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Abstract
We study wave propagation in a damped driven discrete nonlinear two-dimensional (2D) periodic structure.
The considered system is composed of identical spherical particles and subjected to harmonic horizontal
base excitation, where its collective nonlinear dynamics is caused by the Hertzian contact law and the ap-
plied compressive load. The coupled equations governing the nonlinear vibrations of the considered system
have been solved using an analytical-numerical solving procedure, which allows a detailed study of complex
model interactions of the periodic structure. The multiple scales method coupled with standing wave de-
composition were used to transform this nonlinear system into a set of complex differential equations, which
has been numerically solved. Numerical simulations have been performed in order to analyze the stability,
the modal interactions and the bifurcation topologies resulting from the collective dynamics of particles in
contact, in a 2D configuration.

1 Introduction

The effect of structural periodicity on wave propagation has been extensively studied in a wide array of
fields, such as vibrations of spring-mass systems, arrays of coupled pendulums, electrostatically coupled
microbeams, electromagnetic waves in photonic crystals and sound waves in phononic crystals. Several
researches were based on studying wave propagation in two-dimensional linear periodic structures. For
instance, Leamy [1] et al. detailed an exact wave-based approach for characterizing wave propagation in
two-dimensional periodic lattices, while Ruzzene et al. [2] evaluated the dynamic behavior of 2D cellular
structures with the focus on the effect of the dynamics of the propagation of elastic waves within the struc-
ture. Moreover, Zou et al. [3] presented a detailed calculations of the dispersion relations of bulk waves
propagating in two-dimensional (2D) piezoelectric composite structures and showed that the first bandgaps
could be controlled according to need. In the field of structural mechanics, Langley [4] et al. considered a
beam grillage constructed from strips of aluminum with bolted joints, while in mechanical vibrations Zhou
et al. [5] extended the study of wave finite element method to the two-dimensional periodic beam grillage to
calculate the wave dispersion characteristics.

Wave propagation in nonlinear periodic media is spare and as most of the structures are inherently nonlin-
ear it is important to investigate the effect of such nonlinearities on the wave propagation characteristics.
Nonlinear periodic structures may exhibit a variety of rich dynamic properties such as multi-stability, modal
interactions, bifurcation topology transfer, existence of highly stable localized solutions, solitary waves and
variation in wave speeds, propagation direction related to wave amplitude and nonlinearity and so on. For
instance, in the field of acoustics, Narisetti et al. [6] developed a perturbation approach for two-dimensional
mono-atomic lattice of identical masses connected by nonlinear spring stiffness of type Duffing between
two adjacent masses to evaluate the influence of nonlinearities on the location of band gaps, group velocity
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magnitudes and the direction of energy propagation. In the field of photonics and phononics, Maldovan et
al. [7] demonstrated theoretically the simultaneous localization of photons and phonons in the same spatial
region by introducing lattice defects in a periodic array of dielectric/elastic material that exhibits gaps for
both electromagnetic and elastic waves. In Biomedical, Sheldon et al. [8] modeled the muscular layer of the
uterus as a 2D periodic structures of cells coupled through resistors that represents gaps junctions, where they
demonstrated that the spatial heterogeneity enhances and modulates excitability in a mathematical model of
the muscular layer of the uterus. Moreover, in optics, Kantner et al. [9] showed that arbitrary stable spatio-
temporal periodic patterns can be created in 2D lattices of coupled oscillators with inhomogeneous coupling
delay.

Hertzian chains of spherical particles represent a famous example of nonlinear discrete structure, where the
nonlinearity is caused by the contact law and the applied compressive load. The dynamic behavior one-
dimensional (1D) chains of spheres have been widely studied [10]. Heterogeneous, 1D strongly compressed
spheres chain has been used to generate solitary wave [11, 12]. It was observed that the wave speed changes
with increase in amplitude at certain frequency leading to small changes in the band edges [13]. In addition,
Theocharis et al. [14] describe the dynamic behavior of nonlinear periodic phononic structures, along with
how such structures can be utilized to affect the propagation of mechanical waves. However, the study of 2D
granular lattices has not been widely studied. Recently, Leonard et al. [15] studied the stress wave properties
in a basic 2D granular crystals. Aware about the richness and the complexity of the collective dynamics
occurring between localized modes in periodic nonlinear arrays [16], we study the nonlinear dynamics of 2D
spherical particles in contact under compression.

In this context, we investigate wave propagation in a discrete nonlinear two-dimensional damped granular
periodic lattice subject to an external harmonic excitation with dynamics governed by a Hertzian contact
model. The coupled equations governing the nonlinear vibrations of the considered system have been solved
using an analytical-numerical solving procedure, which allows a detailed study of complex model inter-
actions of the periodic structure. The multiple scales method coupled with standing wave decomposition
were used to transform this nonlinear system into a set of complex algebraic equations, which has been nu-
merically solved. Numerical simulations have been performed in order to analyze the stability, the modal
interactions and the bifurcation topologies resulting from the collective dynamics of particles in contact, in a
2D configuration.

2 Equivalent Mass-Spring system

Consider a 2D periodic structure of identical unit cells subjected to harmonic horizontal base excitation.
Each unit cell consist of spherical particle coupled with two uniform beams and subjected to compressive
forces applied to all ends (Figures 1(a) 1(b))). Hence, an equivalent spring-mass system can be constructed
as shown in Figure 1(c). The displacement of the i, jth sphere from its equilibrium position in the initially
compressed chain is defined by ui,j . The periodic system is subjected to harmonic horizontal base excitation
ÿ(τ). For dynamical displacements with small amplitudes relative to those due to static load, where a power
series expansion was calculated in order to obtain the following i, jth particle equivalent equation of motion.

meqüi,j + kequ+ cx(−u̇i−1,j + 2u̇i,j − u̇i+1,j) + cy(−u̇i,j−1 + 2u̇i,j − u̇i,j+1)

−kx(ui−1,j − 2ui,j + ui+1,j)− ky(ui,j+1 − 2ui,j + ui,j+1)

−k2x[(ui−1,j − ui,j)2 − (ui,j − ui+1,j)
2]− k2y[(ui,j−1 − ui,j)2 − (ui,j − ui,j+1)2]

+k3x[(ui−1,j − ui,j)3 − (ui,j − ui+1,j)
3] + k3y[(ui,j−1 − ui,j)3 − (ui,j − ui,j+1)3]

= −meqÿ

= Y0cos(Ωτ) (1)
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Figure 1: (a) 2D periodic nonlinear lattice of spheres in contact under compression and subjected to horizon-
tal base excitation. (b) A view of the system from the top. (c) An equivalent Mass-Spring system.

where meq is the effective mass of the two-beams-sphere system, keq is the equivalent structural beams
linear stiffness, cx = ξxmeqω0 and cy = ξymeqω0 are the damping coefficients in the x and y directions
respectively. ω2

0 =
keq+2kx+2ky

meq
is the natural frequency where kx and ky represent the linear coupling spring

constants. In addition, k2x, k2y and k3x, k3y are respectively the coupling quadratic and cubic parameters in
the x and y directions and Y0 = meqΩ

2y0 the harmonic based excitation amplitude (y(τ) = y0cos(Ωτ)).

For boundary conditions, we suppose that we have fixed identical systems in both directions, where we define
2(N +M + 1) extra variables and set them to zero as: u0,j = uN+1,j = ui,0 = u0,M+1 = 0.

2.1 Normalized equations

It proves convenient to define the following scaled dimensionless variables:



τ = ω0t xi,j =
ui,j
uD

(2)

where uD = Y0
2(cx+cy)ω0

is the dynamic displacement of the associated linear system while neglecting the
linear coupling with Q =

meqω0

2(cx+cy) . By replacing these variable into the equations of motion and dividing by
Y0ω0meq

2(cx+cy) , we obtain the following nondimensional system:

ẍi,j + xi + ξx(−ẋi−1,j + 2ẋi,j − ẋi+1,j) + ξy(−ẋi,j−1 + 2ẋi,j − ẋi,j+1)

−Rx(xi−1,j − 2xi,j + xi+1,j)−Ry(xi,j−1 − 2xi,j + xi,j+1)

−β2x[(xi−1,j − xi,j)2 − (xi,j − xi+1,j)
2]− β2y[(xi,j−1 − xi,j)2 − (xi,j − xi,j+1)2]

+β3x[(xi−1,j − xi,j)3 − (xi,j − xi+1,j)
3] + β3y[(xi,j−1 − xi,j)3 − (xi,j − xi,j+1)3]

= −2(ξx + ξy) cos( Ω
ω0
t) (3)

The parameters appearing in Equation (3) are:

ξx = cx
meqω0

, ξy =
cy

meqω0
, Rx = kx

keq+2kx+2ky
, Rx = kx

keq+2kx+2ky
,

β2x = k2xY0
2(cx+cy)ω3

0meq
, β2y =

k2yY0
2(cx+cy)ω3

0meq
,

β3x =
k3xY 2

0

4(cx+cy)ω4
0meq

and β3y =
k3yY 2

0

4(cx+cy)ω4
0meq

(4)

2.2 Linear study

Equation (3) describes a system of Duffing oscillators linearly coupled by springs kx and ky in the x and
y directions respectively and subjected to harmonic horizontal base excitation. To determine the natural
frequencies and their eigenvectors, Equation (3) can be written in matrix form as

Ẍ + CẊ + KLX︸ ︷︷ ︸
Linear part

+FNL(X)︸ ︷︷ ︸
Nonlinear part

= F (t), (5)

where X = [x1,1, x1,2, . . . , x1,M , . . . xi,1, xi,2, . . . , xi,M , . . . ] is the N×M-dimensional variable vector, C
the damping matrix, F (t) = −2(ξx + ξy) cos( Ω

ω0
t)[1, . . . , 1]T the excitation vector, KNL(X) the nonlinear

stiffness vector and

KL =



K1 −K2

−K2 K1 −K2 0
. . . . . . . . .

0 −K2 K1 −K2

−K2 K1

 (6)

where

K1 =



1 + 2Rx + 2Ry −Ry

−Ry 1 + 2Rx + 2Ry −Ry 0
. . . . . . . . .

0 −Ry 1 + 2Rx + 2Ry −Ry

−Ry 1 + 2Rx + 2Ry


(7)



and K2 = RxIM . The eigenvalues ωi,j are represented in the following form for few coupled oscillators in
contact:

N = 1,M = 1 : ω1,1 =
√

1 + 2Rx + 2Ry

N = 2,M = 1 : ω1,1 =
√

1 +Rx + 2Ry

ω2,1 =
√

1 + 3Rx + 2Ry (8)

We may express all normal frequencies relative to the same nondimensional reference frequency which is 1,
so that

ωi,j =
√

(1 + λiRx + λjRy) (i = 1, . . . , N and j = 1, . . . ,M), (9)

We suppose that kx << keq + 2kx + 2ky and ky << keq + 2kx + 2ky. Consequently, Rx and Ry << 1 and:

ωi,j ≈ 1 +
1

2
λiRx +

1

2
λjRy (i = 1, . . . , N and j = 1, . . . ,M). (10)

This assumption leads to the creation of linear closed modes which permits to study the effect of the mode
localization on the collective dynamics. In the following section, we will proceed to solve the normalized
equivalent differential System (3) using a perturbation technique. Before doing so, we should note that
the quadratic nonlinearities are much smaller than the Duffing coupling parameters, thereby their nonlinear
effects are considered negligible.

2.3 Analytical-numerical approach

In this paper, we use the multiple scales method as an approximate analytical solution to solve nonlinear
differential systems. The main advantages of the present approach are the capacity of handling weakly
coupled nonlinear systems, which permits to visualize all physical responses branches and their properties
in terms of modal interactions and bifurcation topology transfer.

We introduce the parameters listed in Equation (11) and set the external frequency an amount εω0ΩD away
from the resonant frequency, whereby they contribute to the equations of amplitude.

ξx = 1
2εηx ξx = 1

2εηx Rx = 1
2εΓx Ry = 1

2εΓy and 2(ξx + ξy) = ε3/2g (11)

We calculate the responses of the spheres lattice subjected to harmonic horizontal excitation using secular
perturbation theory, by expanding xi,j(t) as a sum of standing-wave modes with slowly varying amplitude
[17].

xi,j(t) = ε1/2
∑N

r=1

∑M
p=1(Ar,p(T ) sin(nqr) sin(dqp)e

iωr,pt + c.c.)

+ε3/2x
(1)
i,j (t) + · · · , i = 1, ..., N and j = 1, ...,M (12)

where T = εt is a slow time variable, that authorizes the complex amplitude Ar,p(T ) to vary slowly in time.
Since we proposed fixed boundary conditions, the possible wave components qr, dp can be given as



{
qr = rπ

N+1 , r = 1, ..., N

dp = pπ
M+1 , p = 1, ...,M

(13)

After replacing the proposed solution (12) into the equation of motion, we can get at the order of ε
3
2 , N ×M

equations of the form:

ẍ
(1)
i,j + x

(1)
i,j =

∑
r

∑
p

(r, pthsecular term)eiωr,pt + other terms (14)

We must eliminate the N × M secular terms so that xi,j(t) remains finite which allows us to determine
the equations for the slowly varying amplitudes Ar,p(T ). To extract the equations for these amplitudes, we
make use of the orthogonality of the modes, by multiplying the r, pth secular term by sin(nqr) sin(dqp) and
summing over n and m. We also express all normal frequencies relative to 1, so that:

ωr,p = 1 + εΩr,p (15)

We find that the equation of the r, pth amplitude Ar,p(T ) is given by:

2iωr,p
dAr,p

dT + 2iωr,p(ηxsin
2( qr2 ) + ηysin

2(
dp
2 ))Ar,p + 2(Γxsin

2( qr2 ) + Γysin
2(
dp
2 ))Ar,p

+3β3xsin( qr2 )
∑
i,k,l

∑
j,s,o

sin(
qi
2

)sin(
qk
2

)sin(
ql
2

)Ai,jAk,sA
∗
l,o∆

(1)
ikl;r∆

(2)
jso;pe

i(Ωi,j+Ωk,s−Ωl,o−Ωr,p)T

+3β3ysin(
dp
2 )
∑
i,k,l

∑
j,s,o

sin(
dp
2

)sin(
dr
2

)sin(
ds
2

)Ai,jAk,sA
∗
l,o∆

(2)
ikl;r∆

(1)
jso;pe

i(Ωi,j+Ωk,s−Ωl,o−Ωr,p)T

= 2
(N+1)(M+1)g

∑
n

∑
m

sin (nqr) sin (mdp)e
i(ΩD−Ωr,p)T (16)

In solving Equations (16), we write the periodic steady state solution in the following form

Ar,p = ar,pe
i[ΩD−Ωr,p]T (17)

Substituting Equation (17) into (16), we obtain the required Equation (5) for the complex amplitudes ar,p.

−2ωr,p(ΩD − Ωr,p)ar,p + 2iωr,p(ηxsin
2( qr2 ) + ηysin

2(
dp
2 ))ar,p + 2(Γxsin

2( qr2 ) + Γysin
2(
dp
2 ))ar,p

+3β3xsin( qr2 )
∑
i,k,l

∑
j,s,o

sin(
qi
2

)sin(
qk
2

)sin(
ql
2

)ai,jak,sa
∗
l,o∆

(1)
ikl;r∆

(2)
jso;p

+3β3ysin(
dp
2 )
∑
i,k,l

∑
j,s,o

sin(
dp
2

)sin(
dr
2

)sin(
ds
2

)ai,jak,sa
∗
l,o∆

(2)
ikl;r∆

(1)
jso;p

= 2
(N+1)(M+1)g

∑
n

∑
m

sin (nqr) sin (mdp) (18)

These complex algebraic equations which define the time independent mode amplitudes are the main result
of the perturbation analysis applied to the normalized equivalent differential system. In order to study the
collective dynamics of the weakly coupled 2D periodic structure, we start by solving the algebraic system
for a set of design parameters listed in Table 1 which satisfies the modes localization assumption given by
Equation (10).



Configuration ηx ηy Γx Γy β3x β3y g

1 8.10−3 8.10−3 16.10−3 16.10−3 29.10−3 29.10−3 16.10−3

2 8.10−3 8.10−3 16.10−3 16.10−3 15.10−3 15.10−3 16.10−3

3 8.10−3 4.10−3 16.10−3 10.10−3 5.10−3 19.10−3 12.10−3

4 8.10−3 18.10−4 16.10−3 7.10−3 2.10−3 20.10−3 98.10−4

Table 1: Design parameters for the corresponding periodic structure depicted in Figure 1(c)

Figure 2: Response intensities of two weakly coupled oscillators under harmonic base external excitation as
a function of the detuning parameter ΩD, for the first set of design parameters listed in table 1.

3 Results and discussions

Before starting our investigations we should note the following statements. First, the second member of the
Equation (18) is proportional to the sum of standing waves, which is null for all i,j modes where at least one
position is even. For a single direction (N = 1, or M = 1), the general periodic structure is reduced to an
array of coupled oscillators, where a detailed study has been carried out [16].

Particularly, for two coupled complex algebraic equations, we used Mathematica to solve them numerically,
where the stability has been performed based on the eigenvalues of the Jacobian matrix of the differential
System (16) for each point. Figure 2 displays the intensity responses of two weakly coupled oscillators
(N = 1, M = 2), as a function of the detuning parameter ΩD for the first design parameters listed in Table
1. Black, orange and gray curves indicate the Single Mode (SM), Double Mode (DM) and the unstable
solution branches. SM solutions are generated by the null trivial solution a1,2 = 0, where a1,1 corresponds
to a single forced Duffing oscillator. Remarkably, there are additional branches labeled DM, involving the
excitation of both modes collectively. With two weakly coupled oscillators we can obtain up to four stable
solutions for a given frequency. Hence, for 2D periodic structure we expect additional complex phenomena
not obtained for one dimensional array.

Therefore, we study the case of 2× 2 weakly coupled oscillators, for several design parameters. Starting by
the case where we consider the same linear and nonlinear coupling parameters in both directions. Figure 4
shows the squares of the amplitudes of the different modes as a function of the detuning parameters for the
second design parameters in Table 1. DMi,j represent the Double Mode solution branches generated by two
different modes and QM is the Quadruple Mode involved by the excitation of all modes collectively.

Note that the modes localization have interesting effects on the response intensities with additional multi-
modal solutions that share the same frequency range with bifurcation topology transfer. In addition, as we
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choose identical coupling parameters, a1,2 and a2,1 become symmetric and interact in the same manner with
a1,1. Moreover, the Triple Mode (TM) solution branches are missing in this case. In fact, as by replacing one
of the non-excited modes a1,2, a2,1 or a2,2 by 0 into any of their equations, we obtain a null trivial solution,
which corresponds to the case of a DM.

Figure 3: Response intensities of 2 × 2 weakly coupled oscillators under harmonic base external excitation
as a function of the detuning parameter ΩD, for the second set of design parameters listed in table 1.

By choosing different linear and nonlinear coupling parameters, we calculate the response intensities for the
third design parameters and plot them in figure 4. Remarkably, the DM solution branches are being separated,
with additional narrow multimodal solution branches. In addition by decreasing the coupling parameters in
the y direction, the DM1,1;1,2 and QM move away from the resonant branch in |A1,1|2 and their frequency
range decreases.

For the fourth set of design parameters, the coupling in the y direction is highly decreased. The responses
intensities plotted in Figure 5 show that the small solution branches join together in one DM1,1;1,2 branch
heading in the direction of the non-resonant branch of |A1,1|2, While the response intensity of |A2,1|2 takes
an elliptical form.



Figure 4: Response intensities of 2 × 2 weakly coupled oscillators under harmonic base external excitation
as a function of the detuning parameter ΩD, for the third set of design parameters listed in table 1.



Figure 5: Response intensities of 2 × 2 weakly coupled oscillators under harmonic base external excitation
as a function of the detuning parameter ΩD, for the fourth set of design parameters listed in table 1.



4 Conclusion

To conclude, a 2D periodic nonlinear structure composed of coupled two-beams-Mass structures under har-
monic horizontal base excitation has been considered. The equations of motions of the equivalent Mass-
Spring system has been normalized and solved using an analytical-numerical approach based on secular per-
turbation theory coupled with standing waves decomposition. Intensity responses for few coupled oscillators
has been calculated for several design parameters that satisfies the modes localization condition. Complex
nonlinear phenomena with high number of stable multimodal solution branches has been observed. Consid-
ering different linear and nonlinear coupling parameters in the different directions, the intensity responses
topology can be modified with additional multimodal solution branches.
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[5] M. N. Ichchou, A. M. Zine, C. W. Zhou, J. P. Lainé, Multi-scale modelling for two-dimensional periodic
structures using a combined mode/wave based approach, Computers and Structures, 154:145 – 162,
2015.

[6] M. J. Leamy, R. K. Narisetti, M. Ruzzene, A perturbation approach for analyzing dispersion and
group velocities in two-dimensional nonlinear periodic lattices, Journal of Vibration and Acoustics,
133(6):0739–3717, 2011.

[7] M. Maldovan, E. L. Thomas, Simultaneous localization of photons and phonons in two-dimensional
periodic structures, Applied Physics Letters, 88(25), 2006.

[8] R. E. Sheldon, M. Baghdadi, C. McCloskey, A. M. Blanks, A. Shmygol, H. A. van den Berg, Spatial
heterogeneity enhances and modulates excitability in a mathematical model of the myometrium, Journal
of The Royal Society Interface, 10(86), 2013.
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