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Abstract There are many ways to implement programmable matter. One is to build it as a huge modular selfreconfigurable robot composed of a large set of spherical micro-robots, like in the Claytronics project. These
micro-robots must be able to stick to each other and
move around each other. However, the shape of these
micro-robots has not been studied yet and remains a
difficult problem as there are numerous constraints to
respect. In this article, we propose a quasi-spherical
structure for these micro-robots, which answers all the
constraints for building programmable matter, helping
the realization of an interactive computer-aided design
(CAD) framework. We study different scenarios, validate the ability to move and propose methods for manufacturing these micro-robots.

1 Introduction
On a broad scope, programmable matter is a matter
which can change one or several of its physical properties, most likely its shape, according to an internal
or external action. An example of a mug being created
by an ensemble of micro-robots is presented in Figure
1. Programmable matter can have different properties
depending on the underlying technology chosen: evolutivity, programmability, autonomy, interactivity [1].
Only modular self-reconfigurable robots (MSR) can
implement this full set of properties as they can embed
computation.
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MSR [2][3] also named earlier as metamorphic robotic systems [4] or as cellular robotic systems [5] are
composed of individual modules able to move relatively
to one another creating different configurations. There
are four kinds of MSR: lattice-based when modules are
aligned on a lattice, chain-type when the modules are
connected together forming chains or trees, hybrid which
is a mix between lattice-based and chain-type and mobile when each module can move autonomously. The
expected properties of MSR are: versatility, used to fulfill different tasks, robustness as a faulty module can
be discarded or replaced, and affordable price as the
mass production of identical modules is likely to reduce
the overall cost [6]. MSR is an active field of research
which has produced interesting hardware starting from
CEBOT [7], or Polybot [8], as pioneered approaches,
to SMORES [9], ATRON [10] or M-Blocks [11], for the
latest ones.
This work is a follow-up of the Claytronics project.
The word Claytronics, which stands for Clay-Electronics
is an implementation of programmable matter initiated
by Carnegie Mellon University and Intel Corporation,
and then joined by FEMTO-ST Institute/CNRS. In
Claytronics, mm-scale robots called Claytronics atoms,
catoms for short, are assembled to form larger objects.
The idea is that each micro-robot has very simple functionalities, easy to manufacture, which cannot be used
by isolated catoms. Collaboration is therefore needed
to achieve complex behavior. As each catom is simple,
hundreds of thousands can be manufactured and then
assembled all together to create new solid objects of
any shape or size. A catom should therefore be a massproducible, sub-mm, micro-electro-mechanical system
(MEMS) using computationally controlled forces for
adhesion and locomotion. Each catom embeds a chip for
computation and for driving its actuators and commu-
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Fig. 1 A simulation view of a mug made of programmable
matter and composed of micro robots.

nication capabilities. Two communication hardware are
studied: using electrostatic electrodes to transmit a signal, i.e. by contact communication or using nanowireless communications [12][13]. A first Claytronics prototype, a mm-scale cylinder which embeds actuation
and a chip for managing the movement of the microrobots has been realized [14]. But a cylinder is only
capable of moving in a 2D space which reduces the possibilities of creating shapes. There are still many challenges to solve before Claytronics could transform matter into programmable matter. These challenges and
perspectives have been enumerated in [15][16]. Inside
different funded projects, FEMTO-ST Institute/CNRS,
Carnegie Mellon University, University of Tokyo, PSA
Group and Tech Power Electronics Group aim at creating a new computer-aided design (CAD) framework
in which the user can interact with the object: designing it on his computer, transferring the shape into programmable matter, modifying the real object and transferring back the modifications into the CAD software.
Designing MSR hardware is challenging as attachment between modules is complex and must be energy
efficient, movements have to be as fast as possible and
precise, reliability problems coming from the mechanical parts have to be dealt with and each module must
be sufficiently small and affordable. In the context of
programmable matter, the size of each module should
be as small as possible, mm-scale seems a good resolution for approximating a shape as we aim at using them
as an interactive CAD application. If scaling down the
hardware is a difficult task, it also offers benefits. For
example, actuation could be easier at the micro-scale if
using electrostatic forces. MSRs are usually composed
of few modules whereas the objective of programmable
matter is to have hundreds of thousands modules, at
least, which adds even more complexity in the whole
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design. Scaling up in the number of managed modules
is the main problem compared to other kinds of MSR.
To implement programmable matter as a MSR, several solutions are possible. We think a lattice-based
MSR, in which each module is aligned on a lattice, is
the best solution. A chain-type MSR is not suitable as
it is limited in the number of modules, hybrid could be
used but lattice-based allows more flexibility for having a better approximation of the shape, more nodes
are also able to move during self-reconfiguration and
robustness is increased as any module can fail without
compromising the rest.
For lattice-based MSR, different types of modules
have been studied: cubic, cylindric and spherical. Cubic modules offer a good adhesion surface but they
are difficult to move, that is why Miche [17] and Pebbles [18] have opted for self-disassembly which drastically reduces the possibilities of self-reconfiguration.
The Smart Blocks project [19] uses electro-permanent
magnets for 2D moves but they are not strong enough
to offer 3D moves. The best realization so far are Mblocks [11] in which a module can turn around its neighbor using a high speed flywheel allowing 3D movements.
However, this technology is difficult to miniaturize.
Within the Claytronics project, two kinds of cylindrical modules have been built: a macro-size vertical
cylinder linked with others by electromagnetic forces
[20] and a mm-scale horizontal cylinder using electrostatic forces to stick and move [14]. This latest realization has pushed the limits of miniaturization for an
autonomous micro-robot and is a source of inspiration
for the future of Claytronics.
Designing a miniaturized sphere is complex. A macrosize example is ATRON [10]. The latching is mechanical and each quasi-spherical module is split into two
and can rotate. However, as for M-blocks, the technologies employed cannot be used at the mm-scale. In the
Claytronics project, a sphere has been fabricated using petals closing the shape [21]. This sphere was a
first prototype of a mm-scale 3D shape, but it was not
autonomous, it did not embed the connectors and the
structure was too fragile.
To sum up, cubes are difficult to move in 3D, cylinder cannot move in 3D and a real sphere is difficult to
build at a mm-scale from a 2D sheet of material.
In this article, we propose a quasi-spherical module,
called a catom in the context of the Claytronics project,
able to fit all the requirements of programmable matter.
This work is an extension of [22] and many features have
been added since then. We extend our previous work
by proposing a more general geometrical model with a
tradeoff between the size of the connectors and the rotation areas. We also calculate the best size for connectors
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and actuators to optimize, at the same time, connection and rotation forces. We also proved that given a
placement of an ensemble of quasi-spherical modules,
any movement will keep the same orientation of the
faces. This is an important result because as the orientation of the module is always the same, it allows conception of the quasi-spherical modules to better align
modules during rotations. To ease self-reconfiguration
algorithms, we also enumerate all the possible motions
in 3D that can be performed. Finally, we propose some
3D-printed modules and verify that all movements can
be achieved.

structure. In section 6, we discuss motion rules for future self-reconfiguration algorithms and the catoms organization to create a MSR based on quasi-spherical
modules.

2 Objectives and constraints

3.1 Organization of modules in a regular lattice

Programmable matter needs a very large set of connected small modules that can move to change the global
shape. The goal of our work is to produce very small
(about 1 mm diameter) and reliable catoms, without
complex mechanical systems. At this scale, the latching and moving forces can be produced by electrostatic
electrodes as in [14].
The proposed system must satisfy a number of constraints which have been decided in accordance to the
objective of the Claytronics project [15]. Catoms composing this system must:

Nature gives us examples of regular elements that can
be organized to make matter: the crystals. Several studies [23] [24] around Bavrais’s lattice [25] classify the possible organizations of modules in order to create regular patterns in crystals. The modules are considered as
spherical but other shape can use these organizations.
Three organizations are of interest for us:

1. Be combined in order to regularly fill a 3D space
(following a predefined grid),
2. Have large surfaces of contact (we call these areas
’connectors’) because electrostatic latching forces are
linear to the surface of the connectors (see Equation 11). Moreover, larger connectors allow to use
these surfaces for communication, presence sensors
and power transfer.
3. Be composed of smooth angles and no sharp angles
for permitting the rotation.
4. Be free to move from one position of the grid to a
neighboring free one.
5. Be able to automatically connect to new neighbors
after a movement.
6. Be physically connected to many neighbors, in order
to allow power transfer and P2P communications.
7. Have a finite number of connectors that are regularly placed on the surface of the catom.
8. Be fabricated using the deformation of a flat shape.
In the next section, we study the possible organization and geometry of the catoms. In section 4, we
present a quasi-sphere geometry and try to solve all
the constraints. In section 5, we present a possible solution for manufacturing the catom by unfolding the

3 Study of candidate shapes and organizations
We first study the shape of the catoms examining four
different solutions and the organization of the lattice
which is also of prime importance.
In the remaining section of the article, we consider that
our catoms have a radius r.

SC Simple Cubic lattices place atoms on a regular grid
in three dimensions along x, y and z axes. Each element admits 6 connected neighbors (degree is 6).
This first solution is the organization used with cubic robots, connected by their faces, that will fully
fill the space. With spheres the filling ratio (fill over
empty space) is π6 ≈ 52% only.
BCC Body-Centered Cubic lattices organize elements at
the vertices and centers of cells in a regular grid, so
that each atom is connected to 8 neighbors
(degree
√
3
is 8). The filling ratio with spheres is π 8 ≈ 68%.
FCC Face-Centered Cubic lattices organize elements at
the vertices and centers of the cell sides of a regular
grid, so that each atom is connected to 12 neighbors
(degree is 12). In this model odd and even layers are
staggered in order to reduce the gaps between the
elements. In this case, the filling ratio of spheres is
π
√
≈ 74%.
3 2
3.2 Candidate shapes for catoms
We then examine different geometries of catoms using
these lattices.
3.2.1 Rounded cube
The first idea of shape for defining a catom consists in
adapting the cubic model where each catom is placed
−
−
−
along a regular SC lattice oriented along (→
x;→
y ;→
z)
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axes. A perfect cube is very helpful to perfectly fill the
3D space but is not adapted for rotation, the rotation
around an edge is 90◦ that needs a lot of energy and
gives no control during rotation. M-Blocks, proposed
by Romanishin et al. ([11]), well illustrates these limitations.
Moving a catom around a neighbor could be facilitated by using rounded angles at the edges of the cubes,
the radius of curvature of these rounded parts is ρ (see
Figure 2a).
During the rotation of angle α, every point M of the
catom moves applying the following geometrical transformation:
−
→ × Rα × T−
−
→ × Rα × T−
−
→×M
T−
OQ
QP
PO

(1)

→
−
−
Where T→
u is the translation of vector u , and Rα is the
→
−
rotation of angle α around the z axis.
In order to reach a neighboring cell, a catom must
move around the arc of the curved part. The angle of
the full rotation is therefore π2 rad, for example in order
to turn the vertical right border of the cube to reach
a horizontal position at the bottom, as shown in Figure 2a. But, during the complex transformation presented in Equation1, the moving catom turns simultaneously around the fixed one and turns with the same
angle around itself. The rotation angle for each rotation
is therefore α = π4 rad.
In order to verify that it is possible to reach a neighbor using a rounded cube shape, we express the position
A(α) of the center of the mobile catom after a rotation
of angle α. In order to simplify the calculations, we con−
−
−
sider the referential (A(0); →
x;→
y ;→
z ).

a)

y

A(0)
r

xρ
P

A(π8)

Q
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C
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Fig. 2 Rotation constraints of cubic (a) and hexagonal based

shapes (b) (top view).

3.2.2 Hexagon
The previous problem is mainly due to the cubic lattice organization. In the case of a hexagonal lattice,
−
we can define a catom based on the →
z extrusion of
a rounded hexagon. The radius of curvature of these
rounded edges is ρ as shown in Figure 2b.
The geometrical transformation for the rotation of
a hexagonal catom is the same as for the cubic shape.
With the current geometry, we propose to calculate the
coordinates of A(α): the center of the mobile catom
after a rotation of angle α.


A(α) 


√
√
− ρ) cos(2α) + ρ(sin α − 3 cos α) + 2r+ρ
3
√

− ρ) sin(2α) + ρ(cos α + 3 sin α) − ρ


√2 (r
3
√2 (r
3

0
In the case of a hexagonal grid, each partial rotation
of Equation 1 is a rotation of angle π3 rad to reach a
neighboring cell. We propose to calculate the position
A( π3 ) of the catom after a rotation of π3 rad:
√

3r




(ρ − r) (cos(2α) − sin(2α)) + ρ(2 sin α − 1) + r
A(α)  (r − ρ) (cos(2α) + sin(2α)) + ρ(2 cos α − 1) − r 
0

π
A( )  r
3
0

At the middle of the rotation process, the point
must be placed at the middle of the initial and
final cell, i.e. at the abscissa A( π8 )x = r. This position
is drawn in dotted line in Figure 2a.
If we express A( π8 )x using the previous equation, we
obtain:

The final position of the center of the hexagonal catom is the center of the neighboring cell and this result
does not depend on the curvature radius ρ.



A( π8 )

π
π
A( )x = ρ(2 sin − 1) + r
8
8
The only solution to A( π8 )x = r is ρ = 0, which does
not define a rounded cube but a perfect cube.
Theorem 1 In a simple cubic lattice, rotations cannot
be used with rounded cubes.



Theorem 2 A rounded hexagon catom placed in a hexagonal lattice is able to move around a neighbor to reach
a neighboring cell after a π3 rad rotation. The curvature
ρ of rounded part can be freely chosen in [0, r].
3.2.3 Sphere
The third proposition to build the catom is to use a
sphere, that can be naturally organized in a face centered cubic lattice. Spheres are placed in a regular 2D
−
−
grid (along →
x and →
y with 2r large cells) for the first
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√

level. The second level is placed 22 r higher and shifted
−
−
by r along →
x and →
y.
Under this organization each sphere has a maximum
of 12 connected neighbors. But, two spheres only admit
a single point as contact area. Moreover, manufacturing
a perfect sphere is difficult. Therefore, a sphere shape
does not satisfy constraints #2 and #8.

origin (O), these points are respectively placed at the
following coordinates:
P0 (r, 0, 0)

P2 ( 2r , 2r , √r2 )

P8 (− 2r , − 2r , − √r2 )

P1 (0, r, 0)

P3 (− 2r , 2r , √r2 )

P9 ( 2r , − 2r , − √r2 )

P6 (−r, 0, 0) P4 (− 2r , − 2r , √r2 ) P10 ( 2r , 2r , − √r2 )
P7 (0, −r, 0) P5 ( 2r , − 2r , √r2 )

3.2.4 Quasi-sphere
As the cube and the sphere do not meet all the requirements, we propose a mix between these two shapes inspired from the hexagon. We want to take advantage of
the large surfaces of the cube for the latching, together
with the easiness of rotation offered by the sphere, by
designing a quasi-sphere.
In [26], Holobut et al. propose to use modular robots
organized by a SC lattice. This work answers different
constraints as the modules must be able to slide between others in order to produce artificial electrostatic
”muscles”. Whereas in programmable matter, we focus
on moving each catom individually from the others. In
our case, FCC lattice is the best organization because
it answers constraint #7, proposing a more compact
matter, giving a high degree of connectivity. We choose
an orientation of the system in order to obtain regular
square grids in each horizontal layer that is staggered
with the previous layer.

4 Solving the constraints for the quasi-sphere
The design of the catom starts with a sphere on which
we add connectors. We have to place these connectors
and to define their shape, size and orientation in order
to verify the constraints. We will then define curves between connectors to construct paths for the rotation of a
catom around one of its neighbors. On these curves, we
will place actuators, which will move one catom around
one other.

(2)

P11 (− 2r , 2r , − √r2 )

On these points, we define a regular planar surface
on which a connector will be placed. These planar surfaces are placed tangentially to the sphere surface. The
−
→
normal vector Ni of the tangent plane to the connector
centered at Pi is given by:
−−→
−
→
OPi
Ni = −−→
OPi

(3)

The orientation of the squares around this normal
vector is partially imposed by connection constraints
#2 and #5.
In order to organize the surface in flat connectors
and curved actuators, the simplest choice for the connector shape is therefore a square. Furthermore, a square
is a simple surface to manufacture. We search which
size of edge (c) of the connectors allows constructing a
regular 3D shape.
The geometry is therefore defined by a regular geometrical shape composed by 12 squares representing
the connectors (in red, in Figure 4.a). To bind the connectors all together, 8 hexagons and 6 octagons are
added (respectively in green and blue). Each connector is connected to 2 hexagons and 2 octagons. Each
octagon is connected to 4 squares and 4 hexagons and
each hexagon is connected to 3 squares and 3 octagons
alternatively along its border. This geometrical shape
is one of Archimedean solids named truncated cuboctahedron (See Figure 4.b). All the edges for all the shapes
(squares, hexagons and octagons) have the same length
c.
4.1.2 Size of the connectors

4.1 Designing connectors for latching
4.1.1 Position and shape of the connectors
In order to verify constraint #2, connectors must be
12 planar surfaces centered in P0 ...P11 , where Pi are
contact points of spheres in the face-centered cubic lattice. Considering a sphere of radius r centered at the

Figure 3 presents two connectors (#0 and #2) which
have a c width and a path exists to place an actuator
allowing the rotation from #0 to #2.
In this section, we want to express c to define the
possible different sizes of the connectors. We name corners of these connectors respectively {A0 , B0 , C0 , D0 }
and {A2 , B2 , C2 , D2 }. We can easily express coordinates
of A0 and C0 , and deduce A2 as the image of A0 by
the dual transformation allowing to place connector #2

6
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Theorem 3 In order to have regular octagons and hexagons, the size c of the edges of square connectors,
octagons and hexagons is directly linked to the radius r
of the catom: c = 3+2r√2 .
Another criteria can be used to choose the value
of c. If we just want catoms to be connected without
rotation actuator, we can reduce e to zero and obtain a
maximum value cmax = 1+2r√2 ≈ 0.8284 × r. Figure 13a
shows a 3D printed geometric model of a 4 cm large
catom with cmax connector (left gray model).
Fig. 3 Geometry to calculate the width c of square connec-

tors.

−
from #0: a rotation of π4 around →
y axis and then a ro→
−
π
tation of 4 around z axis (given by the matrix M ):

c
c
A0 = r, − , −
2 2


M =

1
2
1
√2
2
2

√

−√ 22 − 12
2
1
−

2
√2
2
0
2

√ 
c
2 + 4 1 + √2 
r
+ 4c √
1− 2 
A2 = M × A0 =  2√
2
2c
2 r− 4

(4)

(5)

r

(6)

The distance e = C0 A2 is the distance that separates
the two closest corners of the two connectors 0 and 2.
Depending on the value of c, e can vary from 0 to r.
 c c
C0 = r, ,
2 2

(7)

√  
− 2r + 4c 1 +
2
√
−−−→  r − c 1 + 2

C 0 A2  √
2
4

√ 
2
2
c
2 r− 2 1+ 2

(8)



r
−−−→2
We can then express e =
C 0 A2 :
√
e=r−

2+1
c
2

(9)

In order to equilibrate the size of the squares, octagons and hexagons, we can define regular octagons
and hexagons, in choosing e = c. Under this hypothesis, we obtain:
c=

2r
√ ≈ 0.45308 × r
3+ 2

(10)

Theorem 4 The maximum size of connectors is cmax =
2r
√ . These catoms are not able to roll because the size
1+ 2
of the curved parts is reduced to 0.
In the following, we study the use of electrostatic
connectors to latch catoms together. This technology is
adapted for small and lightweight objects. Moreover, if
electrostatic connectors need energy to activate latching, they do not need power to keep the latching. A
question has not been answered yet, which is: the size
of the connectors being fixed what will be the potential
latching forces generated by using electrostatic forces?
4.1.3 Latching force of the connectors
If we consider two connected connectors, it is interesting
to calculate the latching force that can be produced. In
[27] the latching force is given by:
F =

c2 0 V 2

2
2 l + 2e
r

(11)

Where c2 is the surface area of the connectors, V is the
voltage of the electrodes, 0 and r are respectively the
relative dielectric permittivity of vacuum and SiO2 , e
is the thickness of the dielectric coating and l is the
separation distance between electrodes.
As an example, if we consider a millimeter-size catom (r = 0.5 mm), connectors are c = 0.226 mm large,
0 = 8.85 × 10−12 and relative dielectric permittivity
r = 3.9, the dielectric thickness e = 2 µm. The force
F depends on the inter-electrode distance and the voltage V . As in [27], we consider a distance l close to 1 µm,
a voltage V = 20 V which is the minimum value, we
obtain a force F = 1.44 × 10−5 N . This is sufficient to
carry tens of catoms submitted to gravity forces with
a mass of about 60 µg (See Section 5.2 for a detailed
calculation of the catom mass).
In this part, we have correctly placed the latching
connectors to have a 12-connectivity and used the most
practical shape for engineering the connectors: a square.
Finally, we defined the size of each connector to optimize the latching force and the possibility to have a
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4.2.1 Defining the shape of the actuators
The shape of a connector must answer several constraints:
1. The shape of its surface is relatively free, but the
constraint is that the rotation must not go through
any angular edge. We propose to define a C 1 class
surface for the actuators to avoid angles. These surfaces are composed of two circular parts and a linear
part as shown in Fig 5.
Definition 1 If a surface S(s, t) is defined by two
curves S(s, t) = u(s)+v(t), the surface is a C 1 class
surface if u and v are derivable relatively to s and
t, and their derivatives are continuous.

Fig. 4 Design phases of the catoms: a) Connectors are defined as squares and placed in order to be connected to neighbors. b) The geometry of a regular filled volume linked to
square connectors appears. c) and d) Curved actuators are
placed over octagonal and hexagonal surfaces with two different widths of actuators. e) and f) Final catoms with two
different widths of actuators.

smooth movement between two connectors. The next
step is to define the actuators geometry to move a catom from one connector to another one.

4.2 Designing actuators for allowing movements
The truncated cuboctahedron is not well-adapted for
rotation, because it has sharp edges. We have to adapt
this shape by replacing the edges by a smoother surface.
The main difficulty is to ensure that the rotation will
always be possible regarding the geometry of the actuator and the mass of the catom. The three parameters,
force, shape of the actuator and mass of the catom are
tightly linked together and completely interdependent.
We will therefore study the tradeoff between them.

2. These curved actuators are placed between the connectors in order to have a path of contact during
the rotation of a catom around another one. They
must allow a catom to roll from a connector to a
neighboring connector. As two neighboring connectors are separated either by a hexagonal or an octagonal face, each connector admits 6 neighboring
connectors. We can define two kinds of actuators,
one on octagonal faces, linking 4 neighboring connectors and another one on hexagonal faces linking
3 neighboring connectors (see Figure 4).
3. Furthermore, to make the rotation easier and enhance attraction forces, we want to reduce the distance between actuators around the point of contact
of two catoms. We will show later on that the width
of the curved elements determines their curvature
radius and so the distance between the actuators of
two catoms rolling around each other.
In the rest of this section, two different widths for the
actuators are studied: One as large as the connector
(w1 = c, c being the size of one side of the connector,
Figure 4e) and one half as large (w2 = 2c , Figure 4f).
The choice of this size is to reduce the weight of the
catoms while the actuator area still allows the rotation.
We calculate effects of other widths in the weight and
the actuation forces further in the paper.
The actuator shape is made of two curved parts
(slice of a cylinder) and a plane, to obtain a C 1 class surface as shown in Figure 4d. A set of actuators replaces
the green hexagons and the blue octagons of Figure 4a
as shown in Figure 4c & d.
First, we study the need for the two kinds of actuators, then the relation between the curvature radius and
the distance of two actuators, and finally we define the
actuator shape for the octagonal and hexagonal faces.
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√

We deduce k − r1 = 1+2 2 c, and obtain the position of
M:
!
√
1+ 2 c
c
M
c, , −
(14)
2
2 2
−−→ →
−
In order to calculate r1 , we evaluate OM . t with the
relations of equation 12:
√
√
2
2c
c
−
(r − r1 ) +
=−
(15)
2
2 2
2
−
We obtain r1 = c. Finally, as β is the angle between →
x
→
−
π
◦
and u , then β = 45 or rad.
4

4.2.2 Characterization of the octagonal faces actuators
The octagonal actuator (in blue, in Figure 4c & d) is
formed by 5 shapes. A square S is aligned at the center of the 4 neighboring connectors. S is linked to four
identical curved slices of a cylinder on its four sides.
The center of S is on the ray [OD), where D is the
center of the octagon. Sides of S have the same size as
the actuator width (See Figure 4e & f).
We first study the case of the largest actuators (w1 =
c), presented on the left side of the Figure 5 and in Figure 4c & e. An actuator is attached to the edges of the
neighboring connectors, then w1 , width of the connector, is the largest possible width.
In order to find the radius of curvature r1 , the center M of the blue arc and its angle, β, we consider
two connectors C0 and C1 (with a side size equal to c,
drawn in red in Figure 5). C0 is centered at (r,0, 0),
with two corners P0 r, − 2c , − 2c and P1 r, 2c , − 2c . C1
is centered at (0,r, 0), with two corners P2 − 2c , r, − 2c
and P3 2c , r, − 2c . Then, we place a square S of side
width equal to c (drawn in green dotted line in Figure 5) between the two connectors C0 and C1 . In order
to respect the symmetry, the center
of Sis placed along
√
√
→
−
→
−
2
2
the axis (O, u ), with u = 2 , 2 , 0 and S is tan √ √ 
→
−
gent to the orthogonal vector t = −2 2 , 22 , 0 .
We write the position of M as the intersection of
−−−→
−−−→
the two radii M P1 and M Q0 :
( −−→
−
−
OM = (r − r1 ) →
x + 2c →
y
−−→
−
→
−
c→
OM = (k − r1 ) u − 2 t

(12)

Where k is the distance between the center of S and
the center of the catom.
−−→ −
In order to obtain the position of M , we express OM .→
y
with the two previous relations:
√ 
c
2
c
=
k − r1 −
2
2
2

(13)

The cylindrical part of the actuator admits a center
at M , a radius r1 = c and a height c, all the other
cylinders are obtained by rotations (corresponding to
combinations of matrix M presented in equation 5).
We do the same calculation with the smaller size of
the square S as shown on the right part of the Figure 5.
The smaller the square is, the higher the radius of the
cylinder will be. For example, if we calculate the radius
r2 of the cylinder path for a square of w2 = 2c side long,
we obtain:


1
r2 = 1 + √
c ≈ 0.613270 × r
(16)
2 2
Then, the length of each circular part of the path
is:
l2 =

π
r2 ≈ 0.481661 × r
4

(17)

4.2.3 Characterization of actuators over hexagonal
faces
The calculation for the hexagonal faces follows the same
process as for the octagonal ones. On the hexagonal
faces, the actuator is formed by 4 shapes: an equilateral
triangle T linked to connectors by three identical curved
slices of a cylinder on its three sides. The center of T is
on the ray [OD), where D is the center of the hexagon.
In the first case where w1 = c, the equilateral triangle
T is c side long.
The distance
√ between D and the border of the triangle
is equal to 63 c. The radius of curvature of the slice of
cylinders is:
r10 = r1 = c
and the angle of slice:
√ !
2
α = tan−1
≈ 0, 6155 rad or (35.26◦ )
2

(18)

(19)

Table 1 shows geometrical results for the radius of
curvature of the two kinds of actuators and the two
studied widths.
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width
c
c
2

hexagonal
radius
length
r10 =
l10 =
0.453082r 0.278781r

octagonal
radius
length
r1 =
l1 =
0.453082r 0.355850r

r20 =

l20 =

r2 =

l2 =

0.566288r

0.348496r

0.613270r

0.481661r

Shape
octagonal
hexagonal
octagonal
hexagonal

width
c
c
c
2
c
2

radius
R
r1
r10
r2
r20

9
θmax

force (N )

π
4

6.22 × 10−6
7.82 × 10−6
3.66 × 10−6
4.40 × 10−6

α
π
4

α

Table 2 Attraction force of the two types of actuators deTable 1 Radius and length of the two types of actuators

pending on two different widths.

depending on two different widths.
0.15

4.2.4 Attraction forces
As electrostatic forces decrease following the square of
the distance, the distance between two actuators remains minimal. This distance depends on the radius of
curvature of the curved part of the actuator. The higher
the radius is, the closer the actuators around the contact point is, and the higher the electrostatic forces will
be.
The radius of curvature is therefore a parameter
to take into account for maximizing the electrostatic
forces.
We observe that reducing the actuator width increases its radius of curvature and its length. However,
decreasing the actuator width also means reducing its
surface and as a consequence its attraction force. We
therefore need to investigate which parameter is predominant on the other: radius of curvature or surface
of the actuator. An interesting point would also be to
find the optimum.
In order to compare catoms with two different widths
of actuators, we evaluate the attraction forces in the
two cases. The attraction of electrostatic forces with
two electrodes of length dθ × R is given by the following relation taken from [27]:
dF (w, R)
=
dθ

0 wV 2 R cos θ
8



tSiO2
r cos θ

+ R (1 − cos θ)

2

(20)

We numerically evaluate the global force F (w, R) along
an actuator for the different radius of curvature R and
width w:
Z θmax
F (w, R) =
dF (w, R)dθ
(21)
0

We take the same values as in the manufactured cylidrical catom [14], which are: a 1 mm diameter catom and
a voltage ranging from 17 V to 26 V , for the sake of
simplicity we have taken V = 20 V . We obtain for the
two cases of actuators two different forces, one for the
octagonal area and one for the hexagonal area.
First, we can observe in Table 2 that rotation forces
are much lower than those obtained for latching (see
section 4.1.3).

Ratio force over mass (N/g)

0.14
0.13
0.12
0.11
0.1
0.09
Octagonal actuator
Hexagonal actuator

0.08
0.07
50%

60%

70%

80%

90%

100%

Width of actuators (% of c)

Fig. 6 Ratio between attraction force and catom mass (N/g)

depending on the width of the actuator for the two shapes of
actuators (calculated for a catom of 1 mm of diameter and a
voltage V = 20 V ).

The graph presented in Figure 6 shows the ratio
between the attraction force and the mass of the catom
for the two different actuators. We see a regular increase
of this ratio when the actuator width increases. The
ratio force over mass reaches a maximum value for the
maximum width of the actuators: c.
Finally, this result shows that, despite the higher
weight of the largest actuators catom, the optimum size
is the largest possible actuators.

5 Manufacturing: Unfolding the quasi-sphere
5.1 Catom folding and unfolding
As the shape of the catom is defined, we focus on the
constraint #8: As it is MEMS/LSI process, the catom
is fabricated using the deformation of a flat shape. The
fabrication can use a similar process to [14] [28] but an
integration of VLSI and MEMS together with organic
films such as PDMS rubber [29] [30] could also be a
solution for having a deformable planar shape.
Our model can be placed in a plane surface by unfolding the curved parts as shown in Figure 7 where the
catom with the largest actuators (w1 = c) is unfolded
on the xy-plane:

6

9

7
8

1
10

11

5

3

0

4
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2

10

Fig. 7 Unfolded catom used for dual rotation motions (width
w = c). Blue actuators are placed over octagonal faces and

Fig. 8 6 steps of the deformation of a planar origami to a

catom.

green actuators over hexagonal faces. Red connectors, dark
green and dark blue areas are flat connectors. Orientations
of connectors are drawn in the unfold of the catom: Yellow
arrows represent vertical vector for each connector.

small
connector

actuator

main connector
Chip

electrode

1. Numbered squares are connector’s area, these squares
are flat and allow persistent mechanical connections
between neighboring catoms.
2. Blue and green areas are actuators. Light blue rectangles are l1 by c long and are curved to produce
a π4 angle part of a cylinder. Light green rectangles
are l10 by c long and are curved to produce an α angle part of a cylinder. These area allow the rotation
of a similar cylinder of another catom on its surface.
3. Small dark blue squares and small green equilateral
triangles are c side long and remain flat. They are
also actuators.
Figure 8 shows some pictures taken from a video1
presenting the deformation process to construct a catom from a planar material. One main technical problem consists in creating the fixation system that dynamically attach extremities during deformation. There are
many different possibilities and available technologies,
simple ones like glue and pressure sensitive adhesive
or more complex with microconnectors [31]. Although,
this last solution is more complex, it offers significant
advantages in our project like repeatable alignment and
low engaging forces.

5.2 Mass of a catom
The fabrication produces several layers of materials. A
chip will cover the total surface of the backside of the
connectors, while shell Ox and Al will cover the outside
areas of both connectors and actuators. One chip will
1

Video at https://youtu.be/tgW3w9dhrxc shows a full version of the deformation process to construct a catom from a
planar material.

chip connectors

shell

Fig. 9 Structure of material.

Material
Shell (Ox)
Electrodes
(Al)
Chip

Surface

Mass (10−9 kg )
w = 2c
w=c
14.1
7.72

S

H
(µm)
2

(kg /m3 )
2330

S

0.5

2700

4.09

2.24

48 2
r
11

15

2330

38.1

38.1

Total

56.3

48.1

ρ

Table 3 Calculation of mass of catoms with r = 0.5 mm.

drive each connector and the surrounding actuators, it
will use High-Voltage Silicon Over Insulator process to
reach the voltage necessary to stick and move catoms
similar to [14].
In order to calculate the total mass of a catom, we
determine the surface of the different parts of the catom. We then determine the total mass for each configuration by simply summing the mass of each layer,
calculated for the surface they are covering. The height
(H) of the layer, and its density is shown in Table 3.
Actuators being made of aluminum, we cover connectors with this material as shown in Figure 9. Chips are
placed inside the catom on the twelve large connectors,
that corresponds to a surface of 12c2 .
Considering a catom of 1 mm inner diameter, we
obtain a weight of about 56 µg for a catom with the
largest actuators and 48 µg for the thinnest one.
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6 Defining ensemble of catoms
In this section, we study the organization of the catoms
in a set and the way they can move. The catoms are
designed to be organized in a FCC lattice (See Section
3.1 for more details).

6.1 Positions in the lattice

Plane
iz + 1
iz
iz − 1

Neighbors coordinates
if iz is even
(ix − 1; iy − 1) (ix − 1; iy ) (ix; iy ) (ix; iy − 1)
(ix − 1; iy ) (ix + 1; iy ) (ix; iy − 1) (ix; iy + 1)
(ix − 1; iy − 1) (ix − 1; iy ) (ix; iy ) (ix; iy − 1)

iz + 1
iz
iz − 1

if iz is odd
(ix; iy ) (ix; iy + 1) (ix + 1; iy ) (ix + 1; iy + 1)
(ix − 1; iy ) (ix + 1; iy ) (ix; iy − 1) (ix; iy + 1)
(ix; iy ) (ix; iy + 1) (ix + 1; iy ) (ix + 1; iy + 1)

11

Table 4 Coordinates of the 12 neighbors around (ix; iy ; iz )

cell.

We define the position of a catom by its coordinates in
the grid given by three integers (ix; iy; iz) corresponding to the coordinates of the cell that contains the catom.
For the first horizontal plane of catoms, we regularly
−
−
place modules aligned along →
x and →
y axes. They are
oriented in order to place one of their octagonal face
actuators at the bottom and such that connected faces
are square connectors, similarly to catoms shown in Figure 11. Centers of these catoms are respectively placed
at coordinates (ix × 2r; iy × 2r; 0) where (ix, iy) ∈ Z2 .
On the second layer, catoms are staggered over previous catoms, and their center coordinates
are:
√ 
r (1 + 2 × ix) ; r (1 + 2 × iy) ; 2r
To create algorithms using catoms, we need a relation between their position in space coordinates and
their position in the grid. For example, if a catom moves
around another one in the space coordinates, as it finishes its movement, we deduce its new position in the
grid. We write a relation between coordinates of a catom (ix; iy; iz) in a regular array in memory and its
position in the visualization space (x; y; z):

 x = 2r × ix
2r × iy
if iz is even y = √

 z = 2r × iz
(22)
 x = r(2ix + 1)
y=√
r(2iy + 1)
if iz is odd

z = 2r × iz
We can simplify previous relations using σ = iz%2, i.e.
σ = 0 if iz is even and σ = 1 if iz is odd.

 x = r(2ix + σ)
y=√
r(2iy + σ)
(23)

z = 2r × iz
Similarly we express array coordinates from space
coordinates:
jx

σk

ix
=
−


2r
2


j
k


 iy = y − σ
2r
2
(24)





z


iz = √



2r

Considering this approach, we express in Table 4
the coordinates of the 12 neighbors of a catom placed
at (ix; iy; iz) in the regular grid.

6.2 Orientations for alignment
We notice that in one given cell, a catom admits 24 different possible orientations only. It is due to geometrical
constraints:
1. In a cell, a catom is aligned in order to be connected
to its neighbors, then one of the 12 connectors must
−
be chosen to be aligned with a reference axis →
x.
2. For each connector alignment, 2 orientations per
connector are allowed considering that octagonal
and hexagonal paths are aligned. To ensure that
corresponding paths are aligned we propose to add
bumps and holes. Bumps of a face are in front of
the holes of the connected face only if they respect
the good alignment.
Definition 2 We define the orientation of a catom by
a couple of values (c; up), where c is the number of the
−
connectors that we align with the →
x axis (c ∈ [0, 11]).
And up is the angle of rotation (in degree) of the ca−
tom around the axis →
x relatively to the vertical vector
→
−
vc , this up parameter admits two different values only
(up ∈ {0◦ , 180◦ }).
For example, considering an initial orientation (0, 0),
in contact with another catom on the #0 face, we obtain
5 different configurations after following the 10 possible couples of rotations from these positions (as presented in Figure 12): {(3; 0), (4; 0), (6; 0), (8; 0), (11; 0)},
several positions being accessed two times by two different paths.
It is possible to define a vertical orientation for each
connector to keep the same vertical orientation in neighboring connectors after a rotation. Figure 7 shows the
−
referential vertical vector →
vc represented by a yellow
arrow for each connector c in the unfold model of the
catom.
To verify our set of directions, we apply all 10 motions

12

Fig. 10 Catom model with alignment features, gears and

latching actuators. The top line of small images shows 4 steps
of the rotation to connect #2 of the left catoms to #5 of the
fixed one. The two first images show rotation axes.

to the 24 possible orientations of a catom and we notice that the orientation obtained after a single rotation
admits up = 0 for every initial case admitting up = 0.
We obtain the same result with initial orientation admitting up = 180◦ but every goal orientation admits
up = 180◦ too.
Theorem 5 If a catom is initially oriented with a given
”up” value, it reaches a new position with the same
”up” value after as many rotations as possible around
its neighbors.
This property is very interesting to define a complex latching system. Indeed, it means we can create
guides for the rotation as the orientation will be the
same before and after the rotation.
Therefore, we can now add alignment features or
gear teeth to the surface of the catom, to guide the rotation. These elements will enforce correct alignment of
connected catoms. Figure 10 shows examples of alignment features placed over rotation actuators and pins
over latching actuators that ensure correct alignment.
On rotation actuators, we can add gears in order to help
catoms turning without falling down. Another advantage of these bumps is that they make larger surfaces
for the actuators. They are placed following an unsymmetrical order to align bumps of one catom with holes
of its neighbors. On intermediary square and triangle
surfaces, placed between rotation actuators, we create
orientating systems that guide rotations in all directions.
To define rotations, we have to define the position
of rotation axes. The point Mi given in Equation 12
is crossed by the rotation axis of actuator Ai with i ∈
[0, 47]. For each of the 48 rotation actuators, rotation
axes are collinear to the axes of the cylinder used to
make the actuator. In the case of c large actuators, over
octagonal faces, the distance between each rotation axis
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Fig. 11 A catom with two methods of rotation: Rh along a
path over the hexagonal area and Ro along a path over the
octagonal area.

and the border of the catom is r1 = 0.453 × r while it
is r10 = 0.467 × r in hexagonal faces as presented in
Table 1.
Figure 10 shows on its top line, 4 different steps of the
rotation of the left catom around the right one. In the
first two images showing the first rotation along the
blue actuator, we draw axes of rotation using colored
arrows. These two axes can be associated to the two
rotations detailed in Equation 1. The left catom turns
at the same time around the right green axis to climb
around the fixed catom and turns around the left green
axis to prevent sliding.

6.3 Displacement capabilities
In Figure 11, we notice that, from the connector #0,
there exists 6 other connectors that can be directly
reached by a couple of rotations (#1, #2, #5, #7, #9
and #10). Connector #2 can be reached from #0 us→
−
ing two different ways: turning 45◦ around Z and then
45◦ around (1, −1, 0) axis (following arrow Ro on Fig−
ure 11); or turning an α angle around →
y and then an
−−−−→
α angle around B10 B4 axis (following arrow Rh ).
More generally, if we consider a mobile catom A
and a fixed catom B, the graph shown in Figure 12
details the set of rotations applied from each connector
(identified by the connector number of the fixed catom
B). In that graph, nodes represent connectors of B (ID
written in squares) and links represent rotations of α
angle for hexagonal actuators or 45◦ angle for octagonal
ones. Information in ellipses give axes of rotation: either
directly or with a couple of connector centers.
The video at https://youtu.be/20xRLOfoJQ4 shows
a more complex succession of movements combining the
two kinds of rotations as an example of the possibilities
offered.
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Fig. 12 Graph of possible rotations from each connector of
the catom (index written in squares), couples (i, j ) or vector

in ellipses placed on links respectively gives rotation axes defined by two centers of connectors Pi Pj or the vector used
for the rotation. Green connectors must be free for allowing a
rotation: from 0 to 2 following hexagonal actuators (bottom
left) and from 0 to 1 following octagonal actuators (bottom
right).

Theorem 6 If we consider a catom A latched to another catom B, a rotation of A is possible, if and only
if, A can move without being blocked and can latch at
its final position. It means that some specific connectors
of A must be free. This information is locally given by
the list of connected connectors of A.
For example, if we consider a rotation from A0 to
A2 along actuators over one hexagonal face of A (see
Rh in Figure 11 and Figure 12). The first condition to
allow this movement is the target connector i.e. A2 to
be free. The second condition is that the opposite connector, here A6 , to the origin A0 must not be connected
to another catom as there will be no sufficient space to
perform the rotation.
This rotation also needs some free space around the top
of the catom, which implies connectors A3 , A4 and A5
to be free too (see green connectors in Figure 12 on
bottom left). These five conditions are necessary and
sufficient to ensure the movement will be successfully
achieved.
Similarly, we study a rotation along an actuator of the
octagonal face. For example, the rotation from A0 to A1
is conditioned by a list of free connectors {A1 , A2 , A3 , A6 ,
A7 , A10 , A11 } as shown Figure 12 on bottom right.
This last study gives tools for the creation of a selfreconfiguration algorithm to transform a current configuration of catoms into a final one. The previous motion
conditions will be used to define valid rotation rules

Fig. 13 Five pictures of catoms printed with a radius of 4 cm.

On the first line, the gray object maximizes the width of the
12 square connectors without rotation actuator, the white
3D catom is made of 12 square connectors, 6 octagonal and
8 hexagonal actuators. The second line shows the rotation of
a catom around another one. The bottom picture shows an
arrangement of 5 catoms.

for a catom. We deduce the list of reachable positions,
and then select which one will make the configuration
converge towards the final possible one.

7 Practical realizations
We made some 3D printed geometric models of our
robot, we choose a radius r = 4 cm in order to ease
manipulations. These objects allow us to visualize some
theoretical properties presented in the paper.
In Figure 13a, we see the shape of catoms made
with two different values of c. The first one, on the
left maximizes the size of the 12 connectors but is not
able to turn around a neighbor (c = cmax ). The second
model on the right is defined with a value of c that
equilibrates connector and rotation actuator sizes as
explained Section 4.1.2.
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In Figure 13c we can verify the placement and arrangement of catoms in a FCC lattice where connectors
and alignment features over rotation actuators are perfectly aligned. The second point consists in validating
the rotation of a catom along the border of a fixed one.
In the models presented Figure 13b, we place magnets
along one octagonal actuator and behind flat square
surfaces. We apply the rotation of the mobile catom
around the fixed one in pushing it along a short step
and magnets produce the end of the motion.
8 Conclusion
We have proposed a detailed model for the realization
of a quasi-spherical module for realizing programmable
matter. This module, called a catom in the context of
the Claytronics project, satisfies all the constraints we
defined to implement programmable matter and more
generally, is a key element in the constitution of any
large-scale lattice-based modular robots.
While studying the geometry of this module and
proposing an original design for a quasi-spherical module, we have obtained important results and advances
in various domains. We proposed a size of c × c for
the latching connectors where c = 3+2r√2 , with r being
the radius of the catom. Using this configuration, it is
possible to latch at least tens of catoms which is an
encouraging result. We optimized the size and shape
of the actuators such that the rotation can be implemented. Another important result is to have found out
that the orientation of a quasi-spherical module is never
changed by the rotation. It is important as it paves
the way to provide better latching and movement. We
have used these results to propose a modified geometry
which includes rails to guide rotation and pins to enhance latching. This could lead to use lower voltage for
both latching and rotation.
Finally, having the design of a hardware module is
useful but it is even better to be able to use it. For that
purpose, we have proposed rules which can be used in
self-reconfiguration algorithms by programmers. These
rules will help the programmers to design better algorithms [32].
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