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Actually, the heat transfer prediction and temperature distribution in electrical machines are realized by using finite-element method
(Fem) and/or thermal equivalent circuit (TEC). The analytical resolution of partial differential equations (PDES) representing the
temperature distribution in electrical machines doesn’t exist. In this paper, a two-dimensional (2-D) exact analytical calculation of steady-
state temperature distribution in rotating electrical machines by solving the heat equation in homogenous and non-homogenous regions by
using the Fourier’s series and the separation of variables method is presented. It is based on the new subdomain technique where the
solution depends on both directions (r, 8) and able to model the different materials of the machine with different thermal conductivities.
The heat sources are volumique power losses due to hysteresis, eddy-current and Joule losses in all the regions of machine. A simplified
method is used to determine the power losses in permanent-magnet (PM) motors. The main studied problem is conductive with conductive
interface conditions (ICs). Although, convective heat transfer in the air-gap is also investigated. The boundary conditions (BCs) considered
for solving the conduction problem is a convective heat transfer between the machine and external airand at the rotor internal air. The
semi-analytical results are in very good agreement with those obtained by Fem, considering both amplitude and waveform.

Index Terms—air-gap convection, conductive heat transfer, exact subdomain.technique, numerical, thermal model, two-

dimensional.

I. INTRODUCTION

Accurate thermal models of electrical machines are often
necessary for their design, analysis and system insulation
optimization. Knowing the temperature and heat flux
distribution created by the power losses is very important-for
the insulation determination and the process to apply it. Many
researchers have studied the temperature distribution in
electrical machines by using Fem and/or TEC (i.e., thermal
resistances network, thermal lumped circuit,...) [1]-[4]. This
later method is considered as an analytical method. It is_based
on the resolution of a system of equations representing the
different nodes of the network. However, in our best
knowledge, there is not any. analytical calculation of heat
transfer by using the formal resolution of heat PDEs in
electrical machines. There is-only one reference [5] where the
author has calculated analytically the steady-state temperature
in radial and axial directions (r,.z) inside the magnet (one
region) of a PM machine.

The most used method/in thermal modeling of electrical
machines is- TEC which is able to predict the temperature
distribution in steady-state and/or transient. It is based on the
representation of the machine materials by different thermal
resistances ‘representing the thermal conduction, convection
and radiation. This method is fast and can be used to
determine the necessary insulation characteristics and normal
temperature functioning of the machine [6]-[8]. Although,
there are many different lumped circuits that can be adopted
for representing the heat transfer in an electrical machine. The
thermal designers chose generally a TEC with low number of
nodes and thermal resistances especially in transient
calculation. The numerical methods are also frequently used to
analyze the machine’s temperatures and heat transfer due to
power losses (i.e., hysteresis losses, eddy-current losses and

Joule losses). The thermal calculation by using Fem can be
done alone using power losses as heat sources or coupled
directly.to electromagnetic analysis [3] and [9]-[11]. The Fem
and computational fluid dynamics (CFD) take into account the
variation of materials conductivities with temperature and
permit to model convective problems accurately [12]-[13].
Recently, there are some references that used a hybrid method.
The stator and rotor TEC is coupled to an exact analytical
solution only in the air-gap [14]-[15].

In this paper, we present a new 2-D exact analytical
prediction of steady-state temperature and heat flux in rotating
electrical machines considering a conductive heat transfer
inside the machine and air-gap and convective heat transfer
outside the machine and inside rotor. It is based on the 2-D
exact subdomain technique in polar coordinates developed by
Dubas and Boughrara (2017) [16] and applied to radial-flux
electrical machines for electromagnetic performances
calculation [17]. In this paper, this novel scientific
contribution allows to take into account the different materials
conductivities (i.e., stator/rotor iron, air, air-gap, PM, slots
coils, cage bars). Of course, the conventional subdomain
technique used by many authors in electromagnetic
performances prediction cannot be applied to thermal
modeling even if the heat equations in the different regions of
the machine are similar to magnetic differential equations. The
conventional ~ subdomain  technique  considers  the
ferromagnetic iron having infinity permeability [18]-[21] and
cannot take into account the different thermal conductivities of
the machine. This is why at this time there is not any
prediction of heat transfer in electrical machines using the
subdomain technique. In [17], the authors confirmed also that
the approach applied to electrical machines is less time
consuming (12 sec) in comparison with Fem (20 sec). The
developed analytical method is used to determine heat transfer
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in surface-mounted PM machine (SPM), inset PM machine
(IPM), induction machine (IM) with cage rotor, and spoke-
type PM machine (Spoke). Moreover, it is valid for most
electrical machines.

The heat transfer by convection in the air-gap of IPM is
also investigated by using the developed analytical method.
However, it cannot be validated with the used Fem code [22]
and necessitate a Fem with CFD [23]-[25]. This is why we
have limited the investigation of air-gap convection to IPM
only. The next step in the analytical thermal modeling of
rotating machines would be the introduction of the
conductivity variation with the temperature. This variation is
similar to the B(H) curve in the iron for the saturation effect
and can be introduced in the same way [26]. To determine the
heat sources, a simple method is used to determine power
losses for studied SPM and IPM [27]. Heat sources of IM and
Spoke machines are considered similar to those of IPM.

Il. STUDIED MACHINES AND ANALYTICAL TEMPERATURE
CALCULATION

A. Problem Description, Assumptions and PDEs

The main heat transfer studied in this paper is conductive
with volumique power sources representing the power losses
in each region. Heat PDEs are the Laplace’s equation in the
air-gap and the Poisson’s equations in the other regions. The
model is adopted with the following assumptions:

e The materials of the machines are considered
isotropic having constant thermal conductivities
without any variation with temperature;

e The stator and rotor slots have radial sides;

e The heat sources are uniform and constant in each
region (or subdomain);

e The radiation outside stator and inside the rotor is
ignored,;

e The interfaces between regions are considered perfect.

Four electrical machines have been studied in this paper [see
Fig. 1], viz., i) a surface-mounted PM- machine, ii) an inset
PM machine, iii) an induction -machine with cage rotor, and
iv) a spoke-type PM machine. The analyzed IM has 6 stator
slots and 4 bars [see Fig. 1(c)]:

Vi |

(a) Surface-mounted PM machine (SPM).

Vi |

(b) Inset PM machine (IPM).

TEXI & h.‘i

(c) Induction machine (IM).

By
| Taxl&hs

(d) Spoke-type PM machine (Spoke).
Fig. 1: Studied machines.

The machines are subdivided by 7 regions. Region |
represents the air-gap, Region Ilj the PMs in the SPM, IPM or
Spoke and cage bars in the IM, Region Il the stator yoke,
Region 1Vi the stator slots, Region V the rotor yoke, Region VIj
the air between PMs in the SPM and rotor teeth in the IPM, IM
and Spoke, and Region VIli the stator teeth. It is interesting to
note that Region V does not exist in Spoke machine.

In steady-state, the PDEs representing the temperature
distribution in each region are given

e inRegion | by
Ao -ATI(r,0)=0 ()

where 4, is the air-gap thermal conductivity (in W/mK ).
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e in Regions Ilj by

ATIIj(r,H):—? @

m

where A, is the PMs or cage bars thermal conductivity, and
. . . . s
Pm; the power loss density of the j Region II (in W/m*).

e in Region Il by

ATIN (r,@):—% ®

S

where A, is the stator yoke thermal conductivity, and p, the

power loss density in the stator iron. This power loss is
considered uniform and constant in the whole stator iron.

(b) Principle of superposition.

e in Regions IVi by
I:’Sli Fig. 2: Region with'non-homogenous BCs.

(4)

where A, is the stator slots thermal conductivity, and Psl, the  developed recently in [16]-[17] with non-homogenous BCs.
The subdomains connection is performed directly in both

) ) directions (i.e.,.r- and 6-edges ICs) considering the different
e inRegionV by condugtivities of machines. The general solutions of Laplace’s
_ P and Poisson’s ~equations in non-homogenous BCs [see
ATV (r’g) h A ®) Fig. 2(a)] are deduced by applying the principle of
where A, is the rotor yoke thermal conductivity, and p, the QRosipn [see F'.g' 2(b)] af‘d by using the Fourier’s series
o ] as well as the separation of variables method.
power loss density in the rotor iron.

ATIV, (r,0) = -

Joule losses considered constant in each stator slot.

) ) ) The solution of Laplace’s equation (1) in the air-gap,
* inRegions VIj by where the BCs are homogenous, is given by well-known
Pdr, general form in 2z periodic subdomain:

ATV (n6) = O (.6 = AL + A2, In(r)
where A, is the air between PMs or rotor teeth thermal mn Y Y
conductivity, and Pdr, the power loss density of the j® "'+HZ;{A1n [EJ +A2"(R_mj ]S'”(”e) (10)
Region VI. This power loss is null in the case of the SPM } .
where the region represents the air space between PMs. .“+i(A3n (Lj A [L) Jcos(ne)
e inRegions Vi by =i R, R,

Pd,
ATVIIi(r,H):—T' (7) where Rs and Rm are respectively the external and internal

d radius of the air gap region. nn is the number of harmonics in
where 4, is the stator teeth thermal conductivity, and Pd; the  the air gap, stator yoke and the rotor.

power loss density i the StaIQr teeth. The solution of Poisson's equation (2) in Region 1lj, where

It is noticed that 1, =A, =4, A, =4, and A =1, =2 for the BCsare non-homogenous, is given by

: . Pm.

ferromagnetic material. I, (r,0) =B1,,+ B2, In(r) —Hm'r2

Using 'q=-1-VT, the heat flux density components (in fray tra,
W/m?) in polar coordinates are defined as 4> BL, {Rr] +B2,, [RrJ ]cos(fram(a—ealj ) (12)

~ /16T(r,t9) @® " " '
o= ar s sh( fr, (0 0a1, )

oT (r,0 Kk Tk sh(fra
qaz_i (r.9) @ -+ (fra) sin[frkln(rD
ro oo = sh( fr, (0-0a2,)) R
where A is the thermal conductivity. '”+B4i‘k45h(fr a)
k

B. Temperature Solution in each Subdomain a

. . . kﬂ- . m |. mz . .
The steady-state heat transfer in the four machines is Where fr, =£= gg =In R fra, =5 oal, =g,~—5,
studied by using the 2-D exact subdomain technique '
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0az; =gj+%; Rr, @ and gj are respectively the internal

radius, the opening width and angle of symmetry axis of PM;
kk and mm are the number of harmonics in the PM region.

The stator yoke represented by Region 111 has homogenous
BCs and the solution of (3) is

THI(r,6) = A6, + A5, |n(r)—4'°75

S

nn r " r "
et A5 | — | +A6,| — cos(nd
HZ—;{ [ Rext j [ REXI ] ] ( )
+i AT, [Ljn + A8, [L]n sin(ng)
n=1 Rext Rext

where Rext is the external radius of the machine.

r.2

(12)

The Q, stator slots represented by Region IVi with non-

homogenous BCs, the solution of (4) is given by

TIV/(r,6)=C1,,+C2,, In(r)—Z—Sli

r2

sl

mm1 156 e
et Y [CLM{r] + C2i,ml[;j JCOS( fsc,, (6 -6cL,)) (13)

r,

sh(fs,, (6 -6cL,))

wal U sh(fs,c
ey (T5c) sin fsklln[r]
o] sh(fs, (0-06c2)) R
yC4 T )
' sh( fs,c)

where fsklzk?lﬂ; ff =In(;—“j; fscm:@; ocl; = ¢, —%;
c

c . .
oc2, = ¢, +§; rs, c and ¢; are respectively the external radius of

stator slot, the slot opening width and the angle of axis symmetry of
slot; kk1 and mm1 are the number of harmonics in the stator slot
region.

The rotor yoke represented by Region V has homogenous
BCs and the solution of (5) is
TV (r,6) = ALO, +A9, In(r)—%rz

r

ot i[Agn (RL] +A10, [RLJ”JCOS(W)
ot i[m1n (le +AL2, [RLJ }in (no)

where Rj is the radius of rotor shaft.

(14)

In Region VIj with non-homogenous BCs, the solution of
(6) is given by

Pdr,

42,

a

2

TVI(r,0)=B6,,+B5,,In(r)

;U‘-‘

frby, — frby,
Y BS““[F:J +Bejm[ ] ]cos(frbm(e—eblj))
m=1 m .

B7,.sh(fr,(0-ob1,))

(15)
+i sh(fb) sin(frkln{rD
| B8, sh(fr(0-0p2))) R.
o sh(fr.b)

mrz b b
where frb, :T; obl; = B, _E; ob2; = j; +§; b and
B, are respectively the rotor tooth opening width and the angle
of symmetry axis of rotor tooth.

In region VIIi representing the stator teeth with Pds, power
losses, we have
Pds, ,
-—r
4

ds

TVII,(r,0) =C5,,+C6,,In(r)

ot mzml[c@vml(:) A +C6i.ml[|;j_ MJCOS( fsd,, (6~ 6d1,)) (16)

ml=1 S

sh(fs,, (0= 0d1,))

7ikl
Kl ’ sh( fs,,d
Loty (50) sin fsklln(r]
o] sh(fs,,(6—-6d2,)) R,
4 C8 )
’ sh( fs,,d)

where fsk1=kﬁ; ff = In| = ; fsdmlzm; edli:yi—g;
ff R d 2

0d2, =}/i+%; d and y,are respectively the stator tooth

opening width and the angle of symmetry axis of stator tooth.

C. Interface Conditions in the 0- and r-Directions
To determine the unknown coefficients of temperature in

each subdomain, there are 18 ICs, viz., 14 ICs are in the 0-
direction and 4 ICs in the r-direction.

When considering heat transfer inside the machine by
conduction and outside the machine by convection, the ICs are
given as follow:

e inthe #-direction

v, (R.0)=-h (TV(R.0)-T,,) 17

where Tint and hr are respectively the temperature and the
coefficient of convection of air in the rotor shaft.

TV (R,,0) =TIl (R.,6) (18)

TV (R.,0)=TVI,(R,0) (19)
all,, (R,,6)  for He[gj+%;gj_%}

av, (R,,0)= X : (20)
qvl,;(R.,0) for He{ﬂj+§;ﬁj_5}

TI(Rm,H):TIIj(Rm,H) 1)

TI(R,,0)=TVI,(R,,0) 22)
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all,  (R,,0)  for He[gj-i-%;gj—%}

al (R, 0)= @
qvl,;(R,.0) for He[ﬂﬁz;ﬁj—ﬂ

TI(R,,0)=TIV,(R,,0) (24)

TI(R,,0)=TVII,(R,,0) (25)
awv,, (R,,0)  for Qe[ai+%;ai—%}

al (R,.0) = @
qVvil,; (R,,8)  for Qe{yi+5;yi—5}

THI(r,,0) =TIV, (r,,0) @7)

THI(r,,0)=TVII,(r,,0) (28)
qiv,, (r,,6)  for He[ai+%;ai—%:|

qlllr(l’4,l9)= | ; (29)
qvil,;(r,,0)  for 96':}/i+5;]/i_§:|

gl (R, 0) =h, (TIN (R, 0)-T,,) (30)

where Text and hs are respectively the temperature and the
coefficient of convection of ambient air of the machine.

e inthe r-direction

q”é),j(r’gj +%j=q\/le,j(r’ﬂj _gj (312)
e 2o (e 2] o
a)_ _b
T||j(l’,gj+5)—TV|j(r,ﬂj 2) (32a)
a b
Tuj(r,gj—EJ:ij(r,ﬁj+§j (32b)
qiv,, (r,ai +%) —qVil,, (r,yi —%) (332)
awv,, (r,ai —gj = qVil,, [r,yi +%) (33b)
v, (r,ai +%j ~TViI, (r,;/i —%) (342)
TIVi(r,ai—%)=TVIIi(r,yi+%j (34b)

When the heat transfer by convection in the air-gap is
considered, ;the ICs (21), (22), (24) and (25) are modified
respectively by

all,; (R,.0)=h (T, (R,,0)-TI(R,.0)) (35)
Vi, ; (R,.0)=h,(TVI;(R,,0)-TI(R,.0)) (36)
qlV;; (R,,0) = -h, (TIV, (R,,0)-TI (R,,0)) (37)
Vil (R,,0) =—h,(TVII,(R,0)-TI(R,,0)) (38)

where he is the coefficient of convection in the air gap (in W /m?K ).

The heat transfer in the 6- and r-directions by convection
between air regions and solid regions of the machine can be
introduced in the analytical model in the same way. This situation
can be found in the SPM with air space between PMs.

Outside the stator and inside the rotor, the heat transfer by
radiation can occur and can be taken into account by
modifying (17) and (30) respectively by

Vv, (R,0)=-h (TV(R,0)-T, ) - &o(TV*(R,0) Ty ) (39)

qll, (Ry,0) =N, (TI (R, 0) ~ T, ) + £o (T (R, 0) =Ty, ) (40)

ext? ext? ext ?
where h, and h, are respectively the coefficient of convection

inside the rotor and outside the stator, & the emissivity
coefficient, and o the Boltzmann constant. In this paper, we
consider only convection outside the stator-and.inside the rotor.

All above ICs consider that the contact between regions is
perfect. In electrical machines, there are some regions where
the interfaces contact/is not perfect. This is the case for
example of SPM with PMs mounted at the surface of rotor
using glue. In this-case, IC (18) is modified as

1

qu(Ri,e)zR—(Tv(Rr,e)—Tnj(Rr,e)) (41)

where R, is the contact resistance between PMs and the rotor
yoke due to glue (in m?K/W ).

In the case of Spoke machine where Region V does not exist,
the convective BC at the rotor shaft is applied directly to PMs and
rotor teeth regions [see Fig. 1(d)]. The ICsat r =R, are

all,; (R,0)=-h, (T, (R,.6)-T,,)
Vi, ; (R.,0)==h (TVI,(R,6)-T,,)

(42)
(43)

D. Development of Interface Conditions

The development of ICs permits to obtain a system of
equations whose unknowns are the coefficients of Fourier’s
series solution in each subdomain. The resolution of this
system gives the distribution of temperature and heat flux in
the entire machine. In this section, we develop only the I1Cs of
the conduction problem [i.e., (17) to (34b)] with convective
heat transfer to ambient air and at the rotor.

The development of ICs for the introduction of convection in
the air-gap [i.e., (35) to (38)], the radiation outside the stator and
inside the rotor [i.e.,, (39) and (40)], the contact resistance
between subdomains for non-perfect contact [i.e., (41)], and
convective BC in the rotor for Spoke machine [i.e., (42) and (43)]
can be done easily in the same way as in the conduction problem.

In the @-direction, the IC (17), which represents the
interface of heat transfer by convection inside the rotor, gives
3 equations

PR A9, p,R?
A -4 220 | —h | - A9, In(R )+ ALO, - T, 44
r( 24, ! R 44 +A9, In(R;)+ALO, ~T,,, (44)

r

”:f (A9, — AL0, ) = h, (A9, + A10, )

(45)



DOI: 10.1109/TMAG.2018.2851212, IEEE TRANSACTIONS ON MAGNETICS 6

M (M1, - M2,)=h, (ALL + AL2, )

(46)

From IC (18), which represents the perfect contact

between PMs and the rotor yoke, we obtain 2 equations
Pm.R? 19#%

n(R)-—L== 1| TV(R,0)0
(R)-—4i =4 [ TV(R.0X

QJ*E

B, +B2,,I (47)

a
9+

jo V (R, e)cos( (9 g, += Dde (48)

_a
12

Bljm[%] +szm=3
"R n=3

From IC (19), which represents the perfect contact
between rotor yoke and rotor teeth (or air space in the SPM),
we obtained 2 equations

b
Bi +E

Pdr,R?
WL ij R.,6)d0

BGJ,0+BSJVOIn(Rr) 421, d 5

(49)

i~ 2
nz /i+
st‘m(%}b +B6,, 3 j TV (R, e)cos[ . [e B+ Dda (50)
" ﬁ

) 2

The heat flux transfer in IC (20) between Regions V, Ilj
and VIj permit to obtain 3 equations as

(PR A9 1R
,1,( ) R,j_Z > [ an;(r.0)do

=1 a

e (51)
b
2p B +E

cee + JR—
2z JZ;' J,E
2
where p is the number of poles pairs.

A9 (R] g;+2
R 5

12p
f

V1, (R,.0)dé

N
>

qlly;(R,,@)cos(nd)do

R, R, 2= o 2
—A].O Ri 973 (52)
1 2p Bj+%
+=> [ avi, ;(R,,6)cos(ng)do
=1 b
[}J_E
A11{%] 8175
_);n ‘ - . 1 J' gll,;(R,.0)sin(ng)de
r = g.-2
. [R] e (53)
l 2p ﬁﬁ%
+=3 [ Vi, (R.,0)sin(ng)do
T J:1ﬁ79
I2

The IC (21) between temperatures of the air-gap and PMs,
we have

PmR. 1%
Ly (54)

Bl +B2;,In(R,) -~

TI(R,,0)d6

91*5

S
Blj‘m+BZ,-,m[&j =§ [ TR, e)cos[ (9 g, + j]dg (55)

R
72
The IC (22), which represents the perfect contact between
air-gap and rotor teeth (or air space between PMs in the SPM),
we have
B6,,+B5,,In(R,)-

(R,,0)d0

Pdr,R; B J. (56)

42

/, E

Bej,m[';’m]rl:ss —1[ TI(R, a)cos[ : (9 B, +2 Ddg (57)

v
2

The heat flux continuity in IC (23) permitsto get 3 equations

j all,; (R

s (58)

q
2

_AAZ, 2

2p B+
j V1, (R,,0)dé

j 1

Rm ' 2p gj+%
—% AS”[RSJ ==> [ a,;(R,0)cos(n6)do
m = a
_A4n 9 2 (59)
b
1 Zpﬂﬁi
+=> | avi, ;(R,.0)cos(ng)do
T j:1ﬂl—g
R, " 9+f
AN Al[ j 1
_Ze | T I, ;(R,.,0)sin(ng)do
Rm =1 J.éq " ( )
—AZ, 2 (60)
b
1 2pﬁj+§
+=> [ avi,;(R,.0)sin(n6)do
L= '
i
The IC (24) between air-gap and stator slots gives
2 a‘%
CL,+C2, |n(RS)—P45'TiRS=1 [ TI(R,0)d0 (61)
sl al*E
mie P
c1,ml[&]c +co, =2 | TI(RS,Q)COS[E(HfaﬁE]]d@ (62)
- ‘ c c 2
The IC (25) between air gap and stator teeth gives
2 Vit
C5,,+C6,,In(R, )~ Pd—Rzlel (R,,0)d0 (63)
mix ,A
cs,ml[%]d +C6,,, =2 j TI(R, a)cos[ [.9 n+ ;’Dde (64)
4
”E
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The heat flux continuity in IC (26) permits to get 3 equations

¢ d
/1A20 1& a4ty Vito
R "2r IV, (R;,0)do Vil (R,,0)dé 65
R, 2,;%3 Icq (i (R, 0)do+ qu ) (65)
{llfz 7!75
A c
AN 3 . :Ei“-fqlv (R;,0)cos(ng)do
Ry - A4, (st =1 ¢ "
' N (66)
+— Z j qVvil,; (R, 8)cos(ng)de
AN * L 13 b IV..(R,,6)sin(ng)dé
_ R, ..._AZH[RS] _;;: Icq +i(R;,0)sin(ng)
' - (67)

% **

1 Qs

— VI

+”; j q
7.*5

R,0)sin(ng)do

The IC (27) between temperatures of stator yoke and stator
slots gives

Psl r

ClL,+C2,In(r,) f THI(r,,6)d0 (68)
C2iml[r—4] ey, =2 j TH (T, H)COS(mlﬂ[a—a,+E)]d9 (69)
' Rs C 2

The IC (28) between temperatures of stator yoke and stator
teeth gives
(70)

C5,,+C6,, In(r,) - Pdr lij r,,0)d0

i .
q 2
cei‘ml(;—“] +C5i,m1=§ | TIII(rA,Q)cos(%(e—yi+%jjd9 (71)
's d
V\’E

In conduction problems, the heat flux continuity between
stator yoke, stator slots and stator teeth is represented by IC
(29) giving

pS [
21 Q. II+E }/‘+E
-2, == Z quv,‘i(rA,e)dm [ avin,(r.0)de | (72)
+T =

Asn(;*] o
_AN et :12 J' qlv,, (r,.@)cos(nd)de
" A6 fy T =L '
---— A6, a 2 (73)
d
= Z j Vil ;(r,,0)cos(ng)do
i=1
Ah[;‘]
_An & I qlv,;(r,,0)sin(n@)do
I’4 A8 r4 " 7[ i= 1 c
- — A8, R. 2 (74)
JRg)
1372 :
+;Z J' qVil, (r,,0)sin(ng)de
i=1 d

Vi )

The heat transfer by convection between stator and air
ambient outside the stator, which is represented by IC (30),
gives 3 equations

w3 _BRe 85 —h |- P:R EXt+A5 In(Ry, )+ A6, T, | (75)
2. R, a),

DA a5, A6, ) =h, (A5, + A6,)

ext

M

(76)

* (A7, - A8,)=h, (A7, +A8,) (77)

'ext

In the r-direction, the heat flux continuity represented by

IC (31a) permits to get
ki B3, ch[k”aJ B8, ch[k”bj

v 99 ) |= s (78)

+B4,;, g9 - sh( ] o+ BT,

, 99 ‘

gg - sh[k aj
99

The IC (31b) permits to get 2p equations. For the first
PM (or rotor cage bar), we have

kzA,

kza kzh
krza kb
gg-sh| —— | ---+ B3, gg-sh| —=|{.--+B8,,,
g9 ' g9 ‘

For the other 2p—1 PM (with j vary from 2to 2p ), we obtain

kza kb
B4 .ch B7. ,.ch| —
[ggJ S W [ggj (80)

k k
gg~sh[gﬂga] - +B3, gg.sh(é;b] 4B,

k7,

The IC (32a) between temperatures of PM (or cage bar in the IM) and rotor teeth (or air between PMs in the SPM) gives

(B8, +B3,, )= é[(—asm +B2,,)int2+(BL,, - B6,, )mt1+[_%+ Zir ]mﬂ}

+—Z( BS5, , int3—B6, |nt4+cos(m7r)(Bl

99 na

a

(81)
jmiINt5+B2; int6))
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Development of IC (32b) for the first PM (or cage rotor bar) and rotor teeth (or air between PMs in the SPM) gives

2 : . Pm, Pdr,, ).
B7,,, +B4,, = Q((—BSM0 +B2,,)int2+(BL,, - BGZDVO)lnt1+[—H1+7:”]mt7]

; (82)
---+£Z(—(852pmint3+862pmint4)cos(m7z)+Blmint5+BZlmint6)
99 m=t ’ ‘ ' ‘
For the other 2p—1 PM, we obtain
2 . Pm,;, Pdr,
B7;, +B4,,,, =—| (~B5;,+B2,,,, )int2+(Bl,,,,~B6,, )intl+| - +—2 |int7
99 45, 42, ©3)

+—Z((BS int3+B6, |nt4)cos(m7r)+Bl int5+B2

99 ma

Ry I Ry %
sin(k—ﬁlnilJ r, int2= J'ﬂsin k—”ln(Lj r, int3= .[lsin k—”ln[L] {Lj dr,
99 (R T 99 \R = Lag (R AR,
int4 j m(—l ( D(L] dr, int5=J13|n(k—ﬂl ( D(Lj dr,int6:jlsin(k—”ln(LjJ(Lj dr, and
R I’ RI’ Rr r gg Rr Rm Rr r gg Rr Rr
int7 = j rsin[k—ﬁln (LDdr .
5 99 \R

For the stator slots and stator teeth, the development of IC (34a) gives

j+Lm j+Lm |nt6)

= |

Ry
where intl= j
RI’

ﬂIH

2 . Pd. - Psl
CSi,k1+C8iyk1:F((—CZLO+C6i‘0)|nt25+(05i,o—C]1, )lntls+[—E+Hj| nt7s J

sl (84)
mml
---+%2(C5, 1 iNt35+C6, , int4s —cos (mixz)(CL, ,,int5s +C2, , int6s))
ml=1
Development of IC (34b) for the first stator slot and the last stator tooth permits to get
. : Pd,  Psl, ).
G4y, ~CTg == (~C2,, +CBy , )int25 (€8, , ~CL, Jints + ~—2 + 224 lint 75
: 3 ff : s K ’ 44, 42,
(85)
mmil
+f—2fZ((CSQSMint3s+CGQSleint4s)cos(m17r)—C1Lmlint5s—C21vm1intGS)
ml=L
For the other stator slots and stator teeth (with i vary from 1to Q, —1), we have
. Pd, Psl,
~C7,,—-Cé4 .1 _2 (~C24,, +CB8y, )int 25 +(—Cl,,, , +C5;, )intls +| ——1 + ——1L b lint7s
' ’ ff ’ ' ' 0 42, 42,
(86)
mml
..-+%Z((Csiymlint3s+06iymlint4s)cos(m1;r)—Cli+l‘m1|nt55 CZHmllnth)
mi=1
The integrals<in the stator slots and teeth in the r-direction The IC (33b) gives Q, equations. For the first stator slot,
intls ~ int7s between R, and r, are similar to above \ye have
integrals at the rotor subdomains between R, and R, . In the klzc klzd
. ] . ] kizA, C4,,,ch| — klzA, C7stklch —_—
6-direction, the integrals are simple and easy to calculate. = fft )|(88)

klﬂ - kird
ff .Sl h[ C] +C3 ffs h( j <+ C8y 4y

For the other Q, —1 slots (with i vary from 2 to Q. ), we obtain

The heat flux continuity between stator slots and stator
teeth is represented by IC (33a) giving

klzc
klzA, C3,k1ch( T j K, C8,klch[

—— T —— ff j 87) [klnc] (kvrdj
klzA, C4;.ch klzA, 7 ipach
ff.s h[klffcj <+ C4y ff.s h(klﬂdj =+ CT { ff = (89)

Kl klzd
fr ffs h( C] "'+C3i,k1 ff.s h[ ] ”+C8i—1,k1

klzd
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I1l. TEMPERATURE AND HEAT FLUX RESULTS

The parameters and dimensions of the studied electrical
machines are given in Table I. The machines have a simple
distributed 4 poles winding. The power losses of SPM and
IPM at 500 rpm used as sources for the thermal model are
calculated using simple formulas presented in [27]. The B(H)
curve of stator and rotor iron for the electromagnetic power
losses determination by Fem is given in Fig. 3. The hysteresis
and eddy current coefficients and lamination factor used in
losses calculation are also given in Table I. For the IM with
cage rotor, 6 stator slots and 4 rotor bars are considered to
show the validity of the analytical model to predict
temperature and heat flux in this type of machines. The heat
sources for the IM and Spoke machine are considered the
same as in the IPM. The PM losses is considered equal to loss
in cage rotor bar. The thermal conductivities, convection
coefficients, ambient temperatures and power losses at
500 rpm used in the thermal model are listed in Table I1. The
variation of power losses in the SPM and IPM with speed are
shown in Figs. 4 ~5. The harmonics number of analytical
model is nn, mm, kk, mml and kk1 are 200, 50, 50, 40,
and 40 respectively. This harmonics number permits to obtain
a very good accuracy in comparison with Fem and a
reasonable computing time. However, the analytical program
is not optimized to compare computational time with Fem.
The average number of elements and nodes of the Fem
calculation [22] are respectively 109,168 and 55,484.

2

1.5

0.5

0 2000 4000 6000
H\(A/m)

Fig. 3: B(H) curve of stator and rotor iron.

TABLE |
PARAMETERS OF STUDIED MACHINES.

Symbol Parameters Value
Brm Remanence flux density of PMs 13T
Lrm Relative permeability of PMs 1.0277

Nec Number of conductors per stator slot 23

Im Peak phase current 7A
Qs Number of stator slots 6

c Stator slot-opening 30 deg.

a PM-opening 40 deg:

p Number of pole pairs 2
Rext Radius of the external stator surface 110 mm
4 Outer radiusof stator slot 97 mm
Rs Radius of the stator inner surface 80.5 mm
Rm Radius of the rotor outer surface at the PM 79.7 mm
Rr Radius of the rotor.inner surface at the PM 73 mm
Ri Radius of the rotor shaft 40 mm
om Electrical conductivity of PMs 0.556E6 S/m
ow Electrical conductivity of stator coil wires 58E6S/m
Os Electrical conductivity of M-19 Steel 1.9E6 S/m
Cs Lamination stacking factor 0.95
Ch Hysteresis coefficient 143
Ce Eddy-current coefficient 0.530
g Air-gap length 0.8 mm
Lu Axial length 40 mm
Q Mechanical speed 500 rpm

TABLEII
PARAMETERS OF THE THERMAL MODEL.

Symbol Parameters Value
Ae Thermal conductivity of air-gap 0.03 W/(m °K)
Aa Thermal conductivity of air 0.03 W/(m °K)
Am Thermal conductivity of PMs 9 W/(m °K)
As Thermal conductivity of stator iron 55 W/(m °K)
Ar Thermal conductivity of rotor iron 55 W/(m °K)
Ab Thermal conductivity of cage rotor bars 394 W/(m °K)
Asl Thermal conductivity of stator slot coil 1.73 W/(m °K)
Ps Stator losses in the SPM 42W
pr Rotor losses in the SPM 0.17W
Pm PM loss in the SPM 6.5W
psi Stator slot losses in the SPM 18.13W
Ps Stator losses in the IPM 407 W
pr Rotor losses in the IPM 031w
Pm PM losses in the IPM 7.94W
Psi Stator slot losses in the IPM 18.12 W
hr Convection coefficient inside the rotor 100 W/(m? °K)
Tint Temperature inside the rotor 70 °C
hs Convection coefficient outside the stator 100 W/(m? °K)

Text Temperature outside the stator 70 °C
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20— where power loss is higher [see Table 11]. In the middle of air-
——Stator Core gap, the temperature and heat flux components distribution
§150 '\C"a%erfsl calculated by the developed analytical method and Fem using
- - -Coil Ohmic P H P
= " Coil Proximity the parameters and power losses of Table 11 are given in Fig. 7.
o 100 Total Loss
[%2]
S 4.223e+002 ; >4.247e+002
[ ) R L EEE L EEEEEE P CEEEEEE R 4.200e+002 : 4.223e+002
4.176e+002 : 4.200e+002
4.152e+002 : 4.1760-+002
| 4.128e+002 : 4.152e+002
0 st - 4.104@-!{!)25 4.128e+002
200 400 600 800 1000 [ 4 05704002 406169002
Speed (RPM) ] 40054002+ 4.03504002
(a) || 3.985e+002 : 4.009e+002
|| 3.962e+002 : 3.985e-+002
|| 3.938e+002 : 3.962e+002
|| 3.914e+002 : 3.938e+002
02+ || 3.850e+002 : 3.914e+002
|| 3.867e+002 : 3.890e+002
|| 3.843e+002 : 3.867e+002
— | 3.819+002 : 3.843a+002
= 0.15+ || 3.795e+002 ; 3.819e+002
R | <3.771e+002 : 3.795e+002
§ 01+ -+-Rotor Core Pot Temperatire (9
2 ——Stator Core . D
S Magnets Fig. 6: Temperature distribution in the SPM.
0.05 - - --Coil Ohmic
—=—Coil Proximity 150
Total Loss g 3 ° Fem
499.992 499.996 500 Frao § § [Analytical
Speed (RPM) s : '
(0]
(b) 5
= 130
Fig. 4: Power loss variation with speed in the SPM. “é
8 120
200
—Raotor Core
——Stator Core 110 . . .
150 || Magnets 0 30 60 90 120 150 180
g - - -Coil Ohmic Angle (mech. degrees)
= —— Coil Proximity (a)
8 100 | |—~Total Loss
[2]
§ 1500 r
BOE -t °o Fem
— Analytical
ey . 1000
0 139
200 400 600 800 1000 £
Speed (RPM) 2
(@ o= 500
0.5 —=-Rotor Core J &_
——Stator Core 0]
§°-4 Magnets 0 30 60 90 120 150 180
- - -Coil Ohmic
%03 Coil Proximity| Angle (k;neCh' degrees)
% ——Total Loss ( )
.02 300
° Fem
01 200 — Analytical
0 < 100
499.8 4999 500  500.1  500.2 £
Speed (RPM) s 0
() o 100
Fig. 5: Power loss variation with speed in the IPM. 200
) o
. -300
A. Thermal Results of the SPM and Validation 0 30 60 90 120 150 180
For the 6-slots/4-poles SPM, the temperature distribution at Angle (mech. degrees)
speed of 500 rpm in the whole machine is shown in Fig. 6. We ©
can observe that the temperature is higher inside the stator slots Fig. 7: Temperature and heat flux components distribution in the

middle of air-gap.
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107.8 : temperature distribution in the PMs and the stator slots, the
jﬁg;’:yt'ca' temperature curves in the #- and r-direction obtained

o 1ore analytically are represented in Figs. 8 ~9 and compared with
E 1074 Fem. The analytical results are in very good agreement with
2 the Fem results. A parametric analysis with varying the
G 107.2 convective coefficients h, and h, is also done. In Fig. 10, the
E o7 temperature distribution in the machine when the convective
coefficients hs=20 W/(m? °’K) and h,=100 W/(m? °K) is shown.

106.8 The corresponding air-gap temperature distribtion is
25 40 55 65 represented in Fig. 11. It can be observed that the temperature

Angle (mech. degrees) is higher than the case with hs=100 W/(m? K). For the case

(2) In the 0-direction. with h=20 W/m? °K) and hs=100. W/(m2 °K), in

108.5 Figs. 12 ~ 13, we show the temperature distribution in the
machine obtained by using Fem and temperature distribution

o 108 ] in the middle of air-gap obtained by using the developed
o analytical method and Fem..In this case also, the analytical
2107-5 results are very close tothose of Fem. The variation of
© temperature in the center of PM and stator slot when the
“é 107 —Analca convective coefficients h, and-'h varies is presented in
2 1065 Figs. 14 ~ 15. The.comparison of the analytical method results
with those obtained by Fem confirms the validity of the

106 proposed analytical ‘method to predict the temperature

0.074  0.076  0.078 distribution in the SPM with a very good accuracy.
Radii (m)
(b) In the r-direction.

5.437e+002 : >5.508e+002
5.366e+002 : 5.437e+002
5.2960+002 : 5.366e-+002
5.225e+002 : 5.296e-+002
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5.084e+002 : 5.155e-+002
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Fig. 8: Temperature in the middle of the first PM.
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115 Fig. 10: Temperature distribution in the SPM for hs=20 W/(m? °K)

—_ 20
15 30 45 and h/=100 W/(m? °K).
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(b) In the r-direction. Fig. 11: Temperature distribution in the middle of air-gap

. . . ! for he=20 W/(m? °K) and h;=100 W/(m? °K).
Fig. 9: Temperature in the middle of the first stator slot. or (M=K an (m™"K)

To show the ability of the analytical method to predict the
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Fig. 12: Temperature distribution in the SPM for h,=20 W/(m? "K)
and hs=100 W/(m? °K).
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Fig. 13: Temperature distribution in the middle of air-gap
for h=20 W/(m? °K) and hs=100 W/(m? °K).
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Fig. 14: Temperature variation with varying hs and h=100 W/(m? °K) in a

point at the center of PM and stator slot.
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Fig. 15: Temperature variation with varying hr and hs=100 W/(m? °K) in a
point at the center of PM and stator slot.

B. Thermal Results of the IPM and Validation

Studied IPM machine has the same dimensions and
parameters than SPM machine with small difference in power
losses [see Tables | ~ I1]. The temperature distribution in the
entire machine predicted using Fem is given in Fig. 16. The
temperature and heat flux components distribution in the
middle of air-gap obtained with the analytical method is
shown in Fig. 17. We can observe a very good agreement
between analytical and Fem results. The temperature
distribution in the middle of first PM and stator slot in the -
and r-direction [see Figs. 18 ~19] obtained analytically and
with Fem confirm the accuracy of the proposed analytical
method to predict heat transfer in those regions where the
effect of temperature is very important.
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Fig. 16: Temperature distribution in the IPM.
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Fig. 17: Temperature and heat flux. components distribution in the
middle.of air-gap.

When the cooling . outside. the/ IPM is not sufficient
(hs=20 W/(m? °K)), the heat is not evacuated and the temperature
is very high in the stator and-air-gap [see Figs.20~21]. The
same observation can be done in the case of not sufficient cooling
in the rotor shaft with h=20 W/(m*K). In this case, the rotor
temperature is high but-lower than the case of low value of hs [see
Figs. 22 ~ 23]. The variation of temperature in the center of first
PM and stator slot with the convection coefficient hs and hr is
represented in Figs. 45 ~ 25. Those curves are very important for
the design of insulation of stator winding and PM where the
characteristics depend on temperature. The effect of convection
coefficient of air-gap (i.e., he) on the PM and the stator slot is
shown in Figs. 26 ~ 27. It can be observed that the temperature in
the middle of PM decrease with small values of he and the
temperature in the middle of the stator slot increase for small
values of he. With low values of convective coefficient in the air-
gap, the air-gap is considered as a barrier to heat transfer between
stator slot (where the heat source is higher) and PM.

Fig. 18: Temperature distribution in the middle of the first PM.
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Fig. 20: Temperature distribution in the IPM for hs=20 W/(m? °K)
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Fig. 21: Temperature distribution in the middle of air-gap
for hy=20 W/(m? °K) and h,=100 W/(m? °K).
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Fig. 22: Temperature distribution in the IPM for h=20 W/(m? °K)

and hs=100 W/(m? °K).

165 o Fem
—Analytical
:(_—)\ 160
0 155
2
o
3 150
5
=145

N
N
o

0 30 60 90 120 150 180

Angle (mech. degrees)

Fig. 23: Temperature distribution in the middle of air-gap
for h=20 W/(m? °K) and hs=100 W/(m? °K).
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Fig. 24: Temperature variation with varying hs and h=100 W/(m? °K) in a
point at the center of PM and stator slot.

170
160

-
(o]
o

Temperature (°C)
» =
o o

120 ¢

—Analytical
° Fem

N
-
o

N
o

40 60 80 100 120
h (W/m®°K)

(a) Temperature at the center of the first PM.

155

C
N -
> o
o o

Temperature (°
=
o

—Analytical
° Fem

-
w
N9

(b) Tem

40 60 80 100 120
h (W/m?°K)
perature at the center of the first stator slot.

Fig. 25: Temperature variation with varying h; and hs=100 W/(m? °K) in a

po

int at the center of PM and stator slot.

14



DOI: 10.1109/TMAG.2018.2851212, IEEE TRANSACTIONS ON MAGNETICS

118

4.1960+002 : >4.212e+002
4.181e+002 : 4.196e-+002
4.166e+002 : 4.181e+002
4.1518+002 : 4.166e+002
4.135e+002 : 4.151e+002
4.120e+002 : 4.1352+002
4.105e-+002 © 4.120e-+002
4.08%+002 : 4.105e-+002
4.074e+002 : 4.08%+002
4.05%-+002 : 4.074e-+002
4.044e+002 : 4.05%+002
4.0282+002 : 4.0442+002
4.013e+002 : 4.028e-+002
3.9980+002 : 4.0132+002

)
[TTTTTTITTT T T O

-
=y
~

r he=20 W/m?°K 1
—he=100 W/m?°K

Temperature (°C
N

110 3.983e+002 : 3.998e+002
3.967e+002 : 3.983=+002
3.9520-+002 : 3.967e+002

108 - . . | 3.937e+002 : 3.9528+002
3.922e+002 : 3.937e+002

25 40 55 65 ] 3. 90604002 + 397204002
Angle (mech. degrees) Dersity Plot: Temperatire ()
Fig. 26: Analytical temperature distribution in the middle of the first PM with Fig. 28: Temperature distribution in the IM.

different convective coefficients in the air-gap (with h=100 W/(m? °K)
and h=100 W/(m? °K)).
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C. Thermal Results of the IM and Validation 7 200
As explained above, the IM configuration with 6 stator slots 0
and 4 rotor bars studied in this paper does not existe and used -200
only for showing the validity of the proposed analytical model 0 30 60 90 120 150 180
for thermal modeling. The difference between the analyzed IM Angle (k’J“GCh- degrees)
and IPM in term of thermal. modeling, is the conductivity of PM (®)
and cage rotor bars. This later which isequal to 394 W/(m °K) 60
is very high than the conductivity. of PM equal to 9 W/(m °K). 20" A
The heat sources in.the PMs of the IPM are replaced with the — Analytical
heat sources of cage rotor bar in the IM. The dimensions of cage 20 ° em

: S - e €
rotor bars.are higher than the dimensions of PMs in this s o
example. The temperature distribution in the machine obtained ;m

by using Femqis represented in Fig. 28. It can be observed that 20
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temperature and heat flux components distribution in the middle ool S

of air-gap is shown in Fig. 29. The analytical results are very 0 30 60 90 120 150 180
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Fig. 29: Temperature and heat flux components distribution in the
middle of air-gap.

The temperature distribution in the - and r-direction in the
middle of the first cage rotor bar and the first stator slot is
shown in Figs. 30 ~ 31. The accuracy of the new analytical
model is established also in those subdomains where it is
important to know the heat transfer for the insulation design.
The effect of cooling outside the IM and inside the rotor shaft
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Fig. 31: Temperature in the middle of the first stator slot.

is represented with the convective coefficients h, and h,

respectively. For hs equal to 20 W/(m? °K), which is small, we
represent in Figs. 32 ~ 33 the temperature distribution in the
whole machine and in the middle of air-gap. The high
temperature is located inside the stator and the temperature in the
air-gap is higher also compared to hs equal to 100 W/(m*K). For
hr equal to 20 W/(m#°K) compared to hr equal to 100 W/(m*K),
the essential of heat is located in the rotor [see Fig. 34] and the
temperature distribution in the air-gap [see Fig. 35] is higher than
the case with h=100 W/(m*K). Low values [of convective
coefficients represent a barrier for heat transfer/outside the stator
and inside the rotor.
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D. Thermal Results of the Spoke Machine and Validation

The exact analytical model for the Spoke machine has less
number of regions and the rotor convective heat transfer in the
rotor represent a BC of PMs and rotor teeth subdomains. The
main dimensions and thermal parameters are given in
Tables | ~ 11 with a difference in height and opening of PMs
and rotor teeth. The heat sources used for the thermal model
are the same as in the IPM. The analytical results are obtained
with the number of harmonics fornn, mm, kk, mml and
kkl equal to 200, 70, 70, 60 and 60 respectively. The
harmonics number is chosen to get accurate results with a
reasonable time of calculation and to avoid numerical errors.

In Fig. 36, the temperature distribution in the machine
obtained with Fem is shown. It can be observed that.the
temperature is higher in the slots due to Joule losses which are
important in the slots. The temperature and heat flux
components distribution in the middle of air-gap isrepresented
in Fig.37. The analytical results are very close to those
obtained with Fem. To confirm the validity of the proposed
analytical method for spoke-type machines, the temperature
distribution in the center of the first PM and stator slot in both
directions r and 6 are shown in Figs..38 and 39. In the PM and
stator slots subdomains, the analytical results are also in very
good agreement with those obtained with Fem.
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Fig. 36: Temperature distribution in the Spoke machine.
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IV. CONCLUSION

Actually, there is not 2-D exact analytical calculation of
temperature and heat flux in electrical machines using formal
resolution of heat equation. In this paper, we have proposed a
new semi-analytical model based on the subdomain technique
for prediction of steady-state temperature and heat flux
components in four types of electrical machines. The model is
valid for most rotating electrical machines and permits to
determine the heat transfer in the entire machine with
excellent accuracy. It can be used for a parametric study or an

optimization process that include the effect of the variation of
thermal conductivities, convective coefficients and power
losses in temperature distribution. The analytical results are in
very good agreement with those obtained by Fem.

Heat transfer using convection coefficient in the air-gap is
also investigated and the results are very interesting.
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