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Abstract—This paper is concerned with the energy shaping of
1D linear boundary controlled port-Hamiltonian systems. The
energy-Casimir method is first proposed to deal with power
preserving systems. It is shown how to use finite dimensional dy-
namic boundary controllers and closed-loop structural invariants
to partially shape the closed-loop energy function and how such
controller finally reduces to a state feedback. When dissipative
port-Hamiltonian systems are considered, the Casimir functions
do not exist anymore (dissipation obstacle) and the immersion
(via a dynamic controller) / reduction (through invariants) method
cannot be applied. The main contribution of this paper is to
show how to use the same ideas and state functions to shape
the closed-loop energy function of dissipative systems through
direct state feedback i.e. without relying on a dynamic controller
and a reduction step. In both cases the existence of solution
and the asymptotic stability (by additional damping injection)
of the closed-loop system are proven. The general theory and
achievable closed-loop performances are illustrated with the
help of a concluding example, the boundary stabilisation of a
longitudinal beam vibrations.

Index Terms—distributed port-Hamiltonian systems, boundary
control, passivity-based control, stability of PDEs

I. INTRODUCTION

It is more than two centuries that partial differential equa-
tions (PDEs) are used to model physical systems. However,
one of the most recurring assumption is that no external signals
are present. In this respect, it is only since the sixties and
seventies of the last century that a mathematical theory has
been developed in order to cope with boundary control and
observation. This fact makes it possible to study practical
problems modeled by PDEs, such as controlling the water level
in a river, or estimating the temperature distribution in a room.
Moreover, by introducing inputs and outputs, the distributed
parameter system is no longer a “closed” system since it can
be easily interconnected with other (sub-)systems.

From a physical point of view and with the bond-graph
modeling formalism [1] in mind, the interaction between
different systems can be interpreted as an exchange of energy
through a set of well-defined power ports. Port-Hamiltonian
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systems [2], [3] have been introduced about twenty years
ago as the mathematical formalization of bond-graphs to
describe lumped parameter physical systems in an unified
manner, [4], [5]. The generalization to the infinite dimensional
scenario leads to the definition of distributed port-Hamiltonian
systems [6]-[9] that have been introduced about one decade
ago as a particular case of the more general framework pre-
sented e.g. in [10], that deals with closed infinite dimensional
Hamiltonian systems, and then extended in [11] (see also
the references therein), to open physical systems. Distributed
port-Hamiltonian systems have proved to represent a powerful
framework for modeling, simulation and control of physical
systems described by PDEs.

Most of the current research on the stabilization of dis-
tributed port-Hamiltonian systems is about the development
of boundary controllers. The simplest way of designing such
controllers is to add some dissipation, or to use the passivity
properties of the interconnected systems and the total energy
as Lyapunov function to prove asymptotic or exponential
stability. Inspired by the finite dimensional case, a more
sophisticated approach aiming at achieving a certain level of
performances in closed-loop consists in shaping the energy
function, the stability being ensured by the passivity properties
of the controlled system. In current literature (see e.g. [11]-
[16]), this task has been accomplished for power preserving
systems by considering a dynamic controller and generating
a set of closed-loop Casimir functions that relates the state
of the infinite dimensional plant to the state of the finite
dimensional controller. The shape of the closed-loop energy
function is then changed by acting on the Hamiltonian of the
controller. From the existence of the closed-loop structural
invariants the dynamic controller finally reduces at the end
to a state feedback. This procedure is the generalisation of
the control by interconnection (energy-Casimir method or im-
mersion/reduction methods) developed for finite dimensional
systems, [3], [17]. The strong limitation of such control design
method is the dissipation that breaks the structural invariants.
This phenomenon is well known as the dissipation obstacle.

This paper focuses on the class of distributed port-Ha-
miltonian systems defined on real Hilbert spaces studied in
[8], [18], where the problem of existence of solutions for
the associated system of PDEs, and of the selection of the
boundary conditions to have a well-defined boundary control
system in the sense of [19] has been solved in case of
linear systems with one-dimensional spatial domain. The latest
results that combine abstract functional analytical approach
with the physical approach of port-Hamiltonian system theory
have been collected in [20], in which, among others, simple



matrix conditions for well-posedness and stability are given.
With the framework proposed in [8], [20] in mind, in this
paper new results dealing with the synthesis of asymptotically
stabilising boundary control laws are given.

The starting point is the energy-Casimir method, here in-
vestigated in the most general possible case as far as the con-
troller structure is concerned. In this way, the results already
presented in literature [11]-[16] can be seen as particular cases
of the theory discussed here. In first instance, the geometric
properties of the closed-loop system are investigated. General
conditions for the existence of Casimir functions are provided,
together with a precise characterisation of the class of systems
to which the method is applicable. It is well-known, in
fact, that with this approach it is not possible to deal with
systems that are characterised by equilibria which require an
infinite amount of supplied energy in steady state, i.e. with
the so-called “dissipation obstacle,” [3], [15], [17], [21]-[23].
Secondly, based on [24]-[27], existence and properties of the
closed-loop system solutions are investigated, and a positive
answer in case the controller is passive is given. Once the
Casimir functions are characterised, it is shown how to use
them for control purposes. Indeed, these invariants allow to
link the state of the controller to the state of the system, and
then to reduce the dynamic contribution of the controller to a
boundary state feedback. An appropriate choice of this state
feedback through the initial choice of the controller energy
function allows to shape, at least in some directions (this
point is discussed in the last section of the paper), the closed-
loop energy function. Such a control action can be paired,
for example, with damping injection without worrying that
possible changes in the dissipative structure of the system
“destroy” the Casimir functions, thus ensuring, after having
proved existence of solution, the asymptotic stability of the
closed-loop system.

Inspired by this energy-Casimir method, a new control
design method is proposed to avoid the problems associated to
the dissipation obstacle. The idea is to keep a boundary state
feedback structure without designing it through a dynamic
controller nor closed-loop invariants. In this paper, all the
boundary state feedback laws that shape the Hamiltonian
function in pre-defined directions are characterised, so that
simple stability in closed-loop is obtained. To have asymptotic
stability, it is then necessary to add damping by means of
a further control loop. This is the same concept adopted in
finite dimensions in case of stabilisation with state modulated
sources [17], or with the more general IDA-PBC control
technique, [28]. These considerations lead to the last main
contribution of this paper. It is shown that if it is possible,
via damping injection, to impose full boundary dissipation to
the closed-loop port-Hamiltonian systems with shaped Hamil-
tonian, then the desired equilibrium is asymptotically stable.

It is now important to understand how to frame this work
in the more general topic “control of distributed parameter
systems.” First of all, there are several sub-classes of infinite-
dimensional systems. In the general operator-theoretic ap-
proach [19] the use of energy is most times hidden, although
the co-located feedback is based on it. Therefore, our approach
is more related to the second main subclass of infinite-

dimensional systems, namely working with the PDE directly,
[29]. In this class, the use of energy is very common. However,
in this paper, there is no reference to a specific PDE, but
to a class of PDEs that encompasses models e.g. of flexible
beams, waves and reaction diffusion processes, in 1D but also
2D or 3D when there are symmetries that can be exploited
to obtain a simplified 1D model, and that forms a sub-class
of port-Hamiltonian systems. Furthermore, the idea is not to
stabilise the system around the origin (the lowest point of the
energy), but around another point with modified closed-loop
performances associated to a modified shape of the closed-loop
energy. Combined with the analytic proof that this is possible,
to the best of our knowledge this has not been studied before
neither in the operator approach, nor in the PDE approach.

The paper is organized as follows. In Section II, the class
of linear, distributed, port-Hamiltonian systems under investi-
gation is briefly presented. In Section III, the geometric prop-
erties of the energy-Casimir method are discussed. Section IV
is devoted to the main control synthesis methodology that
is based on passivity-based considerations. How to achieve
asymptotic stability via damping injection is then discussed in
Section V. Finally, in Section VI, the general methodology is
illustrated with the help of an example, namely the PDE that
describes the longitudinal vibration of a beam. Conclusions
and a discussion about possible future research activities are
reported in Section VII.

II. BACKGROUND

In this paper, we refer to the class of linear distributed port-
Hamiltonian systems defined on real Hilbert spaces that have
been studied in [8], [20], [27], [30], i.e. to systems described
by the PDE

?(t, z) = Plg(ﬁ(z)x(t, 2)) + (Py — Go)L(2)z(t,z) (1)
t 0z
with z € R", and 2z € [a, b]. Moreover, P, = P{ and
invertible, Py = —POT, Gy = GOT >0, and L(-) is a bounded
and Lipschitz continuous matrix-valued function such that
L(z) = LT(2) and L(2) > kI, with k > 0, for all z € [a, b].
For the sake of clearness, (Lz) (t,2) := L(2)z(t, z). We say
that the symmetric matrix M is positive definite, in short
M > 0, if all its eigenvalues are positive, and positive
semi-definite, in short M > 0, if its eigenvalues are non-
negative. The state space is X = L?(a, b; R™), and is endowed
with the inner product (zy | z2), = (x1 | Lx2) and norm
|#1]|% = (21 | 21) -, where (- | -) denotes the natural L?-inner
product. The selection of this space for the state variable is
motivated by the fact that ||- ||QL is strongly linked to the energy
function of (1). As a consequence, X is also called the space
of energy variables, and Lx denote the co-energy variables.
This class is quite general and includes models of flexible
structures, traveling waves [7], [9], [13], heat exchangers, and
linearised models of bio or chemical reactors among others,
[31].

Remark 2.1: Note that £(-) may be L°°, i.e. a bounded
measurable matrix-valued function. Lipschitz continuity is
only needed in the proof of Theorem 5.3.



The PDE (1) can be also written as & = Jx, where J
is the linear operator defined as Jz := Plﬁ(/jx) + (P —
Go)Lz, with domain D(J) = {Lx € H'(a,b;R")}. Here
H'(a,b;R™) denotes the Sobolev space of order one.

To have a distributed port-Hamiltonian system, the PDE (1)
has to be completed by a set of boundary port variables. More
precisely, for Lz € H'(a,b; R™), the boundary port variables
associated to (1) are the vectors f5, eg € R™ defined by

E)-50 E- -

=R

The boundary port variables are a linear combination of the
restriction of the co-energy variables to the boundary, and
integration by parts shows that 1 Hx(t)||2£ = €3 (t)fa(t).
The problem of determining the “right” boundary inputs and
outputs for (1) to have a boundary control system on X in
the sense of the semigroup theory, see e.g. [19], has been
addressed in [8].

Theorem 2.1: Let W be a n x 2n real matrix. With this W,
we define the input mapping B : H!(a,b;R™) — R™ and the
input u(t) as

u(t) =W (gg;) =: Bx(t). 3)

If W has full rank and satisfies WEXWT > 0, with

0 I
== (1 1),
then the system (1) with input (3) is a boundary control system

on X. Furthermore, the operator Jx := Py (9/62)(Lx)+(Py—
Go)Lx with domain

D(J) = {Eaz € H'(a,b;R") | (£Z> € Ker W}
- {Em € H'(a,b;R") | Bz = o}

generates a contraction semigroup on X. Moreover, let W be
a full rank n x 2n matrix such that (WT WT) is invertible
and let P be given by

T
p_ (WEW

wawT !
Wew'T

WEw?™
Define the output as
o (fa(t)
ty=W =:Cx(t 4
i = (F20)) = eaty @
with C : H'(a,b;R"™) — R™. Then, for u € C?(0,00;R")
and (Lx)(0) € H'(a,b;R™), the following energy balance
equation is satisfied:

1d 1 )\, (u(t)
2dt|x(t)|2£<2(y(t)) F <y<t>>' ©)

Proof: See [8]. ~ [ |

In this paper, the matrices W and W are selected in such a

way that (1) is in impedance form i.e., WEWT = WeWwT =
0and WEWT =1, or equivalently

(%) s(wt W) =x. (6)

In this case the energy-balance (5) reduces to

1d
51 PO < T (Bu(). (M)

In Sections IV and V, the design of a state-feedback law
for the PDE (1) that leads to a closed-loop system in port-
Hamiltonian form which is asymptotically stable is discussed.
However, preliminary problems are to understand if the linear
system of coupled PDEs and ODEs associated to the closed-
loop system has a unique solution, and if it is a well-defined
boundary control system. In this respect, let us consider a
linear control system in port-Hamiltonian form, whose most
general formulation is [32]

ic = (Jo — Re) Qcze + (Ge — Po) uc ®)
yo = (Ge + Po) ' Qozo + (M + So) uc
where ¢ € R" and uc, yo € R™, while Jo = —JZ,

Mc = —MZ, Re = RE, and Sc = ST, with this further

condition satisfied:
Rc FPc
>0.
(F &)= ®

Finally, assume that Q¢ = Q}; > 0, so that (8) is a passive
linear system. For the sake of compactness, this system can
be easily written in standard (A¢, Be, Co, D) form, being

Ac =(Jc —Rc)Qc  Bc =Ge—Fe
Co=(Go+Po)'Qe Do =Mco+ Sc .
The control system (8) is interconnected to the boundary of

(1) in a power-conserving way through the input u and the
output y defined in (3) and (4) under the assumptions (6) as

w\ (0 —=I\ (uc n o’
y) I 0 )\yc 0/’
where v/ € R™ is an additional control input. This is the

standard feedback interconnection. The closed-loop system is
characterized by the total Hamiltonian

(10)

(1)

1 1
Ha(z(t).zc(t) = 5 |20z + 528()Qczc(t)  (12)
N————’
=:Hc(zo (1))
and can be compactly written as
C/.: jch / (13)
u = (B—I—DCC CC)C::BC,

where

Cz(m>eZ::X><R"C

Trc

is the state variable of the closed-loop system and J
D(Ju) C Z — Z is the following linear operator

. J 0 T
jdc T (Bcc Ac> (Ic)

D(Ja) = D(J) x R™c.

Z is endowed with the inner product defined as

(14)

with domain
(15)

(G ]Gy = (@1 | 22) + 28, Qoey



which means that Hy(¢) = 1|C ||2Z Some fundamental
properties associated to the PDEs and ODEs describing the
closed-loop dynamics are presented in the next proposition.

Proposition 2.2: Consider the port-Hamiltonian system re-
sulting from the power-conserving interconnection (11) of (1)
and (8), which results in (13). Then, (13) with J,; defined in
(14) with domain (15) is a boundary control system. Moreover,
the operator J; given by

= (T 0 x
= (e an) (o)
with domain

D(Ju) = {(;C) €Z|zeD(J), and B <;C> - 0}

with B’ defined in (13) generates a contraction semigroup.
Proof: The proof can be found in [26]. ]

III. STRUCTURAL INVARIANTS OF BOUNDARY
CONTROLLED SYSTEMS

Proposition 2.2 shows that the power conserving intercon-
nection (11) of the distributed port-Hamiltonian system (1)
with the passive port-Hamiltonian controller (8) results in
a port-Hamiltonian system, the closed-loop system, charac-
terized by the Hamiltonian (12) which is the sum of the
Hamiltonian functions of (1) and (8). To use this closed-
loop Hamiltonian as Lyapunov function, one has first to
guarantee that this function has a minimum at the desired
equilibrium with a proper choice of H¢. The choice of He
also allows to change the shape (at least in some directions)
of the closed-loop energy function, and thus the closed-loop
performances. As in the finite dimensional case [3], [17], if
it is possible to find structural invariants (i.e., that do not
depend on the Hamiltonian) named Casimir functions of the
form C(z,z¢) = ¢ — F(z), with F'(z) some smooth well
defined functional of x, then on every invariant manifold
defined by x¢ — F(x) = k, with k a real constant relating
the initial state of the system to the initial state of the
controller, the closed-loop Hamiltonian (12) may be written
as Hy(z) = H(z) + Ho(F(z) + %), with H(z) = 1 ||z|%.
Hence, the closed-loop Hamiltonian H,.; depends on the state
variable of (1) only. Its minimum and its shape, defining the
closed-loop equilibrium and the closed-loop performances, can
be assigned by an appropriate choice of H¢.

Definition 3.1 (Casimir function): Consider the boundary
control system defined in Proposition 2.2 with v/ = 0 in (11).
A function C' : X x R"¢ — R is a Casimir function if C' = 0
along the (classical) solutions for every possible choice of £(-)
and Qc¢, [3], [13], [21].

Due to the fact that the geometric structure (namely, the
Dirac structure) associated to the boundary control system
introduced in Proposition 2.2 is linear, the Casimir functions
are linear (see e.g. [22]). Consequently, as in [26], [33], [34],
we look for Casimir functions in the form

b
C(z(t),zc(t) = TTzc(t) —|—/ VT (2)x(t,2)dz  (16)

with T' € R"¢ and ¥ € L?(a,b;R™). Note that they are not
(yet) in the form assumed above.

Proposition 3.1: Consider the boundary control system
introduced in Proposition 2.2 with w' = 0 in (11). Then,
(16) is a Casimir function for this system if and only if
U € H'(a,b;R"),

ASTE) + (Pt G =0 (7)

(Jo + Re)T + (Ge + Po)WR (\‘III’((ZD =0 (18)
(Ge — Po)'T+

+ W+ (Mc — Se) W] R(\I\Ij((g) —0 (19

Proof: The proof of [26], for the case R = Po =
Me = 0, can be easily adjusted to show the above proposition.
However, in Appendix A we present a simpler and more
elegant one. [ |

It is worth noting that Casimir functions are also discussed
in [10] for Hamiltonian systems, and there called “distin-
guished functionals.” They are employed in the stabilisation
by port-interconnection in [11], where a finite dimensional
Hamiltonian control system is interconnected to the boundary
of an infinite dimensional Hamiltonian plant, and similar
results to the ones in Proposition 3.1 are obtained.

Proposition 3.2: Assume that it is possible to find n¢
Casimir functions, i.e. it is possible to relate all the state
variables of the controller with the states of the plant, and
denote by I' = (I ') and U = (¥, o)
the nc X ng matrices built from the vectors and vector
valued functions that appear in the Casimir (16). Moreover,
assume that the W, are independent solutions of (17). Then,
the following conditions are satisfied:

GoV(z)=0 (20)
r
(6 52) (w2
= U(b) =0. (21)
PEr S WR( -
b ose) \we ()
Proof: The proof is reported in Appendix B. ]

Propositions 3.1 and 3.2 summarise the conditions for the
existence of the Casimir invariants in closed-loop. Relations
(20) and (21) impose conditions on the parameters in the
Casimir when there is dissipation in the system. This is called
the dissipation obstacle. For instance, when Gy is invertible,
i.e., there is strong dissipation in the PDE, (20) implies that W
must be zero, and so we cannot find any Casimir function of
the form (16). Hence our control design procedure fails. See
also [3], [17] for the finite-dimensional case.

IV. BOUNDARY CONTROL BY ENERGY-SHAPING

The aim of this section is to present a boundary control law
able to shape the Hamiltonian and move the minimum to the
desired equilibrium state. The synthesis technique discussed
here allows to overcome the main limitation of the energy-
Casimir method, namely the dissipation obstacle, that imposes
strong constraints on the amount of damping that can be
added in the system, damping that is fundamental to achieve
asymptotic or exponential stability in closed-loop. Before



presenting the main result of this section, it is important
to investigate what is the effect of the control system (8)
developed according to the energy-Casimir method on the
distributed parameter system (1).

The link between the state of the controller z¢ and the
state of the plant x appears through the Casimir functions
(16). Indeed, under the hypothesis of Proposition 3.2 and if r
is invertible, since each Casimir function is constant along the
system trajectories, we have that

b
zo(t) = —f‘_T/ UT(2)x(t,z)dz + K (22)
a
with k € R™¢ a constant that depends on the initial conditions
only. If we assume that the controller initial state is selected in
such a way that x = 0, it is possible to verify that the closed-
loop dynamics are given by the boundary control system:

O (1,2) = P 22 () () (P — Go) S (a0 2)
(St (a(1)) <b>>
W'R
= ((% (#(1))) (a)

(23)
in which § denotes the functional derivative (Fréchet deriva-
tive, in the language of functional analysis) [7], [9], [10], while

b T
§|x<t>||i+§< / ¢T<z>x<t,z>dz> x

b
xf‘lecf‘fT/ @T(z)x(t,z)dz (24)

Hcl (.’I)(t)) =

and T is a n x 2n full rank, real matrix such that W/SW'T >
0.

The fact that the closed-loop energy as function of the x
coordinates is given by (24) is an immediate consequence of
(12) and (22) if kK = 0. Moreover, the PDE that describes the
closed-loop dynamics in (23) follows from the fact that

5;;“ (2) = (L2)(2) + U() Qi T / BT (2)2(2) da

a

and because from (17) and (20) we have that
+ (Py 4 Go)¥(z) — 2Go¥(2)

= Pi—(2) + (Py — Go)¥(2)

with the integral term that appears in the previous expression
of 5H” that is not a function of z. Finally, with simple calcu-
latlons it is possible to prove that W/ = W + (M¢c + Sc)W
which from (6) and (9) implies that W' X’ T =25 >0.
The effect of the controller (8) is then to shape the open-loop
Hamiltonian 1 ||z(t) ||i into the desired one (24), as expected,
and this property is strictly related to the presence of Casimir
functions in closed-loop that establish the algebraic relation
(22) between state of the controller and of the plant. The
same result can be equivalently achieved by writing the control
action, i.e. the output yo of (8), in state-feedback form by
defining z¢ as in (22), with k = 0. With such control action,
the closed-loop system evolves according to (23), i.e. with the

shaped Hamiltonian. Proposition 2.2 assures that also when the
boundary control action is in standard state feedback form, the
closed-loop system is well-posed. Furthermore, it is possible
to act on the auxiliary input u’ e.g. to add damping without
losing the stability properties obtained in the inner loop.

Similarly to the finite dimensional case, the main contri-
bution of this section is to use state feedback to avoid the
intrinsic drawbacks of the energy-Casimir method in presence
of the dissipation obstacle. In the following proposition, it is
shown how to design a boundary state feedback control that is
able to map the open-loop dynamics (1) into the target system
given in (23).

Proposition 4.1 (Energy-shaping): Consider the system (1)
with boundary control given by (3). Denote by H(x) =
z ||x||3: its Hamiltonian function. Then, the feedback law
u = B(z) + «/, with v’ an auxiliary boundary input, maps
(1), (3) into the target dynamical system

O (1,2) = Pis T4 (1)) =) + (o — Go) 1 (a())()
(‘md z(t)) ) (b)
o' (t) = WR<(5det M@
(25)
with Hy(x) = H(x) + H,(z), provided that
Ao )y G0)6 “0)=0 (6
Blz) + WR (E ) 0. 27)

Proof: The proof is immediate by comparison of initial
and target dynamics. For a geometric interpretation of this
result in the distributed parameter scenario, we refer to [22].

|
Remark 4.1: Equation (26) provides all the possible func-
tions H, that can be employed in the energy-shaping proce-
dure, while (27) gives the associated boundary control action.
Furthermore, from (26) it is clear that 5(%1 is related to
the equilibrium states of (1). More precisely, the function
x(t,z) := x,(2) is an equilibrium state of (1) if and only
if z, := Lil%(z*), with H, such that (26) holds.
Once H, is defined, by Theorem 2.1 a natural choice for
the output is

(28)

which implies that & Hg(z(t)) < y' " (t)u/(t). Such new
boundary port (u’,y’) has now to be terminated over a dissipa-
tive element to obtain asymptotic stability of the equilibrium,
or just to improve the convergence rate:

Ul(t) = _Eyl(t)a E=

This will be shown in Theorem 5.3.

By the previous remarks it is clear that the additional
Hamiltonian H,, is constructed in such a way that 5_1%(1‘)
are equilibrium states of (1). Furthermore, since the system has
to reach a non-zero state, H is chosen with a global minimum
in this non-zero state. In the following lemma, a construction

[I]

T>o. (29)



for H, which achieves this is illustrated. Since, in this paper,
the linear case is treated, the focus is on quadratic Hamiltonian
functions.

Lemma 4.2: Let ®; € H'(a,b;R™), i = 1,...,n be
independent solutions of
do;
P (2) + (Po — Go)®i(2) = 0, (30)

and define ®(z) = (®1(z), ..., ®,(z)). Furthermore, let x,
be an equilibrium state of (1), i.e. Lz, € H'(a,b; R™) and

Then
b T
Hq(z) = % / o7 (- m*)dzl X

X Qa

/abi)T(x—x*)dz] -

b
—/ rrLrdz + kK, (32)
a

with Q, = QT > 0 and x € R some constant, satisfies (26)
and H; = H + H, has a global minimum in x,.
Proof: From (32) we have

dH, ) b
5o () =2Q, l/a T (z —2,)dz

— Lx,

and so by the definition of ® and z,, (26) is satisfied. Further-
more, since H(z) — fab rFLxdz equals H(z — x,) — H(x,)
the last assertion follows. [ |

V. ASYMPTOTIC STABILITY ANALYSIS

The aim of this section is now to show that damping
injection (29) with H; = H + H, and H, given by (32)
asymptotically stabilises (1) in the equilibrium x,. We begin
by studying the closed-loop system (25), (28) with (29). Before
doing so, we introduce some notation. We define the bounded
linear operator Kg : X — R" as

b
Kq,x:/ 3T (2)x(2) dz, (33)
and L, as
Li=L+K;Q.Ko, (34)
where K3 R™ — X is the adjoint operator of Kg.

Clearly, K; = <i>, and L, is a bounded, coercive operator on
L?(a,b; R™). Furthermore, H, being given by (32) we find

Hy(w) =+ (& — ) | La (& —2.)) o + Ha(z,).  (35)

2

Proposition 5.1: The closed-loop system (25), (28) with (29)
in which H, is defined by (32) admits a unique solution. Fur-
thermore, the mapping from the initial error state at time ¢ = 0,
Zo — X4 to the error state at time ¢, z:(t) — x, defines a con-
traction semigroup in the norm  ((z — a4) | La (z — 24)) 2.
Proof: We begin by defining # as = — z,, then by (35)

we have that ‘igc () = L42. Since x, is independent of ¢,

we see that the closed-loop system (25), (28) with (29) can
be written as

0F . O(La)
a(t, Z) = Pl 92

(t,2) + (Po — Go) (LaZ) (t, 2)

i L47) (t,b (36)

0=|w+=W|R (LaZ) (£,6))
(La) (t; a)
By pre- and post-multiplication of (6) by (I ZE) and
(I ET)T, respectively, we obtain:
~ 1T
[W+EW} z[w+5 } —22>0,
and then from Lemma 5.4 in [8] it follows that the semigroup
associated to (36) is a contraction semigroup with respect to
the norm 3 ((z — z4) | La (x — x)) . Furthermore, since &
and x only differ by z, is clear that the closed-loop system
(25), (28) with (29) admits a unique mild solution for all initial
conditions. ]
Proposition 5.2: The operator J; defined as

6(£d$)
0z

Jax = P + (Po — Go) (Lax) (37)

with domain
D(Jq) = {z e L2(a,b;(C”) | Lax € Hl(a, b; C™)

and 0 = [W + EW} R (&Zgézb } (38)

is the infinitesimal generator of a contraction semigroup and
has a compact resolvent.

Proof: From [8, Lemma 5.4], of which Theorem 2.1
is a particular case, it follows that J; generates a contrac-
tion semigroup since Ly is a bounded, coercive operator on
L?(a, b;R™). The compactness of the resolvent is derived
from [25, Theorem 2.28, pg. 50] because, as before, L, is
a bounded and coercive operator. [ |

The main result is an application of the Arendt-Batty-
Lyubich-Vi Theorem, see e.g. [29, Theorem 3.26, p. 130].

Theorem 5.3 (Asymptotic stability): Consider the linear,
infinite dimensional, port-Hamiltonian system (1) and the
equilibrium state x, satisfying (31). Then, the control action
u = [(x)+u’ with 8 defined in (27), H, chosen as in (32), and
with ' defined in (29) with = > 0, makes z, asymptotically
stable.

Proof: Using the previous notation, it is clear that the
assertion in the theorem is equivalent to the assertion that
the origin is asymptotically stable for the PDE (36). To this
PDE, we associate the infinitesimal generator J; defined by
(37) and with domain (38). Since [J; has compact resolvent
and generates a contraction semigroup, the semigroup is
asymptotically stable if and only if there are no eigenvalues
on the imaginary axis, see [29, Theorem 3.26]. In this respect,
assume that jw is an eigenvalue, i.e., there exists a non-zero
x € D(Jy) such that

wr = Jyx. 39



Using the definition of J; and integration by parts, we see
that

0 =Re ((Lazx | ywz))
5 (Lar)” O)Py (L) (8

- <£dI | Goﬁdl’>
1 « 1 N
=3 (') v + 3 (W) y — (Lax | GoLax) ,
where we have introduced

W =WR (((EZ;) gzg) Y =WR (5553 %)

and used (6). Hence the boundary condition gives

0=—(y) Ey — (Laz | GoLax).

— 5 (Lar)" (@)Py (L) (0)

(40)
Since 2 > 0 we see that ¢y’ = 0 and thus «' = 0. Furthermore,

GoLaz = 0. (41)

Using the fact that (%) is invertible, ¥’ = «' = 0 implies
that (L4x)(a) = (L4x)(b) = 0. Let now consider two cases:
o If w =0, then (39) and (41) imply that the function ¢ :=
Lz satisfies the first order ordinary differential equation
P1% + Pyg = 0. However, since ¢(b) = ¢q(a) = 0 this is
only possible when ¢ = 0. Thus zero is not an eigenvalue.
o For w # 0, we introduce ¢ = f; T (2)x(z) dz. We have
that

b
ngz/ T (2)jwz(z) dz

b
- / 7 (2) () (=) dz
=T (b) Py (Lgz) (b) — @ (a) Py (Laz) (a),

where we have used integration by parts (30) and (41).
Since (Lqz) (a) = (Lqz) (b) = 0, we have proved that
& = 0. Combining this with equation (33) and (34) we
see that

Loz =Lax+ K3Q.& = L.

Using this and the definition of 7;, we have that x
satisfies the first order ordinary differential equation

O(Lx)
0z

Since L is Lipschitz continuous, bounded from above and
away from zero, so is its inverse. Due to the Cauchy—
Lipschitz theorem on existence and uniqueness of solu-
tions to ordinary differential equations with given initial
conditions, and combining this fact with (Lqz) (a) =
(Lx) (a) = 0, we conclude that = 0. Hence there are
no eigenvalues on the imaginary axis and the closed-loop
error system is asymptotically stable.

Jwr = Py

|
Remark 5.1: If in (32) it is assumed that the functions ®;
solutions of (30) are such that

0:WR<$:((Z§>, i=1,....n

then the energy-shaping state feedback law [ defined in (27)
reduces to a constant, namely

s = (G35.)

which are the boundary conditions associated to the equi-
librium (Lx),. Then, the effect of the damping injection
contribution (29) is to dissipate the total energy until the new
minimum is reached. A simple application of [30] shows that
the equilibrium is uniformly exponentially stable. Since there
are no constraints on the boundary conditions on the function
®; solution of (30), a parametrisation of all the possible
energy-shaping control actions is provided in the linear case.
Different choices lead to different performances in closed-
loop.

Remark 5.2: With the methodology discussed in the pre-
vious section in mind, provided that Ho(x) = Hy(z) and
H.(z) = Hy(x), we see that the control by interconnection
and energy shaping via Casimir generation is a particular case
of this one. In fact, since the Casimir functions have to satisfy
(17) and (20), it is immediate that

dv

Plg(z) + (PO — GQ)\II(Z) =0

and that

2 ((1,2)) = w(z) 9o

dxc :cC:fab UT(2)z(t,2z)dz

Furthermore, condition (27) is a consequence of the defini-
tion of v’ in (23). In addition, if for simplicity the finite
dimensional boundary controller (8) is chosen without the
feedthrough term, i.e. if Mo = S = 0, then in the second
relation in (23) we have that W’ = W. Since v = 8(z) + «/,
from (3) we have that

Ba) = u—u = WR <<5§i‘l (x)) <b)>

(%52 (@) (a)

which is exactly (27). Equivalently, we can say that in the
lossless case for any energy shaping control action B(x) it
is possible to determine a control system (8) that is able, if
properly initialised, to generate the control action §(x) itself.

VI. EXAMPLE: THE LONGITUDINAL VIBRATION OF A
BEAM

A. Port Hamiltonian modelling

In this section we consider the example of a bar of size
L subject to longitudinal (axial) vibration. The beam motion
results from an extension/compression deformation along its
longitudinal direction z € [0, L]. In the following, we shall
denote the section of the beam by S(z), the longitudinal
displacement of a section of the beam from the unstressed
configuration by ¢(t,z), and its velocity by v = %—f(t,z).
In case of longitudinal motion, the deformation of the beam
e(t, z) is related to the displacement by:

e(t,z) = a—99(75, z)

0z (“42)



The material’s deformation behaviour is considered to be
linear (Hooke’s law), which means that the axial mechanical
constraint o(t,z), defined as the extension/traction force
divided by section S(z), is proportional to the axial defor-
mation £(¢,z) through the Young elasticity modulus F, i.e.
o(t,z) = FEe(t,z). Applying the second Newton’s law to
an infinitesimal piece of beam (taking internal friction into
account) leads to the PDE equation:

PS5t (1) = 5 S50, - DFE (e

where p is the mass density, and D > 0 is the internal
friction coefficient. By considering as energy variables the
deformation ¢(¢, z) and the linear momentum density p(¢, z) =
pS(z)v(t, z), the total energy of the system can be written as
the sum of the kinetic energy and the potential energy of the
elastic deformation, i.e.:

1 (PPt 2)
H(p(t, z),e(t, z :7/ [ + ES 2(t,2)| d=
(()())20/)5() (2)e°(t, 2)
leading to the definition of the co-energy variables
H
05(t,2) = 1 (=(1,2)) = ES(:)e(t,2) = S(2)o 2

olt.2) = S it ) = 25 H = B2e,2)

which are the elastic force acting on the cross-section, and
its velocity, respectively. The port-Hamiltonian formulation of
the system is then

H6)-(2 B 1))

which is in the form (1), with Py = 0, and

0 1 0 0
Plz(l 0>a GOZ(O D)a

ﬁ(z):<E%(Z) 0 )

p5(2)
The boundary port variables (2) are
v(L) = v(0)
(fa) _ 1 fos(L)=0os(0)
€y V2 os(L) +0s(0)
(L) +0(0)

The boundary input and output are selected as

wn=(G0) o= (T5G)). @

v(t, L)
which can be derived from (3) and (4) thanks to the following
choice for W and W:

1L /-1 001 = 1/01 -10
W‘ﬁ(@ 110)’W_\/§(10 0 1)'

The energy balance associated to this choice of input and
output is then given by:

dH

L
lUES 7/0 Dv2(t,z)dz + yT (t)u(t) < y* (t)u(t).

B. Lossless case

At first, we assume that D = 0, and we consider the fully
actuated case, i.e. the controller acts on both sides of the beam,
and a state feedback of the form u(t) = 3(e, p) + u'. The aim
of the state feedback is to shape, at least partially, the closed-
loop energy function. The stability is insured by an additional
dissipation term on the new input/output. From Lemma 4.2,
the class of function H, that can be employed in the energy-
shaping design procedure are in the form

Ha(87p) = Ha<§1(57p)a§2(57p)) (44)
with

L
&i(e(t, ) = e(t, z)dz
/O (45)

L
&t ) = [ pit.2)dz
0
and H, can be freely chosen. A closed-loop system with
Hamiltonian Hg(e,p) = H(e,p) + Ha(e, p) with a minimum
in (0,0) is obtained by selecting H, as

H,(&1,86) = —5151

where =1, =9 are two positive gains. From (27), this leads to

the state feedback:
L
0 ) Jo pdz
=1 fOL edz

uzfz (46)

ﬂ(E,p) = -

Eae)--(

and the desired closed-loop energy function:

Hy(e,p) = L /OL L}szz) + ES(z)eQ] dz+

2
1 L ‘g L ’

+ == (/ 6dz> + -2y </ pdz) . @7
2 0 2 0

The resulting closed-loop system is impedance passive with
respect to the new input/output port (u’,y’) defined by (25)
and (28). Moreover, from (46) and (47), we see the energy
function can be (partially) shaped in the € and p coordinates
by adequately choosing the gains =; and =;. The asymtotic
stability is obtained by interconnecting a dissipative element
at the input/output port (u’,y’), as in (29). The achievable
performances of energy shaping plus damping injection control
strategy are illustrated in Section VI-D.

Remark 6.1: A similar result could have been obtained
by using the energy-Casimir method. For that purpose let
us consider the system (8) with nc = 2, R = Po =
Mg = Sc =0, Go =1 and Jg to be assigned later on. By
following the energy-Casimir method discussed in Section III,
it is quite easy to check that Casimir functions are not present
in closed-loop if Jo = 0. With this choice, the boundary
controller (8) consists of two separate systems, each required
to provide a constant power flow in steady state: they are
not energy-balancing controllers. So, it is necessary to couple
these regulators and allow for an internal power flow at the
controller side. This can be achieved by choosing

0 I
JC:<I O>7



which implies that the closed-loop system is characterized by
the following Casimir functions:

L

Cilea0.2(t.) =&l - [ e(t2)dz
OL

Co(a(t), p(t, ) = Ealt) / plt, ) dz.

Note the similarities with (45), as expected. The controller
Hamiltonian can then be chosen as in (46).

One can check that the closed-loop system is lossless, so
only simple stability has been achieved. However, asymptotic
stability can be obtained by damping injection at the boundary,
as discussed in Section IV. More precisely, asymptotic stability
follows immediately from Theorem 5.3

C. System with internal friction

Due to internal dissipation, i.e. when D # 0, the energy-
Casimir method briefly discussed at the end of the previous
subsection (using a dynamic controller, and reduction) cannot
be applied as the dissipation obstacle does not allow to
compute invariant Casimir function in the p coordinate. It
is then necessary to rely on the energy-shaping methodology
presented in Section IV. The PDE (26) provides the admissible
functions H,, and (27) the associated boundary control action.

With Lemma 4.2 in mind, the admissible H, takes again
the form (44), with now

L
fl(E(t,~)):/0 e(t,z)dz,

L
et )p(t) = [ DL = 2)e(t,2) + pit, 2] d.

’ (48)
Note that the solution proposed in [35] is just a particular case
of the one presented here. Finally, H, can be selected e.g. as
in (46) and, thanks to Theorem 5.3, asymptotic stability is
obtained via damping injection (29) on the new control port
(u/,y’) defined in (25) and (28) in the general case.

D. Achievable closed-loop performances

In order to illustrate the achievable performances with the
energy shaping methods proposed in this paper, we consider
the aforementioned beam (with D = 0) clamped at one side
and controlled at the other side, i.e.:

_(vt0)\_ (0
w01 = (60) = (ats)
—os(t, 0)) (yf(t))
t) = =12
o= (0 = (o
where u and y are defined as in (43), u is the actual control
input, namely the applied force in z = L, and ¥ the associated
dual output, the velocity in z = L.
1) Open-loop response: For simulation purpose, we con-
sider a finite dimensional approximation of the system

with normalized parameters (all set equal to one). In par-
ticular, the spatial discretisation technique for distributed
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Fig. 1. Open-loop step response.
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Fig. 2. Different step responses for increasing values of o > 0 (with dot
o = 0.2, dashed o = 0.5, and solid line o« = 1 symbols, accordingly).

port-Hamiltonian systems presented in [36] has been em-
ployed. The result is a finite volume approximation in port-
Hamiltonian form. Figure 1 shows the evolution of the position
of the end of the beam when a (normalised) force step
is applied at the same point. One can note the undamped
oscillations occurring at the different frequencies.

2) Dissipative boundary feedback: At first, a dissipative
boundary feedback in the form:

ﬂ(t) = —ayj(t),

is implemented. Figure 2 clearly shows that the oscillations can
be damped by increasing the values of a.. As long as the system
is damped, the raising time increases, but at the same time,
the settling time decreases to 2.5 sec until « is tuned in such
a way that the system does not present any oscillations. This
happens when o = 1, i.e. when the dissipative gain matches
the mechanical impedance of the beam. For larger values of
«, the system is over-damped, and the settling time increases
again.

3) Energy shaping: We consider now the energy shaping
method presented in Section IV. Since one of the extremities

a>0
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Fig. 3. Closed-loop response in case of energy-shaping plus damping injection
control law with fixed = = 200, and increasing values of a > 0 (with dot
o = 10, dashed v = 20, and solid line o = 30 symbols, accordingly).

of the beaAm is clamped, H, is looked for under the form
H,(e) = H,(&1(¢)). By applying Lemma 4.2, the admissible
H, are of the form

2

/OL e(t,z)dz | =

with = > 0, in which the geometric constraint (42) has been
taken into account. The corresponding state feedback is

B(@) =—E [‘P(L L) - @(tv O)}

which is equivalent to an additional boundary stiffness, i.e. to
a proportional control action. Asymptotic stability is achieved
thanks to a dissipative feedback gain «, and the final control
law is of the form:

u = 5(80) —ay=-=2 [QD(t, L) - QO(t, O)] - OZ’U(L L)
= —Zp(t,L) — av(t, L)

[o(t, L) - o(t,0)]*

2o | [1]

in which it is assumed that ©(¢,0) = 0 because the beam is
clamped in z = 0. Note that this is a classical PD control law,
in which the proportional gain is related to energy-shaping,
while the derivative one to damping injection. Figure 3 shows
how = allows to improve the settling time, and this effect
combined with the damping injection gain « allows to improve
drastically the transient response.

VII. CONCLUSIONS AND FUTURE WORK

The motivating idea of the paper has been the development
of a general synthesis methodology of boundary control laws
for linear, distributed port-Hamiltonian systems on a one-
dimensional spatial domain. As in the lumped parameter case,
the feedback law is determined in such a way that its effect
on the system is to shape the energy function, and to modify
the dissipative structure. Thanks to energy-shaping, simple
stability of the desired equilibrium is achieved, while damping
injection assures asymptotic convergence of the trajectories.
For any infinite-dimensional system existence and uniqueness
of solutions is not guaranteed beforehand. Therefore, we

started with the energy-Casimir method to design our control
action that leads to a (formally) passive dynamical system.
Using this structure it is much easier to prove that the set
of PDEs and ODEs associated with the dynamics of the
closed-loop system has a unique solution. This property holds
also when the control action is not provided by a dynamic
controller, but by an equivalent state feedback law.

Since the class of stabilising controllers that the energy-
Casimir method can provide is quite limited because of the
dissipation obstacle, the problem of determining a feedback
law able to shape the Hamiltonian in a proper manner has
been tackled by determining the control action that maps the
open-loop system into a new one, with the same geometric
structure, but with a different Hamiltonian. Since the control
action shares the main properties of the feedback law obtained
via the energy-Casimir method, it is possible to verify that also
in this case the closed-loop system is well-posed, and defines
a new boundary control system. The resulting control law is
proved to asymptotically stabilize the system.

The proposed methodology has been developed for linear
systems with one-dimensional domain. The extensions to
distributed port-Hamiltonian systems on a 2D or 3D spatial
domain and to non linear distributed port-Hamiltonian systems
are our main future research topics. Concerning the later
one, all the geometric considerations that have been used in
this paper remain valid as the port-Hamiltonian framework is
intrinsically devoted to non linear systems, but the analysis
of the existence of solution and of the stability proof remain
difficult and open problems.

ACKNOWLEDGMENT

Part of this work was carried out while Alessandro Mac-
chelli was visiting the National Engineering Institute in Me-
chanics and Microtechnologies (ENSMM) and the (AS2M)
FEMTO-ST Laboratory in Besancon. The hospitality and
support of these institutions is gratefully acknowledged. This
work was supported by French ANR sponsored projects
HAMECMOPSYS and Labex ACTION under reference codes
ANR-11-BS03-0002 and ANR-11-LABX-01-01, respectively.

REFERENCES

[1]1 H. Paynter, Analysis and design of engineering systems.
Massachusetts: The M.I.T. Press, 1961.

[2] B. Maschke and A. van der Schaft, “Port controlled Hamiltonian
systems: modeling origins and system theoretic properties,” in Nonlinear
Control Systems (NOLCOS 1992). Proceedings of the 3rd IFAC Sympo-
sium on, Bordeaux, France, Jun. 1992, pp. 282-288.

[31 A. van der Schaft, Lo-Gain and Passivity Techniques in Nonlinear

Control, ser. Communication and Control Engineering.  Springer—

Verlag, 2000.

V. Duindam, A. Macchelli, S. Stramigioli, and H. Bruyninckx, Model-

ing and Control of Complex Physical Systems: The Port-Hamiltonian

Approach. Springer Berlin Heidelberg, 2009.

A. van der Schaft and D. Jeltsema, “Port-Hamiltonian systems theory:

An introductory overview,” Foundations and Trends® in Systems and

Control, vol. 1, no. 2-3, pp. 173-378, Jun. 2014.

G. Golo, “Interconnection structures in port-based modeling: tools for

analysis and simulation,” Ph.D. dissertation, University of Twente,

Enschede (NL), 2002.

[71 A. van der Schaft and B. Maschke, “Hamiltonian formulation of
distributed parameter systems with boundary energy flow,” Journal of
Geometry and Physics, vol. 42, no. 1-2, pp. 166-194, May 2002.

Cambridge,

[4

—

[5

—_

[6

[t}



(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

Y. Le Gorrec, H. Zwart, and B. Maschke, “Dirac structures and boundary
control systems associated with skew-symmetric differential operators,”
SIAM Journal on Control and Optimization, vol. 44, no. 5, pp. 1864—
1892, 2005.

A. Macchelli and B. Maschke, Modeling and Control of Complex
Physical Systems: The Port-Hamiltonian Approach.  Springer Berlin
Heidelberg, 2009, ch. Infinite-Dimensional Port-Hamiltonian Systems,
pp. 211-271.

P. Olver, Application of Lie Groups to Differential Equations, 2nd ed.
Springer—Verlag, 1993.

M. Schoberl and A. Siuka, “On Casimir functionals for infinite-
dimensional port-Hamiltonian control systems,” Automatic Control,
IEEE Transactions on, vol. 58, no. 7, pp. 1823-1828, July 2013.

H. Rodriguez, A. van der Schaft, and R. Ortega, “On stabilization of
nonlinear distributed parameter port-controlled Hamiltonian systems via
energy shaping,” in Decision and Control (CDC 2001). Proceedings of
the 40th IEEE Conference on, vol. 1, Dec. 2001, pp. 131-136.

A. Macchelli and C. Melchiorri, “Modeling and control of the Timo-
shenko beam. The distributed port Hamiltonian approach,” SIAM Journal
on Control and Optimization, vol. 43, no. 2, pp. 743-767, 2005.

, “Control by interconnection of mixed port Hamiltonian systems,”
Automatic Control, IEEE Transactions on, vol. 50, no. 11, pp. 1839—
1844, Nov. 2005.

R. Pasumarthy and J. van der Schaft, “Achievable Casimirs and its
implications on control by interconnection of port-Hamiltonian systems,”
International Journal of Control, vol. 80, no. 9, pp. 1421-1438, 2007.

A. Siuka, M. Schoberl, and K. Schlacher, “Port-Hamiltonian modelling
and energy-based control of the Timoshenko beam,” Acta Mechanica,
vol. 222, no. 1-2, pp. 69-89, 2011.

R. Ortega, A. van der Schaft, I. Mareels, and B. Maschke, ‘“Putting
energy back in control,” Control Systems Magazine, IEEE, pp. 18-33,
Apr. 2001.

H. Zwart, Y. Le Gorrec, B. Maschke, and J. Villegas, “Well-posedness
and regularity of hyperbolic boundary control systems on a one-
dimensional spatial domain,” ESAIM: Control, Optimisation and Cal-
culus of Variations, vol. 16, no. 4, pp. 1077-1093, Oct. 2010.

R. Curtain and H. Zwart, An Introduction to Infinite Dimensional Linear
Systems Theory. New York: Springer—Verlag, 1995.

B. Jacob and H. Zwart, Linear Port-Hamiltonian Systems on Infinite-
dimensional Spaces, ser. Operator Theory: Advances and Applications.
Basel: Birkhiuser, 2012, vol. 223.

M. Dalsmo and A. van der Schaft, “On representation and integrability of
mathematical structures in energy-conserving physical systems,” SIAM
Journal on Control and Optimization, vol. 37, pp. 54-91, 1999.

A. Macchelli, “Dirac structures on Hilbert spaces and boundary control
of distributed port-Hamiltonian systems,” Systems & Control Letters,
vol. 68, pp. 43-50, Jun. 2014.

——, “Passivity-based control of implicit port-Hamiltonian systems,”
SIAM Journal on Control and Optimization, vol. 52, no. 4, pp. 2422—
2448, 2014.

J. Villegas, H. Zwart, Y. Le Gorrec, B. Maschke, and A. van der Schaft,
“Stability and stabilization of a class of boundary control systems,” in
Decision and Control and European Control Conference (CDC-ECC
2005). Proceedings of the 44th IEEE Conference on, Dec. 12-15 2005,
pp. 3850-3855.

J. Villegas, “A Port-Hamiltonian Approach to Distributed Parameter
Systems,” Ph.D. dissertation, University of Twente, Enschede (NL),
2007.

A. Macchelli, “Boundary energy shaping of linear distributed port-
Hamiltonian systems,” European Journal of Control, vol. 19, no. 6, pp.
521-528, Dec. 2013.

H. Ramirez, Y. Le Gorrec, A. Macchelli, and H. Zwart, “Exponential
stabilization of boundary controlled port-Hamiltonian systems with
dynamic feedback,” Automatic Control, IEEE Transactions on, vol. 59,
no. 10, pp. 2849-2855, Oct. 2014.

R. Ortega, A. van der Schaft, B. Maschke, and G. Escobar, “Interconnec-
tion and damping assignment passivity-based control of port-controlled
Hamiltonian systems,” Automatica, vol. 38, no. 4, pp. 585-596, 2002.

Z. Luo, B. Guo, and O. Morgul, Stability and Stabilization of Infinite
Dimensional Systems with Applications. ~ London: Springer—Verlag,
1999.

J. Villegas, H. Zwart, Y. Le Gorrec, and B. Maschke, “Exponential
stability of a class of boundary control systems,” Automatic Control,
IEEE Transactions on, vol. 54, no. 1, pp. 142—147, Jan. 2009.

W. Zhou, B. Hamroun, Y. Le Gorrec, and F. Couenne, “Infinite di-
mensional port Hamiltonian representation of chemical reactors,” in
Lagrangian and Hamiltonian Methods for Nonlinear Control (LHMNLC

2012). Proceedings of the 4th IFAC Workshop on, B. Maschke, C. Mel-
chiorri, and A. van der Schaft, Eds. Bertinoro, Italy: University of
Bologna, Aug. 29-31 2012, pp. 1-6.

A. van der Schaft, Modeling and Control of Complex Physical Systems:
The Port-Hamiltonian Approach. Springer Berlin Heidelberg, 2009, ch.
Port-Hamiltonian Systems, pp. 53—130.

A. Macchelli, “Boundary energy shaping of linear distributed port-
Hamiltonian systems,” in Lagrangian and Hamiltonian Methods for
Nonlinear Control (LHMNLC 2012). Proceedings of the 4th IFAC
Workshop on, B. Maschke, C. Melchiorri, and A. van der Schaft, Eds.
Bertinoro, Italy: University of Bologna, Aug. 29-31 2012.

Y. Le Gorrec, A. Macchelli, H. Ramirez, and H. Zwart, “Energy shaping
of boundary controlled linear port Hamiltonian systems,” in Proceedings
of the 19th IFAC World Congress, E. Boje and X. Xia, Eds. Cape Town
International Convention Centre, Cape Town, South Africa: International
Federation of Automatic Control, Aug. 24-29 2014, pp. 1580-1585.

A. Macchelli, “Boundary energy-shaping control of the shallow water
equation,” in Proceedings of the 19th IFAC World Congress, E. Boje and
X. Xia, Eds. Cape Town International Convention Centre, Cape Town,
South Africa: International Federation of Automatic Control, Aug. 24-29
2014, pp. 1586-1591.

G. Golo, V. Talasila, A. van der Schaft, and B. Maschke, “Hamiltonian
discretization of boundary control systems,” Automatica, vol. 40, no. 5,
pp. 757-771, 2004.

(32]

[33]
[34]
[35]

[36]

APPENDIX
PROOFS OF THE RESULTS OF SECTION III

A. Proof of Proposition 3.1
By using the compact notation introduced in (10), and with

Definition 3.1 in mind, % = 0 along all classical solutions

if and only if for all (Lz,2c) € H'(a, b; R®) x R™C there

holds
B(*)=o0
Tc

0=T"[Aczc + Beuc]+

b
+/ gT {PI(’“)(E:B)
a 0z

and

+ (Po — Go)(Lx)| dz  (49)

Since (49) holds for all Lz € H'(a,b;R"), it implies that
U € H'(a,b;R"). By integrating by parts, we find

0o=r" [AC.%‘C + Bcuc] +

bl ofawT
+ / - (dz) Pl + lI/T(f)o — Go) (EI) dZ+

(N (P 0N (L)) s

U(a) 0 —P ) \(Lx)(a))"
By the definition of a Casimir, the above has to hold indepen-
dently of £ and Q¢. The integral term vanishes if and only
if U satisfies (17), where we used the properties of P, P

and G. Next we concentrate on the equation (50) without the
integral term. Using (3), (4), and (11) with v/ = 0 we have

that
w (£§> =u=—yc =—Cczc — Dcuc
W (fd> =Y =Uuc.
€d



Thanks to (6) and the definition of X, we see that the inverse
of (¥) equals & (W' WT)X. Thus

f . u
(eZ) S (Wt WT) (_chc ¢ Dcuc) .

By using the above relation, the equality

P 0 _ o7
(o _P1>—R SR

and (2), we see that (50) becomes

(S

0=T"[Aczc + Bouc]+
T
\D(b) T T 1i/T uc
- (‘I’(G)> REWE W) —Cczxc — Deuc )’
or equivalently by using (10) and u¢c =y
0= [T (Jo — Rc) —

T
_(‘If(b)) R™WT (Ge + Po)" | Qeae+

+ [T (Ge — Po) +

T
U (b) T T _ 1i/T
+(\I/(a)> R (W ~WT (Mo + sc)) .
From the definition of y in (4) and the skew symmetry of Jo
and M, this expression becomes independent of Q¢ and L(-)
if and only if (18) and (19) hold. Since the classical solution
are dense, the assertion follows.

B. Proof of Proposition 3.2

Let us consider the matrices W and W introduced in
Theorem 2.1, and satisfzing (6). Then, the skew-symmetric
and symmetric parts of W are given by

J= % [ - W]
and 1. ) 1
s [WTW n WTW] =23,

respectively, where (6) was used in the last relation. We can
then write that

- -1
WTWw =J+ 52. (52)

Now, since

() (55 () -
_ /ab dj’: (2)Pr(2) + @T(z)pfg(z) dz,

we find by using (17), the symmetry of P;, Gy, and the skew-
symmetry of P, that

() (3 ) (29) -

=2 /b BT (2)Go¥(2) dz.

By eliminating G¢ in (18) and (19), we have that

0=T(Jo + Ro) + 20T PR (‘I’“’)) N

¥ (a)
(b8 e sown ()
- (al) i ()
which can be compactly written as
0= s égg) (w2 wiaew)*

+<V~{/]gpg WT]\];?I}/VVJJH R(é(bo :
(

HE (7 ) (1)

once (2), (52) and (53) have been taken into account. Since for
a skew-symmetric matrix ) there holds that vTQuv = 0, we
see that the middle term in above equality disappears. From
equations (9) and (53), we see that the remaining two terms
are non-negative. Hence (54) implies that both terms are zero,
thus (21) holds, and by (53) we conclude that (20) holds as
well.
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