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Abstract—The paper deals with the nonlinear analytical
harmonic modeling (HM) of 3-phases, and 6-slots/4-poles
switched reluctance machine (SRM). The proposed model
consists in computing magnetic field distribution and static
torque of a conventional winding distribution SRM. Because a
SRM has inherently nonlinear characteristics, the analytical
subdomain model which does not take into account the saturation
has a limited accuracy; this is due to the assumption of infinite
tooth permeability. The new analytical subdomain model based
on the HM technique, favorable to beyond this limitation, is
presented with the consideration of the local magnetic saturation
on the teeth. The results obtained with the nonlinear analytical
model (NAM) are compared with the analytical subdomain
model (without the saturation effect) and nonlinear finite
elements method solutions.

Keywords— Harmonic modeling; subdomain method; magnetic
field; electromagnetic performances; finite elements method;
switched reluctance machine.

L INTRODUCTION

SRMs have attracted increasing attention of electrical
machine researchers and industrials due to their simplicity,
robust performance, capable of handling high temperatures,
reduction in the cost of power electronics devices and low cost
maintenance as well as high torque density [1]-[7]. They have
been successfully applied in electric vehicles, aircraft, mining
machinery, autonomous generator,... [8]-[9]. Besides the
previous advantages, some of their drawbacks are also evident
such as high torque ripple and high acoustic noise. In order to
decrease the noise emission and the vibration, many studies
have been performed and some methods have been proposed
[10]-[14]. Because a SRM has inherently nonlinear magnetic
characteristics and a doubly salient pole structure, a finite
element method (FEM) is often adopted to obtain accurate
magnetic field distribution. However, the solution time can be
large if the mesh is detailed and/or many simulations are
required. For rapid solution, some analytical models of SRM
were presented in [15]-[19]. In those papers, the ferromagnetic
materials are considered with infinity permeability and/or only
aligned position is considered.

In this paper, which takes the solution of magnetic field in
the slots/teeth into account [20]-[21], a NonLinear Aanalytical
Method (NAM) based on the subdomain Harmonic Model
technique is presented. The developed model allows predicting
the magnetic field distribution in the aligned and unaligned rotor
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position and the static electromagnetic torque in multiphase
SRM  with considering the nonlinear ferromagnetic
characteristic. All results obtained with the NAM are then
compared to those found by subdomain analytical model (AN)
with the assumption of infinite tooth permeability and the
nonlinear FEM [22].
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Fig. 2. Simplified model of SRM.

II.  MOTOR GEOMETRY AND ASSUMPTIONS

The geometric representation of a 3-phases, and 6-slots/4-
poles conventional winding distribution SRM is shown in
Fig.1 and 2. In the Fig.2, RegionI represents the rotor
slots/teeth, Region Il the air-gap and Region Il stator



slots/teeth. The angular position of the i"™ stator slot-opening
and k™ rotor slot-opening are defined respectively by

a.—z_ni_l (1)
CoT G
=Ty @
T,

with 1 <i<Qs 1<k <Q,,and ¢ the position of the rotor.

The model is formulated in 2-D polar coordinate system
with the following assumptions:

e Eddy current effects are neglected.

e The current density has only one component along the
Z-axis.

The stator and rotor slots/teeth have radial sides.
The axial length of the machine is considered infinite
and invariant, end effects are neglected.

e The magnetic permeability in the stator and rotor
(slots/teeth) is invariant in the radial direction, and
variant in the tangential direction.

e The cores of the outer and inner part of the stator and
rotor respectively are assumed infinitely permeable, for
simplification.

III.  ARMATURE CURRENT DENSITY AND PERMEABILITY
SLOTS/TEETH DISTRIBUTION

A. Stator Current Density Source
The stator slot contains two coils as shown in Fig. 2. The

current density f and the complex Fourier series expansion
J,(0) of this current density is given by

J = J1,(6)é, 3)
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The complex Fourier coefficients of fz_n are calculated as
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where the stator current densities in the slots for double layer
armature winding are defined as
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where S = d(R? — R?)/2 is the surface of the stator slot coil,
and C(Tl) & C(Tz) are the transpose of the connecting matrix
between the 3-phases current and the stator slots, that represent
the distribution of stator windings in the slots of the 6/4 SRM
with double layer winding is given by
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B. Stator and Rotor Permeability Distribution

For the slots/teeth in the rotor (i.e., RegionI) and stator
(i.e., Region III) of 6/4 SRM, the representation of permeability
is given by

N
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The coefficients of fi,, and f1;°¢ for the Region I and III, given
in the Appendix, are calculated with the distribution of
permeability defined as following
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where 0, = (21/Qs) —0ss & 0y = (2m/Q;) — b5, are
respectively the stator and rotor tooth opening.

The field vectors B and H are coupled by
B=uH (14)
In the case, that the magnetic permeability is invariant in the
tangential direction, (14) becomes B, = uH, and By = uHy.

In our case, the magnetic permeability is variant in the
tangential direction, (14) is given by [23]

_B)r = Hcrﬁr (15)
73)9 = Hceﬁe (16)

where p.- and p.g are respectively the radial and tangential
magnetic permeability.



By using the complex Fourier and the Cauchy’s product
theorem in (15) and (16), explained in more detail in [20], the
coefficients constitutive relation of y., and p.g are given by
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The permeability convolution matrices for the radial and the
tangential of these coefficients of (17) and (18) is given by
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IV. MAGNETIC FIELD IN 6/4 SRM

By using the complex Fourier series decomposition and the
method of separation of variables in r and 6, we can find the
solution to Poisson’s and Laplace’s equation in all regions, for
that, all coefficient Az,n of the vector potential Alis gathering in
one column vectors A,.

A. Armature Slots/Teeth (Region III)

Magnetic field calculation in the stator slots with double
layer winding and teeth region is calculated with solving the
following Poisson’s matrix equations
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where V! = uglgNG(uﬂ)_lNg, and Ny is the diagonal
matrix of n, given by
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The expression for the general solution of (21) is
formulated as
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where AMT and W™ are respectively the diagonal eigenvalue

and the eigenvector matrix of (V/H)z, a'! & b!! are the

column vectors of the constants unknown coefficients, and the
term 72F represented the particular solution of (21) with F
given by

F= (V! — 4D il (24)

where I is a diagonal identity matrix with same size as Ny , and
], is the column vectors of the all coefficients /, .
B. Rotor Slots/Teeth (Region I)

The Laplace matrix equation in the rotor slots/teeth, which
is an annular domain delimited by the radii R,,, and R,, is given
by
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The general solution can be obtained directly from (23)
with F =0
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where A’ and W' are respectively the diagonal eigenvalue and
1

the eigenvector matrix of (V/)z.

C. Air-Gap (Region II)

In the air-gap region, we have to solve Laplace’s matrix
equation
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The general solution of (27) can be written as
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where A = /(Ng)% = [Ng]|.

The matrix equation of field { B,; By} and { H,; Hy} in the
different regions are given by
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D. Interfaces Conditions

The studied SRM [see Fig. 2] is constituted with three
regions, there are two interface continuous boundary conditions
at R, & R, and the application of the conditions Neumann
boundary to the inner (outer) boundary of Region I
(Region III) with infinitely permeable material is assumed,
given by as

A} — Ally—g, =0 (33)
Al — Al g, =0 (34)
Hy —Hp| _, =0 (35)
Hy' —Hy| _, =0 (36)
Hpl,_, =0 (37)
Hy'|,_p, =0 (38)

The system of six boundary conditions matrix equations
(33) to (38) permits to determine the coefficients of the vector
potentials in the three regions of 6/4 SRM.

V. ALGORITHM FOR NONLINEAR SOLVING

The magnetic saturation effects are calculated only in the
stator and rotor teeth of the SRM. The back iron has been
chosen in order to amplify a bit this effects are shown in Fig. 3,
with the characteristic u,.(B) [see Fig. 3(b)] which is obtained
directly by u,=B/(H yy) form the curve B(H) [see
Fig. 3(a)].

The algorithm presented in Fig. 5 is used to estimate the
level of saturation in the SRM by an iterative procedure, with &
is the maximum allowable error to achieve convergence of
solution, if the error less than ¢, the analysis is finished. The
update permeability values is assured by the algorithm shown
in Fig. 4, in first step the relative permeability equal the
maximum value given by the curve pu,.(B), the next update
determined through by the difference between p, and py¢oqe
in all teeth one by one, is by adding half the previous value
either a positive or negative value only in the case that the error
greater than &.

VI.  ELECTROMAGNETIC TORQUE CALCULATION

According to  Maxwell stress tensor  method,
electromagnetic torque T,,, is computed by
2 2T
LyR; i Jii
Tom = e Bl'(R;,0)By (Ry,0)do (39)
0

0

where R is the radius of a circle placed at the middle of the
air-gap, and L,, the axial length of the motor.
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Fig. 3. Characteristic of the stator/rotor back iron used in nonlinear
analytical/FEM simulation: (a) B(H) and (b) u,(B).
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VII. RESULTS AND VALIDATION

The NAM is used to determine the magnetic field
distribution and the electromagnetic performances of a 6/4
SRM. The main dimensions and parameters of the studied
machine are given in Table I. The NAM results are verified by
nonlinear FEM, and compared with the solutions of linear AM.
The description of AM without the saturation effect of a SRM
can be found in [18].

The magnetic field distribution is done for one phase fed by
a constant current with a current density per coil equal to
3 A/mm? in aligned and unaligned position corresponds to
¢ = 0° and 45° rototation of rotor position respectivly. Figs. 6
and 8 show the relative permeability distrubition in the stator
and rotor slots/teeth of 6/4 SRM. Figs.7 and 9 show a
comparison between analytical, nonlinear analytical and FEM
radial and tangential flux densities of 6/4 SRM.

TABLE I. PARAMETERS OF 6/4 SRM.

SYMBOL Parameter Value and unit
Qs Number of stator slots 6

Q. Number of rotor poles 4

Ry Internal radius of rotor slot 17.3 mm
R, External radius of stator slot 36 mm
Ryt Radius of the external stator surface 45 mm
R; Radius of the stator internal surface 25.7 mm
R Radius of the rotor surface 25.5 mm
g Air-gap length 0.2 mm
Ly, Stack length 60 mm
R; Radius of the shaft 10 mm
Oy Rotor slot opening 60°

O Stator slot opening 36°

d Opening of a slot coil 17°

1 Phase current ISA

N, Number of conductor of slot coil 20
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Fig. 9. Flux density due to phase A in the aligned position: (a) radial, and (b)
tangential.

In the unaligned position where the flux density in the iron
is situated in the linear part of the curveB(H), is confirmed by
Fig. 6, the relative permeability vary between p,, = 11in slots
and - yqx = 1200 in all teeth. The results of NAM is very
accurate and in excellent agreement with FEM [see Fig. 7],
which confirm the accuracy of this model for magnetic field
prediction. However, by comparised between analytical
solution and the other solution in the zoom zone [see Fig. 7(a)],
we find little difference, as a magnetic short circuit exists,
following to the presence of a convergence between some of
the stator and rotor teeth, is gives zero magnetic field in the air-
gap, due to the permeability in AM are assumed to be infinitely
(u = o) in the iron, but the NAM take the solution of this
problem into account.

In the aligned position, the effect of nonlinear magnetic
characteristic is important for the current density of 3 A/mm?
confirmed by Fig. 9, the estimation of the saturation level is
obtained with the relative permeability in 1% and 3™ tooth of
rotor pole stay in 225 for nonlinear analytical and 250 for
nonlinear FEM, and in 1 and 4™ tooth of stator stay in 430 and
455 for nonlinear analytical and FEM respectivly, in other teeth
stay in the linear part with pt, pq, = 1200.

The results shown in Fig.9, note that the nonlinear
analytical and FEM study results are in very good agreement.
In Fig. 9(a), the radial flux density obtained with nonlinear
analytical and FEM is lower to the values obtained by AM, the
NAM is very accurate and in excellent agreement with
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nonlinear FEM is confirmed than NAM beyond the limitation
of AM.

For the conventional type of winding distribution SRM, in
Fig. 10, the static electromagnetic torque due to phase A given
by the nonlinear analytical agree very well with nonlinear
FEM, on the other side, in the result of the AM a considerable
difference in amplitude between this model and other models
can be shown especialy when the position of rotor is
aproaching the aligned position. The NAM is accurate for this
type of machine in aligned and unaligned position.

VIII. CONCLUSION

In this paper, we have proposed an accurate Nonlinear
Analytical subdomain Model (NAM) for predicting the
magnetic field distribution in any rotor position and the static
electromagnetic torque in multiphase SRM. The developed
model takes into account the effect of the magnetic saturation
by introducing iteratively the curve B(H) of the soft magnetic
material. Because the conventional winding distribution SRM
presents a nonlinear characteristic, the linear analytical
subdomain method (AM) is not accurate compared to NAM.
Therefore, the proposed analytical model is considered as a
viable to FEM for analysis of SRM.

APPENDIX

The coefficients of fi,, and fi;%¢ for the Region I and III is
given by
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