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1. Introduction

Discretization of distributed parameter systems is a key issue for simulation and control purposes. Among all existing
and standard methods, the ones aiming at preserving structural invariants and structural properties of the original system
are of particular interest when control design is considered. The aim of this paper is to revisit the standard finite-difference
scheme in the light of port-Hamiltonian formulations to deal with the structural reduction of 1D and 2D systems driven
by the wave equation. Port-Hamiltonian systems (PHS) stem from the representation of internal energy exchanges of multi-
physical systems in interaction with their environment. They are particularly well suited to describe complex open systems
interconnected through power conjugated port variables. The power preserving interconnection of subsystems is thereby
formalized by the notion of Dirac structures [1,2], which represent a generalization of Kirchhoff’'s laws or Newton’s laws
and the velocity continuity in mechanics. For open systems, port-Hamiltonian systems cope with input and output flows
and efforts [3]. By using this formalism, controlled systems can be interpreted in terms of the interconnection of physical
systems exchanging energy among them, which from an engineering perspective provides a better understanding of the
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Fig. 1. Schematic representation of the physical system.

closed-loop system. This in turn permits to derive control strategies that are physically inspired [4]. Infinite-dimensional
PHS governed by partial differential equations interconnected through their boundaries were introduced for modelling in
[5,6] and extensions for control in for instance [7,2,8-10]. In the infinite-dimensional case, the Dirac structure underlying
the PHS is expressed through differential operators. Performing a discretization which preserves the geometric structure of
a PHS allows to preserve conservation laws and thus to preserve properties such as energy conservation and passivity with
respect to the natural inputs and outputs of the system, which are central for control purposes. It also respects the physical
meaning of the boundary port variables that can be naturally used for the interconnection of open multi-physical systems.

Several recent works tackle this challenge [11-15]. In [12,13], the structure of the system is preserved through the use
of different (mixed) finite elements for the approximation of different variables. This approach found applications in mod-
eling, reduction and control [16-19] and was extended through high order polynomial approximations to pseudo spectral
approximations in [14]. In [20] a structure preserving finite-volume discretization for PHS was performed for the 1D case.
The mixed Galerkin structure-preserving discretization for systems of conservation laws was presented recently in [21].

Finite differences is another important numerical method whose main advantage is its simplicity. It is based on the
discretization of differential operators through Taylor series which lead to various schemes with different advantages such
as convenience for particular geometries or convergence orders (see [22,23] for recent reviews). Among them, schemes
presenting staggered grids [24-26] consider separately the state variables accordingly to their respective geometric nature.
In [24], a generalized leapfrog structure is used in the time domain on the linear transport equation. It is shown that this
method, if stable, preserves the conservation laws, which is an important property for the study of non-dissipative systems.
Moreover, conditions for numerical stability are given therein. The proposed two steps methods apply only on closed systems
and [20] can be considered as the extension to open systems from the finite volume point of view. For frequency domain
modelling in 2D, the authors of [27-29] consider two staggered square grids, one of the grids being rotated. Changing
the orientation of the grid allows to get high order approximations of the derivatives at the price of higher complexity,
up to 25-point stencils. A simpler approach is proposed in [30] where finite differences are performed on simple staggered
grids. The convenience of such a method for the wave propagation is illustrated on a seismologic example, where it allows to
implement a velocity-stress formulation. Indeed, the use of staggered grids allows to impose the effort variables as boundary
conditions, e.g. speed and pressure in acoustics, which is convenient for the study of open systems and interconnections,
while a traditional finite-difference method would not. For the 2D and 3D cases, the meshing choice, for example the choice
of rectilinear or triangular meshing, impacts the performance of the discretization. As mentioned in [31], if the use of
rectangular grids leads straightforwardly to a good approximation of a considered PDE, a structured triangular mesh, also
called hexagonal mesh [31,32], can at the cost of a higher complexity provide a better computational efficiency and is a
better choice to emulate the isotropy of the spatial propagation of a wave. Indeed, a convenient choice of the discretization
scheme through a compact structured mesh leads to a more homogeneous distribution of the propagation in space. In [33],
schemes for a regular triangular mesh are proposed, including an explicit second-order method which leads to a simple
and intuitive discretization of the first order differential operator, convenient for the discretization of the conservation laws
underlying the wave equation. Another scheme, first proposed in [34] and used in [31], relies on a balanced propagation of
the wave along the three axes of a regular triangular mesh for the second order differential operator of the wave equation.

Regarding time integration, since a staggered-grid method for PHS results in the approximation of first order time deriva-
tives, explicit Euler, which is generally used in finite-difference time domain (FDTD) methods, is unconditionally unstable.
Implicit midpoint, a symplectic method [35], is shown to be suited for non-dissipative PHS in [36]. Moreover, recent work
[37] shows that there is a coincidence between the midpoint rule and discrete gradient in the linear case, which respects
the power balance of the system.

In this paper, we propose to combine the port-Hamiltonian framework with finite differences on staggered grids to
derive control oriented reduced order systems for the 2D wave equation. The differential operators which define the infinite-
dimensional Stokes Dirac structure are approximated with a consistency of order 2 [38] by matrices which define a Dirac
structure. In that sense, a finite-dimensional system derived from the proposed method is a PHS endowed in a Dirac struc-
ture which approximates the original Stokes Dirac structure. This work is motivated by the study of a generic acoustic
control problem proposed in [39,40] and formulated as a port-Hamiltonian system in [41]. The considered system is an
acoustic tube of rectangular section which is approximated using a 2D rectangular domain. Distributed actuation at the
boundary (see Fig. 1) aims to dissipate part of the energy carried by the acoustic waves propagating inside the tube. In-
dustrial applications can be found for example in aeronautics [42], air conditioning systems, motorised vehicles, etc., see
[43] for a more exhaustive list. Even if the development of this work is motivated by this particular physical system, the
discretization methods proposed in this paper apply to any linear 2D hyperbolic system.

The paper is organized as follows. In Section 2 the use of staggered grids for the spatial discretization through finite
differences is motivated on the 1D wave equation. In Section 3 the 2D case is treated for a rectilinear and for a regular
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triangular mesh. It is shown that the method preserves the port-Hamiltonian structure. In Section 4 numerical results are
presented for the 1D and the 2D case for the rectilinear and the regular triangular meshes. The study is performed under
open and closed loop conditions and the isotropy of the two meshes is compared. Finally in Section 5 we present general
conclusions and comments of lines of future research. The notation used in this paper is recapitulated in the Appendix.
A short recall on the considered time integration methods is given in a second appendix.

2. Distributed PHS and the 1D discretization scheme

In this section we introduce some basics on PHS and the use of the staggered-grid finite-difference method for PHS. We
shall illustrate these concepts on the model of a 1D wave equation.

2.1. Distributed PHS

Consider the 1D wave equation

3%z , 9%z
_ 7t =Ch——=
o & D=5 9€2

with cp > 0 € R the celerity of the wave, £ € [0,L], L > 0 € R the space variable and t € R™. To perform a discretization
over the spatial domain, we define the spatial step h > 0 € R, and we consider a centered finite difference to approximate
the first order spatial derivative at a point & :=kh

(&.0) (1)

0z Z405(t) — Zk—0.5(t)
— (&~ =
& h

where zy105(t) := z(§ £ 0.5h, t). The traditional finite-difference method allows to approximate the second order spatial

derivative by applying again the approximation (2) on half-grid points &5 leading to a scheme defined for every grid
point k

9%z Zkr1 () = 22(6) + Z4—1 ()
W@k,f)%CO kil ;;2 k=1 (3)

It is known [44] that finite-difference schemes approximating derivatives of even order such as (3) induce numerical dissi-
pation. To guarantee energy-preservation properties using spatial discretization, it is more convenient to consider the wave
equation (1) as a set of first order balance equations. In the following we shall use as state variables

1 0z N 1 0z
-, 1= ——,
qi1q2 ot q1 0§

with state vector x = (x1 xz)T, and where q; > 0 € R and q; > 0 € R are physical parameters that depend on the consid-
ered physical domain. The balance equations underlying the wave equation are hence

(2)

Xy =

0X2 4 — 0X1
98’ 2 =—(1
such that g1z = c2.

On the physical example of a (linear) acoustic wave, z, x; and x; are respectively the velocity potential, the particular
momentum and the opposite of the volume expansion. For this physical domain, q]_l = o is the mass density and qlz = Xs
is the adiabatic compressibility factor. In the following we keep this notation of the acoustic physical domain. However, all
the following developments in this paper hold regardless of the physical domain considered.

Let us define a set of variables called flow and effort variables, respectively f; and e;, i € {1, 2}, as

=()-6) ()<

0
-1

—1
with £ = (“0

0 Xs
framework, e; and e correspond to the particular speed and to the acoustic pressure, respectively. There is a linear relation
between the flow and effort vectors given by

X1 =—q2

). The vectors f and e are called the vector of flows and the vector of efforts, respectively. In the acoustic

0 —g
f=Je,  with J:(_a 5). (5)

When this relation is completed with the definition of the total energy of the system, which is given by a functional H
defined by
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L
H(x) = %/xTﬁxds (6)
0

for any smooth real function x(¢,t) where the integrand in the integral form of # is a smooth function of x, and a set
of boundary conditions, then (5) defines a distributed port-Hamiltonian system [5,2]. The total energy of the system (6) is
called the Hamiltonian and the state variables are called energy variables. The boundary conditions, which correspond to
the evaluation at the spatial boundaries of the effort vector e, are given by

e1(0)

fa)._ —ez(L)

<ea)'_U e(0) )
e1(L)

U is a unitary transformation that does not modify the energy balance i.e. the product faT ey and allows to characterize all
the possible boundary port variables that respect this balance. In [5,6], it is shown that 7 is formally skew-symmetric with
respect to the set of boundary variables (7). All possible parameterizations of (7) can be found in [6,8]. Geometrically a PHS
is endowed in a Dirac structure [1], which defines a formal linear relation between flows and efforts. Physically, a Dirac
structure is the geometrical expression of power preserving interconnection laws, such as Kirchhoff's and Newton’s laws. In
the case of distributed PHS with non zero boundary conditions the definition of the Dirac structure is extended in order
to cope with the power flowing through the boundaries. This class of structure is called a Stokes-Dirac structure [5]. We
do not give the definition of a Stokes-Dirac structure in infinite dimension, which can be found in [5], since it requires to
introduce notions of differential geometry which are not relevant to the developments of the paper. The discrete systems
which stem from the structure preserving discretization method we propose define Dirac structures in finite dimension.
However, since the objective is to obtain a finite-dimensional PHS, we define the Dirac structure in finite dimensions.

Definition 1. [1] In finite dimensions a Dirac structure Dy is a subspace of F x £ where F is a linear space and £ its dual
space, such that Dy = Dj- with respect to the symmetrical bilinear form

((fd-eDI(f§.eD) = (e, F7) + (€], ) (8)
for (f[fl,efj) e Fx€&,ie{l1,2} and (-, -)4 the canonical product on F x £ such that (fg4,eq) = f(;red.

The Dirac structure is a linear algebraic relation between flows and efforts. In order to obtain an explicit representation,
state variables and causality relations have to be assigned.

Definition 2. [1] A port-Hamiltonian system without internal dissipation is defined by a Dirac structure D4 and a Hamilto-
nian H: X — R where X contains the vectors of energy variables x. The dynamics is given by the requirement that

(f.e fp.ep) €Dy

where f =%, e= 32’}(’0, and where f, and e, are the flows and efforts of the external ports i.e. the exchanges between the

system and its environment.

This definition also applies for infinite-dimensional systems [5,6] when the effort e is chosen equal to the variational deriva-

tive ‘”;f(") and when f, and e, correspond to the boundary flow and effort vectors.

Remark 3. In the 1D case [45] the variational derivative of a functional H of the form

1
Hx) = §/X(§)Tﬁ(§)x(§)d§
Q
with £ € L ([0, L]; R™*") such that £* = £, mI < L(§) < MI for & € [0, L] and constants m, M > 0 is given by

8
—H (x) = Lx.
80X

In the case of the wave equation, since 7 is formally skew-symmetric with respect to fj, ey, and since e = Lx = %, the
system (5), (7) defines an infinite-dimensional port-Hamiltonian system. It is not difficult to verify that the energy balance
is given in terms of the boundary variables [5]

H = fy eg =e1(0)e2(0) — ex(Lyeq (L). (9)

In the following section we shall proceed to discretize this class of systems.
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Fig. 2. 1D staggered discretization of x}j, xﬁ.

2.2. 1D spatial discretization

In this subsection we perform the spatial discretization of the wave equation (1) from its port-Hamiltonian formulation
(4)-(7) where (5) can be explicitly written

Ny i) 1
X1\_( © —w\(m O\ (x
X2 -& 0 0 % X2

with x1(§,0) =x1,0 and x2(£,0) =x2 0 and e1(0, t) = uq(t) and eq (L, t) = uz(t). In the acoustic framework, this is equivalent
to imposing the particular velocity at the boundary, which corresponds to Neumann conditions regarding the second order
wave equation in z (1). The spatial discretization, also known as semi-discretization, is performed according to boundary
conditions whose natures are chosen a priori and which are imposed at the boundary points. For the sake of simplicity we
shall consider a constant spatial step h € R > 0 such that one can find a n € N with nh = L. The state of the system (5), (7)
is discretized over the grids described in Fig. 2, the boundary conditions are thus conditions over e1(0, t) and e (L, t) which
can be interpreted as inputs of the system. Their discrete counterparts are denoted by e}) and e;, respectively.

Remark 4. The causality, i.e. the nature of the boundary conditions, has to be chosen a priori since it is critical for the
definition of the different staggered grids and for the numbering of the discrete variables. Even if the proposed method is
presented in this section through one example of causality, it can be applied on any configuration of boundary conditions
without further difficulties. For example, another set of boundary conditions is considered in [38] where the pressure e)
is imposed at one of the boundaries. Imposing e, at the boundary corresponds to a Dirichlet condition regarding a second

2 2
order wave equation in pressure 3 ejt(f't) = C%B ;ng't). The possibility to impose directly the particular speed e; and the

pressure e; at different boundaries of the same system comes as an advantage of the use of staggered grids over traditional
discretization methods such as finite elements. See also [15] for different boundary causalities from the perspective of
discrete modeling of conservation laws.

To perform the semi-discretization, the state variables are approximated by the finite-dimensional vector x4 =
(xpT (xﬁ)-r)T e R?1 with x} = (%] ... x4 )T the vector of elements evaluated on the integer points of discretiza-
tion, & =kh, k € {0...n} and xﬁ = (x% xfl)T the vector of elements evaluated on the half-integer points, & = (k4 0.5)h,

k € {1...n}. A discrete Hamiltonian Hy is defined as

-1
_17 11 55 oy oy (gt 0 x!
Hd.zidedxd:§<z(xn) +;(xi ) ("8 o) (10)
1=

where Ly € R@1=Dx@1=1 js 3 diagonal matrix which corresponds to £ evaluated at the corresponding grid points. Note
that hHg ~ H(x) in the sense that hHy converges to H(x) when n tends to infinity. The vector of discrete efforts is derived
from (10)

oH
eq ;:—d:ded (11)
aXd

where eq = ((e})T (eﬁ)T)T e R with e} = (e} ... e,11_1)T and €3 = (e2 .. e%)T. The central finite difference
scheme (2) can then be applied to obtain

deq _e1(Ek05.0) —e1(Eos. D) € ~ € g
(5k, t) ~ = ’
oE h h a2)
B2y 2D @D
oz (Gktos p ==

One expresses fy, a discrete approximation of the flow f = Je, as fg=(f] fdz)T =(fl . fL, 7 . fnz)—r with
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The complete discrete flow vector is then
On.Z
1 0
0 D 1o o | (e}
fd—(_DT 0>€d+ﬁ o el (14)
—_—— . .
Ja 0 -1
—— —’
&d

where Jg4 is skew-symmetric.!

Proposition 5. The staggered-grid finite-difference spatial discretization of (5) according to the scheme (12) defines a finite-
dimensional Dirac structure Dy which approximates the original Stokes-Dirac structure. The approximated system

{Xd=JdeXa+gdua (15)

T
Ya=8q€d

2
1

. s (e 3 te
with ug = e} = e? and yq = fj =

1 2), is thus a PHS.
n —5€

n

Proof. Define e, = (:‘3’) eR™M1 = E, fI = ( fda) eR>™ = Fand J/ = ( Ja_ gd) =—J'T such that f/ = J'e’,. Dy C F xE
d 7fd —8y 0 d d

is a Dirac structure if and only if Dq =D5 with D) = {(fa.eqa) € F x E[{(fa. €a)|(fv.€p)) =0 V(fp, ) € Dy}. For all (f, e})
and (fl;,e;) in Dy,
((fa- €0)|(fy. €)= {eq. fy) + (e fa)
= (eg, I'ey) + (ep, J'eq)
= (eg, J'ey) — (eg. J'ey)
=0 (fl,e)eDf ©DgCDy.

Consider now (f,e,) € Ddl and (f;.e}) € Dy.

0

e, fp) + (eps fa)

ez J'ey) + (ep, fo)
= —(ep. J'e) + (e}, fa)-

((fare(fp €)=
=
=
Since this equality is true for all (f;,e;) € Dy, then f; = J’e; and then D; C Dy. Dy is then a Dirac structure. O
Remark 6. The energy balance of the PHS (15) is
. 1
Hq(t) = H(eée% —ele?)
1
~ (!0, 0e*(0.5h,6) — e (L — 0.5k, (L, 1)) (16)

and hfq(t) tends to H(t) = f; (t)es(t) when h— 0.

1 0n.m is the n x m null matrix and 0 represents the null matrices of appropriate dimensions when there is no ambiguity.
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Remark 7. It can be shown [38], at least numerically, that the spectrum of the approximated model tends to the infinite
dimensional one when h tends to zero. In Section 4 of [19], this property is shown theoretically in the framework of mixed
finite elements by considering the spectrum of a discretization matrix which coincides with J;. However, the extension of
this result to our discretization method needs particular care and is kept for future work.

3. Discretization of the 2D wave equation

The extension of finite difference on staggered grids to 2D systems allows to approximate the wave equation while pre-
serving its inner structural properties related to conservation laws such as the conservation of energy, and guarantees the
physical meaning of the boundary variables. Since the main interest in using the finite-difference method is its simplicity,
only cases with structured meshes (rectilinear and regular triangular grids) are considered in this work. In the next sub-
sections we first present the PHS formulation of 2D the wave equation and then propose structure preserving discretization
schemes on rectilinear and triangular grids.

3.1. The PHS formulation of the system

Consider a rectangular domain € with orthonormal coordinates &; € [0, L1], & € [0, L»]. Consider as state vector? x =

X1
(X2> e Ly(, R3) =X and the balance equations

X3
-1
0&1 X2 = — L 9 MO X1 17
(Xz) <8§2)(Xs 7 3 (d?;'] 3;;-2)<M01X2 s ( )

‘L
where the operators (”?
23
In the general case where (o and xs are dependent on space, these balance equations lead to the non-uniform wave

equation
xsz =div (ﬁgrad(z)) (18)

where z is defined such that grad(z) = x;.
Assume that the balance equations (17) represent a physical system with kinetic energy E; and potential energy E,
defined as

> and (5% 3% ) are the gradient and divergence, respectively.

Li Ly
1 1 X1
E, = — — dérd
k 2//(X1 Xz)MO (X2> §2d%
00
1 L L 1 (19)
—5//X3—X3 d&,dé,.
Xs
00

o
volume expansion coefficient, respectively [41]. In this framework, the two balance equations (17) stem from mass conser-
vation and Newton'’s third law, respectively. The Hamiltonian H : X — R of the system corresponds to its total energy, i.e.
the sum of Ex and Ej, such that

In the case of an acoustic system, ) and x3 may be interpreted as density of momentum and as the opposite of the

L1 Ly
1
H(x) = 5 / / x| Lx dgydg (20)
00
K“g' 0 0
with L= o g;' o |.The flow variables f; and the effort variables e;, i € {1, 2, 3}, are defined along with the vector of
0 0 x5!
flows f and the vector of efforts e,
fi X1 e SH X1
f=f2]= {‘2 ) e=1|ez =§:£ X2
f3 X3 e3 X3

2 [2(Q,R") denotes the space of square-integrable functions on the domain € with vector values in R".
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Fig. 3. 2D discretization grid.

In the acoustic framework, the effort variables s;) and e3 represent the particular speed and the pressure, respectively.

The linear relation between flow and effort vectors is then expressed from the balance equations (17) as a combination of
the gradient and divergence operators such that

o o -

&7
f=Je, with g=[ 0o o - |, (21)
p) 29
981 &)
and can be written explicitly
X1 0 0 -5 Ko o 0 X1
X | = 0 0 —% 0 /J,al 0 x2 |- (22)
X3 — - 0 0 0 x7') \xs
This relation defines a port-Hamiltonian system [41] for the Hamiltonian (20) and for the set of boundary conditions
—e3(L1,62)
e3(0,62)
fn —e3(&1,L2)
fo\_|f2 | _y| e@o (23)
es ) |en | e1(L1.62)
e1(0,62)
€02 e2(¢1.L2)
e2(£1,0)

with U a unitary transformation and where fj; and ey;, i € {1,2} are in R2. The energy balance satisfies [41]
J Ly Ly
H
’r Z/faTzeazd& +/f£€ald$2 (24)
0 0

where the right-hand side corresponds to the expression in coordinates of /B faTeads, i.e. the integral on the boundary of
the domain 5. This means that the variation of the total energy of the system corresponds to the power exchange with
its environment through the boundaries. We consider the discretization of this system with initial conditions x1(¢1, &2,0) =
X1,0, X2(£1,&2,0) =x2,0 and x3(&1, &2, 0) = x3 0 and with boundary conditions imposing e (L1, &) = u1(t), e1(0, &) = ux(t),
ex(&1, Ly) = us(t) and ey (&1, 0) = uy(t) as inputs of the system. These boundary conditions correspond to impose U equals
to identity in (23).

3.2. Rectilinear grids

Defining hq, respectively h;, the spatial step along & respectively &), the states of the system (22), (23) are dis-
cretized over the grids described in Fig. 3. The boundary conditions are given by the efforts imposed on boundary
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points numbered (0, ky) and (m, k) for conditions on ey and (k1,0) and (k1,n) for conditions on e, with ky € {1...n}

and kg € {1...m}. This corresponds in the acoustic framework to impose at each boundary the normal component of the

particular speed. In the discretized setting, the continuous state variables are replaced by the finite-dimensional vector
T _ .

xa=(xHT BT &HT) eRIM-M with

1_ (1 1 1 T (m=1)n
Xg= (xLl Xig - Xm—1,n) eR ,

2 _ (42 2 2 T m(n—1)
Xg=(x{1 X{5 . Xp,q) €R =D, (25)
3 3 3 3 T mn
X = (xLl Xip e Xon) e R™

and the boundary effort variables by the finite-dimensional vector e = ((e},)T (e2,)T (efm)T)T, with

1 _ (o1 1 1 1 1 1 37

egs=(€01 €2 - €n €m1 €m2 emn) (26)
2 (2 2 2 2 2 2 T

€y = (el,O 1n €0 €n -+ Cmo emn)

633 is equal to the empty set in this particular case due to the choice of boundary conditions which are on e; or e, along
the boundary. The discrete Hamiltonian Hy is defined in terms of the discretized states x4 as

Hg:= 3x] Laxq (27)

where Ly € RGM—m+m)xBGmn—(m+n) js 3 diagonal matrix which corresponds to £ evaluated at the corresponding grid
points. Note that hihpHg =~ H in the sense that hihpH; converges to H when m and n tend to infinity. Defining the vector
of discrete efforts as the gradient of the discrete energy,

dHg\
eq = (—d> = LdXd, (28)
0Xq

) T
with e =: ((e))™ (€27 (e3)T) where the efil"3} are vectors of the same dimensions as their state counterparts x;

One obtains, for the efforts on the (i, j)-indexed grid point,

(1.3}

1 - 1

i o' o0 "

e%j =l 0 pug 0] x%j . (29)
e 0 0 x X7

Taking into account that

;»1 X (EH-O 5’%-'2) e;] e (SH_() 5552)
Xl j ~ X (E §_]+0 5) and l i ~ e (S $]+0 5)
13,] X3(gl ’S]) 63_] 63(%-1 7$])

where &' =ih;, &l 5 = (i +0.5)h;, éjz = jhy and 51.2%‘5 = (j 4+ 0.5)h,, we obtain by central approximation of the spatial
derivative the following numerical scheme

1
1 3
f,',j h (e,+1] ,',]')s
1
2 3
fi,j = h ( ij+1 "~ i.j)’ (30)
1
3 1 1 2 2
fiy= @ i)~ e

Define the vector of discrete flows as
T
fa= (DT UDHT FHT) =
T
(flr — faon fla f,ﬁ,n_1 1o fan)

The vector fy is the approximation of ¢ evaluated at the same spatial points as the state variables. The elements of fy are
hence given by
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-1 1
fi= —hl h B e (31)
1 . -
-1 1
D1
where Dy e RMm—1xmn
K1
f2= _h]_z e (32)
K4
D,
where D, € RMi=—Dxmn 3pq
-1 1
Ky = SR (33)
-1 1
R, 7= G £
I, O
h=m o0y | 2 o e (34)
0 I
—g:—

where g € R™*21 [ the identity matrix of dimension n and

K>

1
3 T2 2
=—(Dy) e5+ — . e
T (D2) e; ™ ) 9 (35)
K>

82

where g, € R™M>2m

1 0
Ky = 0

0

0 -1

with K, € R™%2, The discrete flow vector f; becomes

0 0 Dy el.
0 O ol
—p] -p] 0 51 & ega (36)
8d
Ja

Proposition 8. The staggered-grid finite-difference spatial discretization of (21) according to the scheme (30) defines a finite-

dimensional Dirac structure Dy which approximates the original Stokes Dirac structure. The approximated system

Xd = JaLaXd + gaud

T (37)
Ya =284 €d

with uq = e9 and
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Fig. 4. Triangular staggered discretization for x*-¢.

1
nhy

_f0_ (1.3 1.3 1,3 _ 1,3 1,3 3 3 1,3 1,3 _ 1,3 1 T
Ya= fd —(Hem hr €12 - By €l TRy 81 TRpCm2 < TRy Cmanhy €11 TRy €l Ry €21 TRy €2 o By Cmit *@em,n)

=

1

is thus a PHS.

Proof. The proof of this proposition is analogous to the proof of Proposition 5 in the 1D case considering e/, = (Zg) S

R3mn+m+n) 354 fé _ (fd

fa) € R3m+m+1) according to (26) and (28). O
d

The energy balance of the discrete system, expressed in terms of boundary efforts and flows, is

m n
. . 1 1
Ha) = €T 17 =3 - (efoeds —efuedn) + 2 1 (65,675~ ehjem) (38)
1 j=1

i=

and hihyHy(t) converges to 4 when m and n tend to infinity.
3.3. Regular triangular grids

A regular triangular staggered mesh leads to simple compact 7-point stencils for a better approximation of the solution.
The use of three spatial axes for the characterisation of the wave propagation is more accurate considering the isotropy
of the wave propagation. Note that the preservation of the isotropy is interesting only in a uniform domain, i.e.,, when

Mo and xs are independent from the space variables. Indeed, in (18), the operator %div (tgrad()) is isotropic only in

the uniform case, where it becomes equivalent to #XSA- with A the Laplacian operator. Using a rectilinear or regular
triangular mesh can represent a drawback when applied to complex geometries since the mesh doesn’t necessarily match
the physical geometry of the system. Here, using a regular triangular tiling on an system with a rectangular domain induces
the definition of discrete points on each side of the physical boundary. For the sake of simplicity, a staircase approximation
is considered in this work, i.e., that the nearest discrete point corresponds to the boundary. Recent works however [32,46]
tackle this challenge by defining unstructured finite volume elements on the boundary to fit the physical geometry while
using finite differences inside the domain.

Contrarily to the rectilinear case, and since we consider equilateral triangles in the proposed meshing, it is non trivial to
impose different spatial steps for the different axes of the domain, as it is the case in the traditional Finite-Difference Time
Domain (FDTD) method.

Remark 9. Even though in this work we don’t consider complex geometries, a regular triangular mesh is generally more
adapted to these cases since it allows to match more precisely the curvature of the boundaries of the considered spatial
domain [46].

To perform a finite-difference discretization which preserves the port-Hamiltonian structure of (21), it is necessary to
approximate the first order differential operators gradient and divergence. Three axes «, 8, ¥, are used to define the discrete
points as shown in Fig. 4 where h > 0 € R is the spatial step, identical for each axis. We denote by ﬂ)a, 75, _u)y the unitary
vectors of these axes.
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This results in the definition of a new set of state variables for the infinite-dimensional system, (xo Xg X, X¢) ' where
X{a,p.y} are linked to the state (x1 X2 x3) T by projection over the cartesian axes such that

Xg =X Xg = X +\/§x Xy = ]x ﬁx
o = X1, B = 21 5 2, y = 21 3 2
and X := x3. The effort variables (eq eg e) e¢) " are defined accordingly by performing the same projections of (eq e3)".

Note that the inverse transformation is

1
X1 = Xq, XZZE(X,S—X;/), X3 =Xe.
The Hamiltonian is derived from (20) and is given by
L Ly
1 1

H= —(x2 X2 x2) —x? | d&id 39
//[3% wtXp Xy )+ X £1d&; (39)
0 0

where the first term in the integral may be interpreted as the kinetic energy density, which is ﬁ(x% + x%) in cartesian

coordinates, and the second term the potential energy.
We propose to perform a centered finite-difference approximation on the gradient operator which leads to

& &
0x3(k+0.5, &) . 0Xe (Xm+0.5, Bns Vo) o Xm+1,n,0 — Xm.n,o

da ' da h ’
0%3 (5025, SH'@) 0% (ot Bnt0.5, Vo) Xﬁz,nJr],o - xﬁ’l,n,o (40)
aB ' B h ’
0%3(8ic+0.25, g’-’-@) . 0x¢ (Om, Bn, Yo+0.5) ~ Xﬁun,o-H - XﬁLn,o
y ’ oy h ’
completed with the approximation of the divergence operator
Xy (0tm, B, Vo) 0xg(0tm, Bn, Vo) Xy (Om, Bn, Vo)
+ +
oo ap ay
2
~ ﬁ("%ﬂ — X ‘H‘SH - X +X3>/+1 —xp)- (41)

Remark 10. The left hand term in (41) is indeed equivalent to the traditional expression of divergence in Cartesian coordi-
nates:
a0y
oo ap ay
0Xgy 0 0Xy 0 daxg 0 axg 0 90Xy 0 90Xy 0
_ % 081 | 0% 8 | Oxg 01 0% 06 | Oxy 051 Oy 0

061 0 35 da  9& 0B 08 9B 35 dy  09& Iy
ax1 981 13x1 081 3 Ix 05 19x1 051 /3 dx2 98,

9E, da 208 9 | 2 08 0B 208 0y 2 0 9y

9%y 19x V3 9x2 1 19x1 V3 9% —1
= Xl X0 — 2 — x5
0&1 2 0&; 2 05 /3 20§ 2 95 /3
_8)(] 0X2
S 0& &

Notice that the combination of the schemes (40) and (41) leads to the approximation of the Laplacian operator

82X€ (om, Bn, Yo) " 82)(6 (&m, Bn, Vo) n 82Xe (&m, Bn, Vo)
dar2 0p2 ay?

2
~ € € € € € € €
~ 342 (xm+l,n,0 +Xm,n+l,o + Xim,n,041 + Xin—1,n,0 + Xn.n—1,0 +Xm,n,ofl - me,n,u) ’ (42)

which is symmetrical for each axis. Note that the scheme (42) is consistent with the finite-difference method applied on
the order 2 wave equation [34,31].
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The grid can then be described as the interconnection of elementary port-Hamiltonian systems defined by quadratic
Hamiltonian functions representing the energy stored along the different axes

1 2 1 2
HY — — 2 (522 Hﬂ:__xﬂZ
m 23]1[1,0( m) n 23h/.14 ( n)
2 BB
b X =0 X 4ud Y= Pl Xy ul
o m 3huo ™ m B n 3huo n n
yo = 2 X yﬂ _ 2
™ 3hpo ™ " 3hue " (43)
Y 1.2 Y\2 ) 11 £ 2
HY =2 =~ ) =
0 2 3hM0 0 m,no 2h m,n,o
1
vV Y 14 € ) e
Xy=1 X% = O3h,bL0XO FUupy, Teg= Xmno = Oh)( Xmno t Unno
S
2 1
Y Y & £
= X = —X
Yo 3hU«O 0 ym,n,o th m,n,o
interconnected in a power preserving way
1,6
u% ) y% h?xm—l,n,o
B - B —x¢
up _ 033 -1 Yn + Fiys Xm,n—1,0 (44)
Y B | /4 Ly :
Uo Yo ixs “m,n,0—1
uE 111 0 Vi , b y
m.n.0 m.n.0 =305 K1 T X1 T Xo41)
On the triangular grid of Fig. 4, this leads to the system
X% ped I
‘am -1 Xam szgm—l,n,o
Xm41 m+1 _les
Xg' 1 , X; lh m+1,n,0
n — n 3
| = Occ ' [ (s O |+ (16,6> 7 Xm0
Uﬁl 1 0 hxs n;rl 01,6 7F2X1€;ﬂ.n+l,o
);/0 1 )Jc/a laxe
Kot 1-11-11-1 0 o1 _hll;”é”‘"_l
Xm,n.o . Xm,n,o h “m,n,o+1 (45)
x()t Xm
am X‘TIII 1
X
vk o
n
N =(lss 061) xfﬂ
n]J/rl X};
Xo XJ/
XZJr] €o+1
Xm,n,o

Consider now the discretization of system (21). The same rectangular domain and boundary conditions as for the recti-
linear meshing are considered. This leads to impose either ey, eg or e, at the boundary of the spatial domain. The choice
of the spatial step h can induce several configurations of the triangular mesh and thus leads to a number of triangles along
the & axis which can be odd or even. An example of regular triangular mesh for this system is shown in Fig. 5 for an even
number of triangles per column. However, the following development holds for any h, and thus also for an odd number of
triangles per column.

Define by ny € N the number of triangles of the same orientation per line and n, € N the total number of triangles per
column. Notice that the numbering x;, , , is redundant since it implies that several indexes can correspond to the same
point, for instance x5, , ; , :X§1+1,n,0+1" Hence one cannot express the interconnection of the scheme as defined on Fig. 4
to derive a complete grid. It is thus necessary to define a new numbering of the discrete points. The simplest way is to
consider the numbering described in Fig. 6. The positions of the points of each different nature are described by an index
which is incremented from left to right, and from top to bottom.

From ny, ne, define ny, ng, n, and ne the number of points where Xy, xg, X, and x. are approximated, respectively,
Ng =Ny (Nec + 1)
{ (ny + 0.5)n¢c if nge even
0.5((ng + 1) (nee + 1) + (ng(ne — 1)) if ngc odd

(ng + 0.5)n¢c if nge even
n, =
v 0.5 (nee + 1) + (g + 1) (nee — 1)) if nee odd

e = (Mg + 1) (e + 1).
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Fig. 6. Numbered regular triangular staggered meshing for state/effort discretization.

Define the total number of points ng = Xnyy, g,y ). The finite-dimensional state vector is

xa=(HT T DT )T eR™

with
T B B BT
=0 ..xp) X=X o xny)
Y _ (Y Y \T E __ (4E€ e NT
Xy = (% ...xny) , Xg = (xq ...xng) .

Similarly, derive from ny and n¢c the numbers nf, ., of boundary points for each imposed effort ?(*-¢)

nd =2(ne +1)

C‘f (o
n%ZZ(ntl“F])‘l'{nt if n,c even

nee — 1 if nge odd

(46)
9 =2y +1) + Nec if nec even
ny N f nee + 1 if nee odd
Tl{a9 =0,
and the total number of boundary points ng = En?«x“a)' The boundary effort variables are
i)
R CAMCAINCARNCHIEE (47)
with
9 9,
e = .., el =) .. enff)T,
B

Y _ 07 y\T & _ ,0¢ de\T
(& ...enay) , egy = (€] ...eng) .
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The discrete Hamiltonian Hy is defined as
1
Hg = EXdeXd (48)

where L; € R"™*™ is a diagonal matrix which corresponds to the evaluation on the grid points of ((3) ?)ll. Note that

h?Hy ~ H in the sense that h>H; converges to H when the number of points tends to infinity. This permits to define the
discrete effort as

e = —= LdXd. (49)
d

In order to define the flow variables we introduce some additional notation. Define the matrices

-1 1 0 0
Ki= . Ke=lnga. Ks=|Iy, | Ka=[: o1 |

-1 1 0 0
where {Kq, K3, K4} € Ra*@a+1 The differential operator % is approximated by the matrix

K;
b1
=h
K;

D1 € R" "¢ The operator % is approximated by the matrix D) = Dz+ — D5 with

K> K3
K3 1 K4

1 _
D;r = h K> Onbv”tl‘H ) D, = h O”b»ntl‘H K>

{Dy, D, D5} € R">":_ The differential operator % is approximated by the matrix D3 = D — D3 with

K3 Ky
1 K> 1 K>

D;r = H Onc,nﬂ+1 K3 s D; = E Ky Onc,n”-&-l (50)

{Ds, Dj, D3’} € R" ¥ Furthermore, we define the matrices

1 0 Oguf -10
il a 0
Kl = O(nu—l),2 ) KZ =l =101 K3 = 02”t1»2 ’
0 —1 0 0 1
n[,,z
a 0
K3 K3
K= . K= ,
K3 K3

where® KJ e R2(a+Dlnec/2)x2Ume/2] and K e R2(Mat+Dine/21x2M¢/2] Define the matrix

gi= gl Ona+ﬂﬁ+n}/,ng
d =
3h\ g« g5 &

)
g4 € R4 where

3 |-] and [-] are the floor function and the ceiling function, respectively.
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K1
8o =
K1
On[H—l —Ing+1
K3
gﬁ = 0 + .
. 0
0 ITer-l
Onn+1 —I
Ka ng+1
5
. Intl-H
0

go € R, gp € R™" and gy € R We also define

T T T
D] D2 D3

The discrete vector fg = ddit" is then given by

fa = Jaeq + gael.

Proposition 11. The staggered-grid finite-difference spatial discretization of (21) according to the scheme (40), (41) defines a finite-
dimensional Dirac structure Dy which approximates the original Stokes Dirac structure. The approximated system

X4 = JaLaxq + &qud
T (51)
Ya =284 €d

with uq = €3 is thus a PHS. yq = fJ with

1
1§ =gheq= 1 (Ufi)" T I (e DT
where

T _ 258 _ L€ & _ L€ &
Faaw =3€1 = Enyi1 €ngr1yi1 ~ Camy 1) L2141
& & T
g+ +1 ~ Clme+)(ng+1)
T _%/_,¢ _ € _ € £ _ L€
faae —3( €1 - Tyt T Cmy+1)+1 C2mg+1) T Camy+1)+1
es et et yI
4g+1)  Cme) g+ 1)+1 - e+ (ng+1)
2
T _ £ & £ L€ £
fayr =5(€1 - €nyi1 = €1 €2nyp) ~ Ea(ny )41
& e e T
any+1) + ~ Cln) gD+ e+ D(ng+1)

9 a 0 . . . .
fage € R"&, fa9p € R" and fgav € R™. fyge is equal to the empty set in the particular case due to the choice of the boundary
conditions.

Proof. The proof of this proposition is analogous to the proof of the Proposition 5 in the 1D case considering e} = (:§> €
f

R™*% and fi= (fdd) € R"*1 according to (47) and (49). O
d
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Fig. 7. 1D propagation of a Gaussian initial condition, comparison with traditional finite-difference time domain method, time step t =44.4 us, h=2.0 cm.

4. Numerical experiment

In this section, the proposed discretization methods are implemented using MATLAB®. Advantages and limitations of the
different numerical schemes are highlighted in a open-loop case and in a closed-loop case considering a fully absorbing
boundary control. Since acoustic wave propagation in the air is considered we use the following physical parameters

1 3,1 1 5 -1
— =0.8163m>.kg™ ", — =1.4161.10° Paq, co=340m.s (52)
Mo Xs
We recall that o is the mass density and s is the adiabatic compressibility factor. The proposed discretization method
is completed with midpoint rule for the time integration, which coincide with the discrete gradient in the linear case, and
thus respect the power balance of the system [36,47]. A short recall of the considered time integration methods is given in
appendix.

4.1. 1D case - open-loop system

The propagation of a Gaussian initial condition in the center of the 1D spatial domain with fully reflective boundary
conditions (eclw =0) is studied in Fig. 7.

We consider spatial step h =2 c¢cm and a spatial domain of length L =1 m. We simulate the system over a time T =
20 ms with a time step 7 =44.4 us. The spatial step is chosen such that we can see significative differences between
the different methods. The two first subfigures represent the state variables approximated with the staggered-grid method
and implemented using the explicit PHS (15) with implicit midpoint time integration. In the second line of subfigures a
Stérmer-Verlet time integration [35] scheme is used. This is a two-step symplectic second order scheme for systems with
separable Hamiltonian.

In the bottom left corner subfigure a full discretization using a finite-difference time domain method is performed
on the order 2 wave equation (1). Bottom right corner subfigure shows the total energy of the system for midpoint and
Stérmer-Verlet integration. Fig. 7 shows some of the advantages of the proposed staggered-grid semi-discretization scheme
over the FDTD method. In particular, the whole state of the system is made explicit and it is possible to compute the total
energy directly from the states variables. Some numerical dispersion can be observed, especially for the midpoint integration
method since the time step is not sufficiently small. The dispersion can be observed through the degradation of the patterns
along time. Fig. 8, a zoom of Fig. 7, permits to see this degradation between the first and last observable patterns described
by the simulated wave for the approximation of x, in the cases of a Stormer-Verlet and of a midpoint time integration. The
results suggest that if the numerical dispersion is too important using the midpoint scheme the Stérmer-Verlet integration
scheme can be used instead. However, as it can be observed in the last subfigure, the price of less dispersion is that the
total energy of the system, which should remain constant in this conservative system, oscillates with a relative error of
about 0.3 per cent. The midpoint method is then used in the following.

In the following subsection the discretization is illustrated when a boundary controller is considered.



690 V. Trenchant et al. / Journal of Computational Physics 373 (2018) 673-697

Stérmer Verlet, first pattern  midpoint method, first pattern

- - . -
Stoérmer Verlet, last pattern  midpoint method, last pattern

. - Ld
. i B [

Fig. 8. Zoom of Fig. 7, degradation of the pattern due to dispersion for Midpoint and Stérmer Verlet schemes.

4.2. 1D case - boundary control
The propagation of the same Gaussian initial condition is now considered in closed loop, with a boundary controller
implemented at the & = L =1 boundary. The simulation is performed for a time of T =10 ms and a time step T =5 us

for a spatial step h =2 c¢m. An impedance matching controller corresponding to fully absorbing boundary control [48] is
considered. The control law is implemented by imposing the boundary condition

d h 9
D)= —— 2),
e (2) OCOfd()

that can also be interpreted as the interconnection of the discretized wave equation (15) with the static controller

1 e%(l) 00 O f£(1)
ye = ——hug, 52 |=(0 0 -1]|fl@ (53)
HKoCo Uue 01 0 Ve

where eg (i) and fc? (i) are the i components of the vectors eg and fda, respectively. Fig. 9 illustrates the closed-loop system
behavior and shows the evolution of the approximated total energy.

It can be seen that approximately half of the energy is dissipated each time the propagating initial condition hits the
& =1 boundary, which corresponds to the behavior of a fully absorbing boundary. Since traditional methods such as FDTD
do not allow to impose directly the effort variables at the boundary, they cannot be used in a straightforward manner to
study the performance of this type of control. This is one the main advantages in preserving the PHS structure, the fact
that the input-output ports of the system correspond to physical variables that can be interconnected with for instance a
boundary controller.

4.3. 2D case

In the following, numerical results for the 2D PH model using the rectilinear discretization developed in Subsection 3.2
and the regular triangular discretization developed in Subsection 3.3 are presented. In the considered physical context,
the effort variables e3 and e® represent the components of the acoustic pressure p. The system is simulated for a time
T =0.2 s with a time step T = 0.6 ms. The same number of discrete points is used in the rectilinear and triangular cases
ng +1=m=>50, nic + 1 =n =5 with unitary spatial steps h = hy = h, =1 m. The considered input is a sinusoidal plane
wave injected into the domain through the & =0 boundary and chosen equal to sin(2n§) with wavelength A = % which
implies that the length of the domain L is a multiple of A. This choice, combined with the replacement of the anechoic
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Fig. 9. 1D propagation of a Gaussian initial condition with boundary control and evolution of the discrete Hamiltonian, T =5 us, h=2 cm.
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Fig. 10. Propagation of a plane wave in open loop. (a) and (b): Snapshots at time t = 0.2s of e> and e, respectively. (c): Evolution of the discrete Hamilto-
nian.

termination considered in Fig. 1 by a fully reflective condition, is the worst case scenario for the triangular case. Indeed,
the reflection of the wave on the & = L1 boundary induces a perfectly constructive interference which cannot be simulated
using the regular triangular mesh because of the staircase approximation on this boundary.

Figs. 10 and 11 present the simulations in open and closed loop, respectively. In these figures the 3D plots show the
profiles of p at t = 0.2s. Fig. 10 shows that the approximation of the total energy in open loop for both discretization
schemes are similar. The differences between the two curves is due to the staircase approximation at the & = L boundary
for the triangular case. Indeed, this approximation does not preserve the shape of the reflected wave in this worst case
scenario. It is unsurprising since the triangular mesh is more adapted to complex geometries. For the 2D case, the control

law is similar to the fully absorbing condition presented in the 1D case. It is applied on a portion of the & = 0 boundary

%, 2%] as shown Fig. 12. The control law is implemented by using

along the &; axis. More precisely on the segment & € [
the boundary condition e (&1, 0, t) = wocoes (&1, 0, t).

Fig. 11 shows that in closed loop, the simulation using triangular mesh leads to a better dissipation of the energy of the
system. Indeed, along the & = 0 boundary where there is no staircase approximation needed and since the triangular mesh
provides a better numerical propagation due to its compactness, we can expect the energy variation due to the absorbing
control along & = 0 to be more accurate. This is particularly important when considering passivity-based controllers [4,1,49]
which are commonly based on energy dissipation.

In order to evaluate numerically the frequency response of the approximation in terms of the number of discretization
points the Bode magnitude plots for the different approximations are drawn. Fig. 13 and Fig. 14 consider the approximation
on rectilinear and triangular meshes, respectively.
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diagram for rectilinear discretization.

The considered inputs are the discrete approximation of e'(0, £2) in the rectilinear case, respectively e®(0, 12) in the
triangular case. The considered outputs are the discrete approximation of e3(Lq, %2) in the rectilinear case, respectively
e®(0, 12) in the triangular case. These choices correspond to the centers of opposite boundaries.

The cut-off frequency becomes higher when the number of points in the mesh is increased. The resulting roll-off also
increases with the number of points. The shapes of the Bode plots are similar for the rectilinear and triangular cases, with
some anti-resonances after the cut-off for the triangular case. These diagrams permit to evaluate numerically if the number
of points used for the discretization is enough to study the system behavior up to a certain frequency.
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Fig. 15. Isolines (solid lines) of a propagation of an initial condition on a discrete point with rectilinear grids, T =1 ms, t =107, hy =h, =0.4 m.
4.4. Isotropy consideration

Figs. 15 and 16 show the contour plot, i.e., the isolines, of the propagation of a punctual initial condition at the center
of a 2D domain with L1 = L, =20 m. These figures show the profiles of p at t =107 with T =1 ms. The spatial steps are
chosen such that the discretization leads to matrices J; of almost the same size for both rectilinear and triangular cases,
which permits to compare the two meshes at equivalent computation time. This is achieved by choosing h1 = h; = 0.4 m for
the rectilinear case and h = 0.5 m for the triangular case which lead to J4 € R7400x7400 anqd j,; € R7371%7371 respectively.

The figures show that the triangular mesh provides a better approximation of the isotropic propagation of the wave
equation. Since the initial condition is applied on a point of the domain, the differences in the 3D plots are explained by
the bad performance of finite differences for high frequencies. This suggests that regardless of the geometry of the studied
system, if the interest is to study the behavior with respect to initial conditions the use of a regular triangular mesh is more
convenient. Recall that to obtain these performances for a computing time equivalent to the rectilinear mesh, the price to
pay for the use of the triangular mesh is a greater complexity of implementation.

5. Conclusion

A full discretization has been proposed for open systems governed by the wave equation in the 1D and 2D cases. The pro-
posed spatial discretization scheme is based on staggered-grid finite differences such that it preserves the port-Hamiltonian
structure of the system. Among the advantages of preserving the PHS structure, is that it allows to impose effort variables
as boundary conditions on the finite-dimensional approximations and perform interconnections with subsystems such as
boundary controllers. The main interest of the proposed method over other structure preserving discretization methods,
such as mixed finite elements or structure preserving finite volumes, is its simplicity. In 2D, rectilinear and regular trian-
gular meshes are treated. The time integration is based on the midpoint rule and has been specialized for a large class
of linear PHS. It thus applies to the boundary interconnection of the proposed semi-discretized wave equation with linear
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Fig. 16. Isolines (solid lines) of a propagation of an initial condition on a discrete point with triangular grids, t =1 ms, t =107, h=0.5 m.

PHS such as controllers. The numerical results show the convenience of the proposed methods for the 1D and 2D cases
considering simulations in open and close loop, and illustrate the advantage of a regular triangular mesh over a rectilinear
one regarding the isotropy of the wave propagation. A drawback of staggered-grid finite-difference discretization is that it
is results in high complexity when considering unstructured meshes. In that sense, it loses its main advantage over other
structure preserving discretization methods in this particular case. Future works will consider the extension of this method
to 3D, e.g. for Maxwell’s equations or room acoustic study, and the study of the interconnection of the proposed structured
meshes with unstructured meshes, e.g. finite volumes such that the PHS structure of the system would be preserved. This
will allow to consider more complex geometries.

Appendix A. Notation Table

Symbol
Oi.j

Iiji

&, &€eR
o

¢

at
g1, q2>0€R
L(Q,R")

h(]yz) >0elR

Description
Zero matrix in R/

Identity matrix in Ri*?

1D and 2D spatial Cartesian coordinates, i € {1, 2}
partial derivative with respect to &

partial derivative with respect to t

constant physical parameters

space of square-integrable functions on the domain
Q with values in R"

spatial step in the 2D rectilinear case

Symbol
0

t>0eR
o, B, yeR
i

L, Li>0eR
c>0eR
h>0eR

Ex, Ep

Description

Zero matrix of appropriate dimensions where there
in no ambiguity

time coordinate

2D spatial coordinates in the triangular case
variational derivative with respect to function x

1D and 2D domain dimensions, i € {1, 2}

constant celerity of the wave

spatial step in the 1D and triangular cases

kinetic energy, potential energy

To simplify the notation in the following of this appendix, define (i € {1,2}, j € N) in the 1D case, (i € {1,2,3}, j € N?) in
the 2D rectilinear case and (i € {«, 8, y, ¢}, j € N) in the 2D triangular case. The spatial domain € is equal to [0, L] in the
1D case and to [0, L] x [0, Ly] in the 2D case.

Symbol

B

].'

T E—>F

DCFxE
Xi, ei, fi
ey, fa

i i k
Xgs €gs fdeR
el fi. e Rk
da> Jda
]dEkak
Hy:RF > R >

0
g4 ERlekz

Description

boundary of

space of flows
skew-symmetric operator

Stokes Dirac structure
state, effort and flow variables in infinite dimension
infinite dimensional boundary variables

approximation of the state, effort and flow variables,
keN

approximation of the boundary effort and flow
variables, , k e N

skew-symmetric matrix, k € N

Finite dimensional Hamiltonian, k € N

input matrix, {k;, ko} € N

Symbol
X
E

L
(“’61 : )

0 X!
H:X - Rt
x e f
iooi g
X, e, fj eR
X4, eq, fa € RF

eds. fao € R¥

LdEkak
DyCFXxE

uc, yc eRK

Description

space of energy variables, infinite dimensional case
space of effort

energy matrix

Hamiltonian, infinite dimensional case

vectors of state, effort and flow in infinite dimension
approximation at the point j of the state, effort and
flow variables

approximation of the vectors of states, efforts and
flows, k € N

approximation of the infinite dimensional vectors of
boundary effort and flow, k e N

positive definite diagonal matrix, k € N

Dirac structure in finite dimension

boundary controller input and output, k € N
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Ki1..4, K?],..s}v D, Dq1..3y, Dﬁj), D{]_J}, g(1,2) and gyq...y) are real matrices introduced for the discretization of the differ-
ential operators and boundary inputs. Integers are defined to number the discrete points:

Symbol Description Symbol Description
neN number of points where x; is defined, 1D case m, neN number of lines and columns where x; is defined,
rectilinear case

Ny, Nee €N number of triangles per line and per column, njeN number of points where x; is defined, triangular case
triangular case

n? eN number of boundary points where x; is defined, ngeN total number of discrete points, triangular case
triangular case

ng eN total number of boundary discrete points, triangular m, n,0eN numbering of the coordinates over the three axes,
case triangular case

Appendix B. Time Integration

This appendix details the time integration methods of the discretized wave equation exploited Section 4. There are no
original contributions in this appendix. It aims at completing the spatial discretization with time integration for the paper
to be self-contained.

B.1. Implicit midpoint

The implicit midpoint method is the simplest symplectic method of order 2 [34]. Consider an ordinary differential equa-
tion such as x = g(x) where the state x € R", n € N. Applying the implicit midpoint scheme for a chosen step time §; € R*
with x, ~ x(ké;) leads to the following scheme:

Xi+X
Xk41 =X+ 68 (%) :

When applied to the conservative discretized port-Hamiltonian system (15), this scheme becomes

Xep1 = (I — %]de)i] (x + % (JaLaxk + ga(ug + ug+1)))

when (I — & JqLg) is invertible, which may depend of the chosen §;.

The midpoint method can be applied to dissipative port-Hamiltonian systems [2] by replacing J4 by (J4 — Rg) in the
previous equation, with Ry the dissipation matrix of the discrete system, symmetric positive definite.

In the linear case, this method coincides with the discrete gradient method, which respects the power balance of the
system [36,47]. In the conservative case, this property guaranties that the discrete Hamiltonian remains constant along the
time integration.

B.2. Stérmer-Verlet

The Stérmer-Verlet method, also called leap-frog method, is an integration method for separable Hamiltonian systems. It
is the most widely used method for computations in molecular dynamics [35]. Like the midpoint method, it is a symplectic
method of order 2, and is thus particularly suited to consider conservative systems.

Consider the discretized 1D wave equation (15) with this two steps integration method implies to express separately the
discrete approximations of the conservation laws which underlie the wave equation:

.1 -1,.2

Xy = Dy Xy + 8allg

2 T,,-1,1
X;=—D py x5+ glg

where g, and g, are composed of the appropriate number of first and last rows of g4, respectively. For a chosen step time
8 ¢ Rt with x, ~ x,(k8¢), i € (1,2}, the integration scheme is

1 1 ) -1,2
Xeros =% + 3 <_DXs X+ gauk)
2 2 T,,—-1,1
Xip1 =X + 0t (D Mo Xgros t gbukH)

1 _ 1 st 1,2
Xey1 = X405 T 37 (_DXs X1 + gaul<+l)~
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Or, equivalently
2 _ 28t (pT,, -1,1
Xeros =%+ 37 (D Mo X+ gb”k)
X =xL+8t(=Dx %2, + gau
k+1 = Xk Xs X051 Ballkt+1
2 2 8t (T, —1,1
Xie41 =Xieros5 T 2 (D Mo Xigr + gb”k+1)-
One notices that this scheme does not permit to take into account internal dissipation trivially.
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