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3-D Generic Magnetic Equivalent Circuit Taking Into Account Skin
Effect: Magnetic Field and Eddy-Current Losses
Youcef Benmessaoud Walid Belguerras Frédéric Dubas Mickael Hilairet

Abstract In this paper, a three-dimensional (3-D) generic
magnetic equivalent circuit (MEC) in Cartesian coordinates
considering the skin effect is developed. This model has been
applied to a U-cored static electromagnetic device. The main
objective is to compute the magnetic field behaviour in
massive conductive parts (viz., aluminium) and to predict the
impact of the eddy-current magnetic fields in the
neighbouring non-conductive parts. The classical
magnetomotive force (MMF) distribution has been modified
by integrating the MMF produced by the eddy-currents that
occur in massive conductive regions. The eddy-current MMF
was introduced by formula which derived from
magnetodynamic Maxwell's equations. Both Experimental
tests and three-dimensional (3-D) finite-element analysis
(FEA) have been used to prove the validity of the proposed
approach.
1 Introduction
1.1. Context of this paper
Different models more or less accurate, taking into account
spatio-temporal harmonics have been developed in the past.
The importance of studying the eddy-currents topic still
remains attractive in static or/and dynamic applications such
as non-destructive control, permanent-magnet (PM)
synchronous machines (PMSMs). Indeed, incorporating PMs
in electrical machines improve really the efficiency and the
behaviour of the integral quantities. However, the presence of
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conductive materials can consist a technical drawback in the
high frequency, causing additional losses at high-speed which
dissipate in the heat forms, leading to the PMs degradation.
Indeed, the magnetic field variation is one of the main source
of these losses which further affect the electromagnetic
proprieties. This meant that eddy-currents become essential
when sizing PMSMs at high-speed.
In order to estimate these eddy-current losses, different
modeling technics in the literature can be found based on
different formulations [1]. It can be find analytical models
based on the formal resolution of Maxwell’s equations [2],
the finite-difference method from Maxwell’s equations where
the boundary conditions (BCs) come from the FEA [3], the
hybrid models [4],..., the semi-analytical model based on the
MEC (or reluctances network). Different manner to
incorporate magnetic reluctances, magnetic inductances or
MMFs in MEC or coupling models with MEC to compute
eddy-currents [5-8]. The main drawbacks of the last works
can be liked to the incorporated MMFs or magnetic
reluctances which don’t take into account the skin effect as
well as the method depend on the FEA to get the local
quantities that allows computing eddy-current losses. Add to
this, no model exist till now which permit to study the skin
effect on the behaviour of the magnetic field overs all the
electromagnetic devices by applying only the MEC.
1.2. Objectives of this paper
In this paper, a new approach is proposed to incorporate the
MMFs which take into account the skin effect in the semianalytical model based on the 3-D generic MEC. In this way,
it can be analysed the impact of the magnetic fields due to
eddy-currents occurred in massive conductive parts and over
all parts of the electromagnetic devices. The performed model
will be able to compute the eddy-current losses in massive
conductive parts, to predict the behaviour of both magnetic
field and flux density over all the electromagnetic device. The

segmentation in the two axes is also allowed but not treated
in this paper.
2 U-cored static electromagnetic device
Fig. 1 shows the two-dimensional (2-D) view of the static
electromagnetic device whose the experimental tests have
been presented in [9]. This device is constituted by a mobile
armature that allows to insert massive conductive parts (viz.,
aluminium) of various thicknesses. Two coils having N t
serie turns are connected in parallel. It is supplied with a
sinusoidal voltage. Since the magnetic circuit is not saturated,
the current is then sinusoidal waveform with a maximum
amplitude of I max . The geometric and physics parameters are
given in Tab. 1
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3 3-D generic MEC using mesh-based formulation
The 3-D automatic generation MEC using mesh-based
formulation is already developed and explained in [10]. This
provides the distributions of magnetic flux density
B  Bx ; By ; Bz in all parts of an electromagnetic device. In





[10], the MMF associated to massive conductive parts are
equal to zero because the skin effect has been neglected. The
results of B were confronted with those obtained by the 3-D
FEA. The computation time is divided by 3 with an error less
than 1%. In the following section, it is explained the followed
approach to associate the MMFs produced by the magnetic
reaction field taking into account eddy-current phenomenon.
4 Developed approach
4.1. Principle of model
Fig. 2 represents the flowchart that explains the approach
followed to incorporate the MMF produced by the eddycurrents in massive conductive parts into the 3-D generic
MEC. Firstly, it is not considered the electrical conductivity
of the massive conductive parts. Hence, the 3-D generic MEC
results correspond to those levied at magnetostatic
application. Next, the magnetic flux density in the middle of
the massive conductive part will be considered to define the
BCs to resolve the complex Helmholtz's equation. At this
stage, the evolution of the eddy-current magnetic field can be
got. Thereafter, Hopkinson's law will be applied to estimate
the MMFs due to the magnetic field reaction caused by the
massive conductive parts. Finally, these later will be
incorporated into the performed 3-D generic MEC. New
simulation gives the results by considering the electrical
conductivity of the massive parts. Furthermore, it can be
remarked that the crossing flux tube in the electromagnetic
device when considering the electrical conductivity can be
affected in values and length terms.
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Fig. 1 U-cored static electromagnetic device: (a) Experimental test [9],
and (b) Geometrical parameters.
Table 1 Geometrical and physical parameters
Parameter, Symbol [Unit]

Value

Depth, d [mm]
Width, w [mm]
Coil height, hc [mm]

43
43
77

Coil width, wc [mm]

10

Coil section, Sc  hc  wc [mm²]

770

Yoke height, h y [mm]

43

Yoke length, l y [mm]

150

Thickness of massive part, hmp [mm]

6 or 10

Height overhang top, hot [mm]

19

Height overhang bot, hob [mm]

4

Electrical frequency, f [Hz]
Maximal current, I max [A]

50 or 1,600

Number of turns, N t [-]

500

Relative permeability of massive parts in
aluminium, rmp [-]

1

Electrical conductivity of massive parts in
aluminium,  mp [S/m]

38.46  106

Vacuum permeability,  0 [H/m]

4  107

Relative permeability of iron core,  ri [-]

1,500
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Fig. 2 Flowchart of 3-D generic MEC with the skin effect.
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BCs are shown in Fig. 3.
By using the separation of variables method and by applying
the BCs, the 2-D general solution of H  y in both directions
(i.e., x- and z-edges) can be written as Fourier's series [1]

Helmholtz's equations & Hopkinson's law

d 2

magnetic field is defined as the normal magnetic field value
crossing the middle of the massive conductive part
determined by magnetostatic 3-D generic MEC i.e., without
electrical conductivity, viz., H s  By  0, 0  mp . The various
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Fig. 3 BCs at edges of massive conductive parts in  x, z  coordinate
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system.

where k  k d is the periodicity of Hmpy in the z-axis,
4.2. Magnetic field due to electrical conductivity in massive
conductive parts

 k   2  k 2 , k are the spatial harmonic orders.
It should be noted that H mpy is assumed to be invariant in the

To estimate the MMFs with the skin effect wherever in the
massive conductive part, the approach derived from the
formal resolution of Maxwell's equations by using the
separation of variables method and the Fourier's series. In
quasi-stationary approximation, inside a linear (non)magnetic
material of electrical conductivity without electromagnetic
sources, the partial differential equation in magnetodynamic
in term of H mp can be defined by [1]

H mp
 2 H mp     
 0 (Diffusion equation).
t
In Cartesian coordinates
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with

Hmpy   Hmpy  e j t , where j  1 and   2  f is the
electrical pulse, in massive conductive parts considering the
skin effect is then governed by the complex Helmholtz's
equation, viz.,
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where  2  j  mp   mp   .
The BCs are considered homogeneous at the edges of massive
conductive parts, which are equal to H s . This value of

y-axis. Moreover, when   0 (viz.,  mp  0 S m and/or

f  0  Hz ) then f  x, z   1 thus giving H mpy  H s .
4.3. Hopkinson's law to estimate the MMF values with the
skin effect
As it is explained in the sections before, initially the MMFs
associated to massive conductive parts are equal to zero. In
reality, the magnetic field inside and outside the massive
conductive parts is affected by electrical conductivity.
Therefore, the MMFs in the massive conductive parts can not
be equal to zero. To estimate the eddy-currents MMFs that
occur in massive conductive parts, the Hopkinson's law on a
"flux tube" in massive conductive parts is used as well as (3).
. So the eddy-currents MMFs are defined by
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MMFmp   MMFmp  e j t .

(4a)
(4b)

Finally, MMFmp will be incorporated into the 3-D generic
MEC in massive conductive parts by respecting the
discretization number in the y-axis chosen in the massive

piece zone, viz., Nd 3y [see Fig. 4]. Consequently, we get
new magnetic flux densities B   B x ; B y ; B z  by
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5 Result discussion
In this section, all the results are calculated with
I max  7.78 A at t  0 sec and hmp  6 mm for two values
of electrical frequency (viz., 50 Hz and 1,600 Hz). A very
weak discretization has been imposed in the 3-D generic
MEC obtaining a good approximation on the y-component
of B in massive conductive parts. To improve the precision
a high discretization can be applied on the 3-D generic
MEC. The validation of proposed model has been realized on
the Cedrat's Flux3D software package by using the
application "Harmonic State 3-D" [11].
A 2-D view of the U-cored static electromagnetic device is
illustrated in Figs. 4 for yz-plane [see Fig. 4(a)] and for xzplane [see Fig. 4(b)]. The 2-D grid N°1 parallel to xz-plane
and the 2-D grid N°2 parallel to xy-plane are presented by the
dashed black bold line for various comparisons.
Figs. 5 represent the evolution of the y-component of B on
the 2-D grid N°1 with(out) the skin effect. Fig. 5(a)
corresponds to the magnetic flux density allowing to obtain
the initial values of BCs (i.e., H s to estimate MMFmp ). The
results show a good agreement. Add to this, in Fig. 5(b), it can
be clearly seen the deformation of the y-component of B
due to the electrical conductivity in massive conductive parts.
Fig. 6(a) illustrates more clearly the impact of the massive
conductive part on the behaviour of the magnetic field, where
the skin effect appears slightly at 50 Hz contrary to 1,600 Hz
that appears clearly as shown in Fig. 6(b). Indeed, the
conductive massive part act as a barrier to the crossing flux.
Using J    H (i.e., Maxwell-Ampère), the absolute
resultant current-density is shown in Fig. 7. Fig. 8 and Fig. 9
represent respectively the magnetic flux density map in term
to components (i.e., x- and y-component) on the 2-D grid
N°2 without and with the skin effect at 50 Hz. From these
figures, the influence of the existing massive conductive
part can be seen, especially the magnetic flux density values
that decrease in the most parts of the device, where the
maximum value for y-component go from B y  1 T to
B y  0.8 T
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Fig. 4 2-D view of the U-cored static electromagnetic device in: (a)
yz-plane, and (b) xz-plane.

(a)

[see Fig. 8(a) and Fig. 9(a)] and from Bx  0.8 T

to B x  0.55 T [see Fig. 8(a) and Fig. 9(a)] for x-component.
A particular attention can be given to B x , in fact that it
present a slight increase in the neighbouring region of the
coil, where the x-component of magnetic flux density passes
from Bx  0.1 T to B x  0.2 T . It can be noted that the massive
conductive parts could affect the efficiency of the U-cored
static electromagnetic device by increasing the flux leakage.
(b)

Fig. 5 The y-component of the magnetic flux density on the 2-D grid
N°1: (a) without the skin effect, and (b) with the skin effect.
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Fig. 6 Evolution of

Hmpy

in the massive conductive part

for: (a) f  50 Hz , and (b) f  1,600 Hz .
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Fig. 8 Magnetic flux density map without the skin effect on the 2-D grid
N°2 for: (a) B y , and (b) B x .

(a)
(a)

(b)

Fig. 7 Evolution of absolute J in the massive conductive part
for: (a) f  50 Hz , and (b) f  1,600 Hz .

(b)

Fig. 9 Magnetic flux density map with the skin effect at f  50 Hz on the 2D grid N°2 for: (a) B y , and (b) B x .

electromagnetic devices. A 3-D generic MEC was used and
improved taking into account skin effect in massive
conductive parts. The classical MMF distribution has been
modified by integrating the eddy-currents MMFs in massive
conductive parts, which was introduced by a formula based
on the Maxwell-Fourier method and by using the
Hopkinson's law. It is able to compute the eddy-current
losses in massive conductive parts. The model allows to
study also the segmentation in both two space axes. Eddycurrent losses and local quantities resulted from 3-D generic
MEC with the skin effect gives good agreement comparing
to both measurement and 3-D FEA.
(a)
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