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Abstract 

The information richness of imprints topographies obtained after Berkovich nanoindentation 

tests at grain scale is assessed for identifying all or part of the parameters of a single crystal 

plasticity law. In a previous paper (Renner et al., 2016), the strong potential of imprints 

topographies has been shown through a large experimental campaign conducted on nickel 

samples. A 3D crystal plasticity finite element modelling (CPFEM) of the nanoindentation 

experiment using the Méric-Cailletaud has also showed a large sensitivity of residual 

topographies to the indenter/grain orientation and to the plastic parameters, including the 

interaction matrix coefficients specifying the interactions between dislocations on different slip 

systems. This makes imprints topographies very good candidates to provide information for 

the single crystal parameters identification. The present paper focuses on the Méric-Cailletaud 

law parameters identifiability using residual topographies. A method is built to define the best 

well-posed inverse problem to ensure the parameters identification using a crystal plasticity 

finite element modelling updating (CPFEMU) method. An identifiability index proposed by 

Richard et al. (Richard et al., 2013) for measuring the information richness of the indentation 

curve is extended to the analysis of residual topographies. This index quantifies the possibility 

to achieve a stable/unstable solution using an inverse method. For the studied behaviour, the 

results show that eight of the nine Méric-Cailletaud law parameters can be identified using 

three topographies. 

1. Introduction 

Material parameters identification for single crystal plasticity laws remains a topical issue for a 

better understanding of metal behaviour at grain or polycrystalline scale (Méric et al., 1994; 

Fivel et al., 1997; Gérard, 2008; Gérard et al., 2013, 2009; Guilhem, 2011; Schwartz, 2011; 
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Zambaldi et al., 2012; Guery, 2014; Guery et al., 2014; Tasan et al., 2014b, 2014a; Zambaldi 

et al., 2015). At the dislocation scale, some authors approached this issue using dislocation 

dynamics simulations (Fivel, 1997; Fivel et al., 1998; Forest and Fivel, 2001; Madec, 2001; 

Devincre et al., 2006). At the grain scale, the laws are also very complete and thus challenging 

when it comes to the material parameters identification from experimental data using inverse 

method. In this context, the often-missing concept of ill-posed problem, or identifiability, is 

essential to assess the stability and the uniqueness of the solution. The Méric-Cailletaud law 

is easily and effectively implemented in FE codes like ZeBuLon (Burlet and Cailletaud, 1991) 

[http://www.zset-software.com]. Strong nonlinearities and couplings between the dissipative 

phenomena during indentation make the identification of the parameters of the Méric-

Cailletaud single crystal plasticity law very difficult, especially for the six interaction matrix 

components. These six parameters define the dislocation interactions hardening in the 12 FCC 

slip systems. Most recently, some works used FEM updating for identifying these interaction 

components, but one can notice some limitations. Méric et al performed tensile tests on single 

and bi-crystals, which may be expensive and limited to materials that can be obtained 

macroscopically (Méric et al., 1994). Gérard et al. performed tensile tests on preloaded 

polycrystalline samples. These complex loadings activate the slip systems interactions. Even 

if most of isotropic hardening law parameters are identified, it does not provide enough 

information and some interaction components remain inaccessible (Gérard, 2008; Gérard et 

al., 2009). Guery et al. performed in-situ tensile tests on polycrystalline samples in which they 

measure macroscopic loads and displacement fields by digital image correlation (Guery, 2014; 

Guery et al., 2014). The authors have the merit of assessing the interaction components 

identifiability before identifying them. Besides the fact that the techniques used are quite 

complex, a gap subsists between experimental and numerical results. Moreover, the two latest 

studies are performed at the polycrystalline scale and must take the scale transition rules into 

account. 

Based on the principle of hardness test, the instrumented indentation test, or nanoindentation 

test, offers three major advantages for the identification of single crystal plasticity laws. Firstly, 

it is easy of use. It performs continuous measurement of the applied load 𝑃 on the indenter 

and of the indentation depth ℎ. Thus, the indentation curve (𝑃 − ℎ) can be used to locally 

extract an elastic modulus and hardness when interpreted in the framework proposed in 

Sneddon et al. (Harding and Sneddon, 1945; Sneddon, 1965), Oliver and Pharr (Oliver and 

Pharr, 1992) and Vlassak and Nix works (Vlassak and Nix, 1993, 1994). Secondly, the stress 

field generated by the Berkovich indenter (three-sided based pyramid) penetration is multi-

axial. One can think that the nanoindentation test activates simultaneously a large number of 

slip systems. Finally, it provides a direct mechanical measurement at intra-granular scale 
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without any neighbouring grains interaction if the average grain size is large enough compared 

to the imprint size. 

Indentation curves have been used by some authors for the identification of elastic-plastic 

parameters at a macroscopic scale. They mostly concluded that it is usually impossible to 

correctly identify plastic parameters for any kind of indenter shape (conical, pyramidal, 

spherical), even using “simple” elastic-plastic laws involving only two plastic parameters as the 

yield stress 𝜎𝑦 and the work-hardening exponent 𝑛 of a power hardening law. Solutions are 

often unstable. Cheng and Cheng (Cheng and Cheng, 1999) first pointed out this issue. Some 

authors have then numerically proved that, assuming that the Young modulus 𝐸 of an isotropic 

material is known, both plastic parameters (𝜎𝑦, 𝑛) are not identifiable using the entire conical 

indentation curve (Capehart and Cheng, 2003; Tho et al., 2004; Alkorta et al., 2005). They 

showed that different materials governed by this law can lead to indistinguishable indentation 

curves (Figure 1). To yield a unique solution, the dual nanoindentation technique using different 

conical indenter tips with half angles ranging from 60° to 80° has been proposed (Chen et al., 

2007). But once again, they showed the existence of “mystical” materials which give almost 

indistinguishable indentation curves. This “mystical” material identification issue has been 

solved by some authors. Zhao et al. performed indentations on thin films which were 

indistinguishable by bulk indentation (Zhao et al., 2007). Thanks to the substrate effect, the 

elastoplastic properties can then be derived from an inverse analysis. Another solution was 

proposed by Ma et al. which is close to the approach considered in the present paper (Ma et 

al., 2012). They succeeded to correctly identify “mystical” materials using the indentation 

curves but also the residual imprint topographies in the inverse analysis. Other authors have 

examined this difficulty and have shown that non-uniqueness is an extreme case of instability 

of the solution (Cao, 2004; Phadikar et al., 2013).  

  

Figure 1 - Indistinguishable conical indentation curves (68°) simulated  

using three macroscopic elastic-plastic material behaviours.  

“Highly plastic” behaviour (small ratio 𝜎𝑦/𝐸) (Cheng and Cheng, 1999). 
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Thus, the parameter identification of the Méric-Cailletaud law using the indentation curve is not 

a possible scenario since the identification of much simpler elastic-plastic laws at macroscopic 

scale is an issue. Bolzon et al (Bolzon et al., 2004) and Bocciarelli et al (Bocciarelli et al., 2005) 

used both the indentation curve and the imprint mapping for FEMU process. Zambaldi and 

Raabe said that “For the indentation of crystals, the topography of the free surface around the 

indent, the pile-up profile, can be used as a fingerprint of the underlying crystal deformation 

processes.” (Zambaldi and Raabe, 2010). Indeed, pile-ups around the indentation imprint 

contain precious information for parameters identification. Targeting an extension of these 

results to crystal plasticity laws, this contribution is intended to quantify the identifiability of all 

or part of the Méric-Cailletaud parameters at grain scale using topographies of imprints (Figure 

2). 

 

Figure 2 - Experimental AFM topography of a Berkovich indentation imprint on a polycrystalline 

annealed nickel sample, performed in a grain close to the [001] direction. Highlight of pile-ups at 

grain scale (Renner, 2016). 

The paper is organized as follows. Firstly, the single crystal plasticity behaviour and the 

CPFEM of the nanoindentation test are described. Secondly, the identifiability method 

developed for measuring the information richness contained in indentation curves and residual 

topographies are described. Finally, the sensibility of the CPFEM and the identifiability of the 

plastic parameters are analysed and interpreted using one indentation curve only, one 

topography only and combinations of topographies. 

2. Single crystal plasticity framework 

Indentation experiments have been performed until 0.9 µm depth, resulting in a residual imprint 

whose edge is 5.5 µm long. They have been performed in large-grained samples. The average 

grain size is about 140 µm which is large compared to the size of the indentations (Renner et 

al., 2016). Moreover, a particular attention has been paid to avoid indentations near the grain 
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boundaries. Grain interaction effects are thus neglected and the use of the single crystal 

plasticity framework is justified. 

2.1. Constitutive laws 

An orthotropic stiffness tensor �̿̿� is considered to model the nickel elastic response, described 

by three components (𝐶11, 𝐶12, 𝐶44). The nanoindentation test imposes the use of a large 

deformation formulation due to the large strains reached in the contact region. A multiplicative 

decomposition of the transformation gradient �̿� in an elastic �̿�𝑒 part and a plastic �̿�𝑝 part is 

adopted (Lee, 1969): 

 �̿� = �̿�𝑒 ∙ �̿�𝑝 (1) 

The plastic shear strain is assumed to occur only on each of the 12 FCC slip systems 

〈110〉{111}, characterized by the slip directions 𝒍𝑠 and the normal to the slip planes 𝒏𝑠: 

 �̇̿�𝑝 ∙ �̿�𝑝−1
= ∑ �̇�𝑠

12

𝑠=1

𝒍𝑠⨂𝒏𝑠 (2) 

The inelastic flow �̇�𝑠 on system 𝑠 is chosen as a Norton power law to describe the material 

visco-plasticity, based on the Méric-Cailletaud size-independent single crystal plasticity law: 

 �̇�𝑠 = ⟨
|𝜏𝑠| − 𝑟𝑠 − 𝑟0

𝐾
⟩

𝑛

sign(𝜏𝑠), with 〈. 〉 = max(0, . ) (3) 

where 𝐾 and 𝑛 are viscosity parameters and 𝑟0 is the critical resolved shear stress. 𝑟𝑠 is the 

hardening on system 𝑠. The dislocations slipping initiation is governed by the resolved shear 

stress 𝜏𝑠: 

 𝜏𝑠 = �̿� ∶ �̿�𝑠, with �̿�𝑠 =
1

2
(𝒍𝑠⨂𝒏𝑠 + 𝒏𝑠⨂𝒍𝑠) (4) 

where �̿� is the Cauchy stress tensor and �̿�𝑠 the Schmid tensor. The hardening 𝑟𝑠 has been 

chosen as purely isotropic: 

 𝑟𝑠 = 𝑞 ∑ ℎ𝑠𝑟(1 − exp(−𝑏𝑣𝑟) ), with �̇�𝑟 = |�̇�𝑟|

12

𝑟=1

 (5) 

where 𝑞 and 𝑏 are material parameters and 𝑣𝑟 is the cumulated plastic slip on system 𝑟. ℎ𝑠𝑟 

are the interaction matrix components which reflect the hardening associated to dislocation 

interactions between a primary system 𝑠 and a secondary one 𝑟. The interaction matrix is 

presented in Table 1. Due to the FCC structure symmetries, it is completely defined from 6 
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independent parameters (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) (Franciosi, 1985). Diagonal terms define self-

hardening (ℎ1) and off-diagonal terms define latent hardening: coplanar interaction (ℎ2), Hirth 

locks (ℎ3), colinear interaction (ℎ4), glissile junctions (ℎ5) and Lomer locks (ℎ6). 

 

𝑠 

𝑟 
1 2 3 4 5 6 7 8 9 10 11 12 

1 ℎ1 ℎ2 ℎ2 ℎ4 ℎ5 ℎ5 ℎ5 ℎ6 ℎ3 ℎ5 ℎ3 ℎ6 

2  ℎ1 ℎ2 ℎ5 ℎ3 ℎ6 ℎ4 ℎ5 ℎ5 ℎ5 ℎ6 ℎ3 

3   ℎ1 ℎ5 ℎ6 ℎ3 ℎ5 ℎ3 ℎ6 ℎ4 ℎ5 ℎ5 

4    ℎ1 ℎ2 ℎ2 ℎ6 ℎ5 ℎ3 ℎ6 ℎ3 ℎ5 

5     ℎ1 ℎ2 ℎ3 ℎ5 ℎ6 ℎ5 ℎ5 ℎ4 

6      ℎ1 ℎ5 ℎ4 ℎ5 ℎ3 ℎ6 ℎ5 

7       ℎ1 ℎ2 ℎ2 ℎ6 ℎ5 ℎ3 

8 symmetric ℎ1 ℎ2 ℎ3 ℎ5 ℎ6 

9         ℎ1 ℎ5 ℎ4 ℎ5 

10          ℎ1 ℎ2 ℎ2 

11           ℎ1 ℎ2 

12            ℎ1 

Table 1 - Interaction matrix of FCC structure. 

2.2. Virtual material 

The virtual material is a purely numerical material defined by 14 parameters 

(𝐶11, 𝐶12, 𝐶44, 𝐾, 𝑛, 𝑟0, 𝑞, 𝑏, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6). The three components of the elastic tensor are 

chosen as 𝐶11 = 248 GPa, 𝐶12 = 153 GPa, 𝐶44 = 116 GPa and the values of the viscosity 

parameters are set to 𝐾 = 8 MPa. s1 n⁄  and 𝑛 = 7 (Renner et al., 2016), which agrees with the 

commonly measured values for the Nickel (Rao and Varma, 1993). Using these values of 𝐾 

and 𝑛, sensitivity of the indentation response to the viscosity parameters is low. Therefore, 

viscosity acts as a numerical regularization method of the rate-independent model. This is in 

agreement with the very low creep observed experimentally during the holding phase on the 

real annealed nickel sample in indentation test. 

Finally, the plasticity model is a nine-parameter plastic model: 𝛉 = ( 𝑟0, 𝑞, 𝑏, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6). 

To analyse the identifiability of all or part of these nine parameters 𝜃𝑗 (𝑗 = 1, … ,9) from 

nanoindentation experiments, a virtual material 𝛉 has been chosen (Table 2) and the 

identifiability results will be available in the close vicinity of this parameters set. The numerical 

process established to choose these parameters values is detailed in Renner et al. (Renner et 

al., 2016). The chosen virtual material promotes the ℎ3 interaction component (Hirth locks) and 
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has been built so as to reproduce the strain hardening response of the real annealed nickel 

sample in tension. Note that the sum of the interaction matrix components over one line is 

100 = (ℎ1+2ℎ2 + 2ℎ3 + ℎ4 + 4ℎ5 + 2ℎ6). 

 

 

 hardening interaction 

𝑗 1 2 3 4 5 6 7 8 9 

𝜃𝑗 𝑟0 𝑞 𝑏 ℎ1 ℎ2 ℎ3 ℎ4 ℎ5 ℎ6 

value 26.7 MPa 20.5 MPa 16 1 1 45 1 1 1 

Table 2 - A virtual material (Renner et al., 2016). Nine plastic parameters 𝜃𝑗 

2.3. CPFEM of the nanoindentation experiment 

Identifiability analysis is based on a CPFEM of the nanoindentation experiment using the 

Méric-Cailletaud size-independent single crystal plasticity which is not detailed here, (refer to 

(Renner et al., 2016)). The CPFEM has been built using a generalized elastic-viscoplastic 

material model based on the infinitesimal strain theory (Z-set User commands Version 9.0, 

2018). A corotational finite strain formulation based on an integrated rotation tensor has been 

used to take the material rotations into account (Ladeveze, 1980). The lattice is thus rotating 

with the material using the material spin tensor �̿̿̿� = (�̇̿��̿�−1)
𝑠𝑘𝑒𝑤

 while the lattice rotation 

should be independent and occur in the elastic transformation part �̿�𝑒 (Forest, 2010). The 

numerical integration of the material behaviour has been performed using the Runge-Kutta’s 

second order method. The resolution method for the global matrix problem uses a full updated 

Newton-Raphson algorithm. 

The contact problem is solved using a direct flexibility method (Francavilla and Zienkiewicz, 

1975; Jean, 1995; Sachdeva and Ramakrishnan, 1981; Wronski, 1994). The contact between 

the bulk surface and the Berkovich indenter is modelled using the Coulomb law with a null 

friction coefficient. Indeed, the indenter geometry opening is quite large. The friction effect is 

thus negligible on the indentation curve (Taljat et al., 1998) and minor on the imprint 

topography compared to the hardening parameters. 

The CPFEM of the nanoindentation experiment (direct problem) is parametrized using the 

vector 𝚵 = (𝛉; [i j k], 𝛼[𝑖𝑗𝑘]
[𝑎𝑏𝑐]

, ℎ(𝑡), 𝑡, 𝑋𝑌), where 𝛉 is the vector of the nine plastic parameters 

(Table 2), [i j k] the Miller’s indices (grain orientation), 𝛼[𝑖𝑗𝑘]
[𝑎𝑏𝑐]

 the Berkovich tip azimuth, ℎ(𝑡) 

the indentation depth, 𝑡 the time and the 𝑋𝑌 mapping region of the imprint topography. A 

coordinate system is related to the considered grain. The Miller’s indices [i j k] define the first 
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axis (perpendicular to the sample surface). The indices [𝑎𝑏𝑐] define the second axis which is 

arbitrary chosen in the sample surface plane. The third axis is deduced from the other to get 

an orthonormal coordinate system. 

𝛼[𝑖𝑗𝑘]
[𝑎𝑏𝑐]

 is defined as the angle between the [𝑎𝑏𝑐]-axis of the crystal coordinate system and the 

indenter base symmetry axis passing through the indenter corner contained in the coordinate 

system 1st quadrant. 

The Figure 3 illustrates a CPFEM simulation result: an indentation curve 𝐏 and an imprint 

topography 𝐙 = 𝐙1. These results were obtained using the virtual material for 𝚵 =

(𝛉; [1 0 1], 74°, 𝑡, ℎ(𝑡), 𝑡, 𝑋𝑌), virtual material 𝜃𝑗-values of (Table 2). Loading and unloading 

steps during the indentation tests last 30 seconds and holding at maximum force lasts 90 

seconds. The mapping region 𝑋𝑌 is described by an area of (20 × 20 ) μm2. A quantitative 

estimation of the plastic zone size can be given from the simulation. The cumulative plastic 

strain is found to vanish at a distance larger than six times the depth of the residual imprint. 

Indeed the size of the grains remains large compared to this value, validating the single crystal 

plasticity framework. 

 

Figure 3 - Nanoindentation CPFEM simulation performed in the [101] grain orientation with 

azimuth 𝛼[101]
[010]

= 74° using the virtual material: (a) indentation curve 𝐏, (b) residual topography 

𝐙 = 𝐙1 
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3. Plastic parameter identifiability method 

This section presents the numerical method used for estimating the identifiability of all or part 

of the 9 plastic parameters 𝛉 = (𝑟0, 𝑞, 𝑏, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) from the indentation curves and 

topographies of imprints. These techniques is based on a CPFEM of the nanoindentation test 

(Renner et al., 2016) using the Méric-Cailletaud size-independent single crystal plasticity law. 

The identifiability index used for measuring the information richness in indentation curves and 

residual topographies is described. This index has been introduced for the first time by Richard 

et al. (Richard et al., 2013) for viscoelastic characterization from the sole indentation force, 

then in 2014 for plastic characterization from the sole indentation force (Pac et al., 2014). In 

this section, the identifiability index definition is extended to plastic characterization using 

residual topographies. 

When some values of the plastic parameters 𝜃𝑗 (𝑗 = 1, … ,9) are unknown, they must be 

identified from experimental observations. The difficulty is then at first to well-pose the inverse 

problem. To build a well-posed inverse problem and identify some reliable values of all or part 

of the nine plastic parameters using a CPFEMU method, the information richness of numerical 

indentation curve 𝐏, residual topography  𝐙 and combinations (𝐙1, … , 𝐙𝑛𝐳) must be quantified. 

To quantify the reliability of plastic parameter values that could be obtained using a FEMU 

method, the completeness of data contained in 𝑛𝐳 residual topographies (𝐙1, … , 𝐙𝑛𝐳) 

considered separately or combined is quantified by extending the 𝐼-index formulation proposed 

by Richard et al. (Richard et al., 2013) for the analysis of the indentation curve. This index 

appears to be convenient to explore and investigate what are the optimal conditions to 

determine all or part of the nine plastic parameters of the material constitutive law from 

CPFEMU method. The analysis can be done before the updating process and therefore does 

not necessarily require the experimental measurements. 

3.1. Method using indentation curve 

To make the section easier to read, the formalism is first presented using the indentation curve  

𝐏 only for a given grain orientation [i j k], azimuth 𝛼[𝑖𝑗𝑘]
[𝑎𝑏𝑐]

 and displacement-controlled ℎ(𝑡) 

mode. The cost function is sampled in 𝑇 time steps 𝑡𝑘 . The 𝐼-index proposed by Richard et al. 

(Richard et al., 2013) is a measure of the inverse problem conditioning and can be used with 

logarithmic notation (Pac et al., 2014): 

 𝐼𝐩 = log10 (
𝜆max

𝜆min
) (6) 
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where 𝜆𝑚𝑎𝑥 and 𝜆𝑚𝑖𝑛 are respectively the maximum and the minimum eigenvalues of the 

dimensionless matrix �̅�𝐏 at the considered calculation point 𝛉, respectively: 

 �̅�𝑖𝑗
𝐩

= ∑ 𝑆̅
𝑘𝑖
𝐩

𝑆̅
𝑘𝑗
𝐩

𝑇

𝑘=1

 (7) 

𝑖 and 𝑗 indicates the number of the parameters considered for the calculation (Table 2). 𝑆�̅�𝑖
𝐏  are 

the components of the force sensitivity vector to parameter 𝜃𝑗: 

 𝑆̅
𝑘𝑗
𝐩

=
𝜃𝑗

𝑃max√𝑇

𝜕𝑃𝑘

𝜕𝜃𝑗
 (8) 

𝑃max (maximum simulated indentation force) and 𝜃𝑗 are used as scaling factors associated to 

the indentation force 𝑃 and the parameter 𝜃𝑗 itself, respectively. Each parameter 𝜃𝑗 is thus 

scaled by itself, which means that each parameter is sought using the same relative precision. 

Moreover, indented force is scaled by a constant 𝑃max, which means that an absolute 

uncertainty is considered on this variable. 

For a chosen set of parameters, the matrix �̅�
𝐩
 contained the richness of the simulated 

indentation curve. By construction, this matrix contains information concerning the lack of 

sensitivity and the multicollinearity between the sensitivity vectors. These are two difficulties 

that can make the problem ill-posed (ill-conditioned). The lower the 𝐼-index, the better 

conditioned is the matrix, which means its inverse can be calculated with great accuracy. At 

the opposite, if the 𝐼-index is large, the matrix is considered as ill-conditioned. Some  𝐼-index 

values defining practical limits can be found in the literature (Gujarati, D.N, 1988). This a priori 

analysis allows to distinguish the potentially identifiable combinations (𝐼 ≤ 2) of material 

parameters from those which are not (𝐼 > 3). These bound values 2 and 3 are related to the 

shape of the objective function if an updating would be performed from the responses 

contained in �̅�
𝐩
. The case 𝐼 = 0 corresponds to the best conditioning, the shape of the 

objective function would be a 𝑛𝜃-sphere, where 𝑛𝜃 is the number of parameters. The objective 

function shape becomes a more general quadric surface as soon as 𝐼 > 0. If the parameters 

uncertainties are considered two by two, the objective function iso-value is an ellipse in the 

space of parametric relative uncertainties. The larger 𝐼, the larger the ellipticity (flattening) 

which means that a “valley of solutions” exists (Figure 4). The valley thinness becomes a 

problem for 𝐼 = 2. Considerable uncertainties can thus be generated. The bounds 2 and 3 

correspond to a ratio of relative uncertainties over the estimated parameters which can reach 

the values 10 and 30, respectively. Restricting to a parameters pair, the index can be 

graphically determinate by calculating the ratio between the minor and major radius of the 

smallest ellipse dimensions (Figure 4). 
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Figure 4 - Schematic objective function 𝜔 iso-value in the space of parametric relative 

uncertainties (
Δ𝜃1

𝜃1
,

Δ𝜃2

𝜃2
) for different values of 𝐼-index. 

The 𝐼-index can be calculated for all the  𝑝-combinations (𝑝 = 2, … 9) of the plastic parameters, 

i.e. 501 possibilities. 

3.2. Method using residual topographies 

The indentation force 𝑃(𝑡) sampled in 𝑇 time steps 𝑡𝑘 may be formally replaced by the residual 

topography 𝑍(𝑋𝑌) sampled in 𝑀 space steps 𝑋𝑌𝑘 along a path. The components of the �̅�
𝐳
 

matrix and the components of the sensitivity vector to parameter 𝜃𝑗 become respectively: 

 �̅�𝑖𝑗
𝐳 = ∑ 𝑆�̅�𝑖

𝐳 𝑆�̅�𝑗
𝐳

𝑀

𝑘=1

 (9) 

 𝑆�̅�𝑗
𝐳 =

𝜃𝑗

𝑍max
 √𝑀

𝜕𝑍𝑘
 

𝜕𝜃𝑗
 (10) 

When 𝑛𝐳 residual topographies (𝐙1, … , 𝐙𝑛𝐳) are combined, these expressions are written: 

 �̅�𝑖𝑗
𝐳1,…,𝐳𝑛z

= ∑ 𝑆�̅�𝑖
𝐳1,…,𝐳𝑛𝐳

𝑆�̅�𝑗
𝐳1,…,𝐳𝑛𝐳

𝑀×𝑛𝐳

𝑙=1

 (11) 

 𝑆�̅�𝑗
𝐳1,…,𝐳𝑛𝐳

=
𝜃𝑗

√𝑀
∑

1

𝑍max
(𝑒)

∑
𝜕𝑍𝑘

(𝑒)

𝜕𝜃𝑗

𝑀

𝑘=1

𝑛𝐳

𝑒=1

 (12) 
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4. Sensibilities of the CPFEM to the plastic parameters 

The identifiability index is based on sensibilities of the CPFEM. As an example, in this section, 

the sensitivity of the simulated loading indentation curve (Eq. (8)) and residual topography (Eq. 

(10)) to the plastic material parameters 𝛉 = (𝑟0, 𝑞, 𝑏, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) is calculated around 

the chosen virtual material in the [101] orientation and for a azimuth 𝛼[101]
[010]

= 74°. Ten 

simulations of the nanoindentation test have been performed to approximate derivatives by the 

forward finite difference method: 

- 1 nominal simulation using the reference parameters vector 𝛉 (Table 2), 

- 9 simulations for which one parameter 𝜃𝑗 has been successively perturbated by the 

quantity ξ𝜃𝑗. 

The perturbation value ξ has to balance the truncation and the rounding errors performed on 

the simulated indentation curve and residual topography (Pottier, 2010). A stability study on 

both responses has shown that ξ = 10−3 is an adequate value (Renner, 2016). 

4.1. Sensitivity of the indentation curve 

In that case, the loading indentation curve 𝐏 is the unique observation. The unloading is 

assumed to be purely elastic which means that no information about the plastic parameters 

can be extracted from this part of the curve. The measurements collected during unloading 

phase is thus not used. It has been noticed that the simulated loading curves were slightly 

disturbed due to the mesh element size, especially in the contact region. This perturbation can 

affect the sensitivity of indentation curve to the material parameters and thus the identifiability 

calculations. To avoid any problems, the simulated loading curves 𝑃(ℎ) have been fitted by a 

third-order polynomial. The purpose here is not to define the relationship between the indenter 

force and displacement, but to filter out any perturbation due to the mesh element size. 

The simulated indentation loading curves are sampled in 𝑇 = 181 time steps. The sensitivity 

of the simulated indentation force to the parameters is defined using Eq. (8). This definition 

attributes a small weight to small indentation depth. Thus, the contact detection problem is 

limited for the sensitivity calculation at small indentation depth. The Figure 5 presents the 

obtained sensitivity vectors and their norms. The indentation curves are sensitive to all 

parameters and their norm are of comparable in magnitude. The curve is more sensitive to 𝑟0, 

𝑞,  𝑏 and ℎ3 than to the other parameters. The ratio between the sensitivities to the parameter 

𝑏 (the most influent) and ℎ2 (the less influent) is about 4.2. 

The collinearity of some sensitivity vectors to some parameters is highlighted in Figure 5a. It 

is an extremely important measurement since the inversion problem is impossible when 

sensitivity vectors are colinear. One can notice that the sensitivity vectors associated to the 
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parameter pairs (𝑟0,𝑞), (𝑏,ℎ3), (ℎ1,ℎ4) and (ℎ1,ℎ6) seem to be almost collinear. At this stage, 

difficulties in the parametric identification from the sole indentation curve can be anticipated. 

 

Figure 5 - Sensitivity of the loading indentation curve 𝐏 to the parameters of the virtual 

material: (a) sensitivity vectors 𝑆�̅�𝑗
𝐏  and (b) norms 𝛿�̅�

𝐏 = √𝑆�̅�𝑗
𝐏 𝑆�̅�𝑗

𝐏 . 

4.2. Sensitivity of the residual topography 

In that case, the residual topography 𝐙 obtained in the [101] orientation and for an azimuth 

𝛼[101]
[010]

= 74° is the unique observation. Initially, topography data are 256 × 256 matrices, which 

corresponds to the picture definition (256 × 256 pix2). Topography data are reshaped in a 

65536-components vector along the path illustrated in (Figure 6a). The experimental AFM 

measurements of the imprint centre is poorly defined. Indeed, the bottom of the imprint cannot 

be well-measured since the AFM is used in non-contact mode. The measurements collected 

close to the imprint centre should therefore not be used. 
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Figure 6 - (a) Topography 𝐙 = 𝐙1 data reshaping from square matrix to vector form along the 

red path. 𝐀 is the starting point and 𝐂 is the end point (topography centre). (b) 125 × 125 pix2 

square truncation of the topography. 

To limit the poor definition effects of the imprint bottom, the data are slightly changed to assign 

a small weight to the bottom of the imprint and a maximum weight to pile-ups: 

 𝑍 = 1 +
𝑍0

ℎ𝑟
 (13) 

where 𝑍0 and ℎ𝑟 are the initial residual topography and the residual indentation depth (Figure 

3). The zero of 𝑍0 is the sample surface far from the imprint. Using this definition, the bottom 

of the imprint is the zero of the observation (Figure 7). 

 

Figure 7 - Profile of the topography 𝐙 = 𝐙1 along the D-D cut (Figure 6). 
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It is also chosen to perform a square shape truncation of the information at the imprint centre 

(Figure 6b). A smart truncation decreases the measurements and avoids the use of data 

disturbed by the contact tip-sample. In that case (125 × 125 pix2), the imprint centre is then 

entirely covered and the topography is sampled at about 𝑀 = 5 × 104 positions. The sensitivity 

of the simulated imprint topography to the parameters is defined using Eq. (10) and is 

presented in Figure 8ab. The same quantities are shown in Figure 8cd using the truncated 

topography presented in Figure 6b. The sensitivity vectors norms are extremely affected. 

Contrarily, the relative parameters influence on the topography remains unchanged, 

regardless to the truncation size.  

The residual topography is more sensitive to 𝑟0, 𝑞,  𝑏 and ℎ3 compared to the other parameters 

in both cases. The ratio between the highest sensibility and the lowest (ℎ2) is about 7.7 if the 

topography is complete and about 12.6 using the truncation, which already predicts 

identification problems. 

 

Figure 8 - Entire imprint topography 𝐙 = 𝐙1: (a) sensitivity vectors 𝑆�̅�𝑗
𝐳   

and (b) norms 𝛿�̅�
𝐳 = √𝑆�̅�𝑗

𝐳 𝑆�̅�𝑗
𝐳 . Truncated imprint: (c) sensitivity vectors and (d) norms. 
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One can notice that the calculation of the sensitivity can be largely affected by the information 

quantity. Having a large volume of information does not mean that the post processing will be 

of good quality. 

5. Identifiability results 

The section 4 highlighted the problems of sensitivity vectors multi-collinearity and the gap 

between norms. Both aspects are taken into account with the use of the identifiability index. In 

the following sections, the identifiability of the plastic parameters (𝑟0, 𝑞, 𝑏, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6 ) 

has been calculated in several cases: 

- using one indentation curve 𝐏([101], 𝛼[101]
[010]

= 74°), the same as the one studied in 

section 4.1, 

- using one topography 𝐙1 = 𝐙([101], 𝛼[101]
[010]

= 74°), the same as the one studied in 

section 4.2, 

- using a combination of two topographies: 𝐙1 and 𝐙2([001], 𝛼[001]
[100]

= 77°), 

- using a combination of three topographies: 𝐙1, 𝐙2 and 𝐙3 ([111], 𝛼[111]
[1̅21̅]

= 65°). 

It is recalled that all simulated responses are the results of the nanoindentation CPFEM around 

the virtual material defined in section 2.2. 

5.1. Results using one indentation curve  

As expected, when all parameters are considered for the index calculation 𝐼𝐩 > 6. It means 

that the identification of all parameters using the sole indentation curve is impossible. 𝐼𝐏 has 

also been calculated for all pairs of parameters. The results are presented in Table 3. All the 

pairs which have an identifiability index 𝐼𝐩 ≤ 2 are a priori identifiable using 𝐏, assuming the 

other parameters are known. This is true only if the material behaviour to identify is close to 

the virtual material. For the pairs (𝑏,ℎ3) and (ℎ1,ℎ4), 𝐼𝐩 > 2, so that the identification of even 2 

parameters can remain difficult using this indentation curve. The result for the pairs (𝑟0,𝑞) and 

(ℎ1,ℎ6) are only slightly better. These results been speculated from the sensitivity analysis in 

section 4.1 (Figure 5a): for these pairs, the sensitivity vectors to each parameter are almost 

collinear. 
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𝐼𝐩 𝑟0 𝑞 𝑏 ℎ1 ℎ2 ℎ3 ℎ4 ℎ5 ℎ6 

𝑟0  1.9 0.2 1.1 1.1 0.1 1.0 1.1 1.1 

𝑞   0.3 1.1 1.2 0.2 1.0 1.1 1.1 

𝑏    1.2 1.7 2.3 1.1 1.5 1.2 

ℎ1     0.5 1.1 2.9 1.0 2.0 

ℎ2      1.8 0.5 0.1 0.3 

ℎ3       1.1 1.4 1.2 

ℎ4        0.9 1.8 

ℎ5         1.3 

ℎ6          

Table 3 – 𝐼-index for all the parameters pairs using the indentation curve 𝐏. 

 𝐼𝐩 ≤ 2 (green, potentially identifiable), 2 < 𝐼𝐩 ≤ 3 (orange, difficult to identify), 

𝐼𝐩 > 3 (red, not identifiable). 

In the case where the interaction matrix components (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) are known, 

𝐼𝐩(𝑟0, 𝑞, 𝑏) = 2.3. The identification of the isotropic hardening parameters is thus difficult. These 

results are in line with those in the literature at macroscopic scale. For a macroscopic power 

hardening law using 2 plastic parameters (yield stress 𝜎𝑦 and exponent hardening 𝑛), authors 

generally conclude that it is impossible to obtained a stable solution for the pair (𝜎𝑦, 𝑛) using 

a conical indentation curve (Alkorta et al., 2005; Capehart and Cheng, 2003; Casals and 

Alcalá, 2005; Charleux, 2006; Tho et al., 2004). 

In the opposite case, where the isotropic hardening parameters (𝑟0, 𝑞, 𝑏) are known, 

𝐼𝐩(ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) > 6. Thus, the interaction matrix is not identifiable using the indentation 

curve 𝐏. 

5.2. Results using one imprint 

Following the same process, the identifiability of all parameters is calculated using the 

truncated residual topography 𝐙 = 𝐙1 only (Figure 6b). The evolution of 𝐼𝐙1-index as a function 

of the number of considered pixels in topography 𝐙1 is presented Figure 9. The final value 

tends to 𝐼𝐙1 = 3.6, which means that the identification of all parameters using 𝐙1 only is 

impossible. However, 𝐙1 contains more information than the indentation curve  (𝐼𝐩 > 6). 

In the case where the interaction matrix components (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) are known, 

𝐼𝐳(𝑟0, 𝑞, 𝑏) = 1.9, a better value than when using the indentation curve (𝐼𝐩 = 2.3). The 

identification of the isotropic hardening parameters can be envisaged and could be calculated 

using the tensile curves. 
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In the opposite case, where the isotropic hardening parameters (𝑟0, 𝑞, 𝑏) are known, 

𝐼𝐳(ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) = 3.2. Thus, the interaction matrix is not identifiable using 𝐙1. 

In all three cases, the pile-ups affect the index evolution, it changes the slope around 𝑘 = 4. 104 

(Figure 9) and tends to decrease the index values. It means that pile-ups are rich in information 

in that case. 

 

Figure 9 - 𝐼𝐳 evolution over the topography 𝐙 = 𝐙1 for: all parameters (blue), isotropic 

hardening parameters (𝑟0, 𝑞, 𝑏) only (green) and interaction matrix components 

(ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) only (red). 

As in the previous section, 𝐼𝐳1 has also been calculated for all pairs of parameters (Table 4). 

One can notice that 𝐼𝐳1 > 2 for (𝑏, ℎ2), (𝑏, ℎ3), (ℎ1, ℎ4), (ℎ1, ℎ6) and (ℎ2, ℎ3), which means that 

the identification of 2 parameters can also remain difficult using this imprint topography. 
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𝐼𝐳1 𝑟0 𝑞 𝑏 ℎ1 ℎ2 ℎ3 ℎ4 ℎ5 ℎ6 

𝑟0  1.8 0.3 0.9 1.9 0.4 1.0 0.9 1.0 

𝑞   0.3 1.0 1.9 0.3 1.1 1.0 1.1 

𝑏    1.2 2.2 2.4 1.2 1.1 1.3 

ℎ1     1.1 1.2 2.3 2.0 2.1 

ℎ2      2.2 1.1 1.2 1.0 

ℎ3       1.2 1.2 1.3 

ℎ4        1.9 2.0 

ℎ5         2.0 

ℎ6          

Table 4 – 𝐼𝐳1-index for all the parameters pairs using the residual topography 𝐙1: 𝐼𝐳1 ≤ 2 

(green, potentially identifiable), 2 < 𝐼𝐳1 ≤ 3 (orange, difficult to identify), 𝐼𝐳1 > 3 (red, not 

identifiable). 

These results agree with the Bolzon et al. works conducted on elastic-plastic indentations using 

a macroscopic power law hardening (Bolzon et al., 2011). They concluded that the imprint 

mapping is a richer observation than the indentation curve and the I-index calculated 

graphically on Bolzon's results supports this conclusion (Figure 10). 

 

Figure 10 – Objective functions iso-values obtained by Bolzon et al. using macroscopic FEM 

(Bolzon et al., 2011): (a) indentation curve only 𝐼 > 3.5, (b) residual profile only 𝐼 ≈ 1.9.  

𝐼-index values graphically estimated. 

5.3. Results using combinations of imprints 

5.3.1. Combination of two topographies 

The identifiability of parameters is now calculated using two truncated residual topographies 

𝐙1 and 𝐙2 obtained in the [001] orientation and 𝛼[001]
[100]

= 77° (Figure 11). 
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Figure 11 –Topography 𝐙 = 𝐙1: (a) complete and (c) truncated; Topography 𝐙2: (b) complete 

and (d) truncated. 𝐀1, 𝐁1, 𝐀2 and 𝐁2 are specific points. 

Overall, in Figure 12, the sensitivity of the imprint topography 𝐙2 to the parameters is 

significantly lower than for the imprint topography 𝐙1. Except for the sensitivity to the 

parameters ℎ5 and ℎ6 for which the norm values almost doubled, the norm values are slightly 

higher if both topographies are taken into account (Figure 13). The ratio between the sensitivity 

to the parameter ℎ3 (the most influent) and ℎ2 (the less influent) still remain very large. 
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Figure 12 – Sensitivity vectors of both truncated topographies 𝐙1 and 𝐙2 to each parameter. 

𝐀1, 𝐁1, 𝐀2 and 𝐁2 are specific topography points. 

 

Figure 13 – Norm of the simulated topographies sensitivity to each parameter: 𝐙1 (blue) and 

combination 𝐙1, 𝐙2 (green). 

The Table 5 presents the calculated values of the 𝐼𝐳1,𝐳2-index (lower part) for all parameters 

pairs and are compared to those of 𝐼𝐳1 (upper part). One can notice that all pairs are identifiable 

when the second topography 𝐙2 is added in the process. It means that the non-collinearities 
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are increased if 𝐙2 is added to the process, even if the vectors norms are not of the same order 

of magnitude. 

𝐼𝐳1    

 

𝐼𝐳1,𝐳2        

𝑟0 𝑞 𝑏 ℎ1 ℎ2 ℎ3 ℎ4 ℎ5 ℎ6 

𝑟0  1.8 0.3 1.0 1.9 0.4 1.0 0.9 1.0 

𝑞 0.9  0.3 1.0 1.9 0.3 1.1 1.0 1.1 

𝑏 0.2 0.3  1.2 2.2 2.4 1.2 1.1 1.3 

ℎ1 1.0 0.9 1.1  1.1 1.2 2.3 2.0 2.1 

ℎ2 1.8 1.6 1.9 0.9  2.2 1.1 1.2 1.0 

ℎ3 0.3 0.4 1.1 1.2 2.0  1.2 1.2 1.3 

ℎ4 0.9 0.9 1.0 1.0 1.0 1.1  1.9 2.0 

ℎ5 0.7 0.3 0.5 0.7 1.4 0.9 0.7  2.0 

ℎ6 0.7 0.3 0.5 0.7 1.4 0.8 0.7 1.1  

Table 5 – 𝐼-index for all the parameter pairs using one (𝐙1) and two (𝐙1, 𝐙2) residual 

topographies: 𝐼 ≤ 2 (green, potentially identifiable), 2 < 𝐼 ≤ 3 (orange, difficult to identify), 𝐼 >

3 (red, not identifiable). 

As in the previous sections, the I𝐙1,𝐙2-index is calculated in three cases for 

(𝑟0, 𝑞, 𝑏, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6), (𝑟0, 𝑞, 𝑏) and (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6). In all three cases, using both 

topographies 𝐙1 and 𝐙2 reduces the index values (Figure 14). 

For (𝑟0, 𝑞, 𝑏, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6), the index value tends to 𝐼𝐙1,𝐙2 = 2.4, which is better than using 

the first topography 𝐙1 only (𝐼𝐙1 = 3.6). It means that the identification of all parameters 𝛉 using 

both topographies is not impossible but remains difficult. 

In the case where the interaction matrix components (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) are known, 

𝐼𝐙1,𝐙2(𝑟0, 𝑞, 𝑏) = 0.9, which is a good value. That ensures that the identification of the isotropic 

hardening parameters is possible if the material behaviour to identify is very close to the virtual 

material and all the other parameters are known. 

In the opposite case, where the isotropic hardening parameters (𝑟0, 𝑞, 𝑏) are known, 

𝐼𝐙1,𝐙2(ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) = 2.2. The identifiability of the interaction matrix is significantly 

improved using the second topography 𝐙2 (𝐼𝐙1 = 3.2). 

 

In all three cases, the pile-ups affect the index evolution, it changes the slope around 𝑘 = 4. 104 

and around 𝑘 = 9. 104 and tends to decrease the index values (Figure 14). It highlights the 
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information contained in pile-ups. As a conclusion, the inverse problem stability is thus 

significantly improved when using both residual topographies 𝐙1 and 𝐙2. 

 

Figure 14 – 𝐼𝐳1,𝐳2 evolution over both topographies 𝐙1 and 𝐙2 for: all parameters (blue), 

isotropic hardening parameters (𝑟0, 𝑞, 𝑏) only (green) and the interaction matrix components 

(ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) only (red). 

5.3.2. Combination of three topographies 

In this last section, three truncated residual topographies 𝐙1, 𝐙2 and 𝐙3 obtained in the [111] 

orientation and 𝛼[111]
[1̅21̅]

= 65° have been used for calculating the parameters identifiability index 

(Figure 15). We can notice in this figure that pile-up sizes and distributions in semi-distant field 

show significant asymmetries. These asymmetries result from the convolution of the crystal 

slip system symmetry on the considered indented direction with the three-fold Berkovich 

indenter symmetry. Indeed, slip systems in the [101] indentation direction feature a two-fold 

symmetry, while those in the [001] indentation direction display a four-fold symmetry and a six-

fold (quasi rotational) symmetry in the [111] indentation direction. 
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Figure 15 –Topography 𝐙1: (a) complete and (d) truncated; Topography 𝐙2: (b) complete and 

(e) truncated. Topography 𝐙3: (c) complete and (f) truncated. 

In Figure 16, one can notice that the sensitivity vectors norms are significantly affected using 

the three imprint topographies. All norms are now the same order of magnitude which is a first 

sign of inverse problem conditioning improvement. The sensitivity vector norm associated to 

the parameter ℎ2 is no longer the lowest one. 
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Figure 16 – Norm of the simulated topographies sensitivity to each parameter: 𝐙1 (blue), 𝐙1, 𝐙2 

(green), 𝐙1, 𝐙2, 𝐙3 (red). 

The 𝐼𝐳1,𝐳2,𝐳3-index has been calculated for all parameters pairs and compared to those of 𝐼𝐙1,𝐙2 

(Table 6). For all pairs, 𝐼𝐳1,𝐳2,𝐳3 ≤ 1.2 which predicts a good conditioning of the inverse problem 

for identification. Even if 𝐼𝐳1,𝐳2,𝐳3-index is better than using two topographies (𝐼𝐳1,𝐳2 ≤ 2.0), it is 

interesting to notice that it has slightly increased for some pairs (𝑟0, 𝑞), (𝑟0, ℎ5), (𝑞, ℎ5), (𝑞, ℎ6), 

(𝑏, ℎ6) and (ℎ1, ℎ5) (blackened cells, Table 6). It means that for some parameters sets the use 

of a third topography can be beneficial for the identification and have a slight adverse effect 

for other ones. 
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𝐼𝑧1,𝑧2  

 

𝐼𝐳1,𝐳2,𝐳3       

𝑟0 𝑞 𝑏 ℎ1 ℎ2 ℎ3 ℎ4 ℎ5 ℎ6 

𝑟0  0.9 0.2 1.0 1.8 0.3 0.9 0.7 0.7 

𝑞 1.0  0.3 0.9 1.6 0.4 0.9 0.3 0.3 

𝑏 0.2 0.3  1.1 1.9 1.1 1.0 0.5 0.5 

ℎ1 0.7 0.6 0.6  0.9 1.2 1.0 0.7 0.7 

ℎ2 0.3 0.2 0.4 0.5  2.0 1.0 1.4 1.4 

ℎ3 0.3 0.3 1.2 0.6 0.4  1.1 0.9 0.8 

ℎ4 0.9 0.7 0.9 0.5 0.6 1.0  0.7 0.7 

ℎ5 0.8 0.6 0.5 0.9 0.4 0.7 0.7  1.1 

ℎ6 0.7 0.4 0.6 0.2 0.3 0.8 0.6 0.6  

Table 6 – 𝐼-index for all the parameter pairs using two and three imprint topographies 𝐙1, 𝐙2 

and 𝐙3: 𝐼 ≤ 2 (green, potentially identifiable), 2 < 𝐼 ≤ 3 (orange, difficult to identify), 𝐼 > 3 

(red, not identifiable). Blackened cells highlight the 𝐼-index slightly increasing using a third 

topography. 

As previously, the 𝐼𝐙1,𝐙2,𝐙3-index is calculated in three cases: for (𝑟0, 𝑞, 𝑏, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6), 

(𝑟0, 𝑞, 𝑏) and (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) (Figure 17). In all three cases, the use of a third imprint 

topography 𝐙3 significantly reduces the index values. 

For (𝑟0, 𝑞, 𝑏, h1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6), the index value tends to 𝐼𝐙1,𝐙2,𝐙3 = 2.1. The identification of all 

plastic parameters using the three imprint topographies is almost possible in the case where 

the material behaviour to identify is very close to the virtual material. 

In the case where the interaction matrix components (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) are known, 

𝐼𝐙1,𝐙2,𝐙3(𝑟0, 𝑞, 𝑏) = 1.0, which ensures the identification of the isotropic hardening parameters if 

the material behaviour is very close to the virtual material and if all the other parameters are 

known. However, the index tends to a smaller value if two topographies are used 

(I𝐙1,𝐙2(𝑟0, 𝑞, 𝑏) = 0.9). One can notice that 𝐼𝐙1,𝐙2,𝐙3(𝑟0, 𝑞, 𝑏) value increases if the pile-ups of the 

third topography are included in the calculation. Once again, it is proved that the use of a third 

topography can have an adverse effect on the parameters identification, even if the effect is 

low in that case. 

In the opposite case, where the isotropic hardening parameters (𝑟0, 𝑞, 𝑏) are known, 

I𝐙1,𝐙2,𝐙3(ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) = 1.7. The identification of the interaction matrix can now be 

envisaged using the three topographies in the case where the material behaviour to identify is 

close to the virtual material and the hardening parameters are known. 
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The pile-ups affect the index evolution. The slope of the index evolution is affected around 𝑘 =

14. 104 due to pile-ups of the third topography 𝐙3 (Figure 17). Pile-ups mostly improve the 

conditioning of the inverse problem, but slightly degrade it sometimes. 

 

 

Figure 17 – 𝐼𝐙1,𝐙2,𝐙3 evolution over the three topographies 𝐙1, 𝐙2 and 𝐙3 for: all parameters 

(blue), isotropic hardening parameters (𝑟0, 𝑞, 𝑏) only (green) and the interaction matrix 

components (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) only (red). 
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6. Conclusions 

The identifiability of the parameters of the Méric-Cailletaud single crystal plasticity law using 

indentation curves and residual topographies has been evaluated. This method attempts to 

define the best-posed inverse problem which would ensure the parameters identification using 

the CPFEM updating method. In order to obtain a stable solution from the CPFEM updating 

procedure, an identifiability index is used for quantifying the information richness contained in 

the simulated responses, which means if the inverse problem is well-posed or ill-posed. The 

index reports the possible multicollinearity between the observation sensitivity vectors to 

parameters and the too large gap between the norms of sensitivity vectors to parameters, 

which can lead to an unstable FEM updating solution. 

The identifiability of the Méric-Cailletaud single crystal plasticity law has been studied around 

the virtual material. The interaction matrix is fully populated and promotes the ℎ3 latent 

interaction component (Hirth locks). Firstly, the sensitivity vectors to the parameters have been 

calculated using the simulated loading indentation curve 𝐏 only, performed in the [101] grain 

orientation, with an azimuth 𝛼[101]
[010]

= 74°. The same process has been performed using the 

simulated imprint topography 𝐙1
 only, in the same conditions. Then, two simulated 

topographies 𝐙1
 and 𝐙2

 (performed in the [001] grain orientation with 𝛼[001]
[100]

= 77°) have been 

used. Finally, a third imprint topography 𝐙3 has been added to the process (performed in the 

[111] grain orientation with 𝛼[111]
[1̅21̅]

= 65°). The identifiability index is calculated in all the four 

cases and the Table 7 summarizes the minimum and maximum values for all the possible 

parameters combinations of the Méric-Cailletaud single crystal plasticity law. 

It is well-known that the indentation curve is really poor in information for the parametric 

identification of material behaviour law at macroscopic scale (Cheng and Cheng, 1998). The 

present results show that if the parameters number exceeds 3 the identification of the Méric-

Cailletaud law plastic parameters is impossible. For some parameters pairs, the identification 

is even difficult (𝐼 = 2.9) (Table 7, 1st column). 

Identifiability results using only one imprint topography are better compared to those obtained 

with the use of the sole indentation curve. However, it has been shown that the identification 

of more than 6 parameters is not possible and at best difficult for 4 to 6 parameters (Table 7, 

2nd column). Except for (𝑏, ℎ2), (𝑏, ℎ3), (ℎ1, ℎ4), (ℎ1, ℎ6) and (ℎ2, ℎ3), all parameters pairs are 

identifiable using the imprint topography 𝐙1. 

The use of a second topography 𝐙2 ensures all the parameter pairs identifiability of the Méric-

Cailletaud law. In the worst case, the identifiability is difficult for more than 2 parameters. Some 

sets of 3, 4, 5, 6 and 7 parameters are identifiable (Table 7, 3rd column). The index is always 

higher than 2 since ℎ2 and ℎ3 are part of the parameter vector studied (not shown here). In 
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fact, the pair (ℎ2, ℎ3) gives the worst identifiability index I𝐙1,𝐙2(ℎ2, ℎ3) = 2.0. According to the 

results in dislocation dynamics (Madec, 2001), ℎ2 refers to the interaction with a low hardening 

(coplanar interaction). One can assume that these interactions have a little effect on the imprint 

topography and are difficult to measure. In fact, the sensitivity of the chosen simulated 

topographies to ℎ2 has always the lowest norm. In contrast, according to the sensitivity 

analysis, ℎ3 strongly affects topographies but the sensitivity vector to ℎ3 is certainly collinear 

with respect to the sensitivity vector to ℎ2. Moreover, the norm of the sensitivity vectors 

associated to ℎ2 and ℎ3 do not have the same magnitude at all. The ratio between both norms 

is around 12.6, which predicts that the identifiability of (ℎ2, ℎ3) could be very difficult. It is also 

interesting to notice that the inverse problem using both topographies 𝐙1 and 𝐙2 to identify 9 

parameters is as well-posed as that using topography 𝐙1 only to identify the pair (𝑏, ℎ3) 

(I = 2.4). 

Finally, a third topography 𝐙3 is added to the identifiability analysis. It ensures the identifiability 

of all parameters combinations up to 8 parameters. For a full parameter set (9 parameters), 

𝐼𝐳1,𝐳2,𝐳3 = 2.1. Thus, the inverse problem using the three topographies to identify 9 parameters 

(𝐼𝐳1,𝐳2,𝐳3 = 2.1) is almost as well-posed as that using two topographies 𝐙1 and 𝐙2 to identify the 

pair (ℎ2, ℎ3) (I𝐙1,𝐙2 = 2.0). 

Generally, it can be concluded that the topographies, and especially pile-ups, tend to improve 

the conditioning of the inverse problem. In many cases the non-uniqueness is an extreme case 

of sensitivity to experimental errors (i.e. ill-conditioned inverse problem) (Phadikar et al., 2013). 

The 𝐼-index approach is interesting to avoid this difficulty and design the cost function used in 

the updating method. The 𝐼-index can be used for choosing the best indenter/grain relative 

orientation to indent. Thus, it could be possible to identify all or part of the parameters of Méric-

Cailletaud single crystal plasticity law. But for this, the material behaviour to identify must be 

close to the virtual material used. The final verification of uniqueness using several starting 

points of a local minimization algorithm remains anyway necessary. 
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𝑝-combination  

of plastic parameters 

𝐼𝐩 

[min,max] 

𝐼𝐳1 

[min,max] 

𝐼𝐳1,𝐳2 

[min,max] 

𝐼𝐳1,𝐳2,𝐳3 

[min,max] 

2 [0.1; 2.9] [0.3; 2.4] [0.2; 2.0] [0.2; 1.2] 

3 [1.1; 5.5] [1.3; 3.1] [0.5; 2.3] [0.4; 1.6] 

4 > 6 [2.1; 3.4] [1.2; 2.3] [0.7; 1.8] 

5 > 6 [2.3; 3.5] [1.4; 2.4] [1.0; 1.9] 

6 > 6 [2.7; 3.5] [1.8; 2.4] [1.2; 1.9] 

7 > 6 [3.1; 3.5] [1.9; 2.4] [1.5; 2.0] 

8 > 6 [3.3; 3.5] [2.1; 2.4] [1.9; 2.0] 

9 > 6 3.6 2.4 2.1 

Table 7 – 𝐼-index values for all parameters combinations using: the indentation curve 𝐏 only 

(𝐼𝐏), the topography 𝐙1 only (𝐼𝐙1), combination of two topographies (𝐙1, 𝐙2) and the three 

topographies (𝐙1,𝐙2,𝐙3): 𝐼 ≤ 2 (green, potentially identifiable), 2 < 𝐼 ≤ 3 (difficult to identify), 

𝐼 > 3 (red, not identifiable). 

A fourth imprint topography 𝐙4 could maybe bring enough information to identify a full 

parameter set and provide a better index value (𝐼𝐳1,𝐳2,𝐳3,𝐳4(𝑟0, 𝑏, 𝑞, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6) ≤ 2.0). 

The indenter/grain relative orientations space could be screened to look for the best 

complementary topographies. As Zambaldi and Raabe did (Zambaldi and Raabe, 2010), a 

map of the richest orientations for the parametric identifiability study could be built. 

As Kysar et al. (Kysar et al., 2007) or Breumier et al. (Breumier et al., 2019), it would be also 

interesting to measure the crystal lattice curvature induced at the free surface by the 

indentation by electron backscatter diffraction (EBSD). The information richness of crystal 

lattice curvature around imprints obtained after Berkovich nanoindentation could be measured 

using the process reported in the present paper. 

The parametric identifiability has been studied around the chosen virtual material which 

promotes the ℎ3 latent interaction component (Hirth locks). The analysis must be extended to 

other virtual materials (Renner et al., 2016). According to results in dislocation dynamics, ℎ4 

refers to the interaction with the highest hardening (collinear interaction) (Fivel, 1997; Fivel et 

al., 1997; Madec, 2001; Madec et al., 2003; Devincre et al., 2006). It would be interesting to 

perform the same process around a virtual material which promotes the collinear interactions 

and to extend the analysis to the nickel cold-worked behaviour of (Renner et al., 2016) in order 

to analyse the effect of the hardening on the identifiability index. 
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