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Abstract: Bragg band gaps of phononic crystals generally, but not always, open at Brillouin zone
boundaries. The commonly accepted explanation stems from the empty lattice model: assuming a
small material contrast between the constituents of the unit cell, avoided crossings in the phononic
band structure appear at frequencies and wavenumbers corresponding to band intersections; for
scalar waves the lowest intersections coincide with boundaries of the first Brillouin zone. However, if
a phononic crystal contains elastically anisotropic materials, its overall symmetry is not dictated
solely by the lattice symmetry. We construct an empty lattice model for phononic crystals made of
isotropic and anisotropic materials, based on their slowness curves. We find that, in the anisotropic
case, avoided crossings generally do not appear at the boundaries of traditionally defined Brillouin
zones. Furthermore, the Bragg “planes” which give rise to phononic band gaps, are generally not flat
planes but curved surfaces. The same is found to be the case for avoided crossings between shear
(transverse) and longitudinal bands in the isotropic case.
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1. Introduction

Phononic crystals are periodic functional composites made of two or more materials with different
mass densities and elastic constants [1]. The propagation of acoustic waves in phononic crystals is
characterized by a complex dispersion relation (the relation between frequency and wave vector),
also termed the band structure. A characteristic feature of the phononic crystal band structure
is the existence of band gaps, i.e.,, frequency ranges within which the propagation of acoustic
waves is prohibited, either in a specific propagation direction, or in any direction (complete band
gaps). Phononic crystals have attracted a rapidly growing interest motivated both by fundamental
aspects of wave phenomena and by potential applications in many fields (see, e.g., the review by
Hussein et al. [2]).

The phononic band structure can be computed numerically using several methods such as
multiple scattering theory [3,4], plane wave expansion [5-7], and finite element method [8-10].
However, it is also important to understand how the band structure forms and how it is affected by
the geometry of the phononic crystal and properties of constituent materials. Band gaps appearing in
the wave propagation in periodic media are often termed “Bragg band gaps” as their origin is closely
related to Bragg diffraction [5,6,11-13]. Indeed, in the limit of vanishing periodic perturbation, the
band gaps form at wavevectors satisfying the Bragg reflection condition [14]. The band structure
of a medium with a vanishing periodicity is referred to as the “empty lattice” band structure. It is
constructed of dispersion bands of the homogeneous medium periodically repeated in the reciprocal
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lattice. For scalar waves in an isotropic medium, the intersections of dispersion bands form planes
(referred to as Bragg planes) which bisect reciprocal lattice vectors at right angles. Domains of the
reciprocal space bounded by Bragg planes are termed Brillouin zones (BZs), with the first BZ being the
Wigner-Seitz cell of the reciprocal lattice [15]. In the case of a finite periodic perturbation, dispersion
bands separate along the Bragg planes, forming band gaps; in particular, the gap between the first
and second dispersion bands forms at the boundary of the first BZ. Thus, the formation of the band
structure can be understood based solely on the geometry of the reciprocal lattice.

The situation with elastic waves in phononic crystals is more complicated than that with scalar
waves due to the presence of longitudinal and shear waves. Band gaps resulting from avoided
crossings of longitudinal and shear bands form at inconspicuous locations inside the BZs rather than
at BZ boundaries [16-18]. Elastic anisotropy will complicate matters even further. A recent study of
anisotropic photonic crystals by Sivarajah et al. [19] revealed that in the anisotropic case the Bragg
planes generally do not correspond to BZ boundaries constructed using the Wigner-Seitz bisection
method. Consequently, the conventionally defined first BZ is no longer bounded by Bragg planes and
does not conform to the original definition of the BZ by Brillouin (even though it can still be used
as a primitive cell of the reciprocal lattice). Sivarajah et al. [19] then proposed an alternative first BZ
bounded by Bragg planes constructed using the empty lattice method.

In solid state acoustics, anisotropic materials (typically natural crystals) are widely used,
and phononic crystals made of anisotropic materials have been investigated in a number of
studies [1,18,20,21]. While these studies were concerned with the analysis of the numerically calculated
band structure, it would be desirable to understand the band gap formation in the limit of small
periodicity without resorting to numerical computations, on par with the isotropic case.

In this paper, we demonstrate the utility of the empty lattice model for analyzing the formation of
Bragg band gaps in phononic crystals in the presence of longitudinal-shear intersections and elastic
anisotropy. We use analytical calculations to construct empty-lattice band structures for systems
of increased complexity, from scalar waves in an isotropic medium to vector waves in a strongly
anisotropic solid. We show that in the anisotropic case (as well as in the case of longitudinal-shear
crossings) Bragg “planes” are generally no longer flat planes but curved surfaces. We then numerically
calculate band structures of phononic crystals with a finite periodic perturbation to demonstrate the
formation of band gaps at locations predicted by the empty lattice model.

2. Empty Lattice Model

2.1. Analytical Model

In this section, we construct an empty lattice model for elastic waves propagating in elastically
anisotropic phononic crystals. We obtain the empty-lattice band structure and the intersections of Bloch
waves based on the slowness curves for bulk elastic waves propagating in the solid [22]. The empty
lattice model applies to a fictitious medium which has the same periodicity as the phononic crystal but
is homogeneous, i.e., the periodic perturbation is considered vanishingly small. For definiteness, we
consider the case of two-dimensional square-lattice phononic crystals, as depicted in Figure 1a, but
the analysis can be straightforwardly extended to other Bravais lattices. Figure 1b shows a schematic
construction of the dispersion relation for Bloch waves in reciprocal space. The origin of reciprocal
space is located at I'g ¢ and Ty, «, denotes the reciprocal lattice points with coordinates (bay, bay),
where b = 27 /a and a is the lattice constant. The angular frequency w is zero at all reciprocal
lattice points Iy, «, [14]. From these points originate cones that grow linearly with w since bulk wave
propagation is non dispersive in the homogeneous solid. Each cone thus shows the dispersion relation
between angular frequency and wavevector for the Bloch harmonics labeled by the pair of integers
a = (a1, a2). The local slope is the slowness of a bulk wave. There are in general three bulk waves
with orthogonal polarizations, and hence three cones originating from each reciprocal lattice point,
though only one is depicted in Figure 1b. It is clear that every two different cones will eventually
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intersect. The band structure is often represented by vertical cross-sections in particular reciprocal
lattice directions. For quantitative evaluation of band gaps, all the boundaries of the irreducible BZ
should be considered when plotting the band structure [21]. Here, we investigate the mechanism
of appearance of Bragg band gaps but not their precise width nor the existence of complete band
gaps. Consequently, we plot the band structure along the path M-I'-X of the first BZ that includes all
high symmetry points. The reduced frequency fa = wa/(27) is plotted as a function of the reduced
wavenumber ka/ (271).
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Figure 1. Graphical construction of the empty lattice model for anisotropic phononic crystals. (a) The
unit cell of a two-dimensional square-lattice phononic crystal. When the matrix (A) and the inclusion
(B) are composed of the same material, the model reduces to the unit cell of the empty lattice. (b) The
dispersion relation for Bloch harmonics in reciprocal space is a set of cones originating from reciprocal
lattice points. The vertical axis is the angular frequency. The horizontal plane is the reciprocal space,
and the black dots are for reciprocal lattice points labeled as I'y, 4, with a7 and «y being arbitrary
integers. The central square centered at I'g o (black solid line) is the boundary of the first BZ for the
square lattice with high symmetry points X and M. The colored lines centered around each reciprocal
lattice points represent the isofrequency curves of an arbitrary anisotropic material. The shape of
isofrequency curves is a frequency-scaled version of the slowness curve for the considered bulk wave
shown in (c). ¢ is the direction angle defined with respect to the s; axis.

The slowness curve s(i) for a particular bulk wave is easily obtained from the Christoffel
equation [22], with ¢ the direction angle (see Figure 1c for its definition). The slowness is the inverse
of the phase velocity. Any point (k, w) belonging to cone &« = («1, ) satisfies

k = ws(¢)n+ ba 1)

with the unit vector n = (cosy,siny)”. Let us consider any wave vector inside the first BZ with

KZ ! 152 2, 2 ’

For instance, we can take x; = 0 for the I'-X direction and x; = «; for the I''M direction, and sweep
1 in the range of [0, 0.5]. When plotting the band structure, we wish to obtain w as a function of
k. Writing

ws(P)n=0b(x —a), 3)
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we see that the vectors n and x — & are proportional. This condition determines uniquely angle i as a
function of ¥ and «. The frequency can further be obtained by

W= b5 (P)lx —af = bs ()1 (k1 — 1) + (2 — )2, )

For the cone centered at Iy o, the above equation simplifies to

w =bs () |x| = bs~ ()1 /12 + 2. ®)

Finally, intersections between cones (a1, a;) and (B, B2) can be determined as the values of (w, k)
that satisfy

w =bs" ((x,a))[x — a| = bs™ (Y (x, B))|x — Bl. ©6)
2.2. Empty Lattice Model for Scalar Waves in an Isotropic Medium

We first consider scalar waves propagating in an isotropic solid, such as epoxy. This medium
supports two shear bulk waves and one longitudinal bulk wave. The out-of-plane (shear) waves
remain uncoupled even when a two-dimensional periodic modulation is imposed in the plane (x1, x2).
The slowness curve of this shear wave is shown in Figure 2a. It is simply a circle of constant radius s;s.
Equations (4) and (5) simplify to

w = b\/(Kl —a1)? + (k2 — az)?/ss @)

and
w:b K%+K%/SS' (8)

Intersections between cones (0,0) and (a1, ay) are obtained by equating the two equations above,
which results in
2k 0 = & - «. 9)

This means that intersections occur at the perpendicular line to the connection of reciprocal lattice
points, in accordance with the definition of Brillouin zones [14]. The band structure for the scalar and
isotropic empty lattice model can be obtained directly using Equation (7).
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Figure 2. Empty lattice model for out-of-plane polarized waves in epoxy. (a) The slowness curve
is a circle in this case. (b) The empty-lattice band structure for the out-of-plane polarized waves of
epoxy is shown. Numerical and analytical results are shown with solid circles and lines, respectively.
Each branch is labeled by an index corresponding to the reciprocal lattice point from which the
generating cone originates. Points S; and S; are examples of intersections between branches located
inside the first Brillouin zone (BZ). (c) Isofrequency curves are plotted for the first band. The white
dashed lines mark the first intersection between cones centered at adjacent reciprocal lattice points.
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The empty-lattice band structure for the out-of-plane polarized waves in epoxy is shown in
Figure 2b. Each dispersion branch is labeled according to the reciprocal lattice point I'y, 4, from which
the cone it belongs to originates. Note that the (1,0) and (0,1) shear Bloch waves are degenerate in
the I'-M direction, but not in the I'-X direction. Numerical (colored dots) and analytical (solid lines)
results are consistent (see Methods in Section 5 for a description of band structure computation).
Numerical calculations in Section 2 serve to confirm analytical results and provide polarization
information for in-plane waves. The first branch intersection along both the I'-X and the I'-M directions
appears at the high symmetry points X and M of the first BZ. There are also branch intersections located
inside the first BZ at higher frequencies. According to Equation (6), intersections between branches
(—1,0) and (1,1) are located at b(0.25,0) (point S;) and b(1/6,1/6) (point S;). In fact, they belong to
shifted replicas of higher order BZ boundaries. Such a situation cannot occur in the one-dimensional
empty lattice model [23]. Isofrequency curves corresponding to the first band are shown in Figure 2c.
They are circles centered at the reciprocal lattice points. The intersection of adjacent cones are marked
with thick dashed lines. They are straight lines that bisect the connection between two adjacent
reciprocal lattice points, as per Equation (9). These intersections are of course the boundaries of the
first BZ as canonically defined. Indeed, this isotropic and scalar case is the textbook case discussed by
Brillouin [14].

2.3. Empty Lattice Model for Vector Waves in an Isotropic Solid

Next, we consider vector waves propagating in an isotropic solid. The bulk waves of homogeneous
solids have orthogonal polarizations and do not interact, but the introduction of a periodic modulation
in the phononic crystal can couple them [18]. The slowness curves for pure longitudinal and shear
waves in epoxy are plotted in Figure 3a. They are circles of constant radius s; and s, respectively.
Let us look for the intersections between the longitudinal cone centered at lattice point 'y and the
shear cone centered at lattice point I'y, 4,. The dispersion relation for the longitudinal Bloch wave can
be obtained by replacing s; with s; in Equation (8),

w = by\/x3+12/s), (10)

while the dispersion relation for the shear Bloch wave is still given by Equation (7). After simple
mathematical operations and setting v = (ss/s; )2, we have

2 2
X1 X2 Y 2 2
K1+ ——— + {0 + = — (a7 + &5). 11
<1 7—1) (2 v—1> 1R ) D

Intersections of the pure longitudinal and pure shear modes are composed of circular arcs centered
at (—bay/(y —1),—bay/(y —1)). The 4 nearest-neighbor shear cones yield 4 such arcs for (x; =
+1,ap = 0) and (a3 = 0,ap = £1). As a note, for isotropic solids the general relation ss > V25
implies 7y > 2.

The empty-lattice band structure for in-plane polarized waves in epoxy is shown in Figure 3b.
The color scale represents the polarization information in the considered propagation direction [10,18].
Owing to the same slowness s;, shear branches in Figure 3b are exactly the same as those in Figure 2b.
Intersections of longitudinal branches are found at BZ boundaries. In contrast, longitudinal branches
can intersect shear branches at wavevectors located inside the first BZ. Two such intersection points
I; and I, are identified in Figure 3b. Isofrequency curves corresponding to the second band for the
in-plane waves are shown in Figure 3c. As the wavenumber increases from 0, the (0, 0) longitudinal
branch is first followed until the intersection point is reached, after which the second shear branch is
followed. The first intersections of the longitudinal and shear cones are marked with a thick dashed
line. In contrast to Figure 2c, these Bragg-plane intersections are composed of four arcs located inside
the first BZ, as predicted by Equation (11), rather than straight lines. This rule generally holds for all
other longitudinal-shear Bragg-plane intersections.
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Figure 3. Empty lattice model for in-plane polarized waves in epoxy. (a) The slowness curves
for pure shear (dashed line) and for pure longitudinal (solid line) waves are both circles. (b) The
empty-lattice band structure for in-plane polarized waves is shown. Numerical and analytical results
are shown with solid circles and lines, respectively. The color scale represents the polarization in the
propagation direction, from 0 (shear) to 1 (longitudinal). Each dispersion branch is labeled by an index
corresponding to the reciprocal lattice point from which the generating cone originates. Indices for
longitudinal branches are underlined for clarity. Points I; and I, are the first intersections between
shear and longitudinal branches. (c) Isofrequency curves are plotted for the second band. The thick
dashed lines show the first intersection between shear and longitudinal cones, while the thin dashed
lines show the first intersection between pure shear cones.

2.4. Empty Lattice Model for Vector Waves in an Anisotropic Solid

In this section, we consider the most general case, the empty lattice model for vector waves
propagating in anisotropic solids. For definiteness, examples are shown for rutile (TiO,, 4/mmm
tetragonal crystal). The crystallographic orientation is chosen to be the Z-cut, that is the Z
crystallographic axis is parallel to the x3-axis of the reference frame in Figure la. The orientation we
consider here is X—15°, meaning the x;-axis is obtained from the X crystallographic axis by a rotation
by —15° about the x3-axis. Slowness curves are shown in Figure 4a. There are 3 bulk elastic waves: a
pure shear wave polarized along the x3-axis, and a quasi-shear (QQS) and a quasi-longitudinal (QL)
waves polarized in-plane. The pure shear wave case is identical with the analysis in Section 2.2, so we
focus mostly on the QS and QL waves in this section. In the anisotropic case it is not generally possible
to simplify analytical expressions for the empty lattice model from Section 2.1 as we did previously for
the isotropic case.

The empty-lattice band structure for out-of-plane polarized waves is shown in Figure 4b for
the X—15° orientation of rutile. Branch labels are identical to those for epoxy in Figure 2b. In fact,
the two band structures can be made identical if the frequencies are multiplied by the ratio of the
shear slownesses.

The QL and the QS slownesses in Figure 4a are strongly anisotropic. They get close in some
directions and move away from each other in other directions. The empty-lattice band structure for
the in-plane polarized waves for the X—15° orientation is shown in Figure 4c. In the I'-M direction,
the degeneracy of the (1,0) and the (0,1) QS Bloch waves is lifted, giving rise to separate branches.
Moreover, the group velocity in the direction of propagation vanishes at some points in the I'M
direction for the (0,1) and (1, —1) QS branches [24]. Their appearance here is owing to the combination
of periodicity and anisotropy. Figure 4d shows the isofrequency curves corresponding to the first QS
band for the X—15° orientation. Their shape is strongly influenced by the shape of the QS slowness
curve. It is remarkable that intersections between adjacent cones form curved lines. These QS Bragg
“planes” generally deviate from the straight boundaries of the first BZ. Only the two high symmetry
points X and M are preserved owing to the central symmetry of the slowness curve.
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Figure 4. Empty lattice model for in-plane polarized waves in Z-cut rutile with the X—15° orientation.

(a) The three slowness curves are for a pure shear wave (long dashed line), a quasi-shear (QS) wave
(short dashed line) and a quasi-longitudinal (QL) wave (solid line). The empty-lattice band structures
for (b) out-of-plane and (c) in-plane polarized waves are shown. Numerical and analytical results are
shown with solid circles and lines, respectively. The color scale in (c) represents the polarization in the
propagation direction, from 0 (shear) to 1 (longitudinal). Each dispersion branch is labeled by an index
corresponding to the reciprocal lattice point from which the generating cone originates. Indices for
longitudinal branches are underlined for clarity. Points I, I, and I’2 are intersections between QS and
QL branches. (d) Isofrequency curves are plotted for the first band of in-plane waves. The thick dashed
lines represent the intersections between adjacent QS cones. (e) Isofrequency curves are plotted for the
second band of in-plane waves. The thick dashed lines show the first intersection between QS and QL
cones and thin dashed lines show intersections between adjacent QS cones.

Finally, we consider the case of Z-cut rutile in the X orientation. Though anisotropic, the

slowness curves plotted in Figure 5a have the symmetry of the square lattice. Lowest intersections
between quasi-shear cones in Figure 5b are then exactly the same as the boundaries of the first BZ.
Other intersections, however, can appear inside the first BZ. Figures 4e and 5c show the isofrequ
curves corresponding to the second band for the X—15° orientation and for the X orientation,
respectively. Intersections of the QS and QL Bloch waves are shown in thick dashed lines. They
locate inside the first BZ.

ency

both
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Figure 5. Empty lattice model for in-plane polarized waves in Z-cut rutile. (a) The three slowness
curves are for a pure shear wave (long dashed line), a QS wave (short dashed line) and a QL wave
(solid line). (b) Isofrequency curves are plotted for the first band of in-plane waves. The thick dashed
lines represent the intersections between adjacent QS cones. (c) Isofrequency curves are plotted for
the second band of in-plane waves. The thick dashed lines show the first intersection between QS and

QL cones.

3. Formation of Bragg Band Gaps in Phononic Crystals

The empty lattice model predicts the positions of band intersections in reciprocal space. When the

periodic modulation in the phononic crystal is finite, these intersections can turn into avoided crossings
and band gaps open. In order to study the formation of avoided crossings (band gaps) in phononic
crystals, we introduce small air-filled holes in the two-dimensional square-lattice phononic crystal
depicted in Figure 1a. Material A is either epoxy or rutile, while material B is air. The ratio of the hole
diameter to the lattice constantis d/a = 0.2.

Band structures for square-lattice phononic crystals with isotropic (epoxy) and anisotropic (Z-cut

Reduced Frequency, fa (m/s)

Figure 6. Band structures for (a) the out-of-plane polarized waves and (b) the in-plane polarized
waves of epoxy with air holes (d/a = 0.2). The color scale represents the polarization amount in
the propagation direction, from 0 (shear) to 1 (longitudinal). Solid lines correspond to the empty

lattice model.

1500

1000
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r

(a)

Reduced Frequency, fa (m/s)

r
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rutile, X—15° orientation) solid components are shown in Figures 6 and 7, respectively. For pure shear
waves, avoided crossings occur at high symmetry points X and M. In addition, in Figure 6a, avoided
crossings also appear around points S; and S. A directional band gap could even be generated along
the I'-X direction if a larger hole were considered, as we checked numerically. This phenomenon could
also be observed in Figure 7a if a larger frequency range were presented.
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Figure 7. Band structures for (a) the out-of-plane polarized waves and (b) the in-plane polarized
waves of Z-cut rutile for the X—15° orientation with air holes (d/a = 0.2). The color scale represents
the polarization amount in the propagation direction, from 0 (shear) to 1 (longitudinal). Solid lines
correspond to the empty lattice model.

For in-plane polarized waves in Figures 6b and 7b, avoided crossings occur not only at the high
symmetry points, but also inside the first BZ (for instance the first intersections I, and I} of the QS
and QL branches in the I''M direction). It is noteworthy that no avoided crossing is formed at I;.
The reason for the different behavior at Iy and I is that in the I'-M direction the (1, 0) shear wave has
a polarization not orthogonal to the (0, 0) longitudinal wave; hence an avoided crossing is expected
to appear at I when a periodic modulation is applied. In the I'-X direction, however, the two waves
remain orthogonal, and the orthogonality is preserved by the symmetry of the phononic crystal lattice.
Consequently, no avoided crossing appears at I;. All avoided crossings appear at intersections of
the empty-lattice band structure. Similar results were found in two-dimensional phononic crystals
with isotropic solid components [17] or holes in a piezoelectric matrix [18], where avoided crossing is
generally accompanied by a transfer of the polarization from one branch to the other. It is also noted
that the intersection point I, in Figure 7b can be tuned by changing the orientation of the anisotropic
solid. A relatively large band gap could thus be expected when the frequencies of points I and M are
the same.

When inclusion B is a solid different from solid A in Figure 1a, the empty lattice model can still be
used as long as the volume fraction of material B remains small. In this case, avoided crossings are
again found to appear around the intersections predicted by the empty lattice model for the matrix.
The same is true when the volume fraction is large but the material contrast is small. For general
phononic crystals composed of several different solids with large relative volume fractions or large
material contrast, the empty lattice model does not apply anymore. However, there could be situations
when a medium is patterned on a very fine scale, and then a periodic perturbation is introduced on a
larger scale (for example, consider a periodic system of holes in a fiber-reinforced composite). One can
also envision a metamaterial containing resonant inclusions (not necessarily periodic), with a periodic
structure imposed on a larger scale. In these cases the empty lattice model can be constructed based
on the frequency-dependent effective properties (effective mass densities and elastic constants) of the
underlying elastic metamaterial medium [25-27].

Moreover, it has been shown that the phonon dispersion relation can be measured experimentally
along any direction of the BZ by using Brillouin light scattering [28-34]. In these works, either
resonance (hybridization) or Bragg band gaps were evidenced. Clearly, the theory in the present
paper only applies to Bragg band gaps. The lowest Bragg band gaps were found to appear around
wavenumbers corresponding to the high symmetry points of the BZ for the considered lattices [28-32].
Nonetheless, by tuning the elastic properties of the constituting materials, the same experimental
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approach should allow one to observe Bragg band gap formation inside the BZ, similarly to the case of
photonic crystals [19].

4. Conclusions

In summary, we have constructed an empty lattice model for elastically anisotropic phononic
crystals based on the slowness curves of matrix material, and have predicted the positions of band
intersections and Bragg band gaps opening in reciprocal space. For scalar waves in an isotropic
medium, the first intersections are located exactly at the boundaries of the first BZ and subsequent
intersections occur at shifted replicas of boundaries of higher order BZs. For vector waves with
different polarizations, intersections define curved closed contours different from those of the BZ
boundaries, which can occur inside the first BZ. For vector waves in an anisotropic solid, intersections
also in general form curved closed contours different from those of the BZ boundaries. Numerical
calculations of the band structure confirm that avoided crossings and consequently Bragg band gaps
form around the intersections predicted by the empty lattice model for the matrix.

5. Materials and Methods

5.1. Materials

We use epoxy as the isotropic material and rutile as the anisotropic material. The corresponding
material parameters can be found e.g., in Ref. [1]. For epoxy, the mass density is p = 1142 kg/m?, and
the independent elastic constants are ¢ = 7.54 GPa and c44 = 1.48 GPa. For the X orientation of Z-cut
rutile, the mass density is p = 4280 kg/m?, and the independent elastic constants are c1; = 266 GPa,
c1p =173 GPa, C13 = 136 GPa, C33 = 470 GPa, Cq4 — 124 GPa, and Cep — 189 GPa.

5.2. Methods

We use the open-source finite element software FreeFEM++ [35] to calculate band structures and
slowness curves. Variational formulations of the elastodynamic equation and explanations of how
to write numerical simulation codes for phononic crystals with FreeFEM++ can be found in Ref. [1].
The relevant programs can be downloaded for free for scientific research [36]. Band structures and
isofrequency curves are obtained by letting the wavevector k sweep the high symmetry boundaries or
the whole area of the first BZ, respectively.
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