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ABSTRACT
We investigate the effects of squeeze air film and initial de-

flection on the resonance frequencies and modal damping of ca-
pacitive circular microplates. The equation of motion of a circu-
lar microplate, which are derived from the von kármán plate the-
ory, coupled with the Reynolds equation are discretized using the
Differential Quadrature Method (DQM). The eigenvalues and
eigenvectors of the multiphysical problem are determined by per-
turbing the system of equations around a static solution. There-
fore, the resonance frequencies, modal damping coefficients and
mode shapes of the plate and the fluid can be determined. The
advantage of using DQM is that the solution of the system can
be obtained with only few grid points. The obtained numerical
results are compared with the experimental data for the case of
a capacitive circular microplates with an initial deflection. The
increase of the static pressure leads to a shift in the resonance
frequencies due to the increase in the stiffness of the plate. Also
the initial deflection change the resonance frequencies due to the
change in the effective gap distance. The developed model is an
effective tool to predict the dynamic behavior of a microsystem
under the effect of air film and with initial deflection.

INTRODUCTION
Capacitive resonators have been the subject of extensive re-

search for the last decades. This interest has led to many ap-
plications such as MEMS accelerometers and gyroscopes [1–4],

pressure sensor [5], mass sensors [6–8] and radio frequency an-
tennas [9].

One of the most used actuators in MEMS is the ultrasonic
transducer, which is used to generate ultrasonic waves by vibrat-
ing the surface of the mechanical structure at a high frequency.
These microdevices have been used in several applications like
medical imaging [10] and therapy [11].

Characterization of capacitive micromachined ultrasonic
transducers (CMUTs) has two major problems: The first one
is the imperfection produced from the fabrication method like
residual stress and initial deflection. The second problem is the
effect of the fluid between the two electrodes. The fluid film
can change dramatically the dynamic behavior of capacitive res-
onators by adding a stiffness and damping to the system.

The effects of initial deflection have been investigated in
several studies. Ouakad et al. [12] studied the effect of an initial
deflection on the static response of a microbeam. They showed
that an increase in the the downward initial deflection leads to a
decrease in the pull-in voltage due to the fact that the microbeam
becomes closer to the bottom electrode. However, The upward
initial deflection results in a snap through behavior [13] where
the initial deflection increases the snap through voltage and de-
creases the pull-in voltage.

For the case of microplates, Saghir et al. [14, 15] investi-
gated the static and the dynamic behavior of a rectangular mi-
croplate with an initial deflection. Near primary resonance, the
microplate has a hardening type behavior when the excitation
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force is low and the increase in the AC voltage increases the gap
between the two stable solutions. The dynamic behavior of the
microresonator was also investigated at ω/3 super-harmonic. In
this case, the increase in the AC voltage does not only increase
the vibration amplitude but also changes the nonlinear dynamic
behavior from hardening to softening. Medina et al. [16, 17]
developed a reduced order model for a circular capacitive mi-
croplate, which has been validated using finite element analysis.
The analysis revealed that due to the nonlinearity of the elec-
trostatic force, the snap-through occurs at a lower displacement
compared to the one induced by mechanical loads.

One of the techniques that have been used to study the ef-
fect a surrounding fluid on microsystems is the finite element
method (FEM). Chaterjee et al. [18] used the modal projection
method implemented in ANSYS to determine the stiffness and
modal damping coefficients of a cantilever. The effect of the DC
voltage was investigated at different pressures and it was shown
that the static pressure can shift the resonance frequency of mi-
crosystems and increases the damping forces. FEM models are
very efficient especially for systems with complicated shapes like
perforated plates [19,20]. However, this type of model is compu-
tationally very time consuming, making it difficult to use when a
large number of simulations are needed.

In order to overcome these problems, Younis et al. [21] de-
veloped a reduced order model of a rectangular microplate under
the effect of air film using the Galerkin method. The obtained
system of differential equation is solved using the perturbation
method to determine the displacement and the pressure distribu-
tions of flexible microstructures. The model is used to determine
an analytical expression of the damping coefficient and the natu-
ral frequency of the coupled problem. The obtained results have
been compared with the experimental tests and they were in a
good agreement.

In this paper, we present a different technique that can be
used to investigate the effect of surrounding fluid on the reso-
nance frequencies of a circular microplate. The system of equa-
tions, which is composed of the mechanical equation of motion
and Reynolds equation, is transformed into a set of ordinary dif-
ferential equations using DQM. The eigenvalue problem is then
solved by perturbing the system around the static solution. We
proved that the static pressure in the gap can add stiffness and
damping to the system. By comparing the resonance frequen-
cies at vacuum and atmospheric condition, a shift of 60 % is oc-
curred for the first mode, which proved the importance of taking
into consideration the squeeze film effects during the modeling
of such microsystem. Also, we showed that at atmospheric con-
dition, the initial deflection changes the resonance frequency due
to the change in the gap distance between the two electrodes.

MATHEMATICAL MODEL
Equations of Motion

In this section, we consider a circular microplate with a uni-
form cross-section h and a homogeneous material with a density
ρ , a Young’s modulus E, which is the equivalent Young’s mod-
ulus of the plate with a multilayer materials, and a Poisson ratio
ν , as shown in Figure 1. The vibrating electrode is modeled as a
perfectly clamped circular microplate with radius R excited with
an electric voltage V (t) = Vdc +Vac cos(ωt), where Vdc is the
static electric voltage and Vac is the amplitude of the harmonic
voltage. The bottom electrode, with radius Re and thickness de,
is placed below the microplate at a distance d. We suppose that
the microplate is subjected to an axisymetric initial deflection
w0(r) defined as follows:

w0(r) = wmax cos
(

πr
2R

)
(1)

where wmax represent the initial deflection of the membrane at
its center. We chose this expression of the initial deflection be-
cause it satisfies the boundary conditions of a clamped circular
microplate and also it is a good approximation for the initial de-
flection determined experimentally.

As we can see in Figure 2, the microplate has an upward ini-
tial deflection wmax = 270 nm. The initial deflection of the mem-
brane is due to two effects [22]: (i) The stress gradient, which is
due to the deposition of a thin layer of Aluminum on the upper
surface of the microplate, (ii) The deformation of the substrate
due to the fabrication process of the CMUT based on the anodic
bonding technique of a SOI wafer on a glass wafer [23]. Since
the two wafers have a different coefficient of thermal expansion,
the deformation of the substrate leads to a deformation of the
microplate.

The change in the gap distance leads to a change in the fluid
pressure between the two plates. Hence, the mechanical differ-
ential equations, describing the multiphysical problem, can be

𝑅

𝑅𝑒

𝑑

𝑤(𝑟, 𝑡)
ℎ

Axisymmetric axis
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FIGURE 1: A schematic of a circular electrostatic thin mi-
croplate.
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FIGURE 2: Topography of initial free shape of the microplate
measured using interferometer.

written as:

ρh2

D
ẅ+

h2

D
fd +∇

4w =
N0

D

(
1
r
(w,r +w0,r)+(w,rr +w0,rr)

)
+

ε0V 2 (t)

2D(d−w+w0)
2 −

P(r, t)
D

+
12
h2

[
1
r

u,r (w,r +w0,r)

+u,rr (w,r +w0,r)+u,r (w,rr +w0,rr)+
1
2r

(w,r)
2 (w,r +w0,r)

+w,r (w,r +w0,r)

(
1
r

w0,r +w0,rr

)
+

1
2
(w,r)

2 (w,rr +w0,rr)

+w,rw0,r (w,rr +w0,rr)+w,rr(w,r +w0,r)
2

+
ν

r
(u,r (w,r +w0,r)+u(w,rr +w0,rr))

]
(2)

u,rr +
1
r

u,r−
u
r2 =−1−ν

2r

(
(w,r)

2 +2w,rw0,r

)
−w,rr (w,r +w0,r)−w,rw0,rr (3)

where u(r, t) and w(r, t) are the in-plane and out-of-plane dis-
placement of the plate, P(r, t) represents the net pressure force
applied on the lower surface of the plate, ∇4 is the bi-harmonic

operator expressed as ∇4 =
(

∂ 2

∂ r2 +
1
r

∂

∂ r

)2
and D = Eh3

12(1−ν2)
is

the plate flexural rigidity. fd is the damping force. ε0 the per-
mittivity of the air. N0 is the residual stress applied on the plate.
Assuming axisymmetric pressure distribution, the pressure com-
ponent is determined by solving the following Reynolds equation
of a fluid between two circular plates:

∂

∂ r

(
rH3Pt

∂Pt

∂ r

)
= 12ηr

(
H

∂Pt

∂ t
+Pt

∂H
∂ t

)
(4)

where η is the viscosity coefficient of the fluid, H is the total
gap distance between the two plates and Pt represents the total
pressure in the gap, which are defined as:

Pt = P0 +P(t)

H = dt(r)+w0(r)−w(r, t) where dt(r) =
{

d r ≤ Re
d +de r > Re

(5)

and P0 is the local pressure of the medium. For the pressure
boundary conditions, we suppose that the fluid is trapped inside
the gap. Therefore, the flux at the clamped edge is equal to zero
and at the center of the plate the pressure is maximum which
means that the derivative of Pt with respect to r is zero. Hence,
the boundary conditions of a circular plate are defined as:

At r = 0 : w,r = 0 u = 0 P,r = 0
At r = R : w,r = w = 0 u = 0 P,r = 0 (6)

The Reynolds equation (4) is derived from the NavierStokes
equation by approximating the gas in the gap to be continuum
and this is depending on the value of the Knudsen number Kn
defined as:

Kn =
Paλa

P0H
(7)

where Pa and λa are the pressure and the molecular mean free
path of the fluid at ambient condition. In general, there are four
regimes of flow depending on the Knudsen number Kn: contin-
uum regime (Kn < 0.001), transition regime (0.001≤ Kn ≤ 0.1),
slip-flow regime (0.1 ≤ Kn ≤ 10) and molecular regime (Kn >
10). At the continuum flow the dynamic of the fluid is governed
by the Reynolds equation (4). However, for a very small gap
distance H and low pressure P0, the flow becomes noncontinu-
ous and the Reynolds equation becomes suspect to use. Several
studies have been conducted to extend the validity domain of the
Reynolds equation by introducing an effective viscosity coeffi-
cient ηe f f which depends on the Knudsen number Kn. One of
the most used models is the approximation of Veijola et al. [24]
which is given by:

ηe f f =
η

1+9.638K1.159
n

(8)
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Nondimensional Equations of Motion
In order to reduce the number of physical parameters used in

the simulation we define the following nondimensional variables:

r̃ = Rr; ũ = du; w̃ = dw

c̃ =
(Dρh)1/2

R2 c; γ =
12Rd

h2 ; β =
d
R

Ñ0 =
D
R2 N0; t̃ = Tt = R2

(
ρh
D

)1/2

t; αe =
ε0R4

2Dd3

P̃t = P0Pt = P0(1+P); H̃ = dH PND =
R4P0

Dd
;

(9)

Substituting (9) into (2-4) and dropping the tilde (∼), we
get:

ẅ+ cẇ+∇
4w = N0

(
1
r
(w,r +w0,r)+(w,rr +w0,rr)

)
+αe

V 2 (t)

(1−w+w0)
2 −PNDP+ γΓ̂(w,u,w0) (10)

u,rr +
1
r

u,r−
u
r2 =−1−ν

2r

(
(w,r)

2 +2w,rw0,r

)
−w,rr (w,r +w0,r)−w,rw0,rr (11)

∂

∂ r

(
rH3Pt

∂Pt

∂ r

)
= σr

(
H

∂Pt

∂ t
+Pt

∂H
∂ t

)
(12)

where Γ̂ is defined as:

Γ̂(w,u,w0)=
1
r

u,r (w,r +w0,r)+u,rr (w,r +w0,r)+u,r (w,rr +w0,rr)

+β

(
1
2r

(w,r)
2 (w,r +w0,r)+w,rr(w,r +w0,r)

2

+w,r (w,r +w0,r)

(
1
r

w0,r +w0,rr

)
+

1
2
(w,r)

2 (w,rr +w0,rr)

+w,rw0,r (w,rr +w0,rr)

)
+

ν

r
(u,r (w,r +w0,r)+u(w,rr +w0,rr))

(13)

σ =
12ηe f f R2

d2P0T represents the squeeze number [25], which refers to
the compressibility of the fluid in the gap.

The nondimensional boundary conditions (6) are trans-
formed to:

At r = 0 : w,r = 0 u = 0 P,r = 0
At r = 1 : w,r = w = 0 u = 0 P,r = 0 (14)

Discretization of the Equations of Motion

To solve the multiphysical problem, we use the DQM. The
derivative of the unknown parameters w, u and P can be ex-
pressed as:

[
∂ kw
∂ rk

]
r=ri

=
n

∑
j=1

A(k)
i j w j;

[
∂ ku
∂ rk

]
r=ri

=
n

∑
j=1

A(k)
i j u j;[

∂ kP
∂ rk

]
r=ri

=
n

∑
j=1

A(k)
i j Pj (15)

where w j, u j and Pj are respectively the radial displacement,
transverse displacement and the net pressure at the grid point
r = ri, defined by Chebyshev-Gauss-Lobatto [26]:

ri =
1
2

(
1− cos

(
(i−1)
(n−1)

π

))
(16)

wi, ui are the radial and transverse displacements of plate at the
grid point r = ri . A(k)

i j are the DQM weighting coefficients of the
kth order derivative which defined in [27].

Therefore, the discretized form of the microplate equations
coupled with the Reynolds equation can be written as:

ẅi + cẇi +∇
4wi =

N0

(
1
ri

(
n

∑
j=1

A(1)
i j w j +wi

0,r

)
+

(
n

∑
j=1

A(2)
i j w j +wi

0,rr

))

+αe
V 2 (t)(

1−wi +wi
0

)2 −PNDPi+γΓ̂i
(
w j,u j,wi

0
)

; i= 2, · · · ,n−2

(17)
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A(2)
i j u j +

1
ri

n

∑
j=1

A(1)
i j u j−

ui

r2
i
=

−β

(
1−ν

2ri

( n

∑
j=1

A(1)
i j w j

)2

+2wi
0,r

n
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A(1)
i j w j


+

n

∑
j=1

A(2)
i j w j

(
n

∑
j=1

A(1)
i j w j +wi

0,r

)
+wi

0,rr

n

∑
j=1

A(1)
i j w j

)
;

i = 2, · · · ,n−1 (18)

n

∑
j=1

A(1)
i j

(
r jH3

j (1+Pj)
n

∑
k=1

A(1)
jk Pk

)
=σri

(
HiṖi− (1+Pi)ẇi

)
;

i = 2, · · · ,n−1 (19)

where Γ̂i is the discretized form of Γ̂ defined in equation (13), Hi
is the nondimensional film thickness at the ith grid point defined
as:

Hi = dt(ri)+w0(ri)−wi(t) where dt(ri) =

{
1 ri ≤ Re

R
1+ de

d ri >
Re
R

(20)

and the boundary conditions are :

At r = 0 :
n

∑
j=1

A(1)
1 j w j = 0 u1 = 0

n

∑
j=1

A(1)
1 j P̄j = 0

At r = 1 :
n

∑
j=1

A(1)
n j w j = wn = 0 un = 0

n

∑
j=1

A(1)
n j P̄j = 0

(21)

EIGENVALUE ANALYSIS
In this section, we investigate the eigenvalue problem of the

microplate under the effect of the squeeze film The system of
equation (17)-(19) is composed of three equation: The first equa-
tion (17), which describe the dynamic behavior of the plate, a
system of ordinary differential equations with a size n− 3. The
second equation (18) is an algebraic equation that represent the
in-plane displacement u as function of the out-of-plane displace-
ment w. The third equation (18) is the Reynolds equation that
couple the displacement w with the pressure in the gap P.For
n grid points the total number of equations is equal to 3× n
which makes the computational time huge. To reduce the num-
ber of equations, we write the radial displacement ui as a func-
tion of wi using equation (18). At the boundary nodes, we use

the boundary equations (21) to determine the boundary displace-
ment {w1,wn−1,wn} and pressure {P1,Pn}. This simplification
reduces the total number of equations to (n− 3)× (n− 2).Next,
we decompose the total displacement wi into a static component
ws

i and dynamic component wd
i .

w(r = ri, t) = wi(t) = ws
i +wd

i (t) (22)

Therefore the system of equation (17) and (19) can be written as:

MŸ (t)+CẎ (t)+KY (t)+KNL(Y (t),Ẏ (t)) = 0 (23)

where M, C and K are the mass, damping and stiffness matrices;
KNL(Y (t),Ẏ (t)) is the vector with nonlinear parameters and Y (t)
is the vector of unknowns defined as:

Y (t) =
{

wd
2 , · · · ,wd

n−2,P2, · · · ,Pn−1

}
(24)

To determine the resonance frequencies and damping coeffi-
cients, we neglect the nonlinear part KNL. Even with this approx-
imation, the solving of this type of system (23) remains diffi-
cult. Therefore, we follow the work of Meirovitch et al. [28] and
we transform equation (23) to the general eigenvalue problem by
defining χ1 = Y (t) and χ2 = Ẏ (t):

[
M 0
0 −K

]
∂

∂ t

[
Ẏ
Y

]
=

[
−C −K
−K 0

][
Ẏ
Y

]
(25)

Next, we determine the linear damped eigenvalues and
eigenvectors by formulating the harmonic displacement ampli-
tude and pressure as follow:

wd
i (t) = φie jωt

Pi(t) = ϕie jωt (26)

where φi and ϕi are the shape functions of the microplate and
fluid pressure associated to the frequency ω at the nodes r = ri.
Substituting the expression of wi and Pi into equation (25), the
system of equations becomes:

(λA−B)χ = 0 (27)

where

λ = jω A =

[
M 0
0 −K

]
B =

[
−C −K
−K 0

]
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χ = {λY,Y}=
{

λφ
d
2 , · · · ,λφ

d
n−2,λϕ2, · · · ,λϕn−1,

φ
d
2 , · · · ,φ d

n−2,ϕ2, · · · ,ϕn−1

}
(28)

The eigenvalues and eigenvectors are then obtained by solving
equation (27). The resonance frequency and the damping param-
eter of the ith mode satisfy:

ωi = |Re(− jλi)| and ξi =
|Im(− jλi)|
|Re(− jλi)|

(29)

where Re and Im denote the real and imaginary part, respectively.

RESULTS AND DISCUSSION
Convergence of the Solution

As a first step, it is important to check the convergence of
the DQM solution with respect to the number of grid points. In
figure 3, we determined the first two resonance frequencies of
the microplate for different number of points n. For these sim-
ulations, we used the physical parameters of the solid and fluid
presented in Table 1, where the residual stress N0 is determined
in order to mach the numerical and experimental first two reso-
nance frequencies [15].

TABLE 1: Physical parameters of the CMUT

Symbol Quantity Dimension

E Youngs modulus 149 [GPa]

ρ Density 2330 [kg/m3]

ν Poisson’s ratio 0.27

R Radius of the microplate 116 [µm]

Re Radius of the electrode 75 [µm]

h Thickness of the microplate 2.25 [µm]

d Gap distance 0.77 [µm]

de Thickness of the electrode 0.3 [µm]

ε0 Permittivity of the air 8.85 10−12 [F/m]

N0 Residual stress 2.5 [MPa]

η Viscosity 1.83 10−5 [Ns/m2]

λa Atmospheric mean free path 64 [nm]

Number of grid points n
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2
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FIGURE 3: The convergence of the first two resonance frequen-
cies for a pressure P0 = 1 atm with respect to the case when
n = 20

The resonance frequencies of the coupled system are deter-
mined for a clamped circular microplate at atmospheric condi-
tions. With only n = 6 grid points, we can determine the first two
resonance frequencies of the coupled problem with an error of 8
% for the 2nd mode. By increasing the number of grid points, the
three modes converge and 10 points are sufficient to investigate
the eigenvalues of the coupled problem. The error of the first two
resonance frequencies is less than 0.04 % and the computational
time is about few seconds. The DQM is able to predict the first
resonance frequencies of the coupled multiphysical system with
only few grid points and a high accuracy.

Experimental validation
The resonance frequencies and mode shapes of a circular mi-

croplate are determined with the Micro System Analyzer (MSA-
500) of Polytec industry. This vibrometer is mounted with scan-
ning mirrors that can help to measure the displacement/velocity
at a grid of points on the moving surface. Also it is equipped with
a decoder with different precisions (can go up to 1 pm for the dis-
placement and 10 m/s for the velocity) and wide frequency range
(up to 24 MHz). The data acquisition is done with a MSA pro-
cessing unit equipped with software to display frequency-domain
and time-domain data and simplifies the transient response anal-
ysis. As we can see in Figure 4, we placed our wafer into a
vacuum chamber in order to eliminate the fluid interaction with
the microsystem. Two probes are placed inside the chamber to
insure the electric connections. The vacuum chamber has a trans-
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parent window (Plexiglas) that enables the laser beam to pene-
trate without any distortion. The DC voltage is generated with a
DC generator and the harmonic voltage Vac is generated with the
MSA electrical generator. The two voltages are combined using
a coupling circuit.

AC 
generator 

MSA 500 

Vacuum 
chamber

Coupling 
circuit 

Vacuum chamber window 

Wafer

Probes

Vibrometer
decoder

processing unit

FIGURE 4: MSA-500 vibrometer used for resonance frequencies
and mode shape measurements

In Figure 5, we compare the experimental and numerical res-
onance frequencies of the microplate at different pressures P0 by
applying only a small AC voltage. For low pressure (P0 = 0.45
mbar), the resonance frequencies of the microstructure are equal
to the natural resonance frequencies of the microplate. At this
pressure, the air effects on the solid are negligible. By increasing
the pressure, the trapped air inside the gap behaves like a spring
which explains the increase in the resonance frequencies. At
P0 = 0.45 mbar, the first resonance frequency is equal to f1 = 608
kHz, which is equal to the natural resonance frequency of the sys-
tem without air effects. However, for atmospheric conditions the
resonance frequency increases up to f1 = 973 kHz. The differ-
ence in the resonance frequency (60 % shift for the 1st resonance
frequency) shows the importance of taking into consideration the
squeeze film effects during the modeling of microsystems. The
numerical simulations of a circular microplate with an initial de-
flection show a good agreement with the experimental results
even when the squeeze forces are important. The maximum er-
ror between the experimental and numerical results is less than
2.5 %. This error can be explained by the imperfect boundary
conditions of the plate due to the opening in the pad access.

The effect of an initial deflection on the eigenvalue
problem

In Figure 6, we present the effect of the initial deflection on
the first two resonance frequencies and damping parameters. The

Presuure P
0
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×10
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F
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q
u
e
n
c
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z
]

×10
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3.5

4

4.5 1st mode DQM

2st mode DQM

1st mode experimental

2nd mode experimental

FIGURE 5: Experimental validation of the effect of the pressure
in the gap on the resonance frequencies of a deflected microplate
with initial deflection wmax = 270 nm

negative initial deflection leads to a decrease in the effective gap
distance which is defined as [29]:

d2
e f f ≈

1
Re

Re∫
0

(d +w0(r))
2dr (30)

and when the two electrodes become closer, the trapped air in
the gap behave as a spring which explains the shift in the reso-
nance frequencies. However for a positive initial deflection, the
effective gap distance increases which explains the increase in
the damping forces and the decrease in effective stiffness.

Another major effect that is commonly studied in CMUTs is
the DC voltage effects. The electrostatic force has a direct effect
on the resonance frequencies. Figure 7 shows the variation of
the first resonance frequency for the case of flat and deflected
plate. As we increase the DC voltage, the fundamental natural
frequency decreases until it drops to zero at a Vdc = 34 V for the
case of flat plate and at a Vdc = 52 V for the case of deflected
plate, also known as the pull-in voltage. The decrease in the
resonance frequency is due to the negative stiffness caused by
the electrostatic forces and at pull-in voltage, the electrostatic
force is equal to the restoring forces of the microplate. The shift
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FIGURE 6: The effect of changing the plate initial deflection wmax on the resonance frequencies and damping coefficients for the first
two axisymmetric modes at atmospheric condition.

in the pull-in voltage between the flat and deflected membrane is
due to the increase in the effective gap distance. By increasing
the static pressure, the difference between the two cases (flat and
deflected) increases due to the difference in the gap distance.

The mode shapes of the coupled problem
One of the most important features of the differential

quadrature method is the possibility to determine the mode
shapes for both the microplate and the fluid. In Figure 8, we
present the real and the imaginary eigenvectors of w and P at at-
mospheric condition for the microplate with an initial deflection
wmax = 270 nm. For the case of the displacement w, the mode
shapes satisfy the boundary and axisymmetric conditions (hori-
zontal tangent at r = 0 and r = 1 and w(1) = 0). For the case of
the fluid, the mode shapes satisfy the following boundary condi-
tions: zero flux at r = 0 and r = 1. For r = Re/R = 0.65, we can
see the change in the slope of the mode shape of the fluid and
this is due to the increase in the gap distance:

dt(ri) =

{
1 ri ≤ Re

R
1+ de

d ri >
Re
R

(31)

For this case, the change in the gap distance and initial deflection
can be easily taken into consideration when we use the differen-
tial quadrature method.

CONCLUSION
In this paper, we presented a mathematical model of a capac-

itive circular microplate with an initial deflection and in interac-
tion with an air film. The mechanical equations of motion cou-
pled with the Reynolds equation have been solved using DQM.
This method is fast and efficient for a multiphysical problem,
since it converges for a low number of grid points. The presented
model is then validated with respect to experimental results for
different static pressures. In vacuum condition, the resonance
frequencies of the multiphysical system and the microplate are
equal and the increase in the static pressure leads to an increase
in the resonance frequencies. Moreover, the increase in the ini-
tial deflection leads to a decrease in the effective stiffness and an
increase in the damping coefficients, which is due to the change
in the effective gap distance.
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