡♥❝② ♦s❝✐❧❧❛t✐♦♥ s✐♥❝❡ t❤✐s ♣❛r❛♠❡t❡r ✐s✱
❛♠♦♥❣ ♦t❤❡rs✱ ✉s❡❞ ❢♦r ξ2✱ ✇❤✐❝❤ ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ξ1✳ ❚❤❡r❡❢♦r❡ ✐t ❛❝ts ❛s
❞❡r✐✈❛t✐✈❡ ❣❛✐♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ t♦♦ ❧❛r❣❡ ✈❛❧✉❡ ♦❢ α ✐♥tr♦❞✉❝❡s ❛ ❤✐❣❤
❢r❡q✉❡♥❝② ♦s❝✐❧❧❛t✐♦♥ ❞✉❡ t♦ ❝❤❛tt❡r✐♥❣ ♦❢ t❤❡ s❧✐❞✐♥❣ ♠♦❞❡ ♣❛rt✳ ❆❧t❤♦✉❣❤✱
s✉❝❤ ♦s❝✐❧❧❛t✐♦♥ ✇✐❧❧ ♦♥❧② ❛♣♣❡❛r ✐❢ t❤❡ ❣❛✐♥ γ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ♣❛rt ✐s ✈❡r②
❧♦✇✳ ■♥❞❡❡❞✱ t❤❡ ❛❞❛♣t✐✈❡ ♣❛rt ❤❡r❡ ✐s ✐♥tr♦❞✉❝❡❞ t♦ r❡❞✉❝❡ t❤❡ ❝❤❛tt❡r✐♥❣
♦❢ t❤❡ ♦✈❡r❛❧❧ ❝♦♥tr♦❧ ✐♥♣✉t✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts ❝❛rr✐❡❞ ♦✉t✱ t❤❡ ❝♦♥tr♦❧❧❡r
❣❛✐♥s ✇❡r❡ ♣✉t ♠❛♥✉❛❧❧②✳ ❍♦✇❡✈❡r✱ ❛ ❢❡❛t✉r❡ ✇✐❧❧ ❝♦♥s✐st ✐♥ s❝❤❡❞✉❧✐♥❣ t❤❡♠
❛✉t♦♠❛t✐❝❛❧❧② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✐♥♣✉t r❡❢❡r❡♥❝❡ δd✳ ❋♦r t❤❛t✱
❛ ✇❛② ❝♦♥s✐sts ✐♥ ❝❛rr②✐♥❣ ♦✉t ✜rst ❛ ♣r❡❝✐s❡ ♣❡r❢♦r♠❛♥❝❡s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r
❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❝♦♥tr♦❧❧❡rs ❣❛✐♥s ❛♥❞ ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s✳ ❚❤✐s ♣❡r♠✐ts
t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ❣❛✐♥s ❢♦r s♦♠❡ s♣❡❝✐✜❡❞ ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤❡♥✱
❛ ♠♦❞❡❧ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❣❛✐♥s ✈❡rs✉s t❤❡ ❢r❡q✉❡♥❝✐❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ❚❤✐s ♠♦❞❡❧
❝❛♥ ❜❡ ✜♥❛❧❧② ✉s❡❞ ❛s ❛ s❡q✉❡♥❝❡r ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣❛rt✐❝✉❧❛r❧② ❞❡❛❧t ✇✐t❤ s❡❝♦♥❞ ♦r❞❡r ♠♦❞❡❧ ♦❢ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦rs✳ ❚❤❡ r❡❛s♦♥ ♦❢ t❤✐s ✐s ❞♦✉❜❧❡✳ ❋✐rst✱ t❤❡ ❝♦♥tr♦❧
t❡❝❤♥✐q✉❡ r❡q✉✐r❡s ❛ s❡❝♦♥❞ ♦r❞❡r ♠♦❞❡❧ ♦♥❧②✳ ❖♥❡ ♦❢ t❤❡ ❛❞✈❛♥t❛❣❡s ✐s t❤❛t

✷✷



0 0.1 0.2 0.3 0.4 0.5

−20

−10

0

10

20

time [sec]
y

[µ
m

]

[ solid ] actual

[ dashed ] reference

0 0.1 0.2 0.3 0.4 0.5
−2

−1

0

1

2

time [sec]

e
rr

o
r y

[µ
m

]

0 0.1 0.2 0.3 0.4 0.5

−20

−10

0

10

20

time [sec]

z
[µ

m
]

[ solid ] actual

[ dashed ] reference

0 0.1 0.2 0.3 0.4 0.5
−4

−2

0

2

4

time [sec]

e
rr

o
r z

[µ
m

]

y
-a

x
is

 [
µ
m

]
z-

ax
is

 [
µ
m

]

er
ro

r 
al

on
g 

y
-a

x
is

 [
µ
m

]
er

ro
r 

al
on

g 
z-

ax
is

 [
µ
m

]

−20 −10 0 10 20

−20

−10

0

10

20

y [µm]

z
[µ

m
]

[ solid ] actual

[ dashed ] reference

0
0.2

0.4

−20

0

20

−20

0

20

time [sec]

[ solid ] actual

[ dashed ] reference

y [µm]

z
[µ

m
]

(a): time-domain performances
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(b): spatial-domain performances

❋✐❣✳ ✶✷✳ ❈❧♦s❡❞✲❧♦♦♣ ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤ ❛ ❝✐r❝✉❧❛r tr❛❥❡❝t♦r② r❡❢❡r❡♥❝❡ ✇✐t❤ ❢r❡q✉❡♥❝②
♦❢ 10❍③✳

❛ s✐♠♣❧❡ ♠♦❞❡❧ ✐s ❡♠♣❧♦②❡❞ t♦ ❝❛❧❝✉❧❛t❡ ❛ r♦❜✉st ❝♦♥tr♦❧❧❡r✳ ❙❡❝♦♥❞✱ ✈❛r✐♦✉s
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡♠♣❧♦②❡❞ ✐♥ t❤✐s ♣❛♣❡r ❞❡♠♦♥str❛t❡❞ t❤❛t
❛ s❡❝♦♥❞ ♦r❞❡r ♠♦❞❡❧ ✐s ❧❛r❣❡❧② s✉✣❝✐❡♥t t♦ tr❛❝❦ ✐ts ❞②♥❛♠✐❝s ♥❡❝❡ss❛r② ❢♦r
t❤❡ t❛r❣❡tt❡❞ ❛♣♣❧✐❝❛t✐♦♥s ❬✶✵✱ ✺✼✱ ✻✶❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐❢ ❛ ❤✐❣❤❡r ♦r❞❡r ♠♦❞❡❧
✐s r❡q✉✐r❡❞✱ ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t♦ ❡♠♣❧♦② t❤❡ t❡❝❤♥✐q✉❡ ❛s ❧♦♥❣ ❛s t❤❡ ♠♦❞❡❧
str✉❝t✉r❡ ✐♥ ✭✶✵✮ ❝❛♥ ❜❡ ②✐❡❧❞❡❞✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ξ ✐s ❛ ✈❡❝t♦r✳

❇❛❝❦st❡♣♣✐♥❣ t❡❝❤♥✐q✉❡ ♣r♦✈✐❞❡s t❤❡ ✧r✐❣❤t✧ ❣❛✐♥s✲st❛t❡s ❝♦♠❜✐♥❛t✐♦♥ t♦ ❣✉❛r✲
❛♥t❡❡ st❛❜❧❡ st❛t❡s tr❛❥❡❝t♦r✐❡s ✇❤✐❧❡ r❡❥❡❝t✐♥❣ ✉♥❦♥♦✇♥✲❜✉t✲❜♦✉♥❞❡❞ ❞✐st✉r✲
❜❛♥❝❡s✳ ✧▲❛r❣❡✧ ❝♦♥tr♦❧ s✐❣♥❛❧s ❛r❡ r❡❧❛t✐✈❡✱ s✐♥❝❡ ♦✉r ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❢❡❛✲
t✉r❡s ❛♥ ❛❝t✉❛t♦r s❛t✉r❛t✐♦♥ r❛♥❣✐♥❣ ❢r♦♠ −10❱ t♦ 10❱✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s
❝❛s❡ t❤❡ ❝♦♥tr♦❧ s✐❣♥❛❧s✱ ♣r♦✈✐❞❡❞ t♦ t❤❡ ❛❝t✉❛t♦r ❢r♦♠ t❤❡ ❞❙P❆❈❊ ❛❝q✉✐s✐✲
t✐♦♥ ❜♦❛r❞✱ ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞ t❤✉s t❤❡ ❝❤❛❧❧❡♥❣❡ ❜❡❝♦♠❡s ✐♥ ❢✉❧✜❧❧✐♥❣ t❤❡ ❝♦♥tr♦❧
♦❜❥❡❝t✐✈❡ ✭tr❛❥❡❝t♦r② tr❛❝❦✐♥❣✮ ❤❛✈✐♥❣ ❜♦✉♥❞❡❞ ❝♦♥tr♦❧ s✐❣♥❛❧s✳ ❊①♣❡r✐♠❡♥t❛❧
r❡s✉❧ts ♣r♦✈❡❞ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧❧❡r ✇❛s ✐♥❞❡❡❞ ❝❛♣❛❜❧❡ t♦ s♦❧✈❡ t❤❡
❝♦♥tr♦❧ ♣r♦❜❧❡♠✳

❚❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥ts ❝❛rr✐❡❞ ♦✉t s❤♦✇ t❤❛t t❤❡
❢❛❝t ♦❢ ✉s✐♥❣ ❛❞❛♣t✐✈❡ ❛♥❞ s❧✐❞✐♥❣✲♠♦❞❡ ❝♦♥tr♦❧❧❡rs r❡s✉❧ts ✐♥ ❛ ❜❡♥❡✜❝✐❛❧ ❝♦♠✲
♣❧❡♠❡♥t❛r✐t② r❡❞✉❝✐♥❣ ❜✉rst✐♥❣ ❡rr♦rs ❛♥❞ ❝❤❛tt❡r✐♥❣✳ ■♥❞❡❡❞✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥
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(a): time-domain performances
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(b): spatial-domain performances

❋✐❣✳ ✶✸✳ ❈❧♦s❡❞✲❧♦♦♣ ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤ ❛ ❝✐r❝✉❧❛r tr❛❥❡❝t♦r② r❡❢❡r❡♥❝❡ ✇✐t❤ ❢r❡q✉❡♥❝②
♦❢ 30❍③✳

t❤❛t ❜✉rst✐♥❣ ❡rr♦rs ❛r✐s❡ ❢r♦♠ ❛❞❞✐t✐✈❡ ✉♥❝❡rt❛✐♥t✐❡s ✭♥♦✐s❡✱ ♣❛r❛♠❡tr✐❝ ✉♥✲
❝❡rt❛✐♥t✐❡s✮ t♦ t❤❡ ❛❞❛♣t✐✈❡ s✐❣♥❛❧ ❛♥❞ ♠✐❣❤t ❧❡❛❞ t♦ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❝❧♦s❡❞✲
❧♦♦♣✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ❝❤❛tt❡r✐♥❣ ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦♥tr♦❧ ❤❛s ❞❡tr✐♠❡♥t❛❧ ❡✛❡❝ts ✐♥ t❤❡ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡
s✐♥❝❡ ✐t ♠❛② ❞❛♠❛❣❡ t❤❡ ❛❝t✉❛t♦r ❛♥❞ ❡①❝✐t❡ ♣❛r❛s✐t✐❝ ♥♦♥✲♠♦❞❡❧❡❞ ❞②♥❛♠✐❝s✳
❚❤❡s❡ ❞✐s❛❞✈❛♥t❛❣❡s ❤❛✈❡ ❜❡❡♥ ❜②♣❛ss❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❧❛✇ ❤❡r❡ t❤❛♥❦s t♦ t❤❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❛♥❞ s❧✐❞✐♥❣✲♠♦❞❡ t❡❝❤♥✐q✉❡s✳

❋✐♥❛❧❧②✱ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧❧❡r t❡❝❤♥✐q✉❡ ❤❛s ♣❡r♠✐tt❡❞ t♦ r❡❞✉❝❡ t❤❡ ❝r♦ss✲
❝♦✉♣❧✐♥❣s t♦ −45❞❇ ❛♥❞ −25❞❇ ❢♦r t❤❡ y ❛♥❞ ❢♦r t❤❡ z✲❛①✐s r❡s♣❡❝t✐✈❡❧② ✭s❡❡
❋✐❣ ✶✹✮✱ ✇❤✐❧st t❤❡② ✇❡r❡ ❛❜♦✉t 0❞❇ ✇✐t❤♦✉t ❝♦♥tr♦❧ ✭s❡❡ ❋✐❣✳ ✻✮✳ ❆❞❞✐t✐♦♥❛❧❧②
t♦ t❤✐s✱ t❤❡ ✐♥✐t✐❛❧ ◗✲❢❛❝t♦rs ✇✐t❤ ❤❡✐❣❤ts ♦❢ 31.9❞❇ ❛♥❞ 33.5❞❇ ❢♦r t❤❡ t✇♦
❛①❡s ✭s❡❡ ❋✐❣✳ ✻✮ ❤❛✈❡ ❜❡❡♥ ❝♦♠♣❧❡t❡❧② r❡❞✉❝❡❞✳ ❚❤❡ ❞✐✛❡r❡♥t ❡①♣❡r✐♠❡♥ts ✇✐t❤
❝♦♠♣❧❡① tr❛❥❡❝t♦r✐❡s ❞❡♠♦♥str❛t❡❞ t❤❛t ❛ ❣♦♦❞ tr❛❝❦✐♥❣ ♣r❡❝✐s✐♦♥ ❤❛s ❜❡❡♥
♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❛♥❞ t❤❡ ❜❛♥❞✇✐❞t❤ ✇❡r❡ r❡s♣❡❝t✐✈❡❧② ♦❢ 77❍③
✭484r❛❞✴s✮ ❛♥❞ ♦❢ 93❍③ ✭589r❛❞✴s✮ ❢♦r t❤❡ t✇♦ ❛①❡s✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ❝❧❛ss✐❝❛❧
❝♦♥tr♦❧ ❞❡s✐❣♥ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ❛♣♣❧✐❡❞ t♦ t❤✐s s❛♠❡ ❛❝t✉❛t♦r ✭❞❡✈❡❧♦♣❡❞ ✐♥ ❬✺✼❪✮
❞❡♠♦♥str❛t❡s t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡ ✐♥ t❤✐s ♣❛♣❡r ♣❡r♠✐ts t♦ ❤❛✈❡
❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ t❡r♠ ♦❢ ❜❛♥❞✇✐❞t❤✱ ♦❢ ❝r♦ss✲❝♦✉♣❧✐♥❣s
r❡❥❡❝t✐♦♥ ❛♥❞ ♦❢ tr❛❝❦✐♥❣ ♦❢ ❝♦♠♣❧❡① tr❛❥❡❝t♦r②✳ ❚❤♦✉❣❤ ✇❡❧❧ ❝♦♥✈❡♥✐❡♥t ❢♦r
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❋✐❣✳ ✶✹✳ ❋r❡q✉❡♥❝② r❡s♣♦♥s❡s ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣✳

t❤❡ t❛s❦s t❛r❣❡tt❡❞ ✐♥ t❤✐s ♣❛♣❡r ✭♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧②✮✱ t❤❡
❜❛♥❞✇✐❞t❤ ❝❛♥ ❜❡ ❡♥❧❛r❣❡❞ ❜② ✜♥❞✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡r ❣❛✐♥s ❜② tr✐❛❧ ♦r ❜② ❛♥
❛♥❛❧②t✐❝❛❧ ✇❛②✳

✻ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ❛❞❞r❡ss❡❞ t❤❡ ♠♦t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦r ✇❤✐❧❡ tr❛❝❦✐♥❣ ✇❛②♣♦✐♥ts ❛♥❞ s♠♦♦t❤ ✭❝♦♥t✐♥✉♦✉s✮ t✐♠❡✲✈❛r②✐♥❣ tr❛✲
❥❡❝t♦r✐❡s✳ ❚❤❡ ❛❝t✉❛t♦r ❤❛s t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭✷✲❉❖❋✮ ❛♥❞ t②♣✐✜❡s str♦♥❣
❝r♦ss✲❝♦✉♣❧✐♥❣s ❛s ✇❡❧❧ ❛s str♦♥❣ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t② ✐♥ ✐ts t✇♦ ❛①❡s✳ ❇② ❡①✲
t❡♥❞✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧✐♥❣ ♦❢ ❤②st❡r❡s✐s ✇❤✐❝❤ ✐s ❞❡✈♦t❡❞ t♦
✶✲❉❖❋ s②st❡♠ ❛♥❞ ❜② r❡❛rr❛♥❣✐♥❣ ✐t✱ ✇❡ ♣r♦♣♦s❡ ❛ ❧✐♥❡❛r ❞②♥❛♠✐❝ ❙■❙❖
♠♦❞❡❧ ✇✐t❤ ❛ ❧✉♠♣❡❞ ♣❛r❛♠❡t❡r ❢♦r ❡❛❝❤ ❛①✐s✳ ❚❤❡✱ ♣❛r❛♠❡t❡r✱ ❝♦♥s✐❞❡r❡❞
❛s ❞✐st✉r❜❛♥❝❡ ✲ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❤②st❡r❡s✐s✱ ❢♦r
t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛♥❞ ❢♦r ❡✈❡♥t✉❛❧ ❝r❡❡♣ ♥♦♥❧✐♥❡❛rt② ✲ ✐s s♣❧✐t ✐♥t♦ ✧s❧♦✇✧
✭q✉❛s✐✲❝♦♥st❛♥t✮ ❛♥❞ ✧❢❛st✧ ✭t✐♠❡✲✈❛r②✐♥❣✮ ♣❛rts✳ ❇❛s❡❞ ♦♥ t❤❡ ❞✐st✉r❜❛♥❝❡
♣r♦✜❧❡✱ ❛ ❜❛❝❦st❡♣♣✐♥❣✲❝♦♥tr♦❧ str❛t❡❣② ♠❡r❣✐♥❣ ❛❞❛♣t✐✈❡ ✭t♦ ❡st✐♠❛t❡ s❧♦✇✲
t✐♠❡ ✈❛r②✐♥❣ ❞✐st✉r❜❛♥❝❡s✮ ❛♥❞ s❧✐❞✐♥❣✲♠♦❞❡ ❝♦♥tr♦❧ ✭t♦ r❡❥❡❝t t✐♠❡✲✈❛r②✐♥❣
❞✐st✉r❜❛♥❝❡✮ t❡❝❤♥✐q✉❡s ✐s ♣r♦♣♣♦s❡❞✳ ❚❤❡ ♣r♦♣♦s❡❞ ❝♦♠♣❧❡♠❡♥t❛r② ❝♦♥tr♦❧

✷✺



s❝❤❡♠❡ ♣r♦✈✐❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡♥❡✜ts✳

• ❲❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ s❧♦✇✲t✐♠❡ ✈❛r②✐♥❣ ✉♥❝❡rt❛✐♥t②✴❞✐st✉r❜❛♥❝❡ ✇❤✐❝❤ r❡✲
❣r♦✉♣s ❤②st❡r❡s✐s✴❝r♦ss✲❝♦✉♣❧✐♥❣s ✭✇✐t❤ ❧♦✇ ❢r❡q✉❡♥❝② ✐♥♣✉ts✮ ❛♥❞ ❝r❡❡♣✳

• ❚❤❡ ❛❞❛♣t✐✈❡ ♣❛rt r❡❞✉❝❡s t❤❡ ❝❤❛tt❡r✐♥❣ ♦❢ t❤❡ ♦✈❡r❛❧❧ ❝♦♥tr♦❧ ✐♥♣✉t t❤❛t
♠❛② ❛♣♣❡❛r ❞✉❡ t♦ t❤❡ s❧✐❞✐♥❣✲♠♦❞❡❧ ❛❝t✐♦♥✳

• ❚❤❡ ❛❝t✉❛❧ ❛♣♣r♦❛❝❤ ♣r♦✈✐❞❡s ❛♥ ✐♥t❡r❡st✐♥❣ ♠♦❞✉❧❛r✐t② t♦ t❛❝❦❧❡ ❝♦♥st❛♥t
❛♥❞✴♦r t✐♠❡✲✈❛r②✐♥❣ ❞✐st✉r❜❛♥❝❡s ✭❝♦♥t✐♥♦✉s✴❞✐s❝♦♥t✐♥♦✉s✮✳

• ❚❤❡ ✜♥❛❧ ❝♦♥tr♦❧ ❧❛✇ ✐s s✐♠♣❧❡ ❢♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♣✉r♣♦s❡s✳

❙✐♥❝❡ t❤❡ ❝♦♥tr♦❧❧❡r ❣❛✐♥s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ♠❛♥✉❛❧❧② ✐♥ t❤✐s ♣❛♣❡r✱ ❛♥ ✐♥t❡r✲
❡st✐♥❣ ❢❡❛t✉r❡ ❝♦♥s✐sts ✐♥ ❞❡✈❡❧♦♣✐♥❣ ❛ ♠♦❞❡❧ t❤❛t r❡❧❛t❡s t❤❡s❡ ❣❛✐♥s ✇✐t❤ t❤❡
❢r❡q✉❡♥❝② ♦❢ t❤❡ ✐♥♣✉t r❡❢❡r❡♥❝❡ ❢♦r ♦♣t✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤❡♥✱ t❤✐s ♠♦❞❡❧
❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ s❡q✉❡♥❝❡r ❢♦r t❤❡ ❝♦♥tr♦❧❧❡r ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛♥ ❛✉t♦♠❛t✐❝❛❧❧②
❣❛✐♥✲s❝❤❡❞✉❧❡❞ ❝♦♥tr♦❧ s❝❤❡♠❡✳

❆❝❦♥♦✇❧❡❞❣♠❡♥t

❚❤✐s ✇♦r❦ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ♥❛t✐♦♥❛❧ ❆◆❘✲❊♠❡r❣❡♥❝❡ ▼❨▼❊❙❨❙✲♣r♦❥❡❝t
✭❆◆❘✲✶✶✲❊▼▼❆✲✵✵✻✿ ❍✐❣❤ P❡r❢♦r♠❛♥❝❡s ❊♠❜❡❞❞❡❞ ▼❡❛s✉r❡♠❡♥t ❙②st❡♠s
❢♦r ♠✉❧t✐❉❡❣r❡❡s ♦❢ ❋r❡❡❞♦♠▼✐❝r♦s②st❡♠s✮ ❛♥❞ ♣❛rt✐❛❧❧② ❜② t❤❡ ❈◆❘❙✲♣r♦❥❡❝t
▼■▼✲❍❆❈✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳ ❇✐♥♥✐❣ ❛♥❞ ❍✳ ❘♦❤r❡r✱ ✧❙❝❛♥♥✐♥❣ t✉♥♥❡❧✐♥❣ ♠✐❝r♦s❝♦♣②✧✱ ❍❡❧✈❡t✐❝❛ P❤②s✳
❆❝t❛✱ ✈♦❧✳✺✺✱ ♣♣✳✼✷✻✲✼✸✺✱ ✶✾✽✷✳

❬✷❪ ●✳ ❇✐♥♥✐❣✱ ❈✳ ❋✳ ◗✉❛t❡✱ ❛♥❞ ❈✳ ●❡r❜❡r✱ ✧❆t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡✧✱ P❤②s✳ ❘❡✈✳
▲❡tt✳✱ ✈♦❧✳✺✻✭✾✮✱ ♣♣✳✾✸✵✲✾✸✸✱ ▼❛r❝❤ ✶✾✽✻✳

❬✸❪ ●✳ ❇✐♥♥✐❣ ❛♥❞ ❉✳ P✳ ❊✳ ❙♠✐t❤✱ ✧❙✐♥❣❧❡✲t✉❜❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥♥❡r ❢♦r
s❝❛♥♥✐♥❣ t✉♥♥❡❧✐♥❣ ♠✐❝r♦s❝♦♣②✧✱ ❘❡✈✳ ❙❝✐✳ ■♥str✉♠✳✱ ✈♦❧✳✺✼✭✽✮✱ ♣♣✳✶✻✽✽✲✶✻✽✾✱
❆✉❣✳ ✶✾✽✻✳

❬✹❪ ❘✳ ▼❡rr②✱ ▼✳ ❯②❛♥✐❦✱ ❘✳ ✈❛♥ ❞❡ ▼♦❧❡♥❣r❛❢t✱ ❘✳ ❑♦♦♣s✱ ▼✳ ✈❛♥ ❱❡❣❤❡❧✱ ▼✳
❙t❡✐♥❜✉❝❤✱ ✧■❞❡♥t✐✜❝❛t✐♦♥✱ ❝♦♥tr♦❧ ❛♥❞ ❤②st❡r❡s✐s ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ ❛ ✸ ❉❖❋
♠❡tr♦❧♦❣✐❝❛❧ ❆❋▼✧✱ ❆s✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♥tr♦❧✱ ✈♦❧✳✶✶✭✷✮✱ ♣♣✳✶✸✵✲✶✹✸✱ ✷✵✵✾✳

❬✺❪ ❨✳❨✳ ❑✉❛♥✱ ❑✳ ▲✐✉✱ ❛♥❞ ❙✳❖✳❘✳ ▼♦❤❡✐♠❛♥✐✱ ✧❘❡❞✉❝✐♥❣ ❝r♦ss✲❝♦✉♣❧✐♥❣ ✐♥ ❛
❝♦♠♣❧✐❛♥t ❳❨ ♥❛♥♦♣♦s✐t✐♦♥❡r ❢♦r ❢❛st ❛♥❞ ❛❝❝✉r❛t❡ r❛st❡r s❝❛♥♥✐♥❣✧✱ ■❊❊❊
❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♥tr♦❧ ❙②st❡♠s ❚❡❝❤♥♦❧♦❣②✱ ✈♦✳✶✽✭✺✮✱ ♣♣✳✶✶✼✷✲✶✶✼✾✱ ✷✵✶✵✳

✷✻



❬✻❪ ❏✳ ❆✳ ▼❛✐♥ ❛♥❞ ❊✳ ●❛r❝✐❛✱ ✧P✐❡③♦❡❧❡❝tr✐❝ st❛❝❦ ❛❝t✉❛t♦rs ❛♥❞ ❝♦♥tr♦❧ s②st❡♠
❞❡s✐❣♥✿ ❙tr❛t❡❣✐❡s ❛♥❞ ♣✐t❢❛❧❧s✧✱ ❏✳ ●✉✐❞✳ ❈♦♥tr♦❧ ❉②♥✳✱ ✈♦❧✳✷✵✭✸✮✱ ♣♣✳✹✼✾✲✹✽✺✱
▼❛②✴❏✉♥❡ ✶✾✾✼✳

❬✼❪ ❏✳ ❆❣♥✉s✱ P✳ ◆❡❝t♦✉①✱ ❛♥❞ ◆✳ ❈❤❛✐❧❧❡t✱ ✧❖✈❡r✈✐❡✇ ♦❢ ♠✐❝r♦❣r✐♣♣❡rs ❛♥❞
❞❡s✐❣♥ ♦❢ ❛ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ st❛t✐♦♥ ❜❛s❡❞ ♦♥ ❛ ♠♠♦❝ ♠✐❝r♦❣r✐♣♣❡r✧✱
■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ✐♥ ❘♦❜♦t✐❝s ❛♥❞
❆✉t♦♠❛t✐♦♥✱ ♣♣✳✶✶✼✲✶✷✸✱ ✷✵✵✺✳

❬✽❪ ▼✳ ❘❛❦♦t♦♥❞r❛❜❡ ❛♥❞ ■✳❆✳ ■✈❛♥✱ ✧❉❡✈❡❧♦♣♠❡♥t ❛♥❞ ❋♦r❝❡✴P♦s✐t✐♦♥ ❈♦♥tr♦❧ ♦❢
❛ ◆❡✇ ❍②❜r✐❞ ❚❤❡r♠♦✲P✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦●r✐♣♣❡r ❞❡❞✐❝❛t❡❞
t♦ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ t❛s❦s✧✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆✉t♦♠❛t✐♦♥ ❙❝✐❡♥❝❡ ❛♥❞
❊♥❣✐♥❡❡r✐♥❣✱ ❱♦❧✳✽✭✹✮✱ ♣♣✳✽✷✹✲✽✸✹✱ ✵❝t♦❜❡r ✷✵✶✶✳

❬✾❪ ❏✳ ❆❣♥✉s✱ ◆✳ ❈❤❛✐❧❧❡t✱ ❈✳ ❈❧é✈②✱ ❙✳ ❉❡♠❜é❧é✱ ▼✳ ●❛✉t❤✐❡r✱ ❨✳ ❍❛❞❞❛❜✱ ●✳
▲❛✉r❡♥t✱ P✳ ▲✉t③✱ ◆✳ P✐❛t✱ ❑✳ ❘❛❜❡♥♦r♦s♦❛✱ ▼✳ ❘❛❦♦t♦♥❞r❛❜❡ ❛♥❞ ❇✳ ❚❛♠❛❞❛③t❡✱
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