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Abstract: 16

A two-dimensional (2-D) analytical method for magnetic field and electromagnetic torque calculation in high-speed 17
spoke-type interior permanent-magnet (PM) machines considering slotting effects, magnetization orientation and winding 18
layout has been proposed in this paper. The analytical method is based on the formal resolution of Laplace's and Poisson's 19
equations as well as the Maxwell's equations in polar coordinate by using subdomain technique and applying hyperbolic 20

functions. The proposed method is applied on the performance computation of a prototype spoke-type PM machine (i.e., 21
a 3-phases 18S-8P motor). The analytical results are validated through 2-D finite-element method (FEM) and 22
experimental tests. 23
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1. Introduction

Interior PM machines are interested in industrial
applications, especially in the electric vehicle due to their
high efficiency, power density and robustness [1]. An
accurate prediction of air-gap magnetic field distribution
is necessary in order to calculate electromagnetic torque,
back electromotive force (EMF) and self- or/and mutual
inductances more precise. A variety of techniques
including analytical and numerical methods has been
conducted to evaluate the magnetic field distribution in
electrical machines. Numerical methods like FEM give
accurate results and are time consuming specially in first
step of design stage [2]-[3]. Analytical methods including
conformal mapping [4]-[7], magnetic equivalent circuit
[8]-[13], Maxwell/Fourier method [14]-[50] and slot
relative permeance calculation [51]-[52] are reported to
model electrical machines and are useful in first step of
performance evaluation and design optimization stage.
The inaccuracy of conformal mapping method in
modeling of magnetic field distribution in spoke-type PM
machines is due to the presence of a deep and small
thickness of PM domain. The subdomain technique is
more accurate than the other analytical models [8]. It is
interesting to note that the saturation effects can be taken
into account of this model type [45]-[46]. This method is
based on the formal resolution of Laplace's and Poisson's
equations in different regions by applying boundary
conditions (BCs) for electrical machines [14]-[50].

To author’ knowledge, a few analytical models are
presented to calculate magnetic field in spoke-type PM
machines using subdomain technique [29]-[33]. The
novelty and contribution of the manuscript compared to
other works is to propose a straightforward expression
for magnetic vector potential by using hyperbolic
functions. No references in the literature addressing the
issue of experimental verification of analytical model
for high-speed spoke-type PM machines were found.

The focus of this paper is to develop an analytical
model based on the formal resolution of Laplace's and
Poisson's equations in multiphase spoke-type PM
machines by using the subdomain technique considering
slotting effects, magnetization orientation and winding
layout. It is shown that the developed model can
effectively estimate magnetic field, electromagnetic
torque, back-EMF and self-/mutual inductances. This
model is applied on the performance calculation of a
prototype spoke-type PM motor (i.e., a 3-phases 18S-8P
motor). It is shown that the results of analytical model
are in close agreement with the results of FEM and
experimental tests.
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2. Subdomain Definition

The schematic representation of investigated
machine is shown in Fig. 1. The machine model is
divided into six subdomains. The stator which has two
subdomains including Q, slot regions (domain m) and
Q, slot opening regions (domain [) and the air-gap
subdomain (region I) are shown in Fig. 2. The rotor has
three subdomains including Q, inner slot regions
(domain i), Q, PM regions (domain j), and Q, slot-
opening regions (domain k), as shown in Fig. 3.

The angular position of the i-th stator slot, i-th stator
slot-opening, i-th rotor slot-opening, PM and inner slot

are defined as (1), (2), (3) and (4), respectively.
O =—2+27 with 1<i<Q (D)
2 Q1
6,=-L+2%  with 1<i<gq, (2)
2 Q1
210 H i
gk—_g g with 1<i<Q, 3)
g;=-24+2%  with 1<i< 4
=t wi <i<Q, (4)

The following assumptions are made in theoretical
analysis:
e Permeability of rotor and stator cores are
infinite;
e End effects are neglected.

Q
0@\6{{@

Fig. 1. The geometncal representation of investigated
machine.
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3.1. Magnetic Vector Potential in the Stator 12

Slot Subdomain (Region m) 13
The Poisson's equation in the stator inner slot 14
subdomain is given by 15
16
0%4A,, 0%A, tL<t<t,
——my - m_ - = 7
a2 | 96z ”Offor{amsesem+a @
17
where t; = In (%) and t, = 0. 18
7
Neumann BCs at the bottom and at each side of the 19
slot are obtained as 20
21
04, 0 g 4 0 (8)
- = an =
96 lo=0,, 00 lg=g,,+a
22
R, RsRs R, Rg 0A; _ 0 o
Fig. 2. The stator subdomains including 1 and m regions. Ot |y, B ©)
1 23
The general solution of (7) using the separation of 24
variables method is given by 25
26
1 1
A, (t.0) =a,™ — E“O]i (e‘tlt + Ee‘z”tl)
hm
o ( o Cosh(7(t—t1))\|
+2 ap  T— .
h (10)
it \ " Sinh (%” (t, — t1)> /
hm
Cos| —(©@ -8
(0-a0)
27

where h is a positive integer, the coefficients a,™and 28 __
R R. R R a,™ are determined based on the continuity and 29 §

Fig. 3. The rotor subdomains includingi, j and k regions. interface conditions and

w w
= O

- hm
: . : () = J; : —(© -8 11
3. Magnetic vector potential calculation 3 Ji(6) =Jig +;]"hcos< 2 m)) D

N
8
™
(=]
bz
5
°
General solution of Laplace's or Poisson's equations 4 _ 32 i
in each subdomain is developed in this section. The 5 with 3 3
Laplace equation can be described in polar form as 6 34 5
7 1 12 i
9?4 10A  10%A R, <r<R Jio =3 Ui +/20) 12) g
—+-—+—==——=>=0 for{ RS ) 35 §
or?2 ror r2062 0,<6<6, ) har 3
B Jin= gt CDMadsin(5) 1y
Replacing r by R, e™t, one obtains 9 ST 2 2 g
10 36 g
5 5 R, The continuity of the magnetic vector potential 37 3
9°A + %A _ for ln(R_z) <t<0 (6) between the sub-domain m and the region [ leads to 38 W
2 2 o
ges 99 6, <0<0, 39 ¢
11 g
2
<
8
g
s
g
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04,

— = f(0)
at t=t, f
04, (14)
_ )= fOT' 9[S9S91+‘8
= 0t lp=y,
0 elsewhere
Interface condition (14) gives
1 Om+a
holiSink(e) = [ £(@).d0 (15)
Om
2 Om+a
ap,™ = —f f(6).
aJg
" (16)

Cos (h—n CE Gm)>.d9
a

3.2. Magnetic Vector Potential in the Stator
Slot-Opening Subdomain (Region 1)
The Laplace's equation in the stator second inner
slot-opening subdomain is given by
0%A; 0%A t;<t<t,
oz Tz 0 for {61S6S61+B 4

where t; = In (?) and ty = 0.
6
Neumann BCs at the bottom and at each side of the

slot are obtained as

A, 0 q 0 (18)
—~ = an —~ =

90 lg-g, 06 lg-p,+8

The general solution of (17) using the separation of
variables method is given by

Al(t 9) = aol + bolt
Sinh (%“ (t— t4)>

ahl
o Sinh (%ﬁ (t3 —ty)
+
hzzl Sinh (%’T (t— t3)> (19)

Sinh (%“ (t, — t3)>

Cos (hg (CEa 61)>

where m is a positive integer and the coefficients, a,',
b,', a,! and by, are determined based on the continuity
and interface conditions.

The continuity of the magnetic vector potential
between the subdomain 1 and the regions m and I leads
to

+ by,
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12
13
14

15
16
17
18

19
20
21
22
23
24
25

Al(t,.0) = Al(ts.0) for 6, <6<6,+p (20)
Al(t;.0) = Am(t,.0) for 6, <6<6;,+B (21)
Interface condition (20) gives
1 (O1+B
a, =~ Al(ts.0).d0 (22)
BJo,
0+B
by, = 5 Al(ts. 0).
o - (23)
Cos|—(®6—96)) |.d6
§
Interface condition (21) gives
| RS . 1 0)+a
ao + 11’1 p— bO - = Am(t4_. e) . de (24)
R¢ B 0
2 (O1+B
ap' == Am(t,.0).
B 0; (25)

Cos (h?n (CEs 91)> .de

3.3. Magnetic Vector Potential in the Air-
gap Subdomain (Region I)
The Laplace's equation in the internal air-gap

subdomain is given by
0%A; 0%A, ts <t<tg
ot =0 o (g @

where t; = In (?) andtg = 0.
5

The general solution of (26) considering periodicity
boundary conditions is obtained as

A(t.0)
1 Cosh(n(t - t6)) |

_ i Hman Cos(n6)
S| 1Cosh(nCt—t9)
nSinh(n(te —ts)) (@7)
1 Cosh(n(t—t5))
- | nsinh(n(ts—te) " |
+nZ:1 1 Cosh(n(t—t5)) = e

HSinh(n(t6 —tg)

where n is a positive integer.
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The coefficients a,!, b,', c,! and d,,' are determined 1
considering the continuity of magnetic vector potential 2
between the internal air-gap subdomain I and the region 3
| using a Fourier series expansion of interface condition 4
(28) and (29) over the air-gap interval. 5

The continuity of the magnetic vector potential 6
between the internal air-gap subdomain I and the 7
regions 1 and k leads to 8

9
0A;
- =80
0t le—gg
0A, (28)
)= for 6,<0<6,+8
- at t=t4_
0 elsewhere
10
0A;
— =h®
Ot li=tg
A (29)
)= for 9k39S9k+y
=4 0t t=ty
0 elsewhere
11
Interface condition (28) gives 12
13
2 OtB
a,! = —j g(8).Cos(nb).d6 (27)
2m o)
14
01+B
c, = — g(8).Sin(nd).do (28)
2m Jg,
15
Interface condition (29) gives 16
17
Bk +y
by = — h(6). Cos(nb).do (29)
2m Jo,
18
Ok +y
d,' = — h(6). Sin(n®). do (30)
2m Jo,
19
3.4. Magnetic Vector Potential in the Rotor 20
Slot-Opening Subdomain (Region k) 21
The Laplace's equation in the stator second inner 22
slot-opening subdomain is given by 23
24
%A, |, 9%Ag -0
2 2 =
fat L <t<ts (34)
or {ek <0<0 4y
25
where t; = In (%) and tg = 0. 26
4

Neumann BCs at the bottom and at each side of the 27

slot are obtained as 28
29
[

0A; 0A;
—1 =0 and —1I

99 lo-o, a0 =0

9=9k+y

The general solution of (34) using the separation of

variables method is given by

Ak(t 9) = aok + bokt

Sinh (hT“ (tg t7)>

Cos <h711 (6 — ek))

where h is a positive integer and the coefficients, a,*,
b,X, a,* and by, " are determined based on the continuity

and interface conditions.

The continuity of the magnetic vector potential
between the subdomain k and the regions j and I leads

to
AK(tg.0) = Aj(to.0) for 0, <0 <0 +7Y
AK(t,.0) = Al(t,.0) for 0, <0<0,+y

Interface condition (37) gives

1 Oty
ak = —j Aj(to.0).d6
YJo

k
K 2 Oty
by =—f Aj(tq. 0).
YJe

k
h
Cos (7“ - ek)> .do

Interface condition (38) gives

Ry\ . . 1 %%
% + In (—)bo =—f Al(t. 6) . 6
R, Y

0

2 8ty

k_—Z

ap”< = f Al(ts. 0).
YJo

i

Cos (l;—“ 0 - ek)) .o
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3.5. Magnetic Vector Potential in the PM 1 c hm o— o) do
Subdomain (Region j) 2 os{ 5 (0—80 ).
The Poisson's equation in the stator PM subdomain 3 26
is given by 4 Interface condition (44) gives 27
5 28
62A]- + 62A]- Mg bj . 1 [OktY 9A; i
—_— - _ . M0 = — R
o "ot T T 43) b HwoMRoe e =2 TS w0 O
for {9 9<_9 <_9 13_ 29
kSUSUpTY 6 N ZfekwaAi
h = = .
where tg = In (?) and tyy = 0. 7 Yo 0t li=ty, b (51)
3 TC
Neumann BCs at the bottom and at each side of the 8 Cos (— Chs ek)) .de
slot are obtained as 9 Y
30
10
o e 0 3.6. Magnetic Vector Potential in th
| and 90| = (44) .0. agn_e IC _ec pr otential In e 31
—o =0k 0=0x+y Subdomain (Region i) 32
a 11 The Laplace equation in the i-th rotor slot subdomain 33
The general solution of (40) is written as 12 'sgiven by gg'
13
o 0%A;  0%A; t <St<t
A;(t.0) = aj, + bt — poM;R,e™" —! L= u="-"z (52
0 b EO e o Toez 0 for {eiseseiﬂs (2)
Cosh (—“ (t— t10)> _ _ _ 36
Y Y ] The general solution of (52) using the separation of 37
hn . (hn h variables method based on boundary conditions is 38
Sinh 7 (tg — t10) 39
> : Ai(t.0) =
hr (45) 1(t-8)
< + y Cosh T(t —tg) _ " . cOsh(h7“(c—t12))
S h=1]| 4 by Yhz1| an ol ) (53)
= hm i hm osh{ (t11—t12)
9h Slnh - (tlo - tg) hT[
5 Y Cos (— ©— ei))
g' ht )
3 40
2 Cos (< (0 - 01 o o
g Y where k is a positive integer and a;,' is an arbitrary 41
oy . _ o 14 constants. 42
g  where Mg =M; = (=1)'B;/l,,l is a positive integer 15 The continuity of the magnetic vector potential 43
% and the coefficients ap, by, a,’ and by are determined 16 between the i-th slot and the internal air-gap regions | 44
oy based on the continuity and interface conditions. 17  leadsto 45
g- The continuity of the magnetic vector potential 18 46
2 between the subdomain j and the region k and i leads to 19 Ai(t1;,.0) = Aj(t10.0) for 6, <0<06;,+686 (54
h 20 47
§ 04 0Ay Considering interface condition (54), the integration 48
S Btl . T ot for €, <0<86c+y  (46) constants can be determined as 49
o 50
éﬂ 21 2 8ty
5 0A; 0A; == i(tsq.0).
3 - =— for B, <0<6+y (47) an Y-L- Aj(t10-0)
7] ot _ ot t=t ! (55)
) t=tq9 11 hmt
s 22 Cos (? 60— ei)) .do
W Interface condition (46) gives 23 51
& 24
h . 1 (O 9A
g b)) + eMjRpe ™ = = f a_k .de (48)
S O =ty
G 25
)
.2 (troa
= =2 f il (49)
g Yo, Ot li=gg
8 6
[o2]
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4. Performance Calculation and Model 1
Evaluation 2
4.1. Performance Computation 3
The electromagnetic torque and cogging torque 4
components are obtained using the Maxwell stress 5
tensor in and expressed as 6
7
2T
T, =— | BI(te.0).Blg(t,.0).d0 (56)
Ho Jo
8
Blr(te-e)
- Cosh((n(te - t6)))
" Sinh(n(ts — tg) .
; | Cosh(n(t, — ts)) -Sin(n)
_ ele " Sinh(n(tg — ts)) (57)
R, ol a Cf)sh(n(te —tg)
_Z Sinh(n(ts — ts)) Cos(nd)
el WY Cosh(n(t, — ts))
" Sinh(n(ts — ts))
9
Blg(te-e)
. Sinh(n(te - t6))
= " Sinh(n(ts — ts))
Z | Sinh(n(t, —t5)) - Cos(n)
n=1 +bn7
_ et Sinh(n(ts — ts)) (58)
R, o Sinhgn(te - ta)%
" Sinh(n(ts — tg) .
+n=1 | Sinh(n(t, —ts)) -Sin(n)
" Sinh(n(ts — ts))
10
where Lg is the axial length of the motor and t. is 11
calculated by 12
13
t, = 1n( ) with R, = (R, + Rs)/2 (59)
14
For double layer winding, the phase flux vector is 15
calculated by 16
17
= 1IJ1b lIleo (60)
18
where 19
20
[lplbl = —CT P11 P12 P13 ®19,] (61)
21
and 22
23
[IIJZbl —CT P21 P22 P23 P2q,] (62)
24
-

For the stator slots, ¢ is given by

o
2L,R,? fffts
P =— Ap. (£.0).e72%.dt.d6
u kS Jo Jo ™
2LR,* % (15 “2t
2= =15 LLAmi(t.e).e .dt.de
2

The back-EMF of phase a is given by
dy,

E.=w

where w is the rotor angular speed and Y, is flux linkage

de,

per phase a.

The stator inductances (self-inductances) of phase a

is given by

Ya
L=-—2
Ly

where I, is the peak current in phase a.

4.2. Model Evaluation

The investigated motor parameters are given in
Table 1. A schematic diagram of the double layer
winding of the motor is shown in Fig. 4. The 2-D FEM
is applied on performance calculation of the motor.
Magnetic field distribution in the motor is represented in
Fig. 5. The fabricated spoke-type PM motor and
experimental test setup are shown in Fig. 6 and Fig. 7,

(63)

(64)

(65)

(66)

respectively.
Table 1 Parameters of the studied motor.
Quantity
Symbol Unit: angles (Mech. Degree) Value
Dimensions (mm)

R; Inner radius of the rotor inner slot  12.55

R, Inner radius of the rotor 18
permanent magnet

R; Inner radius of the rotor slot- 30
opening

R, Inner radius of the airgap 335

Rg Inner radius of the stator slot- 35
opening

Re Inner radius of the stator slot 36.5

R, Outer radius of the stator slot 495

Rg Outer radius of the stator yoke 57.5

0; Angular position of the first rotor 27
inner slot

Ok Angular position of the first rotor 22
slot-opening

0, Angular position of the first 18.77

—p9d Jlw =gl o) S ST g Gum GHwddgs Gaxdl 4o

stator slot-opening

25
26

27

28
29
30

31
32
33
34
35
36

37
38
39

40

41
42
43
44
45
46
47
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Om Angular position of the first 8.88
stator slot
foi The stator slot angle 7.2
B The stator slot-opening angle 2.45
Y The rotor slot-opening angle 8.55
8 The rotor inner slot angle 36
p Pole pairs-number 4
Qs Number of stator slots 18
B. Remanence of the PM (T) 1.2
Lg Axial length 48
1
2 Fig. 6. Experimental test setup.
7
The motor performance results are compared 8
analytically, numerically and experimentally in open 9
circuit and full load conditions. The open circuit 10
comparison of radial magnetic flux density and cogging 11
torque waveforms are shown in Fig. 8 and Fig. 9, 12
respectively. 13
The full load results at 6,000 rpm, including 14
electromagnetic torque, back-EMF, self- and mutual 15
inductances waveforms are shown in Fig. 8, Fig. 9, Fig. 16
10, Fig. 11, Fig. 12, and Fig. 13, respectively. 17
18
O ANA —FEM
- 0.6
% 0.4
Fig. 4. A schematic diagram of the double layer % 02
- winding of the investigated motor. 2,
g 3 E
?_, 4 & 02
S 5 0.4
§ é -0.6
g 0 120 240 360 480 600 720
5 Angle (Electrical Degree)
g- Fig. 7. Analytical and numerical comparison of radial
=) magnetic flux density waveforms in mean radius of the
S studied motor.
%n 19
i—’ 0.025
. 2o
2 =
8 & \
o F
g. gll—0.0lS
3 type PM motor. A
I< 5 ) 0 5 10 15 20
% 6 Angle (Mechanical Degee)
g Fig. 8. Analytical and experimental comparison of
W cogging torque waveforms.
2 20
N
&
R
=
2 8
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115
114
113
112
111

-
2 o
T =~

Electromagnetic Torque (N

=
=3
=)

0 120 240 360 480 600 720
Angle (Electrical Degree)

Fig. 9. Analytical and experimental comparison of
electromagnetic torque waveforms at 6,000 rpm.

ANA ——EXP

-
173
=3

=
1=}
=)

173
1)

Back-EMF (V)
g =]

—-
5]
S

-
17
S

0 120 240 360 430 600 720
Angle (Electrical Degree)

Fig. 10. Analytical and experimental comparison of
phase back-EMF waveforms at 6,000 rpm.

—— FEM ANA EXP
0.003
Ve V¥ Yy X\
coes | Y o A AN
E Yol (el 354 B4 X
g 0002
]
3z
S 0.0015
=
i
£ 0001
]
=
& 0.0005
0
0 120 240 360 480 600 720

Angle (Electrical Degree)

Fig. 11. Analytical and numerical comparison of phase
self-inductance waveforms at 6,000 rpm.

=——FEM ANA EXP
0
~
T _0.0001
=
= -0.0002
&
=
S -0.0003
= ~
AR N N N
= -0.0004 S R 4R &
= Y
= N ¥ 0o/ X
E -0.0005 Vo4 Lo &
0.0006
0 120 240 360 480 600 720

Angle (Electrical Degree)

Fig. 12. Analytical and numerical comparison of mutual
inductances waveforms at 6,000 rpm.

5. Conclusion

A 2-D analytical model for performance prediction
in multiphase high-speed spoke-type PM machines
considering slotting effects, magnetization orientation
and winding layout has been developed in this paper.
Fourier analysis method based on the subdomain
technique is applied to derive analytical expressions for
calculation of magnetic vector potential, magnetic flux
density, electromagnetic torque, back-EMF and self-
and mutual inductances in spoke-type PM machines.
This model is applied for performance computation of a
prototype spoke-type PM motor and the results of
proposed model are verified thanks to FEM and
experimental results.
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