Nonlinear elasticity of silica nanofiber
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Optical nanoﬁbers (ONFs) represent versatile nanophotonic platforms for important photonic applications
such as optical sensing, quantum and nonlinear optics. The attractiveness of ONFs arises from the tight
optical conﬁnement, their wide evanescent ﬁeld in the sub-wavelength limit, their surface acoustic properties,
and their high tensile strength. Here we investigate Brillouin light scattering in silica-glass ONFs under high
tensile strain and show that the fundamental properties of elastic waves dramatically change due to elastic
anisotropy and nonlinear elasticity for strain larger than 2%. This yields to unexpected Brillouin strain
coeﬃcients for all Brillouin resonances including surface and hybrid waves, followed by a nonlinear evolution
at high tensile strength. We further provide a complete theoretical analysis based on third-order nonlinear
elasticity of silica that agrees well with our experimental data. These new regimes open the way to the
development of compact tensile strain optical sensors based on nanoﬁbers.
I.

INTRODUCTION

Optical micro and nanoﬁbers (ONFs) are long and
uniform ultra-thin ﬁbers manufactured by heating and
tapering standard optical ﬁbers down to the submicrometer scale1–5 . In addition to providing tight
optical conﬁnement, they exhibit a strong evanescent
ﬁeld in the sub-wavelength limit, which is very attractive for applications such as optical sensing and quantum photonics3–8 . They also possess notable mechanical and elastic properties, with large extensibility and
high tensile strength9 . From an acoustic viewpoint, it
has been recently shown that ONFs support new class
of acoustic waves compared to standard ﬁbers owing
to the strong coupling between shear and longitudinal
waves10,11 . These waves include hybrid acoustic waves
(HAWs) and surface acoustic waves (SAWs) that move
at a lower speed than the longitudinal acoustic velocity.
This in turn gives rise to a multi-peaked Brillouin spectrum with a Brillouin frequency shift ranging from 5 GHz
for SAWs and up to 10 GHz for HAWs.
In this work we investigate the tensile strain dependence of optical nanoﬁbers using Brillouin spectroscopy
and we show that the fundamental elastic properties
dramatically change because of strain-induced elastic
anisotropy. More speciﬁcally, we ﬁnd that the Brillouin
strain coeﬃcients associated with SAWs and HAWs are
diﬀerent from those observed in standard optical ﬁbers
ranging from 30% to 110% of a single-mode ﬁber. We
report the observation of Brillouin frequency shifts featuring diﬀerent slopes and crossings. Unlike in standard
ﬁbers, they do not scale with the Brillouin frequency shift
and even show a strong nonlinear deviation at high tensile strain. For further understanding, we develop a theoretical model based on third-order elasticity of silica to
predict the strain dependence of all acoustic waves in tapered optical ﬁbers including the nanoﬁber section and
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the transition regions. We ﬁnd a very good agreement
with experimental results.
The article is divided into four sections. We brieﬂy
review Brillouin scattering in optical ﬁbers and the dependance of the Brillouin frequency shift with respect to
strain in the ﬁrst section. The second section describes
the experimental measurements of Brillouin strain coeﬃcients in optical nanoﬁbers with diﬀerent diameters and
tensile strain conditions. In the third section, we provide the analytic model based on a nonlinear Hooke’s
law to clearly interpret our observations. Finally, our
results are further compared with ﬁnite element method
(FEM)-based numerical simulations to highlight both the
nanoﬁber and the transition region contributions to the
Brillouin spectrum.

II.

CONTEXT

In 1925, two years after discovering the scattering of
light through elastic waves in homogenous transparent
materials12 , Léon Brillouin theoretically predicted that
the speed of elastic waves depends on strain because of
the nonlinear elasticity and later provided the magnitude and sign of the third-order elastic constants13,14 .
These predictions were experimentally veriﬁed a few
years later with ultrasonic velocity measurements15 , and
the ﬁrst measurement of all third-order elastic constants
of fused silica was reported in 196516 , followed by other
measurements still using ultrasonic techniques17 . Brillouin light scattering was later exploited for measuring
the longitudinal and transverse velocities in many bulk
materials18–20 . In optical ﬁbers, tensile strain measurements lead to the third-order elastic constant C111 21 . All
these fundamental research works have opened up the development of long range and high-resolution strain and
temperature Brillouin distributed optical ﬁber sensors,
that are today widely and commercially used for integrity
and security in civil engineering and the petroleum
industry22 . Brillouin-based ﬁber optical sensors principally exploit the sensitivity of the Brillouin gain spec-
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Figure 1. Scheme of experimental setup for measuring the
backward Brillouin spectrum of tapered optical ﬁbers using
heterodyne detection. Laser: Coherent distributed-feedback
(DFB) laser at 1550 nm, Ampliﬁer: 33 dBm EDFA, C: optical
circulator, ESA: electrical spectrum analyser. As the translation stages move apart, the tapered optical ﬁber is stretched
by ∆L.

trum (BGS) in single-mode ﬁbers to temperature and
strain23–25 . However, given the dimension of a standard single-mode optical ﬁber (SMF) and the acoustic
frequency involved in Brillouin scattering, only the bulk
longitudinal acoustic wave is probed by Brillouin sensors.
The ﬁrst consequence is that the derivative of the Brillouin frequency shift νB with respect to the tensile strain
is given by
Cϵ =

dνB
1 νB
=
C111 ,
dϵ
2 C11

(1)

where C11 and C111 are the longitudinal second-order and
third-order elastic constants, respectively (See Table I), ϵ
is the tensile strain, usually deﬁned in percentage of ﬁber
elongation and the refractive index dependence to ϵ is neglected. For instance, in standard optical silica ﬁbers, the
Brillouin frequency shift is about 11 GHz and thus the
strain coeﬃcient is Cϵ ≃ 0.04 MHz/µϵ at a wavelength of
1550 nm which can also be written 400 MHz/%22 . Eq.
(1) generally assumes that only longitudinal mechanical
properties are sensed by the apparatus. In standard optical ﬁbers, the maximal tensile strain is limited to 2%,
due to the polymer cladding, but naturally the elasticity
of silica glass allows going up to 6%.26
In this work, we show that this fundamental assumption is no longer valid in optical nanoﬁbers that carry
both surface acoustic waves and hybrid acoustic waves10 .
More speciﬁcally, we show that, when applying a tensile
strain on a tapered optical ﬁber, the nonlinear elasticity of the nanoﬁber induces a strong elastic anisotropy
that in turn aﬀects the acoustic wave propagation and
the Brillouin strain coeﬃcients. As we will see, these
dramatic changes in the mechanical properties of the
nanoﬁbers signiﬁcantly impact the Brillouin strain coefﬁcients that no longer scale with the Brillouin frequency
shift νB .
III.

EXPERIMENTS

Figure 1 shows the experimental setup for making,
stretching and characterizing the optical nanoﬁbers us-

ing Brillouin spectroscopy.
The ONFs were fabricated by heating and tapering uncoated standard singlemode ﬁbers (SMFs) using the heat-brush technique27 .
This technique uses a stabilized ﬂame and two motioncontrolled translation stages to heat and stretch the
ﬁbers. The nanoﬁber length and taper transition shapes
were fully controlled by the computed trajectories of the
two translation stages, while keeping the butane ﬂame
motionless. Using this technique, we were able to achieve
ultra-thin ﬁber waists down to 600 nm over an uniform
length up to 80 mm. The transition regions were adiabatically drawn to ensure single-mode conversion from the
SMF to the nanoﬁber with insertion loss down to 1.2 dB
at 1550 nm. To probe the Brillouin backscattering signal, we used the heterodyne coherent detection technique
shown in Fig 1. This is an all-ﬁber setup where the light
coming from a narrow linewidth continuous-wave laser
at a wavelength of 1550 nm is split into two beams using
a 90/10 ﬁber coupler. One beam is sent to an erbiumdoped ﬁber ampliﬁer (EDFA) and used as the pump wave
and the other beam is used as a reference. The pump is
injected through an optical circulator into the nanoﬁber
under test and the backscattered Brillouin signal from
the nanoﬁber is then mixed with the reference using a
50/50 coupler. The two frequency-detuned beams give
rise to an optical beat note that is detected in the radiofrequency (RF) domain by a fast photodiode. Note that
the polarization state of the reference was adjusted with a
polarization controller (not depicted in the experimental
scheme) to allow for the best optical beat note visibility. The RF signal is then ampliﬁed and the resulting
Brillouin spectrum is recorded with an electrical spectrum analyzer (ESA), once the pulling process is ended
and the ﬂame heat has been dissipated. This prevents
any pollution, stress, and temperature eﬀect that could
shift the Brillouin resonances and alter the measurement
results. To further investigate the ONF nonlinear elastic properties, the Brillouin spectrum was measured by
applying diﬀerent tensile strains, still using the motioncontrolled translation stages. An axial extensibility up
to 6% was achieved before failure, a signiﬁcant increase
on standard SMFs that are usually limited to 2%22 .
Figure 2(a) shows a typical experimental Brillouin
spectrum in red, measured for an unstrained ONF with
a diameter of 660 nm and a length of 80 mm. Note that
these parameters were estimated using the recent technique described by Godet et al.27 . The spectrum exhibits
many frequency peaks in the frequency range 5-12 GHz,
that are signature of all the Brillouin acoustic waves from
both the tapered and un-tapered ﬁber sections. As previously shown in Ref.10 , these waves include the surface
(SAWs) and hybrid acoustic waves (HAWs) in the uniform waist section, as well as the strong Brillouin resonance around 11 GHz because of the long un-tapered
ﬁber sections. To get better insight, we have labelled in
Fig. 2 the main acoustic modes from the ONF section
only. They are denoted by TR(2,1), L(0,1), L(0,2) and
L(0,3), respectively, where TR and L stand for torso-
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tom to top in Fig. 2(c) but this is not the case. This
proves that Eq. (1) is no longer valid for tapered ﬁbers.
To conﬁrm these observations, we performed further experiments using other ONFs featuring diﬀerent waists
and lengths. Figures 3(a) and (b) show experimental results for a 930 nm diameter and 40-mm long nanoﬁber.
Once again, the L(0,3) mode has a greater slope than the
L(0,4), and the L(0,2) mode now features a strong nonlinear deviation versus the axial strain as shown in Fig.
3(c).
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Figure 2. (a) Experimental Brillouin spectrum (red curve)
of the optical nanoﬁber of diameter dM F,1 =660 nm and a
length of 80 mm without axial strain. The main acoustic
modes in the nanoﬁber section are indicated by black arrows.
(b) Colormap of the experimental Brillouin spectra measured
in an optical nanoﬁber as a function of ﬁber tensile strain ∆L
(vertical axis). (c) Brillouin frequency shifts for each acoustic
mode as a function of axial strain in percentage.

radial and longitudinal acoustic modes. As we will see
later in the theoretical section IV, the TR(2,1) and L(0,1)
are waves with a strong surface character while the L(0,2)
and L(0,3) are closer to bulk longitudinal waves. We note
that, at this micrometer scale, the acoustic waves propagate as modes and therefore they result from the coherent superposition of both the longitudinal and the shear
waves. Furthermore, these acoustic modes possess their
own dispersion relation giving rise to such multi-peaked
Brillouin spectrum, compared to standard single-mode
ﬁbers that usually exhibit a single peak around 11 GHz,
as that observed just above the L(0,3)28,29 . It is also important to emphasize that the surface and hybrid acoustic waves travel at acoustic velocities lower than the pure
longitudinal acoustic wave. It results in lower Brillouin
frequency shifts going down to 5.5 GHz, the minimum
frequency being bound by the Rayleigh limit10 .
Once the ONF has been fabricated, the ﬂame is blown
out. They are then characterized at room temperature
and stretched by moving apart the translation stages by a
distance ∆L. The stretching strongly aﬀects all the Brillouin acoustic resonances, shifting them towards higher
frequencies. This is shown by the colormap in Fig. 2(b)
as a function of ∆L. The Brillouin strain coeﬃcients for
all acoustic modes were further extracted from the slopes
using the method detailed in Supplementary Material I.
The resulting data reported in Fig. 2(c) exhibit several
striking features. Perhaps the most striking one is that
the acoustic resonances do not scale with the Brillouin
frequency νB , as usually expected from Eq. (1). For
instance, the acoustic mode L(0,2) has a steeper slope
(350 MHz/%, red crosses) than the L(0,3) modes (250
MHz/%,orange crosses). Yet, what is most surprising is
that the L(0,1) and TR(2,1) resonances cross each other
for a strain larger than 5%, just before failure. We would
rather expect increasing slopes of the lines from bot-
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Figure 3. (a) Experimental Brillouin spectrum (red curve)
of the optical nanoﬁber of diameter dM F,2 =930 nm and a
length of 40 mm without axial strain. The main acoustic
modes in the nanoﬁber section are indicated by black arrows.
(b) Colormap of the experimental Brillouin spectra measured
in an optical nanoﬁber as a function of ﬁber tensile strain ∆L
(vertical axis). (c) Brillouin frequency shifts for each acoustic
mode as a function of axial strain in percentage.

We then repeated the same experiment using many
taper waists ranging from 0.6 µm up to 1.9 µm. Figure 4 shows the normalized Brillouin strain coeﬃcients
measured for various acoustic resonances, deﬁned as
B
CN = ν1B dν
dϵ . For comparison, the normalized strain
coeﬃcient of an SMF-28 is plotted as a horizontal black
line (normalized coeﬃcient, CSM F = 4.25). According
to Eq. (1), it corresponds to a pure longitudinal acoustic
wave while the other bottom black line corresponds to
the strain coeﬃcient for a pure shear wave30 . As can be
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Figure 4. Normalized Brillouin strain coeﬃcient CN of acoustic resonances for many ﬁber taper diameters ranging from
0.6 µm up to 1.9 µm (tensile strain <2%). CSM F is the coeﬃcient for SMF-28 related to longitudinal waves. CS refers
to the computed coeﬃcient using the acoustic shear velocity.

4
seen, the coeﬃcients of most nanoﬁbers (colored crosses)
are highly dispersed between these two limits and even
beyond for taper diameters smaller than 750 nm. These
experimental data obviously show the limits of the standard model. In the next section, we will present a modiﬁed theory of tensile strain based on third-order nonlinear
elastic constants that allows for predicting the Brillouin
strain coeﬃcients observed in nanoﬁbers.

IV.

THEORY
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Figure 5. Scheme of backward Brillouin scattering in an optical nanoﬁber. Blue arrow: Pump beam. Red arrow: Stokes
beam. Purple: acoustic wave. When applying tensile strain
the acoustic wave behavior dramatically changes because of
the elastic anisotropy.

There are four main reasons that can explain the unexpected Brillouin strain coeﬃcients observed in Figs. 2, 3
and 4. The ﬁrst reason comes from the large extensibility
of nanoﬁbers. Tensile strain going up to 6% leads to dramatic changes of their dimensions that can signiﬁcantly
aﬀects the Brillouin resonances. Next, the hybrid nature
of the acoustic modes generated in ONFs gives rise to a
strong nonlinear dispersion of the Brillouin resonances.
The third reason relies on the nonlinear elasticity of silica which requires considering all the third-order elastic
tensor coeﬃcients (TOEC). This is fundamentally diﬀerent from Eq. (1) in which only the longitudinal thirdorder elastic coeﬃcient C111 was taken in to account.
At last, when tensile strain is applied onto a material it
acquires an elastic anisotropy that strongly aﬀects the
acoustic wave propagation. To elucidate this question,
let us ﬁrst recall the basics of backward Brillouin scattering (BS) in optical ﬁbers, which arises from the interaction between two counter-propagating and frequencydetuned optical waves, and a longitudinal elastic wave,
as shown schematically in Fig. 531 . This inelastic scattering is usually modelled using three coupled-amplitude
equations for the pump wave (blue), the backward Stokes
wave (red) and the elastic wave (purple)32 . Assuming the
latter as a plane wave, this 3-wave interaction satisﬁes a
phase-matching condition that reads as βa = βp − βS .
Neglecting the very small dispersion between the pump
and Stokes waves, as |βp | ≃ |βS |, the phase-matching relation can be approximated by |βa | ≃ |2βp |, leading to

the Brillouin frequency shift νB ≃ vβp /π, where v is the
velocity of the acoustic wave. This is worth emphasizing here that the acoustic velocity v represents the main
contribution to the strain eﬀect21 .
Unlike single-mode optical ﬁbers, optical nanoﬁbers
have an air clad and a very small core at the scale of both
the optical and acoustical wavelengths. Hence, the elastic waves involved in Brillouin scattering can no longer be
considered as plane waves, but as acoustic modes that include both longitudinal and shear elastic components. A
direct consequence is that the acoustic velocity v must be
computed for each acoustic mode. To do so, we assume
the displacement ﬁeld as the superposition of a longitudinal wave of velocity vL and a shear wave of velocity vs .
Then we calculate the stress ﬁeld using the Hooke’s law.
In air, all stress components applied to the boundary of
the ONF must be zero. Those boundary conditions eventually lead to a dispersion equation whose solutions are
the acoustic velocities. However, the computation of the
acoustic velocities is here quite complex, since the tensile
strain can reach up to a few percent, which is far beyond
the linear elasticity regime.
If the medium is strained so that inﬁnitesimal deformations are no longer considered, nonlinear acoustic eﬀects
occur and the third-order elastic constants must be taken
into account. The nonlinear Hooke’s law can be written
as29
1
(2)
σα = Cαβ ϵβ + Cαβγ ϵβ ϵγ ,
2
where σα is the α component of the stress tensor, ϵβ is
the β component of the strain tensor, Cαβ is the (α, β)
component second-order elastic constant and Cαβγ the
(α, β, γ) third-order elastic constant, with α, β, γ ∈
(rr, θθ, zz, rz, θz, rθ) ↔ (1, 2, 3, 4, 5, 6) in cylindrical coordinates. The nonlinear regime has to be modelled with
much attention, as we now have to solve jointly the static
and dynamic solutions. The static solution is the amount
of strain ϵ̄zz induced by the tensile strain, while the dynamic solutions are the acoustic waves ϵ̃β that propagate
along the strained optical microﬁbers. However, because
of acoustic nonlinearity, the dynamic solutions are affected by the static solution at high tensile strain. In the
following we will ﬁrst solve the static problem by computing ϵ̄zz and we will further address the dynamic problem
by computing the acoustic velocities for a given solution
ϵ̄zz .
For the static problem, we can assume that only the
longitudinal stress is signiﬁcant and therefore we can
write the nonlinear Hooke’s law as σ̄zz = c11 ϵ̄zz +
1
2
2 c111 ϵ̄zz . Integrating the equation along the tapered ﬁber
yields the expression of strain ϵ̄zz as a function of the
total elongation9,33 (See Supplementary Material I, for
more details).
Before adressing the nonlinear dynamic problem, let
us recall that ordinary linear elasticity and Hooke’s law
describe the physic of springs. It states that stress is proportional to deformation via the second-order elastic constants. One of the direct consequences of elasticity is the
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where λ = 16 GPa and µ = 31 GPa are the Lamé constants of fused silica. The colors in the matrix indicate
the symmetry. Solving the linear dynamic problem leads
to two type of waves: the shear or longitudinal elastic
waves.
In the nonlinear case, the tensile strain ϵ̄zz is strong
enough to induce an acoustic nonlinearity. In the second
term of the right-hand side of Eq. 2, all terms involving
ϵ̄zz are no longer negligible. The Hooke’s law for the
dynamic stress then reduces to

Refractive index n 1.444
Density ρ
2203 kg/m3
P11
0.12
P12
0.27
P44
-0.073

C11
C44
C111
C112
C123

78 GPa
31 GPa
578 GPa
215 GPa
43 GPa

Table I. Optical and elastic parameters of fused silica used for
nonlinear elasticity model and numerical simulations. Pij are
electrostrictive tensor components. Cαβ and Cαβγ are second and third order elastic tensor components, respectively.
Data are reproduced from Journal of Applied Physics 36, 2504
(1965); 41, 4913 (1970) and 44, 1909 (1973), with the permission of AIP Publishing.

symmetry with respect to the z axis. The coeﬃcients
highlighted in blue and green give rise to a strong asymmetry in the other directions. For example, when the
ONF is stretched at the maximum strain ϵ̄zz ≃ 6%, the
′
elastic coeﬃcient C12
signiﬁcantly increases by more than
90%.
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ability of a vibration to propagate as a wave. The wave
velocity is then related to the second-order elastic constants. In an isotropic medium, the twelve components
of the elastic tensor result from a linear combination of
two linearly independent coeﬃcients, namely the Young
and shear moduli, or the two Lamé constants (λ, µ). As a
result, in the linear regime, the second term of the righthand side of Eq. 2 is negligible and the only term left
is related to the stiﬀness matrix Cαβ . It is a symmetric
tensor for an isotropic material, that can be written in
Voigt notation as
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where
′
Cαβ
= Cαβ + Cαβ3 ϵ̄zz .

(5)

Next, to solve the dynamic problem we need to consider
the strain-induced elastic anisotropy. In an isotropic
medium, the matrix coeﬃcients come from a linear combination of three independent coeﬃcients C111 , C112 , and
C123 , respectively. As previously discussed, only the tensile strain ϵ̄zz is strong enough to provide an eﬀective
acoustic nonlinearity that breaks the isotropic symmetry
of the tensor. Therefore, Eq. 5 possesses only Cαβ3 thirdorder coeﬃcients and the eﬀective elastic tensor can be
written as
′
Cαβ
= C0 ◦
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where the data have been calculated from table I and ◦
denotes the Hadamard product16,34,35 . The tensor matrix is now typical of a medium with transverse isotropic
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Figure 6. (a) Comparison between our analytic model (white
dots and diamonds) and the experimental Brillouin spectra
in false color for a nanoﬁber of diameter dM F,1 =660 nm versus tensile strain from 0 to 6%. The blue diamonds show the
analytic model results with C112 = 0. When C112 is zero, the
anisotropy vanishes and the theory does not predict TR(2,1),
L(0,1) Brillouin resonances crossing anymore. (b) Experimental Brillouin spectrum of the ﬁber without strain. The lower
insets show a simulation of both the transverse deformation
and the longitudinal strain of the nanoﬁber for four acoustic modes including the TR(2,1), L(0,1), L(0,2) and L(0,3) ,
respectively. The vertical scale is normalized to roughly one
acoustic wavelength.

Computing the acoustic mode velocity in a silica
rod with transverse isotropic symmetry is somewhat

6
complicated36 . In our case, however, the strong symmetry of our problem and the limited solutions we are interested in allow the problem to be simpliﬁed. For example,
the longitudinal and shear waves approximation is still
valid. The elastic coeﬃcients related to shear waves are
similarly aﬀected by the acoustic nonlinearity, as shown
by the lower-right submatrix coeﬃcients, in which the
pink and purple coeﬃcients are quite close. Furthermore,
although the upper-left submatrix diagonal coeﬃcients
are no longer the same, the phase-matching condition requires that the acoustic wave propagation occurs along
the z direction. Therefore the eﬀect( of the acoustic
) nonC111
′
linearity on C33
= vz2 ρ = (λ + 2µ) 1 + λ+2µ
ϵ̄zz is one
of major sources of perturbation, where ρ is the material
density. In Eq. 6, the coeﬃcient aﬀecting the longiC111
= 6.71 (highlighted in
tudinal velocity along z is λ+2µ
blue). It increases the longitudinal velocity vz of a plane
wave propagating along z up to 20% under high tensile
strain. As a comparison, the longitudinal velocity for
the other directions (vx and vy ) increases by 9% only.
The strong asymmetry of the elastic properties does not
prevent to perform the standard computation of acoustic modes since the phase-matching condition for Brillouin backscattering concerns waves propagating essentially along the z direction. Given these observations, we
assume that the displacement ﬁeld is still the superposition of a pure longitudinal
√ ′wave ϕ propagating along z
C33
⃗
with the velocity vz =
ρ and of a shear wave Ψ of
√ ′
C44
velocity vs =
ρ , and therefore it can read as
⃗
⃗ +∇
⃗ ∧ ψ,
⃗u = ∇ϕ

(7)

where in cylindar coordinates,
ϕ = AJn (pr) cos(nθ)ei(Ωt−kz) ,


CJn+1 (qr) sin nθ
⃗ =  −CJn+1 (qr) cos nθ  ei(Ωt−kz) ,
Ψ
BJn+1 (qr) sin nθ
√ 2
√ 2
with p = Ωv2 − k 2 and q = Ωv2 − k 2 , n is the azimuz
s
tal order, Ω the acoustic wave pulsation, k is the acoustic longitudinal wavevector, A,B and C are amplitudes
constants37 . From Eq. 4 we then compute the stress
component involved in the boundary conditions, and this
yields for the Hooke’s law
)
(
ur
1 ∂uθ
′ ∂ur
′
′ ∂uz
σrr = C11
+ C12
+
+ C13
,(8)
∂r
r ∂θ
r
∂z
)
(
∂uθ
1 ∂ur
′
+
,
σrθ = C66
(9)
r ∂θ
∂r
)
(
∂uz
∂ur
′
+
.
σrz = C44
(10)
∂z
∂r
The boundary conditions impose that these three components are zero at the surface of the nanoﬁber. This
leads to a system of 3 equations with non-zero solutions

if the determinant is null. Solving the resulting dispersion
equation we ﬁnd the acoustic modes wavevector βa from
which we can get the Brillouin frequency shift. Comparing the coeﬃcients highlighted in colors with their
detailed expression in Eq. 6, we ﬁnd that the acoustic
nonlinearity has a contribution of about 3 times ϵ̄zz for
most tensor coeﬃcients, except one coeﬃcient
in )the oﬀ
(
′
ϵ̄
diagonal green component C12
= λ 1 + C112
zz with
λ
C112
=
15.05.
This
coeﬃcient
alone
has
a
big
impact
λ
on the dispersion equation. As the boundary condition
requires Eq. 8 to be null, it strongly aﬀects how the zz
longitudinal strain component ϵzz = ∂u
∂z is coupled to
∂ur
ur
θ
the transverse strains ϵrr = ∂r and ϵθθ = 1r ∂u
∂θ + r .
Once the dispersion equation has been solved, we further need to combine the static and dynamic solutions
to get the acoustic wavevector and to compute the Brillouin frequency shifts as a function of tensile strain applied on the nanoﬁber (see Supplementary Material II for
detailed calculations). Fig. 6(a-b) shows the results of
these calculations as white dots and white diamonds superimposed on the experimental Brillouin spectra. The
white dots describe the TR(2,1) Brillouin acoustic mode
as a function of tensile strain while the white diamonds
correspond to the L(0,x) longitudinal modes, with x=13. As can be seen, the agreement between theory and
experiment is excellent. In particular, all the Brillouin
frequency shifts and the crossing of TR(2,1) and L(0,1)
modes are very well ﬁtted by our model. To further illustrate the inﬂuence of the induced anisotropy, the same
computation was made without taking into account the
′
green component. The reasymmetry induced by C12
sults are reported by the blue diamonds in Fig. 6(b).
Comparing the white and blue diamonds shows that the
′
is the main reason for the
anisotropy coming from C12
mode crossing between L(0,1) and TR(2,1). This mode
crossing can be easily explained by looking at Fig. 6(b)
that shows the four main acoustic modes propagating
in the nanoﬁber. Note that the deformation has been
magniﬁed for better visibility and that the color stands
for the longitudinal deformation ϵzz . When comparing
the four modes in Fig. 6(b), L(0,1) deﬁnitely shows the
most hybrid nature. It has the strongest combination of
both transverse deformation and longitudinal strain. In
contrast, the TR(2,1) mode, highlighted in yellow, is almost a pure surface mode. L(0,2) and L(0,3), although
being hybrids, are rather surface-like or longitudinal-like
′
modes. The fact that C12
aﬀects the coupling between
the transverse deformations and the longitudinal strain
explains why the L(0,1) velocity is so strongly altered.
Although our analytic model provides a good agreement with experimental data for these four modes, it
does not ﬁnd the small frequency peak around 9 GHz
in Fig. 6(b) and its weak slope under tensile strain.
Once again, this behavior is in complete contradiction
with the standard model described by Eq. 1 that scales
with the Brillouin frequency. This is actually because
these small peaks come from the two taper transitions
and not from the nanoﬁber itself (see Fig. 5). However,
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the two adiabatic taper transitions experience less tensile strain than the nanoﬁber and thus their contribution
must be separately computed. To that end, we used a
ﬁnite-element method (FEM), which allows for including the electrostrictive force and for modeling the exact solutions38 . Attention must be paid however because
the transition regions have wider and varying diameters.
They support a great number of acoustic modes, most
of which are not excited because of a weak transverse
overlap with the optical modes. By including the electrostrictive force in the simulations, we rule out most of
the non excited acoustic modes.

Nanofiber strain, %

5 (a)
4
3
2
1
0
Nanofiber strain, %

5 (b)
4
3
2
1

tions, as those experimentally observed. Unlike the analytic model, the FEM does not make any assumption on
the solutions and allows for predicting the Brillouin spectrum of nanoﬁbers for every diameter. To get further insight, Fig. 7(c) shows the simulated Brillouin spectrum of
the optical taper transition regions only. One can clearly
see the lines starting from 9 and 10 GHz without tensile
strain, as experimentally shown in Fig. 7(b).
To conﬁrm the model, comparison for diﬀerent diameters was performed. In Figs. 8(a-c), we report the measurement and simulation data for 660 nm and 930 nm
diameters. The Brillouin resonances were extracted from
the simulation data by ﬁnding the local maxima of the
simulated Brillouin spectrum. The superposition of experimental data and the simulated Brillouin resonances
(dots) shows a very good agreement for all diameters, as
seen in Figs. 8(a-b). Furthermore, Fig. 8(b) shows that
the Brillouin resonances for a 930 nm-diameter nanoﬁber
nonlinearly shift with the tensile strain. This behavior is
not due to the fourth-order elastic constant but to the
complex acoustic dispersion. This nonlinear evolution is
well predicted by both analytic and FEM models when
TOECs are included. The nonlinear shift with respect to
tensile strain is here due to the fact that the two branches
around 8 and 9 GHz correspond to elastic waves strongly
coupled at the nanoﬁber surface27 . This strong coupling
leads to an avoided crossing that dramatically aﬀects the
Brillouin resonances.
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Figure 7. (a) Numerical simulations of the Brillouin spectrum
including the uniform nanoﬁber, the taper transitions (up to
3 µm diameter), and the single-mode ﬁber. (b) Experimental
Brillouin spectra for a 660 nm-diameter tapered optical ﬁber
versus strain. (c) Numerical simulations of the tapered transitions only for diameter up to 3 µm. The tensile strain for
each part of the transition regions was computed using Ref.9 .
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The numerical results reported in Fig. 7(a) show the
Brillouin spectrum as a function of tensile strain for a
nanoﬁber of 660 nm, including both the tapered and untapered ﬁber sections. The comparison with the experimental results shown in 7(b) is very good and even better
than with the analytical model. The computed Brillouin
spectrum now clearly shows some peaks in the 9-10 GHz
range at zero strain because of the tapered ﬁber transi-
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Figure 8. Comparison between the experimental Brillouin
spectra in colormap vs ﬁnite-element method-based numerical
simulations for two diﬀerent diameter optical nanoﬁbers : (a)
660 nm (b) 930 nm.
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Conclusion

To conclude, we have reported a detailed investigation of backward Brillouin scattering in tapered optical nanoﬁbers under tensile strain. Our results revealed
that the fundamental properties of acoustic waves dramatically change because of elastic anisotropy. We observed in particular unexpected Brillouin strain coeﬃcients ranging from 30% to 110% of the single-mode
ﬁber’s value, followed by a nonlinear evolution at high
tensile strength. We further provided a complete theoretical model based on third-order nonlinear elasticity of
silica that agrees well with our experimental data. Our
model is valid for a wide range of ﬁber taper diameters
and it was further checked using FEM-based numerical
simulations. The complex dispersion relation of acoustic modes is further responsible for the nonlinear behavior with respect to tensile strain. Finally, this work
contributes to a further understanding of the complex
light-sound interaction in optical waveguides and these
new behaviors could open the way to the development of
compact tensile strength optical sensors based on optical
nanoﬁbers.

Supplementary Online Material

The supplementary online material includes two sections. The ﬁrst one details the solving of the static problem and the computation of the inhomogeneous distribution of tensile strain along a tapered ﬁber. It provides
the nanoﬁber static strain ϵ̄ for a tapered ﬁber elongation
∆L.
The second section details the combination of both
static and dynamic strains which is not straightforward
in a nonlinear acoustic problem. It shows how an eﬀective acoustic wavelength is computed to ﬁnd the acoustic
wavevector.
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