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Abstract—This paper presents a two-dimensional (2-D) exact 

subdomain technique in polar coordinates considering the iron 

relative permeability in 6/4 conventional switched reluctance 

machine (SRM) supplied by sinusoidal waveform of current. The 

general solutions of magnetic vector potential are obtained by 

applying the interfaces conditions (ICs) in both directions (i.e., r- and 

-edge ICs). The magnetic field is used to predict the iron core losses 

by using an analytical approach based on the Bertotti’s model and 

the flux variation locus (FVL). Finally, the electromagnetic 

performances results have been performed and compared with the 2-

D finite-element (FE) method (FEM). The comparisons with FEM 

show good results of the proposed approach. 
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I. INTRODUCTION 

Benefiting from advantages of a simple mechanical 
structure, robust, high-thermal capability and high-speed 
potential [1]-[3]. SRM is receiving renewed attention as a 
viable candidate for various adjustable speed and high-torque 
applications such as in the automotive and traction [4]-[8]. 

In the interest for design and optimization of electrical 
machines, there is various modeling methods (viz., numerical, 
analytical and semi-analytical method), the first step to them is the 
reckoning of magnetic field . At present, subdomain technique is 
one of the most used semi-analytic method, which combines the 
very accurate electromagnetic performances calculation with a 
reduced computation time compared to numerical methods. In 
these models, the magnetic field solutions are based on the formal 
resolution of Maxwell’s equations applied in subdomain by using 
the Fourier’s series and the separation of variables method. 
Considering iron parts (i.e., the global or/and local saturation 
effect) is seldom investigated in the literature [9]-[11]. Dubas et 
al. (2017) [12]-[13] developed a first 2-D exact subdomain 
technique in Cartesian and polar coordinates considering finite 
soft-magnetic material permeability, which has been applied to an 
air- or iron-cored coil supplied by a constant current. The 
subdomains connection is performed directly in both directions. 
The general solutions of Maxwell’s equations are deduced by 
applying the principle of superposition by respecting the 
boundary conditions (BCs) on the various edges. Recently, this 
novel scientific contribution has been implemented for radial-flux 
electrical machines [14]. For the same reason, another technique 
based on subdomain technique and Taylor polynomial has been 
applied in spoke-type permanent-magnet synchronous machines 
[15]-[16]. In this paper, which takes the magnetic field solution in 

the slots/teeth into account, the Dubas’s approach in polar 
coordinates has been applied to 6/4 conventional SRM supplied 
by sinusoidal waveform of current. All results obtained with the 
semi-analytical model have been compared with those obtained 
by the 2-D FEM [17]. 

After the calculation of spatio-temporal magnetic field, an 
analytical method to calculate the iron core losses generated by 
these magnetic field variations is presented. Although there are 
several approaches for the iron loss calculation, the commonly 
accepted is based on the Bertotti’s decomposition [18]. This 
approach can be implemented either in the post-processing step 
or in the non-linear resolution of a time stepping FE analysis 
[19]-[20]. Since the magnetic field waveforms in the SRMs are 
non-sinusoidal, the iron core losses are calculated by dividing 
the core of the machine in different parts and by using FVL 
method because the core loss is affected by the rotational flux 
[21]. Finally, all the results from the proposed semi-analytical 
model are validated by the linear FEM. 
 

 
Fig. 1.  Studied 6/4 conventional SRM. 

 
Fig. 2.  Simplified model of SRM. 



 

 

II. STUDIED MACHINE AND MAGNETIC FIELD SOLUTIONS 

A. Motor Geometry and Assumptions 

The conventional SRM [see Fig. 1] has 6 stator slots, 4 
rotor slots, and 3 phases double layer concentrated winding. 
This machine has been partitioned into 9 regions as shown on 
Fig. 2, viz., 

 Region I the air-gap; 

 Region II and III respectively the rotor yoke (i.e., between 
rotor shaft and rotor slots/teeth) and the stator yoke; 

 Region IV the rotor slots; 

 Region V the rotor teeth; 

 Region VI and VII respectively the stator slots of first 
layer (i.e., right in the slot), and of second layer (i.e., left 
in the slot); 

 Region VIII the stator teeth; 

 Region XI the non-periodic air-gap (i.e., between the 
two layer winding of stator slots). 

The model is formulated in magnetic vector potential and in 
2-D polar coordinates with the following assumptions: 

 The end-effects are neglected, i.e.,  0; 0; zAA ; 

 The eddy-current effects in the materials are neglected; 

 The current density in the stator slots has only one 

component along the z-axis, i.e.,  0; 0; zJJ ; 

 The magnetic materials are considered as isotropic with 
constant magnetic permeability corresponding to linear 
zone of the B(H) curve; 

 The stator and rotor slots/teeth have radial sides. 

B. General Solution with Non-homogeneous Neumann BCs 

Magnetic vector potential A  is calculated analytically with 
solving Poisson’s or Laplace’s equations with the separation of 
variables method, viz., 

= 0 A  in Region I, II, III, IV, V, VIII and XI (1) 

0=  A J  in Region VI and VII (2) 

where 0  is the vacuum permeability. 

According to [13], the solutions of magnetic vector 
potential in all regions of conventional SRM are: 

1) Air-gap subdomain (Region I): The solution of (1) in 

Region I, ;
3 4

   r R R  and  , is defined by: 
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where n  is a positive integer, and  10 20 1 4; ; n nA A A A  are the 

integration constants of Region I. 

2) Stator and rotor yoke subdomain (Region II and III): In 
adding Dirichlet BC of the magnetic vector potential at 1r R  

and extr R , viz.,  
1

, 0
ext

z r R r R
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   , the solution of (1) 

in Region II, ;
1 2

   r R R  and  , can be written as: 
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where  50 5 6; ;n nA A A  are the integration constants of Region II. 

The solution of Region III, ;5   r R Rext  and  , is 

similar to (4) by replacing  50 5 6; ;n nA A A  with  70 7 8; ;n nA A A  

and 1R  with extR . 

3) ith Stator slot subdomain (Region VI and VII): The solution of 

(2) in Region VI, ; 54   r R R  & 2 2;1 1    f fi i   , is defined by: 
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where m  and k  are positive integers,  1 2  i i e f   and 

f  are respectively the position and opening width of first layer 

winding in the ith stator slot,  1 0 2 0 1 2 3 4; ; ; ; ;i i im im ik ikC C C C C C  are 

the integration constants of Region VI, mfv m f  and 

 5 4lnks k R R   are respectively the periodicity of zA  in - 

and r-edges. 

The solution of Region VII, ; 54   r R R  & 2 2;2 2    f fi i   , 

is similar to (5) by replacing  1 0 2 0 1 2 3 4; ; ; ; ;i i im im ik ikC C C C C C  with 

 5 0 6 0 5 6 7 8; ; ; ; ;i i im im ik ikC C C C C C ,  1
z

J i  with  2
z

J i , and 1i  

with  2 2  i i e f  . 

4) ith Non-periodic air-gap and ith stator tooth subdomain 
(Region VIII and XI): The solution of (1) in Region VIII, 

; 54   r R R  & 2 2;    e ei i   , and Region XI, ; 54   r R R  & 

2 2;    d di i   , can be obtained directly from (5) with 

 1 0
z

J i . 

For Region VIII,  1 0 2 0 1 2 3 4; ; ; ; ;i i im im ik ikC C C C C C  is replaced 

by  1 0 2 0 1 2 3 4; ; ; ; ;i i im im ik ikD D D D D D , 1i  by i , f  by e , and 

mfv  by mev m e . 



 

 

For Region IX,  1 0 2 0 1 2 3 4; ; ; ; ;i i im im ik ikC C C C C C  is replaced 

by  5 0 6 0 5 6 7 8; ; ; ; ;i i im im ik ikD D D D D D , 1i  by i , f  by d , and 

mfv  by mdv m d . 

5) jth Rotor slot and jth rotor tooth subdomain (Region IV 

and V): The solution of (1) in Region IV,  2 3;r R R  & 

2 2;   
 

a aj i   , is defined by: 
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where j  and a  are respectively the position and opening width 

of jth rotor slot,  1 0 2 0 1 2 3 4; ; ; ; ;j j jm jm jk jkB B B B B B  are the 

integration constants of Region IV, mav m a  and 

 3 2lnkr k R R   are respectively the periodicity of zA  in - 

and r-edges. 

The solution of Region V,  2 3;r R R  & 2 2;   
 

b bj i  , is 

similar to (6) by replacing  1 0 2 0 1 2 3 4; ; ; ; ;j j jm jm jk jkB B B B B B  with 

 5 0 6 0 5 6 7 8; ; ; ; ;j j jm jm jk jkB B B B B B , a  with b , and j  with j . 

C. Magnetic Flux Density 

The field vectors  ; ; 0B rB B  and  ; ; 0H rH H  are 

coupled by the magnetic material equation: 

0= B H  in Region I, IV, VI, VII and XI (7) 

0=  rc B H  in Region II, III, V and VII (8) 

where rc  is the relative recoil permeability of iron parts. 

Using B A , the components of B  can be deduced by 
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D.  Stator Current Density Source 

The stator current densities in the stator slots for double 
layer concentrated winding are defined as [11]: 

   1
1   Tc

g

N
J i C i

S
 &    2

2   Tc

g

N
J i C i

S
 (10) 

where  g a b ci i i i  is the vector of phase currents, 

 2 2

5 4 2  S f R R  is the surface of the stator slot coil, and 

 1

TC  &  2

TC  are the transpose of the connecting matrix between 

the 3-phases current and the stator slots that represent the 
distribution of stator windings in the slots of the 6/4 conventional 
SRM with double layer winding is given by [11] 
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These connection matrices can be generated automatically 
by using ANFRACTUS TOOL developed in [22]. 

E. Boundary Conditions 

The conventional SRM [see Fig. 2] made up of 9 regions, 
The ICs in this model can be divided into two types. One is 

over angle interval for given radius value  2 3 4 5; ; ;R R R R  

(i.e., θ-edges ICs) and the other is over radius interval for 

given angle  2; 2; 2; 2; 2    j j i i ia b c d e      (i.e., 

r-edges ICs). 

We obtain on the 

 θ-edges ICs: 

- The ICs between Region II, IV and V at 2r R  as: 

   2 2, = ,zII zIVjA R A R   for 2, 2    j ja a    (12) 

   2 2, = ,zII zVjA R A R   for 2, 2    j jb b    (13) 

   2 2, = ,II IVjH R H R    for 2, 2    j ja a    (14) 

   2 2, = ,II VjH R H R    for 2, 2    j jb b    (15) 

- The ICs between Region I, IV and V at 3r R  are similar 

to (14) ~ (17) by replacing II with I and 2R  with 3R . 

- The ICs between Region I, VI, VII, VIII and XI at 4r R  as: 

   4 4, = ,zI zVIiA R A R   for  2, 2   i ic c f    (16) 

   4 4, = ,zI zVIIiA R A R   for  2 , 2   i ic f c    (17) 

   4 4, = ,zI zVIIIiA R A R   for  2, 2  i id d    (18) 

   4 4, = ,zI zXIiA R A R   for  2, 2  i ie e    (19) 

   4 4, = ,I VIiH R H R    for  2, 2   i ic c f    (20) 

   4 4, = ,I VIIiH R H R    for  2 , 2   i ic f c    (21) 

   4 4, = ,I VIIIiH R H R    for  2, 2  i id d    (22) 

   4 4, = ,I XIiH R H R    for  2, 2  i ie e    (23) 

- The ICs between Region III, VI, VII, VIII and XI at 5r R  

are similar to (16) ~ (25) by replacing I with III and 4R  with 5R . 

 r-edges ICs: 

- The ICs between Region IV and V at 2 2  j ja b   

and 1 2 2   j ja b   for 2 3;r R R  : 

   , 2 = ,  2   zIVj j zVj jA r a A r b   (24) 

   , 2 = ,  2   rIVj j rVj jH r a H r b   (25) 

   ( 1) 1, 2 = ,  2     zIV j j zVj jA r a A r b   (26) 

   ( 1) 1, 2 = ,  2   rIV j j rVj jH r a H r b   (27) 



 

 

TABLE I 

PARAMETERS OF 6/4 CONVENTIONAL SRM. 

Symbol Parameter Value and unit 

sQ  Number of stator slots 6 

rQ  Number of rotor poles 4 

2R  Internal radius of rotor slot 17.3 mm 

5R  External radius of stator slot 36 mm 

extR  Radius of the external stator surface 45 mm 

4R  Radius of the stator internal surface 25.7 mm 

3R  Radius of the rotor surface 25.5 mm 

g  Air-gap length 0.2 mm 

uL  Stack length 60 mm 

1R  Radius of the shaft 10 mm 

a  Rotor slot opening 60° 

b  Rotor tooth opening 30° 

c  Stator slot opening 38° 

d  Stator tooth opening 22° 

e  
Non-periodic air-gap (i.e., between the two 

layer winding of stator slots) opening 
4° 

f  Opening of a slot coil 17° 

nI  Rated phase current 15 A 

cN  Number of conductor of slot coil 20 

N  Rated speed 1,500 rpm 

 

- The ICs between Region VII and VIII at 

2 2i ic d     and between Region VI and VIII at 

1 2 2i ic d      for 4 5;r R R   : 

   , 2 = ,  2 zVIIi i zVIIIi iA r c A r d   (28) 

   , 2 = ,  2 rVIIi i rVIIIi iH r c H r d   (29) 

   ( 1) 1, 2 = ,  2   zVI i i zVIIIi iA r c A r d   (30) 

   ( 1) 1, 2 = ,  2     rVI i i rVIIIi iH r c H r d   (31) 

- The ICs between Region VI and XI at 

2 2i ie c f      and between Region VII and XI at 

2 2i ie c f      for 4 5;r R R   : 

   , 2 = ,  2  zVIi i zXIi iA r c f A r e   (32) 

   , 2 = ,  2  rVIi i r XIi iH r c f H r e   (33) 

   , 2 = ,  2  zVIIi i zXIi iA r c f A r e   (34) 

   , 2 = ,  2    rVIIi i rXIi iH r c f H r e   (35) 

The system of 36 BCs matrix equations (12) to (35) is used 
to determine the coefficients of magnetic vector potentials in 
the 9 regions of the conventional SRM. 

III. RESULTS AND VALIDATIONS 

The 2-D semi-analytical model considering finite soft-
magnetic material permeability is used to determine the 
electromagnetic performances of conventional SRM. The main 
parameters of the studied machine are given in Table I. The 
results of semi-analytic model are verified by 2-D linear FEM. 
The waveforms of r- and θ-components of the magnetic flux 
density in the various regions are computed with a finite 
number of harmonic terms, viz., 200N  and 40 M K  (in 

periodic and non-periodic region respectively). The analytic 
calculation of magnetic flux distribution in all regions is done 

considering the same relative permeability in all iron parts 
(i.e., stator/rotor yoke and teeth). However, it is possible to use 
a different relative permeability value for each region. 

For an initial rotor position at (1) (1) 0   [see Fig. 2] 

with a current equal to    cos 1 2     nI i I i m . 

In Fig. 3, a comparison between the numerical results and 
semi-analytical predictions is shown in term of the r- and θ-
component magnetic flux density in the middle of the air-gap 
(i.e., Region I). The simulations are done for two different 
values of iron core relative permeability (viz., 100 and 800). 
Fig. 4 shows the magnitude of B in all machines regions for 

100r . For full-load condition (viz., 15 A @ 1,500 rpm with 

0 rs rQ  ), the electromagnetic torque is presented in Fig. 5. 

The induced magnetic flux linkage per phase is given in 
Figs. 6. Fig. 7 shows self- and mutual-inductance of the 
machine. It can be seen that the proposed semi-analytical 
model gives good results compared to the numerical method. 
 

 
(a) 

 
(b) 

Fig. 3.  Waveform of the magnetic flux density in the middle of the air-gap 

(i.e., Region I): (a) r- and (b) θ-component. 

 
                          (a)                                                            (b) 

Fig. 4.  Flux density inside the machine: (a) analytic and (b) FEM. 



 

 

 
Fig. 5.  Waveform of the electromagnetic torque (for full-load condition). 

 
Fig. 6.  Waveform of the magnetic flux linkage for full-load condition  

(10 A @ 1,500 rpm) with 0 4rs  . 

  
                             (a)                                                            (b) 

Fig. 7.  Waveform of the (a) self- and (b) mutual-inductance. 

 
Fig. 8.  Elliptical locus for the iron loss evaluation. 

TABLE II 

IRON LOSS COEFFICIENTS M270-35A 

Symbols Parameters Values (Units) 

 Hysteresis losses coefficient 130.24 W.s.T-α.m-3 

 Excess loss coefficient 3.57 E-1 W.s1.5.T-1.5.m-3 

 Steinmetz constant 2 

 Electrical conductivity 1.92E6 S.m-1 

 Lamination thickness 0.35 mm 

IV. IRON CORE LOSS COMPUTATION 

A. Introduction 

The analysis technique to predict the iron core loss 
generated in a SRM by magnetic field becomes very important 
in the machine design. For a no-sinusoidal excitation and 
considering laminations, Berttotti developed a model that 
divides the losses into three components [18]: 
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 (36) 

where hysP , eddP and exP  are respectively the hysteresis, eddy-

current and excess losses; mB  is the peak value of the 

magnetic flux density in the iron core; and 1T f  is the iron 

core magnetic flux density period with f  the frequency. The 

loss coefficients are given in Table II. 

B. Flux Variation Locus Method 

The iron core losses are affected by the alternating flux, but 
also by the rotational flux. It is useful to use the FVL method 
where the rotational flux effect can be taken into account [19]-
[21]. The universal locus of the flux in rotating machines is 

elliptical, as shown in Fig. 8, where majB  and minB  are 

respectively the major and minor axis component of magnetic 

flux density. The algorithm to calculate majB  and minB , which 

can be determined from  ;rB B , is represented [21]. 

The iron core losses are calculated by taken into account 
the rotational flux effect in the 6/4 conventional SRM in 

different areas 
pnS  where 1, ,p pn N  from the magnetic 

flux density where (36) are extended to 
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where  
p pn n uV S L  are the different volume in the iron. 

C. Iron Core Loss Validation by the FEM 

The iron core losses are calculated for  4; 8;14I A  with 

the rotor speed varying from 750 to 3,000 rpm. Fig. 9 present the 
influence of rotor speed variation on the hysteresis, eddy-current 
and excess losses in the stator and rotor. Obviously the analytical 
results are agrees well with the FEM. In Fig. 10, the iron core 
losses evolutions in the rotor and stator with respect to rotor 
speed for two different values of iron core relative permeability 
are illustrated. Fig. 11(a) shows the iron core losses according to 
the field current with three rotor speed (viz., 176, 175 and 3,000 
rpm). The iron core losses increases with the increase in field 
current. Moreover, in Fig. 11(b) which are the function of rotor 
sped in three different supply current. A good agreement is seen 
between the analytically obtained and the FEM results. 



 

 

 
Fig. 9.  On-load analytically and FEM predicted iron losses: Hysteresis, 

eddy-current and excess losses in the rotor and stator. 

 
Fig. 10.  Iron loss evolution for full-load condition in the stator and rotor 

for two different values of iron core relative permeability (viz., 100 and 800). 

 
(a) 

 
(b) 

Fig. 11.  Iron core loss evolution according to: (a) field current and (b) 
rotor speed. 

V. CONCLUSION 

In this paper, we have applied a new exact semi-analytical 
model based on the 2-D subdomain technique in polar 
coordinates [13]-[14] to predict the electromagnetic 
performances in SRM for any rotor positions. It has the ability 
in any number of stator slots, rotor poles and phases and for 
different type of stator winding. Currently, in this paper, we 
chose to present only the 6/4 conventional SRM with 3-
phases. Because the SRMs always operate with certain 
saturation, the proposed model takes into account of the finite 

value of relative permeability in all machine. It can be 
considered as a viable alternative to FEM for analysis of 
SRMs. The Bertotti’s model and the FVL method are used to 
predict the iron core losses in different parts of machine. The 
results confirmed the accuracy of the proposed model. 
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