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Abstract -- This paper presents an analytical method for the
computation of electromagnetic performances and non-intrinsic
unbalanced magnetic forces (UMF) in fractional-slot spoke-type
permanent-magnet (STPM) machines. It is based on the two-
dimensional (2-D) subdomain method in polar coordinates
considering the drive current: i) sinusoidal, and ii) six-step
rectangular. It involves solution of Laplace’s and Poisson’s
equations in the stator slots, the air-gap, the buried tangential
PMs into rotor slots, and the non-magnetic region under PMs.
The results obtained with 2-D analytical model (viz., the
electromagnetic performances and the non-intrinsic UMF) are
verified with those issued from finite-element method (Fem).

Index Terms--Electromagnetic performances, fractional-slot
machines, subdomain method, unbalanced magnetic forces.

I. INTRODUCTION

HE STPM STPM machines represent a good candidate

for replacing surface-mounted PM (SMPM) machines.

This type of machines has a salient rotor in comparison
with smooth rotor SMPM machines. The structure of rotor, the
number of stator slots, and the number of rotor poles can
produce the non-intrinsic UMF [1]-[9]. The intrinsic UMF are
generated by the static/dynamic rotor eccentricities or uneven
distribution of material properties [9]-[11]. Many authors have
analyzed analytically the magnetic field, the electromagnetic
performances and UMF in SMPM machines [2]-[7]. However,
in our best knowledge the analytical calculation of magnetic
field, electromagnetic performances and UMF in fractional-
slot STPM machines has not been done. Only integer-slot
machines have been analyzed analytically in [12]-[13].
Moreover, UMF in SMPM is generally predicted with using
air-gap permeance functions [8]-[9]. However, there is no
permeance function that can represent accurately the rotor
saliency with the concentrating effect and the stator slots for
STPM machines. Generally, the numerical methods can
provide a high accuracy for predicting magnetic field and
UMF in any number of slot/pole combinations of STPM
machines [1] and [14]. But usually require a long computing
time.

In this paper, an analytical prediction of magnetic field
distribution, electromagnetic performances and non-intrinsic
UMF in fractional-slot STPM machines is presented. The
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analytical magnetic field distribution is computed in polar
coordinates from 2-D subdomain method (i.e., based on formal
resolution of Maxwell’s equations applied in subdomain) in
each region, i.e. stator slots, air-gap, buried PMs into rotor
slots, and non magnetic region under PMs. The PMs are
tangentially magnetized (in order to improve air-gap flux
density by flux focusing). This model with single layer
winding is valid for any number of slot/pole combinations and
can be extended easily for double layer winding. The 2-D
analytical results considering the drive current (i.e., sinusoidal
and six-step rectangular current) are compared with those
obtained by 2-D Fem [16]. The comparisons (viz., the
electromagnetic performances and the non-intrinsic UMF) are
very satisfying in amplitudes and waveforms.

1L STUDIED MACHINE AND MAGNETIC FIELD SOLUTION

A. Problem Description and Assumptions

Fig. 1 shows the fractional-slot STPM machine where
Region I represents the air-gap, Region II the buried PMs,
Regions III the stator slots, Region IV the non-magnetic
material under PMs. The 2-D analytical model is formulated
in magnetic vector potential and polar coordinates with the
following assumptions:
- The axial length of the machine is infinite and invariant
(i.e., end-effects are neglected);

- The iron parts are assumed to be infinitely permeable;

- The rotor and stator tooth-tips are not considered.
However, they can be introduced easily;

- The current density in the stator slots has only one

component along the z-axis;

- The stator and rotor slots have radial sides;

- Eddy-current effects in the stator winding and in the

buried PMs are neglected;

- The PMs demagnetization curve is assumed to be

linear;

- The direction of PMs magnetization is supposed purely

tangential, i.e., M = {0, My, 0} .
The partial differential equations for magnetic fields in each
region can be expressed by
VZAZ =0 in Region I and IV (Laplace’s equation) (1)
VZAZ =—4 -VxM in Region II (Poisson’s equation) 2)
V2d, =—py-J

z

in Region III (Poisson’s equation) 3)

where M is the PMs magnetization, J, the current density

in the stator slots, and g, the vacuum permeability.



stator slot, and ¢ the stator slot-opening.

C. Buried PMs (Region II)
In each buried PM subdomain (j) of Region II, we have to
solve (2), i.e., Poisson’s equation. Because the direction of
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Using the method of separation of variables, (9) becomes
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Fig. 1. Studied machine: (a) Fractional-slot STPM machine (6-slots/4-poles)
model.

with the buried PMs and the single layer winding (i.e., non-overlapping
alternate teeth wound winding), and (b) Definition of regions for the analytial

The field vectors B={B,; By;0} and H ={H,; Hy;0)

are coupled by the following relations (i.e., the magnetic

material equation):

B. Stator Slots (Region I1I)
(11) becomes

B= Ho ‘H in Region I, I1I, and IV
§=,u0 M, -ﬁ+,u0 M in Region I,
where g, is the relative magnetic permeability of PMs. Using
B=VxA, the r- and G-components of magnetic flux density
are deduced from 4, by ]
j™PM, and a the PM-opening.
1 04 04 . .
= 5 Z and By =- 3 z 6) D. Air-gap (Region )
r 90 r In the air-gap (which is an annular domain), we have to
solve (1), i.e., Laplace’s equation,
In each slot subdomain (i) of Region I1I, we have to solve 024, N 1 04, N 1 9%4, ~0 (1
ar r oo 2 96°
7 Using the method of separation of variables, and taking
into account the periodicity boundary condition between 0
and 2z for the studied machine with fractional-slot winding,
(12)
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where J,; is the current density in the i stator slot.
The i stator slot subdomain (called region III), where i
vary from 1 to O, with O, the number of stator slots, is
associated with boundary conditions at the bottom and at
each sides of the slot [12]-[13].
Using the method of separation of variables, (7) becomes
where n is a positive integer.
+l J Z1 _12
0 2/10- a0\ 74 In(r)=—r E. Non-magnetic material under PMs (Region IV)
(8a) In the no-magnetic material under PMs (which is an
m—”-(@—ai +£j circular domain), we have to solve (1), i.e., Laplace’s
2 equation,
2 2
J AZIV +l.aAle +La AZ[V — (13)
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Using the method of separation of variables, and taking
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into account the periodicity boundary condition between 0
and 2z as well as the finite value of the magnetic vector
potential at » =0, (13) becomes

z[V z

[ 47, -sin(n6) + 48, - cos (n6) | (14)

I11. INTERFACE CONDITIONS BETWEEN REGIONS

To determine the integration constants in (8), (10), (12) and
(14); the boundary conditions at the interface between the
various regions should be introduced. This boundary conditions
are

- between Region II/Region IV at r =R, :

Ay = Ay forﬁe[gj—a/Z,gj+a/2J (15)
Hgyi for@e|gi—al2,g;+al2

Hopy =1 77 L2 ial2] (16)
0 otherwise

- between Region II/Region I at r =R,

Ay =4y forge[gj_a/zsgj+a/2:| (17)
Hgyi for@e|gi—al2,g;+al2

Hop=1 L2 i*al?] (18)
0 otherwise

- between Region III/Region I at r = R, :

A = Ay for e[ o —c/2, o5 +¢/2] (19)
Hyp for @e|a; —c/2, o +c/2

HH[ _ o1l f I: i / i / :| (20)
0 otherwise

The interface conditions (15) ~ (20) concern regions with
different subdomain frequencies which need Fourier series
expansions to satisfy equalities of magnetic vector potential
and field at each interface radius.

According to Fourier series expansion, the interface
condition (15) gives
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From (21) ~ (34), we can calculate the 14 coefficients by
solving a Cramer's systems with a given number of
harmonics for n, k and m.

V. CALCULATION OF ELECTROMAGNETIC PERFORMANCES
AND UMF

The developed analytical method for fractional-slot STPM
machines is used to determine electromagnetic performances
and non-intrinsic UMF.

A. Flux Linkage and Back Electromotive Force (EMF)

In order to calculate magnetic field distribution, the current

density in the i" stator slots, i.e., J,; , is defined by

N,

J,; :?“’-CT A (35)

in which C represents the winding connection matrix

between g-phases of current and the stator slots which is
defined by

1 -1 0 0 0 O
cC=/0 0 0 0 1 -1 (36)
0 01 -1 0 O

where S = c'(r42 —RS2 )/2 is the slot area, N, the number

of conductors in the stator slot, and i, the armature currents

of 3-phases. The studied machine is fed by sinusoidal or six-
step rectangular currents [15].

The method based on Stokes theorem is used to determine
the magnetic flux linkage and the back-EMF. The magnetic
flux linkage is defined by

o+
Lu 27
0= J- '[Az[[[i'r'dr'de (37)
o C R
"2
By using (8), (37) gives
@ =Lu-Ci o+, (38a)
R} +[2-4In(R,)]-r* R
+[4In(ry)-3]-r* (38b)
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It is interesting to note that for the no-load condition (i.e.,
J,; =0) and for both models, the term ¢,,; is null. The
phase flux vector is given by

Va
T
vy =N CT- o @ wp 9] (39)
Ve
The back-EMF vector of 3-phases is calculated by
Ea d Wa
Ey |=Q— |y, (40)
de.
2 Ve
with 6. =Q-t where Q is the mechanical pulse of
synchronism.

B. Electromagnetic Torque

The electromagnetic torque can be computed from the
back-EMF by

Tem:(Ea'ia+Eb'ib+Ec'ic)/Q (41)



The cogging torque can be determined by the Maxwell
stress tensor, i.¢.,

_ 2p-Lu-Rg2 P

¢ IU—O 0 Br[|r=Rg .BHI r=Ry 49

(42)

where R, is the radius of a circle placed at the middle of the

air-gap, Lu is the effective axial length of the machine. It
should be noted that (42) can also be used to predict
electromagnetic torque if the open-circuit flux density is
substituted by the on-load flux density.

C. Non-intrinsic UMF

The - and G-components of magnetic pressures (in function
of 6. and @) at R, are defined as [10]

1 2 2

B, _%'[BﬂL:Rg _391|r=1eg j (43)
1

Fy =ﬂ—0'13r1|r=,¢g '13191|,:Rg (44)

The x- and y-components of non-intrinsic UMF at R, is
calculated as [3] and [7]
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V. ANALYTICAL RESULTS AND FEM VALIDATION

The main dimensions and parameters of the fractional-
slot STPM machine (6-slots/4-poles) with the buried PMs
and a single layer winding (i.e., non-overlapping alternate
teeth wound winding) are given in Table I. Then, analytical
results are verified by 2-D Fem [16].

Fig. 2 shows that the flux lines are not equilibrate in each
part of the machine in the case of rectangular drive currents.
This can be also confirmed in Fig. 3, where radial and
tangential flux densities have a periodicity equal to 2m.
Figs 4 ~ 6 show the bach-EMF, electromagnetic torque (for
both drive currents) and cogging torque curves. We can see
in the spectrum of back-EMF [see Fig. 4.b] that the odd
harmonics orders 1, 5, 7 and 10 are predominates. For
cogging torque spectrum, even harmonics orders 2, 4, 8, and
10 are significant. The radial and tangential magnetic
pressures of the brushless DC machine in function of space
angle and motion are shown in Figs. 7 and 8. The forces F}

and F, for both drive currents are shown in Figs. 9 ~ 13. It

is clear that the fractionnal-slot STPM machine fed by the
six-step rectangular current has more non-intrinsic UMF low

harmonics than the fractionnal-slot STPM machine fed by
the sinusoidal current even if the torque ripple is lower.

TABLEI
PARAMETERS OF FRACTIONAL-SLOT STPM MACHINE

Parameters Value &

unit
Remanent flux density of PMs, B,,, 04T
Relative permeability of PMs, ., 1
Number of conductors per stator slot, N, 60
Peak phase current, 7,, 15A
Number of stator slots, Oy 6
Stator slot-opening, ¢ 30°
PM-opening, a 20°
Number of pole pairs, p 2
Radius of the external stator surface, R, 75 mm
Outer radius of stator slot, 7, 50.3 mm
Radius of the stator outer surface, R 45.3 mm
Radius of the rotor inner surface at the PM surface, R,, 44.8 mm
Radius of the rotor inner surface at the PM bottom, R, 18 mm
Air-gap length, g 0.5 mm
Height of a PM, £, 26.8 mm
Height of stator slot, A 15 mm
Axial length of the machine, L, 57 mm
Mechanical pulse of synchronism, £2 157 rad/s
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Fig. 7. Analytical radial magnetic pressure on load with six-step rectangular
currents versus 6. and 6.
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I. CONCLUSION

In this paper, we have proposed an improved analytical
subdomain model for predicting magnetic field distribution,
electromagnetic performances and non-intrinsic UMF in the
fractional-slot STPM machines (6-slots/4-poles) with the
buried PMs and a single layer winding (i.e., non-overlapping
alternate teeth wound winding). Poisson’s and Laplace’s
equations are solved analytically using the method of
separation of variables in each region. Two types of drive
currents are considered (viz., sinusoidal and six-step
rectangular currents) to show their effect on the
electromagnetic torque and non-intrinsic UMF. Moreover,
torque ripple analysis, the spectrum of cogging torque and
UMF permit to study the effect of each harmonic on
vibration of this type of machines. It is important to notice
that the developed analytical method is also valid for any



number of slot/pole combinations, integer and fractional slot
and single and double layer winding. Analytical results are in
very good agreement with the ones obtained by Fem.
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