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ABSTRACT
We explore the cloaking of a complex shape by either the neutral inclusion or the transformation thermodynamics (TT) methods. Thin cloaks
are built and the heat cloaking efficiency is investigated for both the steady-state and the transient regimes. We show that the neutral inclusion
cloak is more efficient in both regimes, though it has the drawback that the thermal conductivity of the cloaked shape must be known. In
practice, the neutral inclusion method is more flexible and easier to implement than the coordinate transformation method, especially for
complex shapes.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5092128

The idea of an invisibility cloak was first introduced1,2 using
the transformation optics (TO) approach in the field of electromag-
netic waves, based on pioneering works by Dolin3 and Bérenger.4
TO was soon extended to many other fields, such as elastic waves,5–9

acoustics,10–13 and matter waves.14–16

Later, based on the diffusion equation, cloaking of heat flows in
thermodynamics was demonstrated.17–19 Guenneau17 firstly built a
mathematically covariant formulation of the heat equation for ther-
mal cloaking and concentrating, which opened up possibilities to
control heat flows in a manner similar to waves in optics. After some
controversy this problem was hopefully closed in 2018.20,21 Guen-
neau and Puvirajesinghe22,23 further extended this concept to mass
transport using Fick’s law.

Recently, Schittny et al.19 used this method to construct cloak-
ing devices but quickly realized that an alternative method called
neutral inclusion (NI) was also available. The NI approach was first
derived by Kerner24 in 1956 for the static diffusion equation. Much

work was done since then on both methods, but without a quanti-
tative difference analysis in the case of complex shapes.25–31 In fact,
the TT approach can in principle always be applied whereas the neu-
tral inclusion is only possible for a set of geometries.32,33 It further
requires knowledge of the conductivity to be cloaked.

In this paper we implement both methods in the case of a com-
plex shape and evaluate cloaking in both the static and the dynamic
regimes. We emphasize a specific geometry with an extremely thin
cloaking device. We demonstrate how efficient the NI approach can
be, even in the dynamic regime and especially for thin cloaks, when
compared to transformation thermodynamics. Besides, we illustrate
the deterioration of cloaking as a function of time.

We start by recalling the heat conduction equation in the
absence of body heat sources

∇ ⋅ (σ∇T) + ρc
∂T
∂t

= 0 (1)
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where σ is the thermal conductivity and T represents the temper-
ature. The heat conduction equation is form invariant when the
transformed parameters are given by

σ = J σ′JT

det(J) , ρc = ρ′c′

det(J) and Jxx′ =
∂(x, y, z)
∂(x′, y′, z′) . (2)

In Eq. (2), J is the Jacobian transformation matrix which character-
izes the geometrical transformation between the original (virtual)
space and the transformed (physical) space. We consider a linear
transformation that compresses virtual space (0 < r′ < R2) into
physical space (R1 < r < R2) as

r = R2 − R1

R2
r′ + R1, θ = θ′, z = z′ (3)

in cylindrical coordinates and as

r = R2 − R1

R2
r′ + R1, θ = θ′, φ = φ′ (4)

in spherical coordinates. In the above equations R1 and R2 are the
inner radius and the outer radius of the cloak, respectively. In the
case of cylindrical coordinates, following Eqs. (1–2), using mathe-
matical identities34,35 on composed Jacobians (Jxx ′ = JxrJrr ′ Jr ′ x ′ ) with
Jxr = ∂(x, y, z)/∂(r, θ, z), Jrr ′ = ∂(r, θ, z)/∂(r′, θ′, z′) and Jr ′ x ′ =
∂(r′, θ′, z′)/∂(x′, y′, z′) we can recognize that Jxr = R(θ) diag[1, r,
1] where R(θ) is a rotation matrix leads to J = R(θ) diag[α, r/r′,
1] R(−θ) with α = 1 − R1/R2. Finally, we can get the transformed
thermal conductivity in physical space as

σc

σb
= R(θ) diag[αr

′

r
,
r
αr′

,
r′

αr
] R(−θ) (5)

where σb is the thermal conductivity of the isotropic background
material. For a spherical cloak, the same procedure leads to34,35

σs

σb
= R(θ,φ) diag

⎡⎢⎢⎢⎢⎣

1
α
( r
′

r
)

2

,
1
α

,
1
α

⎤⎥⎥⎥⎥⎦
R(−θ,−φ). (6)

In the neutral inclusion method, according to Kerner’s ana-
lytical results,24 the effective conductivity of an assemblage can be
obtained by

σc
∗ = σc

2 +
2(1 − f c)σc

2(σ1 − σc
2)

2σc
2 + f c(σ1 − σc

2)
(7)

for a coated cylinder and

σs
∗ = σs

2 +
3(1 − f s)σs

2(σ1 − σs
2)

3σs
2 + f s(σ1 − σs

2)
(8)

for a coated sphere, respectively. σ1 is the thermal conductivity of
the inner object and σc

2 (σs
2, respectively) is the conductivity of

the layer coating the cylinder (the sphere, resp.). In Eqs. (7–8),
f c = (1 − R2

1/R2
2) and f s = (1 − R3

1/R3
2) denote the volume fractions

occupied by the coating layer in the assemblage.
We built the object “HIT” which is made up of cylinders and

spheres (see Fig. 1). Both the coordinate transformation and the neu-
tral inclusion methods are implemented to cloak this object. For
both methods, we built a thin cloaking shell with uniform thick-
ness a = 0.0187 m. The geometry parameters are R1 = 1 m and

FIG. 1. Geometry definition of the object and of the cloak. On the right-hand side
we depict the heat flow lines (when the heat flux is imposed in the y-direction)
obtained in the case of cloaking using transformation thermodynamics through the
two sections CC1 and CC2.

R2 = 1.0187 m, and the height of the cylinders is h = 6 m. The ther-
mal conductivity of the object and of the background are σ1 = 13.5
W/(mK) and σb = 1 W/(mK), respectively. Following Eqs. (5–6), we
set the transformed thermal conductivity of the coating shell as

σc = diag[ r − 1
r

,
r

r − 1
,

2967.6(r − 1)
r

]

for cylinders and

σs = 54.48 diag[( r − 1
r

)
2
, 1, 1]

for spheres. Imposing the neutral inclusion conditions σc
∗ = σs

∗ = σb,
results in σc

2 = 0.02 W/mK and σs
2 = 0.02021 W/mK.

For all cases, finite element simulations based on the commer-
cial software COMSOL Multiphysics are conducted. In the station-
ary regime, we impose a temperature difference of 1 K between
left and right boundaries in the y-direction. Other boundaries are
defined as adiabatic boundaries to ensure that conduction is the
dominant mode of heat transfer, rather than convection. We plot
in Fig. 2 the temperature difference ∆T = (Ti − Tr), where Ti and Tr
are the temperatures of external fields for cloaks (i = O for the obsta-
cle case, i = NI for the NI cloak case, and i = TT for the TT cloak
case) and a bare plate (r = reference case). In the obstacle case, the
object simply has no coating layer. We can observe in Fig. 2(a) that
the obstacle without a cloak leads to significant perturbations to the
external temperature field distribution. In contrast, the temperature
difference is near-zero throughout the whole probe domain in the NI
cloak case (Fig. 2(b)), which demonstrates that the neutral inclusion
method is efficient for steady-state cloaking. However, there exist
some perturbations in the external temperature field in the TT cloak
case (Fig. 2(c)), indicating that thermal cloaking achieved by trans-
formation thermodynamics approach is not perfect. It is seen that
perturbations mainly arise near the domain interfaces between cylin-
ders. To eliminate perturbations, a complicated coordinated trans-
formation would be needed, which is beyond the scope of this paper.
We note that such a transformation would need to be continuous at
the domain interface.

In order to compare quantitatively the TT and the NI cloak, we
define an index that characterizes the heat cloaking efficiency as

MV = ∫Ω
∣∆T∣dΩ
∫Ω dΩ

, (9)

where Ω denotes the probe domain of external fields. MV reveals
all perturbations to the external heat profile. Obviously, a lower
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FIG. 2. Steady-state numerical simulation of temperature difference ∆T for (a) the
obstacle, (b) the NI cloak, and (c) the TT cloak. Black lines are iso-thermal lines.

value for MV corresponds to better cloaking. Ideal cloaking would
be achieved for MV = 0. We calculated the index for the different
cases shown in Table I. Compared to the obstacle case, the neutral
inclusion cloak reduces heat perturbations by 2090 times whereas
the TT cloak reduces it by 14 times. In the steady-state regime, the
neutral inclusion cloak thus shows much higher cloaking efficiency
than the TT cloak.

We also implemented transient heat transfer simulations for
both the TT approach and the NI method. In the dynamic simu-
lations, we applied a temperature source with a maximum of 1 K on
the left side of the domain and attached a perfectly matched layer on
its right side. Ambient temperature was fixed to be 0 K. We extract
temperature differences ∆T at the cut plane (x = 6 m) of both cloaks
and plot the results in Fig. 3. For comparison, the results for the
obstacle are also presented. It is observed that the external heat pro-
file is strongly disturbed by the obstacle. Distortions are dramatically
reduced when the object is coated with the NI cloak, demonstrat-
ing that the neutral inclusion method remains efficient even in the
dynamic regime. Furthermore, though the TT cloak significantly
reduces heat disturbances compared to the obstacle case, perturba-
tions remain significant especially near domain interfaces. Hence,

TABLE I. Calculated heat cloaking efficiency index in the steady-state case.

Geometry Obstacle NI cloak TT cloak

MV (mK) 16.865 0.008 1.151

FIG. 3. Dynamic cloaking as a function of time for (a) the obstacle, (b) the NI cloak,
and (c) the TT cloak. (d) Quantitative comparison of cloaking for the NI and the TT
methods versus time.

the NI cloak performs better for heat cloaking than the TT cloak,
even though the design procedure is not fully accurate and domain
discontinuities remain. We further calculated the heat cloaking effi-
ciency index in the dynamic regime. It is observed in Fig. 3d that
heat perturbations are obviously larger than those of the steady-state
case, which demonstrates that thermal cloaking deteriorates if the
dynamical part of the heat conduction equation is significant. As the
NI cloak does not rely on a transformation technique, it avoids some
problems present in TT cloaks, such as extreme thermal conductiv-
ity (inhomogeneous, anisotropic, or even singular). Besides, the NI
cloak achieves nearly perfect cloaking by regular isotropic materials,
which is of interest for real applications.

So far, we have considered with index MV a quantity inte-
grated over the whole probe domain. We now investigate further
the details of the temperature distribution near the object interface,
where the external heat profile is most strongly disturbed. We define
measurement lines and record temperatures Ti on these lines. Mea-
surement lines are indicated by the red dotted line in Fig. 4, and Li
and L′i denote measurement lines for the NI cloak and TT cloak,
respectively. A heat distribution index is defined as
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FIG. 4. Temperature perturbation index ML along measure-
ment lines for the NI and the TT cloaks. (a) Location of
measurement lines. (b) ML along lines L1 (NI) and L′1 (TT).
(c) ML along lines L2 (NI) and L′2 (TT). (d) ML along lines L3
(NI) and L′3 (TT).

ML =
∣Ti − Tr ∣
∣To − Tr ∣

, (10)

where Tr and To are the temperatures recorded along measure-
ment lines for the bare plate and for the obstacle, respectively. For
the cloak we use the index i for the temperature and the lines are
depicted in the Fig. 4. The larger the value of ML, the larger the
temperature perturbations and thus the worse the cloaking. We cal-
culate the distribution index for both methods and plot the results
in Fig. 4. We observe that the distribution index values recorded at
points near the interface of the object are significantly larger for the
TT cloak than those for the NI cloak. In other regions, smaller val-
ues and thus better cloaking performances are observed for the TT
cloak. Complicated coordinate transformations would be needed to
improve the TT cloak, but that would bring in more difficulties in
design and fabrication.

In summary, we have implemented both the neutral inclusion
method and the transformation optics approach to cloak thermally
a complex shape including cylinders and spheres. The neutral inclu-
sion cloak appears more efficient in both steady-state and transient
regimes. The TT cloak indeed presents some perturbations near the
interface with the object; they are the main reason leading to imper-
fect cloaking. Besides, we have shown that cloaking deteriorates
when temporal aspects become significant. Finally, the neutral inclu-
sion method appears more practicable in view of potential applica-
tions, especially for complex shapes for which the conductivity of the
object is known.
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