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Abstract

We prove the existence of domain walls for the Bénard-Rayleigh convection problem. Our
approach relies upon a spatial dynamics formulation of the hydrodynamic problem, a center
manifold reduction, and a normal forms analysis of an eight-dimensional reduced system.
Domain walls are constructed as heteroclinic solutions connecting suitably chosen periodic
solutions of this reduced system.
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1 Introduction

The Bénard-Rayleigh convection is one of the most studied, both analytically and experimentally,
and perhaps best understood, pattern-forming system. This hydrodynamic problem is concerned
with the flow of a viscous fluid filling the region between two horizontal planes and heated from
below. The difference of temperature between the two horizontal planes modifies the fluid
density, tending to place the lighter fluid below the heavier one. Having an opposite effect,
gravity induces, through the Archimedian force, an instability of the simple “conduction regime”
leading to a “convective regime”. While the fluid is at rest and the temperature depends linearly
on the vertical coordinate in the conduction regime, various steady regular patterns, such as rolls,
hexagons, or squares, are formed in the convective regime. The fluid viscosity prevents this
instability up to a certain level, and there is a critical value of the temperature difference, below
which nothing happens and above which a steady convective regime bifurcates. In dimensionless
variables, this bifurcation occurs at a critical value of the Rayleigh number R.. The value R,
which depends on the chosen boundary conditions, has already been computed in the forties by



Pellew and Southwell [22]. Starting from the sixties, there has been extensive study of regular
convective patterns and numerous mathematical existence results have been obtained. Without
being exhaustive, we refer to the first works by Yudovich et al [27, 30, 31, 32], Rabinowitz [23],
Gortler et al [7]; see also [16, 25], the monograph [17] for further references, and the recent work
[2] on existence of quasipatterns.

The governing equations of the Bénard-Rayleigh convection consist of the Navier-Stokes
system completed with an equation for energy conservation. We consider the Boussinesq ap-
proximation in which the dependency of the fluid density p on the temperature 7' is given by
the relationship

p=po(l—~(T-Tp)),

where 7 is the (constant) volume expansion coefficient, Ty and pgy are the temperature and the
density, respectively, at the lower plane. In Cartesian coordinates (x,%,z) € R3, where (z,y)
are the horizontal coordinates and z is the vertical coordinate, after rescaling variables, the fluid
occupies the domain R? x (0,1). Inside this domain, the particle velocity V = (V3, Vy, V2), the
deviation of the temperature from the conduction profile 8, and the pressure p satisfy the system

RYV2AV +0e, — P H(V-V)V-Vp = 0, (1.1)
RVENO+V, —(V-V)) = 0, (1.2)
V-V = 0. (1.3)

Here e, = (0,0, 1) is the unit vertical vector, and the dimensionless constants R and P are the
Rayleigh and the Prandtl numbers, respectively, defined as

d3(Ty — T
o 29T~ 1)
VKR

v
where v is the kinematic viscosity, x the thermal diffusivity, g the gravitational constant, d
the distance between the planes, and 717 the temperature at the upper plane. For notational
simplicity, we set

u=R! /2

This system is a steady version of the formulation derived in [17] in which V and 6 are rescaled
by R'/2 and R, respectively. The equations (1.1)-(1.3) are completed by boundary conditions,
and we consider here either the case of “rigid-rigid” boundary conditions:

V|Z=O,1 = 07 9|Z=0,1 = 07 (15)
or the case of “free-free” boundary conditions:
Vz‘zzO,l = az‘/ac‘z:O,l = az‘/y‘z:OJ =0, 0|z:071 =0. (16)

With these boundary conditions, the equations (1.1)-(1.3) are invariant under horizontal trans-
lations, reflections, and rotations, and the vertical reflection symmetry z — 1 — z. These
symmetries play an important role in our analysis. We point out that the vertical symmetry



only exists in these two cases where the boundary conditions are of the same type (“rigid-rigid”
or “free-free”), the symmetry being lost in the case of “rigid-free” boundary conditions. We
refer to [14, Vol. II] for a very complete discussion and bibliography on this problem, and in
particular on the various geometries and boundary conditions.

At least locally, the most frequently observed patterns are convective rolls aligned along a
certain direction (see Figure 1.1 (a) and (c¢)). However, such a pattern is only observed in a part
of the apparatus, while the rolls take another direction in another part of the apparatus. The
connection between the two regimes is quite sharp, occurring along a plane, and the two regimes
of rolls make a definite angle between them (see Figure 1.1(b) and [11, 18, 4, 1] for experimental
evidences not all on pure Bénard-Rayleigh convection). These line defects are referred to as
domain walls or grain boundaries. In the present paper, we consider the case where two systems
of rolls connect symmetrically with respect to a plane, even though such a perfectly symmetric
pattern is not yet observed experimentally.
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Figure 1.1: In Cartesian coordinates (z,y, z), schematic plots of two-dimensional rolls (periodic in y
and constant in z), rotated rolls, and domain walls. In the (z,y)-horizontal plane, (a) two-dimensional
rolls (dashed lines) and rolls rotated by an angle « (solid lines); (b) symmetric domain walls constructed
as heteroclinic connections between rolls rotated by opposite angles +a. (c) In the vertical (y, z)-plane,
streamlines of two-dimensional rolls (cross-section through the dashed lines in (a)).

The aim of this paper is to prove mathematically that such domain walls are indeed solutions
of the steady Navier-Stokes-Boussinesq equations (1.1)-(1.3). Despite constant interest over
the years, there is so far no existence result for these fluid dynamics equations. Many works
gave tentative justifications of the existence of such patterns using formally derived amplitude
equations (see [21, 20, 6] and the references therein). Beyond amplitude equations, the only
mathematical results have been obtained for the Swift-Hohenberg equation, a toy model which
exhibits many of the properties of the Bénard-Rayleigh convection problem [10, 26] (see also
[19]). The domain walls constructed in [10] are symmetric, connecting rolls rotated by opposite
angles +a, for o € (0,7/3). This result has been extended to arbitrary angles o € (0,7/2) in
[26]. We point out that there are no such results for domain walls which are not symmetric.

For the existence proof, we extend to the Navier-Stokes-Boussinesq system (1.1)-(1.3) the
spatial dynamics approach used in [10] for the Swift-Hohenberg equation. The starting point
of the analysis is a formulation of the steady problem as an infinite-dimensional dynamical sys-



tem, in which one of the horizontal variables is taken as evolutionary variable. This idea goes
back to the work of Kirchgéssner [15], and since then it has been extensively used to prove
the existence of nonlinear waves and patterns in many concrete problems arising in applied sci-
ences, and in particular in fluid mechanics (see for instance [8] and the references therein). This
infinite-dimensional dynamical system is typically ill-posed, but of interest are its small bounded
solutions. An efficient way of finding these solutions is with the help of center-manifold tech-
niques which reduce the infinite-dimensional system to a locally equivalent finite-dimensional
dynamical system. An important property of this reduced system is that it preserves the sym-
metries of the original problem. Then normal forms and dynamical systems methods can be
employed to construct bounded solutions of this reduced system.

We construct the domain walls as solutions of the steady Navier-Stokes-Boussinesq equations
(1.1)-(1.3) which are periodic in the horizontal coordinate y (see Figure 1.1(b)). In our spatial
dynamics formulation, we take as evolutionary variable the horizontal coordinate x and the
boundary conditions, including the periodicity in y, determine the choice of the associated
phase space and domain of definition of operators. An infinite-dimensional dynamical system is
obtained as in the case of the Navier-Stokes equations in [12]. The rolls which are periodic in
y and independent of x are then equilibria of this infinite-dimensional dynamical system, and
through horizontal rotations they provide a family of periodic solutions. Domain walls are found
as heteroclinic solutions of this infinite-dimensional dynamical system connecting two symmetric
periodic solutions in this family.

We expect domain walls to bifurcate in the convective regime, at the same critical value R,
of the Rayleigh number as the rolls. In the bifurcation problem, we take the Rayleigh number
R as bifurcation parameter, fix the Prandtl number P and also fix the wavenumber £, in y of
the solutions. We choose k, = k.cosa, where k. is the wavenumber of the two-dimensional
rolls bifurcating at R. in the classical convection problem and « is a rotation angle. Then k,
represents the wavenumber in y of these bifurcating rolls rotated by the angle «.

The nature of the bifurcation is determined by the purely imaginary spectrum of the operator
obtained by linearizing the dynamical system at the state of rest. Here, this operator has purely
point spectrum and the number of its purely imaginary eigenvalues depends on the rotation
angle a. We restrict to the simplest situation in which a € (0,7/3). Then the linear operator
possesses two pairs of complex conjugated purely imaginary eigenvalues +ik., +ik,, where +ik,
are algebraically double and geometrically simple, and +ik, are algebraically quadruple and
geometrically double. In addition, 0 is a simple eigenvalue due to an invariance of our spatial
dynamics formulation. (See Figure 1.2 for a plot of these eigenvalues and their continuation
for Rayleigh numbers R close to R.). Except for the 0 eigenvalue, the other purely imaginary
eigenvalues are of the same type as those found for the Swift-Hohenberg equation in [10]. Upon
increasing the angle « in the interval (7w/3,7/2), the number of purely imaginary eigenvalues
increases, and there are infinitely many eigenvalues when o = 7/2. For the Swift-Hohenberg
equation, this case has been considered in [26].

The next step of our analysis is a center manifold reduction. The dimension of the reduced
system being equal to the sum of the algebraic multiplicities of the purely imaginary above,
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Figure 1.2: Spectrum of the linearized operator £, lying on or near the imaginary axis, for a wave
number k, = k.cosa with a € (0,7/3): (a) for R < R, (b) for R = R, (c) for R > R.. Eigenvalues
are either simple, double or quadruple denoted by a dot, a simple cross or a double cross, respectively.

we obtain here a reduced system of dimension 13. Due to the absence of the eigenvalue 0,
the dimension of this reduced system was equal to 12 for the Swift-Hohenberg equation [10].
However, this additional dimension is easily eliminated, and then in the cases of “rigid-rigid”
and “free-free” boundary conditions we use the reflection in the vertical coordinate to further
eliminate 4 dimensions. This additional reduction of the dimension of the system has not been
done in [10], but it is very helpful here, our reduced equations being much more complicated.
The resulting system is 8-dimensional and the question of existence of domain walls consists
now in the construction of a heteroclinic connection for this system.

In contrast to the Swift-Hohenberg equation, where the leading order terms of the reduced
system have been computed explicitly, here the Navier-Stokes-Boussinesq equations are far too
complicated to compute all these terms. We therefore need to extend the normal forms analysis of
the particular reduced system found in [10] to a normal forms analysis for general 8-dimensional
vector fields. On the other hand, the dimension of the reduced vector field being 8, it is too
difficult to use the same methods for finding a general normal form, to any order, as usually
done for lower dimensional vector fields (as for instance for four-dimensional vector fields in [8]).
Instead, we restrict our computation of the normal form to cubic order, and using a standard
normal form characterization, and the symmetries of the reduced system, we directly identify
all possible resonant monomials, those which appear in the normal form. By this method it is
not possible to obtain a normal form to any order, but a cubic normal form is enough for our
purposes, and often in problems of this type.

The remaining part of the existence proof is based on the arguments from [10]. An appro-
priate change of variables allows us to identify a leading order system, determined by the cubic
order terms of the normal form, for which the existence of a heteroclinic connection has been
proved in [28]. Based on a variational method [24], this existence result requires that the quotient
g of two coefficients in the cubic normal form is larger than 1. In [10] this quotient was equal
to 2 and it was easily computed. Here, g depends on the angle o and on the Prandtl number
P through complicated formulas (see (B.12)). We prove analytically that its value in the limit
angle a = 0 is also equal to 2, and for arbitrary angles and Prandtl numbers, we determine its
numerical values using the package Maple. It turns out that indeed the condition g > 1 holds for



all angles o € (0,7/3) and all positive Prandtl numbers P, for both “rigid-rigid” and “free-free”
boundary conditions. The final step consists in showing that this heteroclinic connection found
for the leading order system persists for the full system. We extend the persistence result in
[10] from the case g = 2 to values g € (1,4 + v/13), which implies the existence of domain walls
for any Prandtl numbers P and any angles a € (0, a.(P)), for some positive a(P) < 7/3. A
Maple computation allows us to identify the angles v and the Prandtl numbers P for which this
property holds (see Figures 6.1 and 8.1). We point out that the persistence of the heteroclinic
connection for g > 4 + /13 remains an open problem. We summarize our main result in the
next theorem.

Theorem 1. Consider the Navier-Stokes-Boussinesq system (1.1)-(1.3) with either “rigid-rigid”
boundary conditions (1.5) or “free-free” boundary conditions (1.6). Denote by R. the critical
Rayleigh number at which convective rolls with wavenumbers k. bifurcate from the conduction
state. Then for any Prandtl number P, there exists a positive number o (P) < m/3 such that
for angles o € (0, a(P)), a symmetric domain wall bifurcates for Rayleigh numbers R = R.+e,
with € > 0 sufficiently small. The domain wall connects two rotated rolls which are the rotations
by opposite angles £(a+ O(€)) of a roll with wavenumber k. + O(e), continuously linked to the
amplitude which is of order O(e'/?).

In our presentation we focus on the case of “rigid-rigid” boundary conditions. In Section 2
we briefly recall the classical convection problem and give a short proof of the existence of
convective rolls. The spatial dynamics formulation is given in Section 3 and the bifurcation
problem is analyzed in Section 4. The center manifold reduction is done in Section 5 and the
normal forms analysis in Section 6. The existence of the heteroclinic connection is proved in
Section 7. Finally, in Section 8, we discuss the differences which occur in the case of “free-free”
boundary conditions, and briefly comment on the case of “rigid-free” boundary conditions. Some
technical results, including the proof of the cubic normal form and the formula for g, are given
in Appendices A and B.

Acknowledgments. M.H. was partially supported by the EUR EIPHI program (Contract No.
ANR-17-EURE-0002). The authors thank the referee for the careful reading of the manuscript
and the constructive comments and suggestions.

2 The classical Bénard-Rayleigh convection
In the classical approach, the steady system (1.1)-(1.3) is written in the form

L,u+B(u,u) =0, (2.1)

where u = (V,0) lies in a suitable function space of divergence free velocity fields V and the
pressure term in (1.1) is eliminated via a projection on the divergence free vector field (see,
for instance, [8, Chapter 5]). Then L,u is the linear part and B(u, u) is the nonlinear part,
quadratic in (V,0), of the equations (1.1) and (1.2). The Prandtl number P which only appears



in the quadratic part is kept fixed, and the square root p of the Rayleigh number is taken as
bifurcation parameter. We recall below some of the basic results which are used later in the

paper.

2.1 Two-dimensional convection

The simple classical convection problem restricts to velocity fields V. = (0,V,, V) which are
two-dimensional and functions which are independent of x and periodic in y. The corresponding
function space for the system (2.1) is

H={ue{0} x (L2 (2)*; V- V=0, V. =0o0nz=0,1},

where 2 = R x (0,1) and the subscript per means that the functions are 27 /k-periodic in y, for
some fixed k¥ > 0. The boundary conditions (1.5) are included in the domain D of the linear
operator L, by taking

D={uc{0} x (H,(Q)*; V- V=0, V,=V.=60=00n2=0,1}.

In this setting, the linear operator L, is selfadjoint with compact resolvent and the quadratic
operator B in (2.1) is symmetric and bounded from D to H.

As a consequence of the invariance of the equations (1.1)-(1.3) under horizontal translations
and reflections, the system (2.1) is O(2)-equivariant: both its linear and quadratic parts commute
with the one-parameter family of linear maps (75).er /277 and the discrete symmetry S defined
through

Tau(y7 z) = u(y + a/k7 Z), SQu(y7 Z) - (07 _V;J? Vs 0)<_y7 Z),

for any u € H, and satisfying
T4S2 = SoT_ 4, To=Tor =1L
An additional equivariance, under the action of the symmetry Ss defined through
Szu(y, z) = (0,Vy, =Vz, =0)(y, 1 - 2),

which commutes with 7, and S, is obtained from the invariance of the equations (1.1)-(1.3)
under the vertical reflection z +— 1 — z.

Instabilities and bifurcations are determined by the kernel of L. Elements in the kernel of
L, are found by looking for solutions of the form e?*¥1i;(z) for the linear equation

L,u=0, (2.2)
and the boundary conditions V, =V, =60 =0 on z = 0,1. A direct computation (see also [3])

gives

eV, (2) = kY , (2.3)

eV
o < o
<



where D = d/dz denotes the derivative with respect to z, and the functions V = V(z) and
0 = 0(z) are real-valued solutions of the boundary value problem

(D? — k*)?V = uk*9, V=DV =0inz=0,1, (2.4)
(D> —k*)0=—uV, 0=0inz=0,1. (2.5)

Yudovich [30] showed that, for any fixed k£ > 0, there is a countable sequence of parameter
values po(k) < p1(k) < pe(k) < ... for which the boundary value problem (2.4)-(2.5) has a
unique, up to a multiplicative constant, nontrivial solution (V},#;), and that the function Vj
is positive for p = po(k). The vertical reflection symmetry z +— 1 — z further implies that
Vo is symmetric with respect to z = 1/2. The functions p;(k) are analytic in k£ and in an
analogous case Yudovich [29] showed that they tend to co as k tends to 0 or oo. Of particular
interest for the classical bifurcation problem, and also in our context, is the global minimum of
po(k). Combining analytical arguments and numerical calculations, Pellew and Southwell [22]
computed a unique global minimum pu. = po(k.), for some k = k., but a complete analytical
proof of this property is not available, so far. Solving the boundary value problem (2.4)-(2.5)
using the symbolic package Maple leads to the numerical values

ke~ 3.116, e~ 41.325, pfi(k.) ~ 6.265, (2.6)

which are consistent with the ones found in [22].

Going back to the kernel of L, as expected by the general theory of O(2)-equivariant systems,
for p = po(k) and any k sufficiently close to the minimum k., the kernel of L, ) is two-
dimensional and spanned by the vectors

& = Mg (2), € = e FVa(z), (2.7)
satisfying
Tabo = €80, S2b0 =&, Ss&o = —&o.
Since the operator has compact resolvent, this shows that 0 is an isolated double semi-simple
eigenvalue of L, ). Furthermore, all other eigenvalues are negative, so that the selfadjoint
operator L, ) is nonpositive with a two-dimensional kernel. This property is a key ingredient

in the proof of existence of rolls, which bifurcate from the trivial solution at u = po(k), for any
fixed k sufficiently close to ke, in a steady bifurcation with O(2) symmetry.

2.2 Existence of rolls

We give below a short and simple proof of the existence of convective rolls. This type of proof
was first made by Yudovich [31].

The O(2) symmetry of the system (2.1) allows to restrict the existence proof to solutions u
which are invariant under the action of So, and then the one-parameter family of linear maps
(Ta)acr /2xz gives the non-symmetric solutions (a “circle” of solutions). Using the Lyapunov-
Schmidt method, symmetric rolls can be constructed as convergent series in D, under the form

u= Z 0"uy, for p=puo(k)+ Z 0" i, (2.8)

neN neN



and fixed k close enough to k.. We insert these expansions into (2.1), and solve the resulting
equations at orders §, 62 and §°.

The equality at order J shows that u; belongs to the kernel of Lo = L, (), which by the
restriction to symmetric solutions is one-dimensional, so that

u =&+ &o. (2.9)
Next, by taking the L?-scalar product of the equality found at order 62 with uy, we find
p1(Liu, ) = —(B(ug,ur), uy),
where L = % Lub:w (k) A direct computation gives (dropping the index 0 in V) and 6)

2 2
(Liup, up) = 2Re(Lio, §o) = W((DQ—kz)V> (D2—kQ)V>+E(HD9||2+7€2H9||2) >0, (2.10)

and a remarkable property of the Navier-Stokes equations is that
(B(u,u),u) =0, (2.11)
for any real-valued u € D. Consequently, ©1 = 0 and then us is a symmetric solution of
Louz = —B(up, uy).

Without loss of generality, us may be chosen orthogonal to u;. Finally, the scalar product of
the equality found at order §° with uy, leads to

p2(Liug,u;) = —(2B(u, uz), uy).
Writing the equality (2.11) for u = u; + tug and taking the term linear in ¢ we find
(2B(u1, uz), u1) + (B(uy, up), uz) =0,

hence

_ (B(u,ui),up)  (Loug, up)
H2 = Tounw)  (Dou,w) (2.12)

The sign of ps determines the type of the bifurcation. We have (Ljuj,u;) > 0 by (2.10),
and (Loug,ug) < 0, since Ly is a nonpositive selfadjoint operator and ug is orthogonal to its
kernel. Consequently, pus > 0, implying that rolls bifurcate supercritically, for pu > po(k) (see
Figure 2.1(a)). Summarizing, for any fixed k close enough to k., for any pu > uo(k), sufficiently
close to po(k), there exists a “circle” of rolls 7,(uy, ), a € R/277Z, in which u ,, and 7 (uy )
are invariant under the action of So and exchanged by the action of S3. These two solutions
correspond to values 0 in the expansion (2.8) with opposite signs, and we choose 6 > 0 for
uy, . For the convection problem, we obtain a periodic pattern with adjacent cells, with vertical
separations, having half the period (see Figure 1.1(c)).
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Figure 2.1: (a) Graph of po(k). Two-dimensional rolls bifurcate into the shaded region situated
above the curve pg(k). For p > p. sufficiently close to p., two-dimensional rolls exist for wavenumbers
k € (k1,k2) with p = po(k1) = po(kz). (b) Plot of the wavenumbers k, = k cos a in y of the rolls rotated
by angles a € (0,7/2), for k = kq, ke, ka. For p > p. sufficiently close to p., rotated rolls exist in the
shaded region. In the bifurcation analysis we fix k, = k. cos a, for some o € (0,7/3).

3 Spatial dynamics

The starting point of our analysis is a formulation of the steady system (1.1)-(1.3) as a dynamical
system in which the evolutionary variable is the horizontal spatial coordinate x.
Set V = (V,, V1), where V| = (V},, V,), and consider the new variables

W =119,V —pe,, ¢ = 0.0, (3.1)

in which we write W = (W,, W), and W, = (W,, W,). Using the equation (1.3) we obtain the
formula for the pressure,
p=—p 'V, -V —W,. (3.2)

Then we write the system (1.1)-(1.3) in the form
0,U=L,U+B,(U,U), (3.3)
in which U is the 8-components vector
U= Vo, Vi, Wy, W1, 0,0),

and the operators £, and B, are linear and quadratic, respectively, defined by

-V,.-V

pW

—wIALV,

—p ALV —fe, — IV (VL V) = VW,

¢
—AL0—puV,

10



0
0
P_l((VJ_ . VL)Vx — Vx(VJ_ . VJ_))
P (VL - VL) VL +uVa W)
0
(V- V)0 + Vo)

We look for solutions of (3.3) which are periodic in y and satisfy the boundary conditions

(1.5) or (1.6). For such solutions we have

d
/ Vgcdydz:—/ VJ_'VJ_dde:—/ n-Vids=0,
dl‘ (9] Q 8Qpe'r

per per

where the subscript per means that the integration domain is restricted to one period. This
property implies that the flux
Flx) = / Vpdydz
Qper

is constant, or, equivalently, that the dynamical system (3.3) leaves invariant the subspace
orthogonal to the vector 1y = (1,0,0,0,0,0,0,0). We restrict to this subspace, hence fixing the
constant flux to 0. Including this property and the boundary conditions (1.5) in the definition
of the phase space X of the dynamical system (3.3) we take

X = {U € (Hh () % (L2 () X Hjp () x L0y ()

per per per

Ve=V, =0=00nz=0,1, and/ deydz:O}.
Qper
As in Section 2, 2 = R x (0, 1) and the subscript per means that the functions are 27 /ky-periodic
in y, for some fixed k, > 0. (In order to distinguish between periodicity in « and y, we add the
subscript y in the notation of the wavenumber k.) The phase space X is a closed subspace of
the Hilbert space
X = (Hper(0)? X (Lo (2))% % Hpep () X L2, (),

so that it is a Hilbert space endowed with the usual scalar product of X. Accordingly, we define
the domain of definition Z of the linear operator £, by

Z={Ue XN (H(Q) x (Hp, (2)* x H2,.(Q) x H}(Q) ;

per per per per

VJ_'VJ_:WJ_:¢:OOHZ:O,1},

so that £, is closed and its domain Z is dense and compactly embedded in X'. In particular,
this latter property implies that £, has purely point spectrum consisting of isolated eigenvalues
with finite algebraic multiplicity.

The dynamical system (3.3) inherits the symmetries of the original system (1.1)-(1.5). As
for the two-dimensional convection, horizontal translations y — y + a/k, along the y direction
give a one-parameter family of linear maps (74).c r/2-z defined on X' through

7 U(y,2) = U(y + a/ky, 2), (3.4)

11



and which commute with £, and B,,. The reflection 2 — —x now gives a reversibility symmetry
SIU(ya Z) = (_V;Ea VJ_y W:B7 _WJ_7 97 _(Z))(ya Z)a

for U € X, which anti-commutes with £, and B, and the reflections y — —y and 2z — 1 — 2
give the symmetries

SQU(CU; Z) = (Vwa _Vy7 VZv er _Wya WZa 97 ¢)(_y7 Z)v
SSU(yv Z) = (an ‘/;,/7 7VZ? Wxa Wyv 7WZa 797 7¢)(ya 1- Z)’

for U € X, which both commute with £, and B,,. Notice that
TaS2 = SaT—q, To=Tor =1,

so that the system (3.3) is O(2)-equivariant, and that S3 commutes with 7.

In addition to these symmetries inherited from the original system (1.1) -(1.5), the dynamical
system (3.3) has a specific invariance due to the new variable W = (W,, W, ) in (3.1). While W
satisfies the same boundary conditions as V| , included in the domain of definition Z of the linear
operator, there are no such conditions for W, because the pressure p in the definition of W, is
only defined up to a constant. As a consequence, the dynamical system is invariant upon adding
any constant to W,, i.e., the vector field is invariant under the action of the one-parameter
family of maps (T})pecr, defined on X' through

T, U =U +bypy, o = (0,0,0,1,0,0,0,0)". (3.5)

This invariance introduces the vector ¢ in the kernel of £,, (see Lemma 4.1 below).

4 The bifurcation problem

As for the two-dimensional convection, we fix the Prandtl number P and take the square root
w of the Rayleigh number as bifurcation parameter.
4.1 Domain walls as heteroclinic solutions

The equilibria U € Z of the dynamical system (3.3) can be found as solutions u € D of the
two-dimensional problem in Section 2, through the projection

u=1U = (V,,V.,0). (4.1)
The remaining components of an equilibrium U are obtained from (3.1),
(va WL) ¢) = (_p7 07 07 O))

with the pressure p determined, up to a constant, from the equation (1.1). In particular, for any
ky, = k > 0 fixed close enough to k., the rolls in Section 2 give a circle of equilibria 7, (U} u)’ for
a € R/27Z, which bifurcate for p > (k) sufficiently close to po(k), belong to D, and satisfy

SlUZ# = SQUEH = Uz#, SgUz# = Tﬂ-UZ,u. (4.2)
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Due to the rotation invariance of the three-dimensional problem (2.1), horizontally rotated
rolls are solutions of (2.1) and also of the dynamical system (3.3). For any angle o € R/27Z,
we have the rotated rolls ’RaU’,; " where the horizontal rotation R, acts on the 4-components
vector u = IIU through

Rou(z,y,2) = (Ra(Va, V), V2, 0)(R_a(2,y), 2), (4.3)

in which
Ra(z,y) = (xcosa — ysina, z sin o + y cos av).

(We do not need here the more complicated representation formula for the 8-components vector
U.) These rotated rolls are periodic functions in both z and y with wavenumbers k sin a and
k cos o, respectively. As solutions of the dynamical system (3.3), they belong to the phase
space X provided ky, = kcos«, and in this case they are 27 /k sin a-periodic solutions in z (see
Figure 2.1(b) for a plot of the possible wavenumbers k, in y for 1 > p. sufficiently close to ).
For the particular angles « = 0 and a = 7 the rotated rolls are equilibria in the phase-space X
with k, = k. For the orthogonal angles & = 7/2 and o = 37 /2, they are solutions 27 /k-periodic
in z, for any k, > 0.

The invariance of UZW under the action of the symmetry Sy implies that rolls rotated by
angles o and 7 + « coincide,

* *
RaUkvM == Rﬁ+aUk7M.

Upon rotation, rolls loose their invariance under the horizontal reflections x — —z and y — —y,
the actions of S; and Ss on a roll rotated by an angle a ¢ {0, 7} gives the same roll but rotated
by the opposite angle,

S1(RaUy (7)) = R-oUg ,(—2), S2R.Uj , = R_aUy .
These equalities imply that rotated rolls keep a reversibility symmetry,
S182(RaU; () = RaUy ,(—7). (4.4)

The last equality in (4.2) remains valid for angles o ¢ {7/2,3m/2}, whereas for angles o = 7/2
and « = 37/2 the rotated rolls are invariant under the action of the entire family of linear maps
(Ta)ae R/27Z-

We construct the domain walls as reversible heteroclinic solutions of the dynamical system
(3.3) connecting two rotated rolls, RaUp, at @ = —oo and R_o Uy , at © = oco. In the
bifurcation problem, we will suitably fix k, € (0,k.) and take p, close to p., as bifurcation
parameter. The next step of our analysis is to determine the purely imaginary eigenvalues of
the linear operator L, .

4.2 Connection with the classical linear problem

Solutions U = (V,,, V., W,, W,0,¢) € Z of the eigenvalue problem

L,U =iwU, (4.5)
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are linear combinations of vectors of the form Uy, ,(y, 2) = ei"kyyﬁwm(z), with n € Z, due to
periodicity in y. Projecting with II given by (4.1), we obtain a solution

Uy n (3:, Y, Z) = ei(wx+nkyy) Hﬁw,n(z)v

of the linearized three-dimensional classical problem (2.1), and rotating by a suitable angle «
we find a solution e (z) of the linear equation (2.2), with

k= w? + anS. (4.6)
The angle « is determined by the equalities
w=ksina, nk,=kcosa, (4.7)

and we have the relationship
MU, 5 (2) = R_qUg(2).

Consequently, for a given k, > 0, the eigenvectors Uy, ,, associated with purely imaginary eigen-
values v = iw of L, are obtained by rotating with R_ the elements in the kernel of L, given
by (2.3), through the relationship (4.7) and

U, . (y, 2) = €YU, (2) = ™R _ G (2). (4.8)

This holds for all eigenvectors U, such that IIU,, # 0. We obtain in this way all purely
imaginary eigenvalues of £, with associated eigenvectors U such that ITU # 0. Using the
properties of the kernel of £, in Section 2.1, we obtain the following result, for u = po(k).

Lemma 4.1. Assume that k, and k are positive numbers. Then the linear operator L, ) has
the complex conjugated purely imaginary eigenvalues

+iwn(k), wn(k) = /k? —n2k2 >0, (4.9)

for any integer 0 < n < k/ky, and the following properties hold.*

(i) Forn =0, wo(k) = k and the complex conjugated eigenvalues +ik are geometrically simple
with associated eigenvector of the form

Uio(y, 2) = Uko(2),
for the eigenvalue ik, and the complex conjugated vector for the eigenvalue —ik.

(i) For 0 < n < k/ky, the complex conjugated eigenvalues +iwy (k) are geometrically double
with associated eigenvectors of the form

Uy, (k)40 (Y, 2) = €imkyyﬁwn(k)¢n(z)7

for the eigenvalue iwy(k), and the complex conjugated vectors for the eigenvalue —iwy, (k).

1t k/ky, € N, then the linear operator has an additional eigenvalue 0 which is geometrically triple. This
situation is excluded from our bifurcation analysis.
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(tit) If the derivative py(k) does not vanish, then the eigenvalues are semi-simple.

(iv) The vectors ﬁk70(z) and ﬁwl(k),il(z) are given by >

LDV i) py;,
0 ﬂ:%DVk
Vk Vk
. -1 D3V, . ——A_(D? - k2)DV;,
Ugo(2) = ”O(k)(lf ’ o Ul e1(2) = #O(];):k]:yW1(k)D‘j'/ ’
po(R)kZ Yk
1 @Vk 2\2 Z:ol((/f)) Vi
e (D? = k%)?V, e (D7 = k)W,
“O(ik)k (_D2 . kZ)QVk lj:(lk()kk)2 (D2 o ]{32)2Vk

where the function Vi is a real-valued solution of the boundary value problem

(D? — k3Vy 4+ po(k)*k*Vi, =0, Vi =DVi=(D*—k>)*V, =0inz=0,1. (4.10)

Proof. First, notice that for eigenvectors U with ITU = 0, the eigenvalue problem (4.5) is
reduced to the system

uWi, =0

0 = wW,
-V_W, =0
o = 0

for the variables (W,, W, ,#). The only nontrivial solution of this system is (W, 0,0,0), with
W, a constant function, when w = 0. This implies that 0 is an eigenvalue of £, with associated
eigenvector g given by (3.5), and that all other eigenvalues have associated eigenvectors U
with IIU # 0. In particular, nonzero purely imaginary eigenvalues of £, and their associated
eigenvectors are all determined from the properties of the kernel of the operator L, in Section 2.1
through the equalities (4.6), (4.7), and (4.8).

For pu = po(k), we obtain the eigenvalues given by (4.9). The uniqueness, up to a multiplica-
tive constant, of the element in the kernel of L, ) given by (2.3), implies that the eigenvalues
+ik, for n = 0, are geometrically simple, and since opposite numbers +n give the same pair of
eigenvalues +iwy, (k), for n # 0, these eigenvalues are geometrically double. This proves (i) and
(7). In Appendix A.2, we show that in the case pj(k) # 0 the algebraic multiplicity of each of
these eigenvalues is equal to its geometric multiplicity, which proves (iii). Finally, the equalities
(4.8) and (2.3), allow to compute the projections [IUy o and ITU,,, 1)+, of the eigenvectors and
the remaining components (W, ¢) are found from (3.1) and (3.2). We obtain the formulas in
(1v), which completes the proof of the lemma. |

2For our purposes, we do not need the explicit formulas for n > 1.

15



4.3 The center spectrum of L,

Lemma 4.1 shows that the linear operator £, has the purely imaginary eigenvalues

iy k2 — n2k2,

for positive integers n such that 0 < n < k./k,. Upon decreasing k,, the number of pairs of
eigenvalues increases. For k, > k., there is one pair of purely imaginary eigenvalues with n = 0,
for k. > ky > k./2 there are two pairs with n = 0,41, and more generally for k./N > k, >
k./(N + 1) there are N + 1 pairs with n = 0,41,...,+N. For the construction of domain walls
we need at least one pair of purely imaginary eigenvalues with opposite Fourier modes +n # 0.
We restrict here to the simplest situation when k. > ky > k./2 and £, has two pairs of purely

imaginary eigenvalues: +ike, for n =0, and +i,/k2 — k2, for n = £1.

For notational convenience, we set
ky =kccosa,  ky = kesina, (4.11)

and take o € (0,7/3). In the following lemma we give a complete description of the purely
imaginary spectrum of the linear operator £, .

Lemma 4.2. Assume that ky = k.cosa with o € (0,7/3). Then the center spectrum o.(L,,.)
of the linear operator L, consists of five eigenvalues,

(L) =10, £ike, £iky}, ky =kesina, (4.12)
with the following properties.

(i) The eigenvalue 0 is simple with associated eigenvector @y given by (3.5), which is invariant
under the actions of S1, S, S3, and T,.

(ii) The complex conjugated eigenvalues ik, are algebraically double and geometrically simple
with associated generalized eigenvectors of the form

Co(y.2) = Ug(2), Wo(y,2) = To(2),

for the eigenvalue ik., and the complex conjugated vectors for the eigenvalue —ik., such
that

(Euc - Z'kC)CO =0, (Euc - ik’c)‘I’O = CUa

and

S1¢o =<0, S280=C0, S3C0=—Co, Tulo = <o,
S1¥)=—-W), So¥o=T,, S3¥,=-Y,, 7, ¥5=7T,.
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(iii) The complex conjugated eigenvalues +ik, are algebraically quadruple and geometrically
double with associated generalized eigenvectors of the form

C+(y,2) = eﬂkyyﬁi(z), V,(y,z2) = eﬂkyy\ili(z), (4.13)
for the eigenvalue ik,, and the complex conjugated vectors for the eigenvalue —ik,, such
that

(Euc - “Ca:)C:I: = 07 (Euc - Zkac)‘:[lzl: = C:i:a
and

Si¢+ =¢-, Sa¢i =, S3ly = —Chy Taly =€y,

S1¢- =4, Sal-=¢(4, Sslo=-C, Tl =e ¢,

SIW, =—0_, S¥, =W, S0, =-V,, 7,0 =,
SiP_=-T,, S =0, S0 =-¥_ 71,V =¥ .

Proof. The result in Lemma 4.1 shows that +ik. and +ik, are purely imaginary eigenvalues
of £,. and the first part of its proof implies that 0 is an eigenvalue of £, . Since p. is the
unique global minimum of po(k), there are no other eigenvalues with zero real part. This proves
the property (4.12). Furthermore, the eigenvalue 0 is geometrically simple, with associated
eigenvector g given by (3.5), and the eigenvalues +ik. and +ik, have geometric multiplicities
one and two, respectively. The associated eigenvectors (g and {1 are computed from the formulas
in Lemma 4.1, by taking n = 0 and n = =£1, respectively, for k = k. and k, = k.cosa. We

obtain
CO(ya Z) = UO(Z)v C:t(yv z) = €:‘:Zkyy-U':l:(Z)a
where
=DV tgne py
0 :l:iclg%DV
\% \%4
1 3 1 2 2 2
. ——=D°V . ——=(D* — kZcos® a)DV
o) = | "% D= | T ey SR
ike ikcus?na
e He
uclk2 (D2 _ k}Z)QV “Cle (D2 _ kE)ZV
Mcikc (_D2 o kZ)QV leirllgca(DZ . kg)QV

and the function V is a real-valued solution of the boundary value problem
(D? — k23V 4+ 142k*V =0, V=DV =(D*-k}?V=0in2=0,1. (4.15)

This boundary value problem being equivalent to (2.4)-(2.5) for u = p., the function V is
positive and symmetric with respect to z = 1/2. The latter property and the explicit formulas
above imply the symmetry properties of {p and 4 in (ii) and (ii).
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Next, the algebraic multiplicity of the eigenvalue 0 is directly determined by solving the
equation

L,.p1 = $o.

Up to an element in the kernel of £, , we find
He t
o1 = (52(1 - z),o,o,o,o,o,o,o) .

The first component of ¢; does not satisfy the zero average condition in the definition of the
phase space X, which implies that ¢o1 ¢ X and proves that 0 is an algebraically simple eigenvalue.
The invariance of ¢y under the actions of S1, So, S3, and 7, is easily checked, which completes
the proof of part ().

For the algebraic multiplicities of the nonzero eigenvalues +ik. and +ik,, we use their con-
tinuation as eigenvalues of £, for ;1 > p. close to k.. For any p > p. sufficiently close to fi,
there are precisely two values k1 and ko such that p = po(k1) = po(ke) (see Figure 2.1(a)),
and the spectrum close to the imaginary axis of £, consists of the purely imaginary eigenvalues
of the operators £

(k) and L, in Lemma 4.1. Since pq(k) # 0 for k close to ke, these

0 0
eigenvalues are sergi—simple, :ti/;{il and +ike which are algebraically simple, and +iw; (k) and
+iwq (k2) which are algebraically double. Taking the limit u — p., the values k; and ko tend
to k., and a standard continuation argument then shows that the eigenvalues +ik. and +ik, of
L,,. are algebraically double and quadruple, respectively.

Finally, we compute the generalized eigenvectors ¥y and W, associated with the eigenvalues
ik. and ik,, respectively, from the eigenvectors associated with the eigenvalues ik and iw; (k) of

L,o(k) given in Lemma 4.1. Differentiating the eigenvalue problems

L)) Uk = KUk, Lo Uiy k), +1 = w1(k) Uy, (1), 415

with respect to k at k = k., and using the properties

k 1
/ c
po(ke) =0,  wy(ke) = = -,
kg /{512/ SN &«

we obtain the equalities

. d .
(‘C#c - ch) <dek,O‘kkc> = ’LC0>

. d i
(ﬁuc — iky) <dew1(k)»i1‘k:kc) =

sin av

Consequently, the generalized eigenvectors are given by

A d . d
Wy =—i (dek’O}k;kc> , Wy = —isina (deWl(k)vi1> ‘k:kc' (4.16)

In particular, they have the same form

Wo(y,2) = Wo(z), Pily,2) =MVl (2),

18



as the eigenvectors UE’O and le(’f\)ﬁtl given in Lemma 4.1. Furthermore, since the function Vj
in the expressions of Uy o(z) and Uy, (1) +1(2) is symmetric with respect to z = 1/2, just as the
function V' in (4.15), the eigenvectors Uy g and U, (1) +1 have the same symmetry properties
as the eigenvectors {p and {1, respectively. Together with the formulas (4.16), this implies that
W, and ¥4 have the symmetry properties given in (¢i) and (44i), and completes the proof of the
lemma. |

5 Reduction of the nonlinear problem

The next step of our analysis is the center manifold reduction. Using the symmetries of the
system (3.3), we identify an eight-dimensional invariant submanifold of the center manifold,
which contains the heteroclinic solutions of (3.3) corresponding to domain walls.

5.1 Center manifold reduction
We set € = 1 — . and write the dynamical system (3.3) in the form
0,U=L, U+R(U,e), (5.1)
where
R(U,e) = (L, — L,.)U + B,(U,U)
is a smooth map from Z x I., I. = (—p., o), into X'. Furthermore,
R(0,e) =0, DyR(0,0)=0,

so that R satisfies the hypotheses of the center manifold theorem (see [8, Section 2.3.1]). We also
have to check two hypotheses on the linear operator £, . The first one requires that the center
spectrum of £,  consists of finitely many purely imaginary eigenvalues with finite algebraic
multiplicity and the result in Lemma 4.2 shows that this hypothesis holds. The second one is
the estimate on the norm of resolvent of £,  obtained by taking ;i = p. in the lemma below.

Lemma 5.1. For any > 0, there exist positive constants C, and w,, such that

C

1€y — i) Mgy < ﬁ (5.2)
for any real number w, with |w| > w,.
Proof. We write £, = A, + C,, where
-V.-Vy 0
uWy 0
-1
AN 0
AU = , C,U=
a ALV TV (VL V) - VW, K —be,
¢ 0
—-A0 —uV;
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Since the operator C, is bounded in X, the resolvent equality
(L —iw)™h = [+ (A — iw) " 1C) (A — iw)

implies that it is enough to prove the result for A,. The action of A, on the components
(V, W) and (6, ¢) of U being decoupled, the operator is diagonal, A, = diag(AEt, AP), where
.AEt acting on (V, W) is a Stokes operator and AZO acting on (6, ¢) is a Laplace operator. The
estimate (5.2) has been proved for the Stokes operator Alsf in [12, Appendix 2|, and it is easily
obtained for the Laplace operator AZO. This implies the result for A, and completes the proof
of the lemma. |

Denote by X, the spectral subspace associated with the center spectrum of £, , by P. the
corresponding spectral projection, and set Zj, = (I—P.)Z. Applying the center manifold theorem
[8, Section 2.3.1], for any arbitrary, but fixed, k > 3, there exists a map ® € C*(X,. x I., Z3,),
with

®(0,6) =0, Dy®(0,0)=0, (5.3)

and a neighborhood U; x Uy of (0,0) in Z x I, such that for any € € U, the manifold
M.(e) ={U.+ ®(U,¢); U, € X}, (5.4)
has the following properties:

(i) Mc(e) is locally invariant, i.e., if U is a solution of (5.1) satisfying U(0) € M.(¢) N
and U(x) € U for all z € [0, L], then U(z) € M,(¢) for all = € [0, L];

(ii) M.(e) contains the set of bounded solutions of (5.1) staying in U, for all z € R, i.e., if U
is a solution of (5.1) satisfying U(z) € U; for all x € R, then U(0) € M. (¢g);

(iii) the invariant dynamics on the center manifold is determined by the reduced system

dU,

def
=L
dx fe

1, Uc+ PR(Uc + 2(Uc,e),6) = f(Uee), (5.5)

where
f(O,S) — 0) DUcf(0,0) = ‘CHC

X

(iv) the reduced system (5.5) inherits the symmetries of (5.1), i.e., the reduced vector field
f(-,¢) anti-commutes with S, commutes with Sy, S3, and 7,, and is invariant under the
action of Tj,.

An immediate consequence of these properties is that the heteroclinic solutions of (5.1)
representing domain walls belong to the center manifold M. (¢), for sufficiently small ¢, and can
be constructed as solutions of the reduced system (5.5).
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5.2 Reduced system

According to Lemma 4.2, the center space X, has dimension 13 and we can write

Uc = wpo+ Aoo + Bo®o + Ar¢ + B1¥L + A (- +B_¥_ (5.6)
+AoCo+ Bo®o+ A +B Y, +A ( +B.¥_,

where w € R and X = (Ag, By, Ay, By, A_,B_) € C® Then the reduced system (5.5) takes the

form

d _
= h(w, X, X, ), (5.7)
dX _

%:F(vaaXaE)v (58)

in which h is real-valued and F = (fo, 90, f+, 9+, f—,g—) has six complex-valued components.
This system is completed by the complex conjugated equation of (5.8) for X. Notice that the
symmetries of the reduced system act on these variables through

S1(w, Ao, Bo, A1, By, A_, B_)
2(w, Ao, Bo, Ay, By, A-,B_) =
5 (w, AO,BO,A+,B+,A B )=
B_)=
B_)=

(. A, B, A, B ),
(w, Ag, Bo,A_,B_, A+, B),
(w,—Ag,—Bo,—A+,—By,—A_,—B_),
(w, Ag, By, €Ay, e B, e “A_ e "“B_),
(w+0b,Ap, By, Ay, By, A_,B_).

wv

Ta(wv AOv BO7 A+a B+7
Tb(wy A07 B07 A+7 B+7

Using the last three symmetries above, we obtain the following result.

Lemma 5.2. For any e sufficiently small, the reduced system (5.7)-(5.8) has the following

properties:

(i) the reduced vector field (h, F') does not depend on w;

(ii) the components (fo,g0) of F are odd functions in the variables (Ag, By, Ao, Bo) and even
functions in the variables (A,, By, A_ B_,Ay B.,A_,B_);

(iii) the components (fi,g+,f—,9-) of F are even functions in the variables (Ao, By, Ag, Bo)
and odd functions in the variables (A.,By,A_,B_,A, By, A_,B_).

Proof. Due to the invariance of the reduced system (5.7)- (5.8) under the action of T, the
vector field (h, F') satisfies

(h, F)(w+b,X,X,¢) = (h, F)(w, X, X, ¢),

for any real number b. This implies that (h, F') does not depend on w and proves (7).
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Next, the vector field F, which only depends on X and X, commutes with the symmetries
T and S37, acting on these components through

TW(A07B07A+7B+7A—7B—) = (A()?BOa _A+7 _B-‘r? _A—7 _B—)7
S3T7T(A07B0aA+aB+aAfaB*) = (7A077B05A+7B+5A77B*)'

The first equality implies the parity properties of the components ( fo, go, f+, 9+, f—,g—) of F in
the variables (A, B, A_,B_, A, , By, A_, B_) and the second one implies the parity properties
in the variables (Ag, By, Ag, Bo). This proves the properties (i) and (7i4). [ |

An immediate consequence of the first property in the lemma above being that the two
equations (5.7) and (5.8) are decoupled, we can first solve (5.8) for X, and then integrate (5.7)
to determine w. We therefore restrict our existence analysis to the equation

dX —
— =F(X,X,¢), 5.9
= F(X,X.) (59)
which together with the complex conjugate equation for X form a 12-dimensional system. For
this system, the parity properties of the vector field F' in Lemma 5.2, imply that there exist two

invariant subspaces:
Ey={(X,X), XeC®; (A4,B{,A_,B_) =0},
which is 4-dimensional, and
Ey ={(X,X), X €C"; (Ao, By) =0},

which is 8-dimensional. Each of these subspaces gives an invariant submanifold of the center
manifold.

Solutions in the submanifold associated with Fy are invariant under the action of the family
of maps (74)ae r/2-z and therefore correspond to solutions of the full dynamical system (3.3)
which do not depend on y. Solutions in the submanifold associated with E. are invariant
under the action of S37,; and correspond to three-dimensional solutions of the full dynamical
system (3.3). For the construction of domain walls we restrict to this 8-dimensional invariant

submanifold.

6 Leading order dynamics

We determine the leading order dynamics of the restriction to Ey of the reduced system (5.9)
with the help of a normal forms transformation to cubic order, followed by suitable scalings of
variables. For the resulting systems, we identify particular solutions which correspond to rotated
rolls.
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6.1 Cubic normal form of the reduced system

We write the reduced system (5.9) restricted to the invariant 8-dimensional subspace Fy in the

from 7y
e G(Y, Y, £), (6.1)

x
in which Y = (A, B, A_, B_) € C*. Taking into account the properties of the reduced system
(5.5), the formula (5.6), and the choice for the generalized eigenvectors in Lemma 4.2, we find

G(0,0,6) =0, DyG(0,0,0) = Ly, DyG(0,0,0) =0,

where Lo is a Jordan matrix acting on Y through
Ly = . ) . (6.2)

Using a general normal forms theorem for parameter-dependent vector fields in the presence of
symmetries (e.g., see [8, Chapter 3]), we determine a normal form of the system (6.1) up to
cubic order.

Lemma 6.1. For any k > 3, there exist neighborhoods V1 and Vo of 0 in C* and R, respectively,
such that for any € € Vy, there is a polynomial P. : C* x C* — C* of degree 3 in the variables
(Z,Z), such that for Z € V1, the polynomial change of variable

Y =7+ P.(2,7), (6.3)

transforms the equation (6.1) into the normal form

dz — —
%:LOZ"FN(Z:Z"S)"FP(Z:Z?{;)? (64)

with the following properties:
(i) the map p belongs to C*(V1 x Vi x Vo, C*), and
p(Z,Z,e) = O(|el*|| 2] + <l ZI° + |1 Z]1);
(ii) both N(-,-,€) and p(-,-,€) anti-commute with S1 and commute with Sy, S, and T4, for
any € € Va;
(iii) the four components (Ny, My, N_,M_) of N are of the form
Ny =iA P, +A Ry
M, =iB,Py + B_Ry + A, Q4 +iA_S,
N_=iA_ P —A.R;
M_=iB_P.—ByR  +A_Q_—iA. S,
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in which

Py = foe + B1AL Ay +ifa(A1 By — Ay By) + B3A-A_ +ifs(A-B- — A_B_)
P_ = Boc+ B3A Ay +ifs(A By — A By) + f1A_A_+iB(A_B_ — A_B_)

Q4 = boe + bi AL AL +iby(Ay By — AL By ) + by A_A_ + iby(A_B_ — A_B_)

Q_ =boe + bsA AL +iby(A By — AL By) +biA_A_ + ibg(A_E ~A_B.)

Ry =75(A4B- —A_By), Sy =c5(A1B- —A_By),

where (A4, B4, A_, B_) are the four components of Z and the coefficients 3, b;, v5 and
c5 are all real.

The proof of this lemma can be found in Appendix B.1. We point out that the result is valid
for any system of the form (6.1) which has a linear part as in (6.2) and the symmetries S;, So,
S3, and 7, given in Section 5.2.

6.2 Rotated rolls as periodic solutions

The normal form (6.4) truncated at cubic order has the property to leave invariant the two
4-dimensional subspaces

Ey = {(277)a Zect ) (A—aB—) = 0}7 E_ = {(Z77)7 Zect ) (A+7B+> = O}a

which is not the case for the full system (6.4). The systems obtained by restricting the normal
form truncated at cubic order to E; and E_ being similar, we consider the one restricted to F,

dA
T; = ik,A, + B, +iA Py (6.5)
dB
—h =ik B +iByPy + AQ (6.6)

with

Py = Boe+ 1AL AL +iB2 (AL By — A{By),
Q+ = b0€ + b1A+A7+ + ’LbQ(A+Bi+ — A7+3+)

Notice that (6.5)-(6.6) is the system found at cubic order in the case of the classical reversible 1 : 1
resonance bifurcation, or reversible Hopf bifurcation. In our case, the reversibility symmetry
is given by S1Ss. This system is integrable and we refer to [8, Section 4.3.3] for a detailed
discussion of its bounded solutions.

We consider here the periodic solutions of (6.5)-(6.6) with wavenumbers k, + 6 close to k;,
for small €. According to [8, Section 4.3.3], these periodic solutions are determined, up to the
action of (74)ec R /2xz and to translations in z, by the reversible periodic solutions

Ap = roeltet0r B = jggel ket (6.7)
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with real numbers rg > 0 and g satisfying the equalities
0
0= ?70 + Boe + Bir + 2Baroqo,
0= q(2) + T% (b0€ + bﬂ‘% + 2[)27“0Q0) ,

obtained by replacing (6.7) into the system (6.5)-(6.6). Solving for go and g, we find

7o (6 — Boe — Bird)
1 -+ 2527”%

b 1
rg:_£ J—

e— —0% + O(lef] + \6\2 + \9\3), (6.8)
by by

qo =

as (,0) — (0,0). For ¢ such that bye/b; < 0, the right hand side in the formula for 73 is positive
for small £ and 6 small enough, and we have a solution (A, By) given by (6.7) for the system
(6.5)-(6.6). Notice that  must be O(|e|'/?)-small when b; > 0, which, as we shall see later in
this section, is the case here.

For the 8-dimensional normal form (6.4) truncated at cubic order we obtain the solutions
(A4, B+,0,0) which belong to the invariant subspace Ei. The persistence of these solutions
for the full normal form (6.4) can be proved via the implicit function theorem, for instance, by
adapting the method used in the case of reversible 1 : 1 resonance bifurcations in [13, Section
III1.1]. For small € such that bpe/b; < 0 and 6 small enough, we obtain a family of reversible
periodic solutions 25,9 of the normal form (6.4), which are uniquely determined by their leading

order part
(roei(k1+9)x,0,0,0), ré = —b—os — i92, ro > 0. (6.9)
b b
This leading order part belongs to E, which is not the case for 25’9, and it is the same as the one
of the solutions (6.7) of the truncated system. As it follows from the implicit function theorem,
the periodic solutions Ta(zg,g), a € R/27Z, are, up to translations in x, the only periodic
solutions of the system (6.4) with leading order part of the form (6.9) in E; and wavenumbers
k, + 0 sufficiently close to k,, for sufficiently small e. Notice that there are precisely two
reversible solutions, 25,9 with 79 > 0 and Tﬂzaﬂ with 79 < 0. We show below that the solutions
25,9 correspond to solutions of dynamical system (3.3) which are rotated rolls ’R,ﬁU;; M, with
k and p sufficiently close to k. and ., respectively. We use this correspondence to compute the
coefficients by and by of the normal form.
Consider the rotated roll ’R,_gU; " for p > p. close to ., wavenumber k close to k. such

that
ke (ki,k2), po(k1) = po(ka) = p,

(see Figure 2.1), and rotation angle 8 € (0,7/2) chosen such that the rotated roll is a solution
of the dynamical system (3.3), i.e., such that

kcos B = ky = k. cos . (6.10)

The rotation angle 5 € (0,7/2) is uniquely determined through this formula, and from the
Taylor expansion of ug(k),

po(k) = pe + g (k) (k — ko) + Ok — kef?), (6.11)
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for k close to k., we find that the unique values k; and ky above are O(|u — uc|1/2)—close to ke.
The rotated roll R_gU;}, L is periodic in  with wavenumber

1
k. = ksinB = \/k2 — k2cos?a = k.sina + (k= ko) + O(lk - ke|?), (6.12)

where we used (6.10) to obtain the second equality, and has the reversibility symmetry (4.4).
According to the formulas (2.8), (2.9), and (2.7) from Section 2, we have that

R_IIU;,  (2,y, 2) = 6" B TRIR gty (2) + de B TROIR _50,(2) + 0(6%),  (6.13)

where ¢ > 0 is the small parameter in (2.8) and uy(z) is given by (2.3). Furthermore, from (4.8)
we obtain

MR gty (2) = TIU, (1)1 (y, 2) = T4 (y, 2) + O([k — kel), (6.14)

where Uy, 1)1 and ¢4 are the eigenvectors in Lemma 4.1 and Lemma 4.2, respectively.
For p = pe + €, the rotated roll ’R_/gUZ’# is a solution of the dynamical system (5.1), which
is the same as (3.3). From (2.8) and (6.11) we obtain the relationship

e = (= o (k) + (uo(k) — pe) = pad® -+ (o) = kP + 08 + [k — k), (6.15)
implying that § = O(¢Y/2) and |k — k| = O(¢'/?), since the values ps and p(k.) given by
(2.12) and (2.6), respectively, are positive. In particular, the rotated roll R_gUj , has small
amplitude of order O('/2) and therefore belongs to the center manifold (5.4) of (5.1), provided
¢ is sufficiently small. Furthermore, we saw in Section 4.1 that for rotation angles g € (0,7/2),
the rolls R_3Uy. ,, are invariant under the action of S37r. This implies that R_gUj . belongs
to the center submanifold associated to E+ found in Section 5.2. Consequently, it provides a
periodic solution of the reduced system (6.1), from which we obtain a periodic solution for the
normal form system (6.4) through the change of variables (6.3). These periodic solutions inherit
the reversibility symmetry (4.4) of the rotated rolls.

We set
e se 1

Sin &

0=k —k,=k, —kesina= (k — k) + O(Jk — k|?), (6.16)

where £, is the wavenumber given by (6.12), and denote by Z. g the periodic solution of the
normal form (6.4) corresponding to R_gUj, . The parameters (¢, ) are related to (k, p) through
the equalities ¢ = p — p. and (6.16), which define a one-to-one map (k, ) — (¢,0), for k in a
neighborhood of k. and any p. Comparing the expressions of I'R_sUj | given by (6.13) and by
the formulas (5.4) and (5.6) for the solutions on the center manifold, using the equalities (6.14)
and (6.16), we obtain the expansion

Z. () = (66/F<70)7,0,0,0) + O(1o][6] + |61, (6.17)
with 6 > 0 determined through (6.15) and (6.16),

ig  po(ke) sin? o
2 2p2

62 = 0% + O(|e]>/? + |£]/2|6]% + |0)?). (6.18)
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The existence and the above properties of the periodic solutions Z. g of the normal form
*

< k,p
without using the solutions Z. g found from the periodic solutions (6.7) of the truncated system.

system (6.4) are directly obtained from the existence and properties of the rotated rolls R_gU

With 25,9, the solutions Z. g share the property of being reversible periodic solutions of the
system (6.4) with leading order parts in F; and wavenumbers k, -+ 6 sufficiently close to k,,
for sufficiently small €. The solutions 25,9 and T,Tz&g being the only ones with these properties,
taking into account that § in (6.17) and ro in (6.9) are both positive, we deduce that Z. y and
25,9 are the same solutions of the system (6.4), for sufficiently small € and . In particular, their
leading order parts are the same. Identifying the leading order part of 62 in (6.18) with rZ in
(6.9), we can compute the coefficients

2 _ 242

57— < 0, b

bp=—+« e e B
0 o (ke) sin” a 118 (ke) sin? o

(6.19)

The signs of these two coefficients are needed in the subsequent arguments.

Remark 6.2. As usual in this type of approach, the coefficient by can be determined from the
property that the eigenvalues of the matrix obtained by linearizing the normal form (6.4) at Z = 0
are equal to the continuation of the eigenvalues xik, of L, as eigenvalues of L, for p = pi.+¢
and sufficiently small . In the proof of Lemma 4.2 we saw that the latter eigenvalues are the
purely imaginary eigenvalues tiwy (k1) and tiw; (ko) given by (4.9), with k1 < ke < ko such that
= po(k1) = po(kz). Computing the eigenvalues of the normal form (6.4) we obtain

iwi (k1) = i (ke = /=boe + 0(e))

whereas from (4.9) we find

1
iwy (k1) = i\/k3 — k2 cos? v =i <kcsina + sina(kl —ke) +O(|k1 — kc]2)> .

These two equalities and the Taylor expansion (6.11) of po(k), taken at k = ki, give the value
of by in (6.19). Furthermore, by replacing the expansions (6.17) and (6.18) with 8 = 0 into the
equation for By of the normal form (6.4) and identifying the coefficients of the terms of order

0(53/2), we easily obtain that by = —poby. These arguments give an alternative way for the
computation of by and by, without using the solutions Z. g.

6.3 Leading order system

From now on we restrict to € > 0, which corresponds to values u > p. for which rolls exist. We
further transform the normal form (6.4) by introducing new variables

1/2

boe . .
0 Rty (7)), By(z)

b1

. ‘bg&‘

~ _ 1/2 _
T = ‘bog‘ €, Ai(m) - - |bl|1/2

ek D (7). (6.20)
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Taking into account the signs of by and b; in (6.19), we obtain the first order system,

C, = Dy + f4(Cy, D+, Cx, Dy, eXike®/lboc]' 2172y (6.21)
D, = (~1+[C4? + g|C_[?) s + G (Cx, Dy, O, Dy, eFhad/loosl "2 1/2) = (.99)
C.=D_+ f,(c:t, D:I::@a Dizb e:tikxﬁr\/\boa|1/27€1/2)7 (623)
D' = (=1+g|Cy> +|C_]2)C_ + G- (Cy, Dy, Cx, Dy, exik=/boe'/? 1/2) = (g 94)
in which g is the quotient
b
9=, (6.25)
b1

and fi, g+ are C*-functions in their arguments of the form

fe="Teo+ fe1, Gx=0x0+ 01,

fio = fro(Cy,Ds,Cx, Dy, e'?) = O(e*(|C| + | D)),

Fi1 = Je1(Cy, Ds,Cx, Dy, eXike®/Ibos'? 2172y — O(3/2(|Cy| + | D)),
G10=9+0(Cs, Dy, Cy, Dy, e?) = O(e%(|C1| + | Dal)),
Gi1=0:1(Cy, Dy, COx, Dy, etka®/I0oel' 12y _ O((104| + | DL])).
g+1=0+1(C+,D+,Cy, Dy, , + +

Solving the equations (6.21) and (6.23) for Dy and D_, respectively, we rewrite the first order
system (6.21)-(6.24) as a second order system,

C! = (=14 |CLP + glC_*) Ot + hy(Cx, Oy, T, O, extkar/ sl /2 172 6.26
+ | +| g| ’ + +( + Y4, YL Ly ’ )7 ( )
C" = (—1+g|Cs[> + |C_) C_ + h_(Cx, Cly, Cg, O, eFikan/lbocl' /2 21/2) (6.27)

where we replaced Z by z, for notational convenience, and h4 are C*-functions in their arguments
of the form

hy =hyo+hin,
hig = hio(Cs,Di,Cx, Dy, e'/?) = O(e*(|Cx| + D)),
hat = han(Ca, Da, O, Do, keI 112) — O(e(|Cu| + [Da)).
Notice that both systems above inherit the symmetries of the normal form (6.4).
Through the change of variables (6.20), after rescaling 6, from the periodic solutions Z. g of

the normal form (6.4) we obtain a family of solutions P g of the second order system (6.26)-
(6.27). The properties below are easily obtained from the ones found for Z. y in Section 6.2.

Lemma 6.3. For any € > 0 and 0 sufficiently small, the system (6.26)-(6.27) possesses a two-
parameter family of solutions P, g with the following properties:
(i) e"*P_ g is periodic in x with wavenumber 0 + k. /|boc|"/?;
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(11) S1S2(Pep(z)) = P.g(—2), for all z € R;
(iii) Pego(z) = ((1 - 6%)/2e9% 0) + O(cY/2), as (¢,0) — (0,0);
(iv) Peg corresponds to a solution of the system (3.3) which is a rotated roll R_gUj  with

cosB=ky/k, p=pc+e, k==k.+]boe|"’?0sina+ O(h?). (6.28)

Notice that P, g is periodic in  when 6 = 0, whereas for 6 # 0 it is a quasiperiodic function.
This comes from the change of variables (6.20) where in the expressions of Ay and Bi we
only factored out the exponential e*+% instead of the exponential ¢¥=T9% which would have
preserved periodicity. This lack of periodicity does not pose any problem for the remaining
arguments, in which we only use the properties (ii)-(iv) above.

The second property in Lemma 6.3 shows that the solutions P, gy are reversible, the reversibil-
ity symmetry being S1Ss. Using the reversibility symmetry S;, we obtain a second family of
solutions of the system (6.26)-(6.27),

Qu(w) = S1(Poy(—2)) = (0, (1= 62)!/297) + O(1/2). (6.29)

These solutions have the properties (i) and () in Lemma 6.3 and correspond to the rotated
rolls RgUj, | satisfying (6.28). In addition, the family of maps (74 )ae r/277 Provides the circles
of solutions 74(P. ) and 7,(Q. ), a € R/27Z.

The existence proof in the next section requires that the quotient g in (6.25) takes values in
the interval (1,4 + 1/13). The lemma below shows that this property holds at least for small
angles a.

Lemma 6.4. For any Prandtl number P, there ezists an angle a.(P) € (0,7/3] such that
1< g<4++13, for any a € (0, a(P)).

Proof. We compute the coefficient g in Appendix B.2. The result in formula (B.12) shows
that the limit as « tends to 0 of g is equal to 2, which proves the result. |

A symbolic computation, using the package Maple, of g shows that the inequality g > 1 holds
for any Prandtl number P > 0 and any angle o € (0,7/3), and that the inequality g < 4 + /13
holds in a region of the («, P)-plane which includes all positive values of the Prandtl number
P, for sufficiently small angles o < au., with o, ~ 7/9.112, and all angles o € (0,7/3), for
sufficiently large Prandtl numbers P > P,, with P, ~ 0.126 (see Figure 6.1).

7 Existence of domain walls

We construct domain walls as reversible heteroclinic solutions of (6.26)-(6.27) connecting the
solutions Q. ¢ as * — —oo with P. g as x — oo, for a suitable 6 = 0(51/2) and ¢ > 0 sufficiently
small. While the asymptotic solutions P, g and Q. ¢ have the reversibility symmetry S;S2, the
heteroclinic solutions will have the reversibility symmetry S;.
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031 g<4++v13
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05 ok o i

0 =sin’a
Figure 6.1: “Rigid-rigid” case. In the (©,P)-plane, with © = sin? &, Maple plot of the curve along
which g = 4 + /13, for © € (0,1). The inequality g < 4 + /13 holds in the shaded regions, whereas the
inequality g > 1 holds everywhere. Domain walls are constructed in the shaded region situated to the
left of the vertical line © = sin?(7/3) = 0.75.

Following the approach developed in [10], we start by constructing a heteroclinic solution
for the leading order system obtained at ¢ = 0 and then using the implicit function theorem we
show that it persists for the full system. In contrast to the reduced system in [10] which was
12-dimensional, we have here an 8-dimensional system, only. This simplifies a part of the proof
of Lemma 7.3 below. On the other hand, the quotient g takes here different values depending
on the Prandtl number P and the angle « (see Figure 6.1), whereas g = 2 in [10]. We therefore
need to extend the arguments from [10] to more general values g. We obtain a persistence result

for g € (1,4 ++/13).

7.1 Leading order heteroclinic

Consider the leading order system

L= (—1+|Cy +glC-?) Cy, (7.1)
C" = (~1+glCL? +|C_P) C-, (7.2)

obtained by setting e = 0in (6.26)-(6.27). According to Lemma 6.3, this system has the solutions

Poo(z) = <(1 — 92)1/261'9937 0) , Qop(z) = (07 (1— 92)1/261'99:) ,

with 0 sufficiently small. The leading order heteroclinic is constructed for # = 0, as a real-valued
solution of (7.1)-(7.2) connecting the equilibrium Qg = (0,1) as x — —oo with the equilibrium
Poo=(1,0) as z — oc.

Under the assumption that g > 1 3, the existence of such a heteroclinic solution has been
proved in [28]. According to [28, Theorem 5|, for any g > 1, the system (7.1)-(7.2) possesses

3Tt turns out that this condition is necessary and sufficient.
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a heteroclinic solution (C7%,C*), where C% are smooth real-valued functions defined on R and
have the following properties:

(0)  lim (C%(2),C2(x)) = (0,1) and lim (CF (2), CZ(z)) = (1,0);

T T—r00

(i1) Ci(x)=C(—x), Vo eR;
(i1i) C%(x)? +C*(2)* <1 and C%(z) + C* (x) = min(1,2/y/g + 1), ¥V z € R;
(iv) (C¥(x)*+ (C¥(2))* = % (Ch(2)* +C* () — 1)2 +(g—1)Ci(2)*C* (z)?, YV € R.

The second property above shows that (C%,C*) is reversible, with reversibility symmetry S;.
The last property is a consequence of the Hamiltonian structure of the system (7.1)-(7.2), which
was one of the key ingredients in the existence proof in [28]. Notice that the equilibria (1,0)
and (0,1) of the system (7.1)-(7.2) are both saddles having a two-dimensional stable manifold
and a two-dimensional unstable manifold. The heteroclinic connection (C7,C*) belongs to the
intersection of the two-dimensional stable manifold of (1,0) with the two-dimensional unstable
manifold of (0, 1).

In addition to these properties, in the proof of Lemma 7.3 below we need the two results in
the following lemma.

Lemma 7.1. Consider the heteroclinic solution (C7,C*) of the system (7.1)-(7.2).
(i) For any g > 1, the functions C. and C* have the asymptotic behavior
C* () = a.eV9™1T 4 O(eVI~IH0IT) - O (1) = 1 — B ® 4+ O(eld-+0)7) - (7.3)
as x — —oo, for some positive constants oy, dy, 05 and By = 0.
(i) For any g € (1,4 4+ v/13), the functions C% and C* satisfy the inequality
302 (z) + gC*%(x) > 1, VzeR. (7.4)
Proof. (i) The heteroclinic connection (C7%,C*) being included in the unstable manifold of
the equilibrium (0, 1), the functions C and 1 — C”* decay exponentially to 0, as x — —oo. This
implies the behavior of C* and by taking into account the behavior of the different terms in the

equation (7.1), we obtain the result for C'}.
(79) For g € (3/2,4+4 +/13) the property (7.4) is an immediate consequence of the inequality

Ci(z)+C*(z) > min(1,2/\/g+1), VzeR,

given above. We set
fo(x) = 3C2 () + gC*2(x) — 1,

so that f, is a smooth function defined on R and f, is positive for any g € (3/2,4 + v13).
Assuming that there exists g € (1, 3/2] such that (7.4) does not hold, since f, has positive limits
at r = +o0,

lim fy(z)=9g—-1>0, xlgrolo fq(z) =2,

T—r—00
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and since the property holds for any g € (3/2,4 + v/13), there exists g € (1,3/2] and z, € R
such that

folwa) =0, fo(zs) =0, f(xs) =0, (7.5)
i.e., fq vanishes at a local minimum x..
For notational simplicity, we set

U=C%x,), V=02x), X=(C(2.)% Y =(C(x:))>
Then the two equalities in (7.5) imply,
3U+gV =1, 9UX = ¢*VY,
and from the property (iv) above we find that
X+Y = %(U+V—1)2+(g—1)UV.

Consequently, we can write V, X, Y as functions of U,

V= ;(1 —30),

v 10 =30)((5¢° = 9)U? +6(1 — 9)U — (9 = 1)°)
2 9(3(g —3)U —g) ,

y = 9U(Bg* —9)U? +6(1 - g)U — (9 = 1)°)

and then compute
fo(xe) = 2BX +gY +3U(-14+U+gV)+gV(-14+gU+V)
(18(g — D)(g* — NU? + (129(9 — ¢°) — 27(3 + ¢*))U*
+29(g” + 69 = 9)U + (9 — 1)(g - 3)) /(9(g — 3(g — 3)U)).
For g € (1,3/2) and U € (0,1) we find that f{'(z.) < 0, which proves the result. [

Remark 7.2. (i) As pointed out in [28], the system (7.1)-(7.2) is integrable in the case g = 3,
and the heteroclinic solution (C%,C*) can be explicitly computed in this case. We find that

O (z) = % <1 4 tanh <5§>> .

These formulas allow to easily check the properties in Lemma 7.1, and also the ones in
Lemma 7.8 below, in this particular case.

(ii) The heteroclinic connection (C%,C*) being real-valued, it is in fact a solution of the 4-
dimensional system obtained by restricting (7.1)-(7.2) to the invariant subspace of real-
valued solutions. As a solution of the (complex) 8-dimensional system, it belongs to the
circle of heteroclinic solutions 1,(C%,C*), for a € R/2wZ, and all these heteroclinic
solutions are reversible. Notice that such a property does not hold for the circle of solu-
tions T,(Pzg) found in Section 6.3, the reason being that the reversibility symmetries are

different, Sy for (C%,C*) and S1Sz for P.g.
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7.2 Persistence of the heteroclinic

The heteroclinic solution (C%,C*) is a particular reversible solution of the system (6.26)-(6.27)
for e = 0. Its persistence for small € > 0 is proved by applying the implicit function theorem in
a space of reversible exponentially decaying functions,

Xy ={(Cy,C_,C,C2) € X5 Cy(z) = C_(—x), = € R}, (7.6)

where, for n > 0,
X, = {(C}, €, T3, 00) € (12} L%:{f:RHc; /62”'x!f<w)!2<oo}-
R

A key step of the proof is the analysis of the operator obtained by linearizing the leading
order system (7.1)-(7.2), together with the complex conjugated equations, at (C%,C*), i.e., the
linear operator L, acting on (Cy,C_) through

A Cl — (=1+42C2 4 gC*?) Cy — C2Cy — gCLCE(C- + C)
Nos )\ O (14902 42072 O — CF2C- — gCrLCE (O + C) )

In the space of exponentially decaying functions A}, the operator L, is closed with dense domain
Vo ={(Cy,C_,Cy,C) e (HN)'}, H={f:R—C; ff . f'elL}, (7.7)

and the subspace X, of reversible functions is invariant under the action of Ly, due to the
reversibility of both the system (6.26)-(6.27) and the heteroclinic (C%,C*). The following
lemma extends the result in [10, Lemma 4.1] to values g € (1,4 + /13).

Lemma 7.3. Assume that g € (1,4 ++/13). For any n > 0 sufficiently small, the operator L,
acting in Xy is Fredholm with index —1. The kernel of L. is trivial, and the one-dimensional
kernel of its L*-adjoint is spanned by (iC*, —iC*, —iC%,iC*).

Proof. Taking as new variables the real and imaginary parts of C,

1 _ 1 _
Uy = i(Cﬁ: +Cy), Vi= Z(C:I: - Cy),

[ M0
B 0 BV Py

o [U ) U (-1+3C2 4 gC*?) Uy — 29CC*U-
" S\ U= (14902 +3C2)U- —29CKC* UL )7

M(w ) B ( v;/—(—1+cf+gc*2)v+>

VI — (=14 gC2+C*2) V_

we obtain the matrix operator

with
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acting in, respectively,

Xy ={(Us,U-) € (L})*; Us(2) =U-_(-2), x € R},
X, ={(Vi, Vo) € (L2)*; Vi(z) = —V_(—z), z €R}.

The properties of L, are found from the ones of M, and M;. In the case g = 2, the operator
M, has been studied in [9, Lemma 4.6] and the operator M; in [10, Lemma 4.1]. Using the
same arguments, it is straightforward to show that, for any g > 1, the operator M, is Fredholm
with index 0, whereas the operator M; is Fredholm with index —1, has a trivial kernel, and
the one-dimensional kernel of its L2-adjoint is spanned by ( %,—C*). To complete the proof
it remains to show that the kernel of M, is trivial. In this part of the proof, we use the two
properties given in Lemma 7.1, the second one leading to the restriction g € (1,4 + \/ﬁ)

Elements in the kernel of M, are couples of functions (Uy,U-) € Xj, solving the linear
System

Ul = (=1+3C%2 + gC*?) U, +29C5C* U, (7.8)
U = (=1+gC2 +3C*?) U_ 4 29CLC* U,

Due to the translation invariance of the leading order system (7.1)-(7.2), the derivative (C7/, C*)
is a solution of this linear system, but it does not satisfy the reversibility condition U, (z) =
U_(—z), and therefore it does not belong to the kernel of M,. We show below that the space
of bounded solutions of this linear system is one-dimensional, hence spanned by the derivative
(C%,C*) of the heteroclinic solution. This implies that the kernel of M, is trivial and proves
the result.

In the limit x = —o0, the system (7.8)-(7.9) is autonomous, and the equations are decoupled,

Ul =(g— DU, U’ =2U_.

Consequently, the set of solutions of (7.8)-(7.9) which are bounded as x — —oo is a two-
dimensional vector space consisting of pairs (Uy,U_) of exponentially decaying functions. Tak-
ing into account the exponential decay of solutions of the autonomous system and the asymptotic
behavior of the heteroclinic solution in (7.3) we obtain that

Up(z) = apeV9I™17 4 O(eVo—TH0)zy (7.10)

as x — —oo, for some ay € R and d, > 0. We show below that o # 0, which implies that
the space of bounded solutions of this linear system is one-dimensional. Indeed, assuming that
there are two linearly independent solutions of (7.8)-(7.9), then a suitable linear combination of
these solutions gives a solution with a; = 0, which contradicts the property a, # 0.

Assume that oy = 0. Then the exponential decay of Uy is given to leading order by the
coupling term 2gC% C*U_ in (7.8). The product 29C% C* being positive, this implies that U,
and U_ have the same sign as x — —o0. Since both functions decay exponentially as x — —o0,
they have constant signs on an interval (—oo, m), for some real number m. Assume, for instance,
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that they are both positive for = in (—oo, m), and take the first local maximum z, of U_, hence
satisfying
U_(z4) >0, Ul (z:)=0, U’(2.)<0, U_(2)>0, V<.

From the equation (7.9) we find
29C% (2:)C* (2)Us (1) < — (=14 gC2(w0) 4+ 3C*2 () U~ (24),

which together with the property (7.4) in Lemma 7.1 and the positivity of U_(z«), C7, and C*,
implies that Uy (z.) < 0. We claim that Uy (x) < 0, for all z < z,. Indeed, assuming that U,
is not negative, there exists a local maximum at some point Z, < x, such that

Up(@) 20, Ul(@) =0, Ul(x:)<0.

Using now the equation (7.8), and arguing as above we obtain that U_(Z,) < 0, which contradicts
the positivity of U_ for & < z,. This implies that U, and U_ cannot have the same signs as
x — —o0o, which contradicts the assumption a4 = 0, and completes the proof. |

The remaining part of the persistence proof consists in applying the implicit function theorem
to show the existence of a heteroclinic solution for the full system (6.26)-(6.27), connecting Q. g,
as * — —o0, to P.g, as x — oo. The operator L, being Fredholm with index —1, the presence
of the parameter 6 is essential in these last arguments. In the proof, § plays the role of an
additional unknown which is determined as a function of € when applying the implicit function
theorem.

Theorem 2. Assume that g € (1,4 ++/13). For any ¢ > 0 sufficiently small, there exists
6 = O('/?), continuously depending on €'/?, such that the system (6.26)-(6.27) possesses a
reversible heteroclinic solution C. = (C1 .,C_ ) connecting the solutions Q. g, as * — —o0, to
P.gy, as v — oo.

Proof. We follow the proofs in [10, Theorem 2| and [26, Theorem 2].
The system (6.26)-(6.27) together with the complex conjugated equations is of the form

F(C,C,e'? =0, C=(Cy,C), (7.11)

and it has the particular solutions P,y and Q. found in Section 6.3, for sufficiently small 6
and € > 0, and the heteroclinic solution C* = (C7,C* ) from Section 7.1, for e = 0. We set

IT)E,Q = P€79 - (17 O) ei@x, QE,G = Qeﬂ — (0, 1) ez’@r’
and take a smooth function x : R — [0, 1] such that
x(x)=1,ifx>M, x(z)=0,ifz<m,

for some positive constants m < M. We look for solutions of (7.11) of the form

C(z) = %°C*(z) + x(2)P.g(x) + x(—2) Qe 9(z) + V (), (7.12)
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with (V,V) € V; = Y, N &}, where X and ), are defined in (7.6) and (7.7), respectively.
Notice that the difference C — Py (resp. C — Q) decays exponentially to 0, as x — oo
(resp. * — —o0), with the same decay rate as V, and that C and V have the same reversibility
symmetry Si.

Substituting (7.12) into (7.11) we obtain an equation of the form

T(V,V,0,%) =0.

As shown in [10, Theorem 2], T(V,V,0,/?) ¢ Ay, for any (V,V) e Yy, and (0, £1/2) sufficiently
small, and from the properties of hy in (6.26)-(6.27) we find that

T=To+T, Ti=O0(), (7.13)

with 7Ty continuously differentiable and 77 continuous and continuously differentiable with respect
to (V,V, ). Furthermore,
7(0,0,0,0) = F(C*,C*,0) =0,

and a direct calculation shows that
1xC* 2:C*
D 0,0,0,0) = L, Dg7(0,0,0,0) =L, ) = ) .
VT( ) ) 9 ) 97.( ) < _Z;UC* ) ( _22c*/ >

According to Lemma 7.3, the operator L, is Fredholm with index —1, injective, and its range
is L?-orthogonal to (iCy, —iC*, —iCy,iC*). The L?-scalar product of this vector with the
differential Dy7(0,0,0,0) is given by

2 / (207 (2)C% (x) — 207 (2)C* (x)) dz = 2 / (C2(2) - C2(@)) de =4 £0,  (7.14)
R R

which implies that Dy7(0,0,0,0) does not belong to the range of £L*. Consequently, the dif-
ferential Dy )7 (0,0,0,0) is bijective, and the result in the lemma follows from the implicit
function theorem [5, Theorems 10.1.1 and 10.1.2] and (7.13). [

Going back to the Bénard-Rayleigh problem, the result in this theorem, together with
Lemma 6.3, implies the existence of a symmetric domain wall connecting two rotated rolls,
RpU; . as ¥ = —oo, to R_gUy} ,, as @ — oo, with k = k¢ + O(e) and B8 = a + O(e), for
positive € = y — p. sufficiently small. The family of maps (74).e r/2-z Provides the circle of re-
versible heteroclinic solutions 7,(Cy .,C_ ;), for a € R/2xZ, which corresponds to translations
in y of the symmetric domain wall. This proves Theorem 1 in the case of “rigid-rigid” boundary
conditions. Notice that € = R — R, in Theorem 1 is linked to € = p — . in Theorem 2 through

RY2 = w1 and Ri/z = lc.

8 Discussion

This approach can also be used for other boundary conditions, when one, or both, of the rigid
boundaries is replaced by a free boundary. It turns out that the arguments remain the same
when both boundaries are free, but a major difference occurs in the case of one rigid and one
free boundary. We briefly discuss these two cases below.
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8.1 “Free-free” boundary conditions

In the case of two free boundaries, the “rigid-rigid” boundary conditions (1.5) are replaced by
the “free-free” boundary conditions (1.6), the horizontal components (V,,V}) of the velocity
field V satisfying now Neumann boundary conditions along the horizontal boundaries z = 0, 1,
instead of Dirichlet boundary conditions. The equations in the system (1.1)-(1.3) are the same,
and with these boundary conditions the system has exactly the same symmetries as in the case
of “rigid-rigid” boundary conditions.

In the classical two-dimensional convection, the existence of rolls is shown as in Section 2.2.
The sequence of parameter values po(k) < p1(k) < p2(k) < ... has the same properties as in
Section 2.1, the difference being that in the boundary value problem (2.4)-(2.5) the equality
DV =0 is replaced by D2V = 0. This changes the formula for po(k), which is now explicit (see

(22]), .
po(k) = Tl

from which we easily obtain the numerical values

w 3V3 .,
ke=—=, pe=-——7".
V2 2
The solution V' of the boundary value problem (2.4)-(2.5) is also explicit, V (z) = sin(mz).

(k2 +72)*2,

In our approach, we replace the spaces X and Z in the spatial dynamics formulation (3.3)
by

X = {U € (HL (@))% x (L2 (Q))° x Hlpp () x L0y ()

per per per

V,=60=0o0nz=0,1, and/ V$dydz:0},
Qper

and

Z={Ue XN (H,(Q)®x (Hp (2)* x H2.(Q) x H}.(Q) ;

per per per per

ZLVx:8sz:WZ:¢:00nz:O,1}.

The equations in (3.3) and the symmetries 7,, S1, S2, Sz, and T} in Section 3 do not change, and
the results and arguments in Sections 4-7, including the existence result in Theorem 2, remain
valid. The only differences are at the computational level, in the different boundary value
problems involving the component V, of the velocity field, the equality DV, = 0 being replaced
by D2V, = 0 (for instance, the boundary value problem for V' in the proof of Lemma 4.2).

The explicit formulas for 1(k) and for the solution V' of the boundary value problem (2.4)-
(2.5) given above, make the computation of the quotient g in Section B.2 much simpler in this
case. We obtain an explicit formula for b3; in (B.12),

_ 18V3n%(1 — ©)?
— o

b31(0) <(@ +2) + 36 P~ +30(0 + 2)772) :

and a Maple computation of the quotient g gives the result in Figure 8.1. This proves the result
in Theorem 1 in the case of “free-free” boundary conditions.
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03 g<4++v13

‘
0 0.25 0.50 0.75 1
0 =sina

Figure 8.1: “Free-free” case. In the (©,P)-plane, with © = sina € (0,1), Maple plot of the curve
along which g = 44+/13, in the case of “free-free” boundary conditions. The inequality g < 44+/13 holds
in the shaded regions, whereas the inequality g > 1 holds everywhere. Domain walls are constructed in
the shaded region situated to the left of the vertical line © = sin?(7/3) = 0.75.

8.2 “Rigid-free” boundary conditions

In the case of one rigid and one free boundaries, the boundary conditions (1.5) are replaced by
the “rigid-free” boundary conditions

Vx’z:O = Vy|z=0 = 07 aZV£E|Z:1 = any’zzl = 0, ‘/z’z:O,l = 9|z:0,1 = 0, (81)

and, as in the previous case, the equations (1.1)-(1.3) remain the same. In contrast to the
“rigid-rigid” and “free-free” boundary conditions, these “rigid-free” boundary conditions are
asymmetric and the system looses its reflection symmetry in the vertical coordinate z. As an
immediate consequence, in the spatial dynamics formulation, the system (3.3) is not equivariant
under the action of the symmetry Ss anymore. While the spectral properties of the linear
operator £, in Section 4 and the center manifold reduction in Section 5 remain valid, the
parity properties of the reduced vector field in Lemma 5.2 do not hold. Consequently, in this
case we do not have an invariant 8-dimensional center submanifold, and we have to treat the
full 12-dimensional reduced system. This leads to additional difficulties.

First, the normal forms analysis in Section 6 becomes more complicated since it has to be
done for 12-dimensional vector fields instead of 8-dimensional vector fields. As a result, the
leading order normal form leads to the following system of three second order ODEs

Cy = (a0 + a1|Col* + as(|C+* + |C-1?)) Co, (8.2)
" = (bo+as|Col* + b1|C4|* + bs|C-?) O,
C" = (by + as|Co|* + b3|C|* + b1|C_|*) C_,

similar to the one found in [10] for the Swift-Hohenberg equation. The arguments in Section 6.2
remain valid showing that by < 0, b1 > 0, and assuming that b3/b; > 1, we obtain a heteroclinic
solution (0,C%,C*), as in Section 7.1. Next, the persistence proof from [10], which has been
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done for particular values of the coefficients in the leading order system, has to be extended
to more general systems of the form (8.2)-(8.4). This leads to additional conditions, to be
determined, on the coefficients in the system (8.2)-(8.4). Checking these conditions requires
further, and much longer, computations. This case is the object of future work.

A Some properties of linear operators

A.1 Adjoint operator

The explicit, but not so obvious, expression of the adjoint of operator £, given below is necessary
for computing the algebraic multiplicities of eigenvalues and the coefficients of the normal form.
Denote by (-, -) the scalar product in (L2,,.(2))® and consider the closed subspace

per

Hoz{U:(Vx,VL,Wx,WL,H,gb)e(Lf,eT(Q))S;/ Vedydz =0} C (L2,,.(Q))°%,

per

which is the closure in (L2.,(€2))® of both X and the domain of definition Z of the operator £,,.
We compute the adjoint £}, of £, from the scalar product (£,U,U’), for U € Z, and choose
U’ € H, such that U — (£,U,U’) is a linear continuous form on Hy. We obtain the linear
operator

—uTH (AL We — (ALWL))

ViVe—p AW —p IV (VL - W) — pde,
vV, W
LU= Lo ,
puVy
*Wz - Ald)
0

where

(ALW,) = / AL Waly, 2) dy d=.
0

per

The operator £}, is closed in the space X* defined by

X = {U € (L2,(2))% x (HY, () x L2,.(Q) x H.,(Q) ;

per per per per

We=W, =¢=00nz=0,1, and/ Vgcdydz:O},
Qper

with domain
2 = {U € X" 1 (HL () x (H2,(Q) x HLYr () x HE, ()

Vi=V, W, =60=00n2z=0,1}.

The adjoint operator £, has the same center spectrum as the operator £,. For our purposes
we need to compute its kernel, an eigenvector associated with the eigenvalue —ik of E;O (k) and
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one of the eigenvectors associated with the eigenvalue —ik, of L7, . The kernel of £}, is easily
computed by solving the equation £;,U = 0, and we find that it is spanned by the vector

wp = (0,0,0,2(1 - 2),0,0,0,0,)".

We use this vector in the computation of the coefficients of the cubic normal form in Ap-
pendix B.2.

Next, for p = po(k), the operator E;O(k) has the geometrically simple eigenvalues +ik, just as
the operator £, (). In Appendix A.2 we need the expression of an eigenvector W} o associated
with the eigenvalue —ik. A direct calculation gives

e (DVi = (D*VA))
0
ik
ok Vb
* T, * T, * _lDVk
‘Ilk70(ya Z) = lIllc,O(Z)’ k:,O(Z) = kO ) (Al)
~V
—ikoy

o

where

(D*Vi) = i D*Vi(2) dy dz,
per

Vi is the solution of the boundary value problem (4.10), and ¢y is the unique solution of the
boundary value problem

(D? = k*) o, = Vi, bplz=01 = 0.
Notice that the function ¢y, is related to the function € in the boundary value problem (2.4)-(2.5)
through the equality 0 = —pug (k) k.
Finally, in the computations in Appendix B.2 we also need an eigenvector associated with
the eigenvalue —ik, of £}, which is of the form

W (y, 2) = W ().

We obtain that
- Hclkg (D? — k2 cos® a) DV
sin o cos «
77-,6 e DV
ikc sin o
| He v
——Z' S,giaDV
—%DV
-V
—ikc(sina)¢

¢
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where V' is the solution of the boundary value problem (4.15), and ¢ is the unique solution of
the boundary value problem

(D> = k)6 =V, ¢l.cos = 0. (A.2)

A.2 Algebraic multiplicities of +ik and +iw; (k)

Consider the geometrically simple eigenvalues +ik and the geometrically double eigenvalues
+iwi (k) of the operator £,y given in Lemma 4.1. We assume that yy(k) # 0, and show that
the algebraic multiplicities of these eigenvalues are equal to their geometric multiplicities. We
prove the result for the eigenvalue ik, the arguments being the same for the eigenvalue iw; (k).

Assuming that the algebraic multiplicity of the eigenvalue ik is larger than its geometric
multiplicity, there exists a vector ¥y, o such that

(Lyuo(k) — 1h)¥ro = Ugyp. (A.3)
Differentiating the eigenvalue problem
L5(k)Uk,o = tkUy o,

with respect to k leads to the equality

) d ) 0
(Euo(k) - Zk) (dek,0> = (Z - M6(k> @E’*‘uuo(k)) Uk,0~

Since p( (k) # 0, this identity and the equality (A.3) imply that there is a solution ®j ¢ of the
linear equation

. 0
(ﬁuo(k) - Z]{)@kp = @EN}HZMO(k)Uk’O' (A4)

As a consequence, the vector in the right hand side of the above equation is orthogonal to the
kernel of the adjoint operator (L* ) T ik), and in particular to the eigenvector lIIlt,o given by

Ho
(A.1). A direct computation shows that their scalar product is equal to the positive number
1
202 (ID*Vi? + 2k DVA|* + KX [VRlI?) + 1Dox]1> + B[l 1]1* > 0.
0

This contradicts the orthogonality condition, and proves that the algebraic multiplicity of the
eigenvalue ¢k is equal to its geometric multiplicity.

B Cubic normal form

B.1 Proof of Lemma 6.1

Proof. The existence of the polynomial P and the first two properties in Lemma 6.1 follow
from the general normal form theorems in [8, Sections 3.2.1, 3.3.1, and 3.3.2]. In addition,
N(-,-,¢) is an odd polynomial of degree 3 such that N(0,0,¢) = 0 and the identity

DzN(2,Z,e)L5Z + DyN(Z,Z,e)LiZ = LiN(Z, Z,¢), (B.1)
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in which Lg is the adjoint of Lo, holds for any Z € C* and ¢ € V5. We write
N(Z,Z,e) = N1(Z,Z)e + N3(Z, Z),

where N1 and N3 denote the linear and cubic terms, respectively, of N. It is now straightforward
to check that the linear part Nj has the form in Lemma 6.1 (4i7), and it remains to check the
cubic terms Nj.

We set N3 = (N, My, N_, ]\7_) Then the identity (B.1) becomes

(,D*‘F’Lk) _|_—O (D*+1k )M+—N+,

(D* +iky)N_ =0, (D*+iky)M_=N_,
in which
0 0 0 0
D' = ik A - (A, — ik, B2 ik, A —2 4 (A —ik,B_

ik +8A++( + — ik +)8B+ ik 8A_+< — ik, )8B_

0 0 0 —— 0
+iky Ay —= + (Af + ik By ) — + ik, A_——= + (A_ + ik, B_)—.
ihp At o=+ (A 4 ko Ba) g + koA o+ (A=t ikeBo)

Due to the equlvarlance of the normal form under the action of the symmetry Ss, it is enough
to determine (N, M+) the components (N_, M_) being obtained by switching the indices +
and — in the expressions of (N4, M+)

Cubic monomials are of the form

AP AL BT B AP AL BB
with nonnegative exponents such that
P+t qrtry+sp+p+qg +r-+s_=3. (B.2)
We claim that the cubic monomials in N+ and ]\7+ also satisfy
Py =gy 4Ty —sytpo—g 4T —s =1 (B.3)
Indeed, for any monomial as above we have
Dt (A A BB AN AT B BT ) =
—ike (py —qr +7r —s1+p- —q +r_—s )ALV A BB TTAT AT BT BT
oy APTTAT BT T B AP A BB
s AL AT B B T AP A BB
fr APYAT BB AP T AT BB
s APYALY BB AT A g T

implying that the subspace of monomials for which the sum in the left hand side of (B.3) is
constant is invariant under the action of D*. Ordering the monomials by decreasing exponents
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Dty G4, T+, S+, P—, q—, T—, and s_, this action is represented by a lower triangular matrix with
equal elements on the diagonal given by

—iky (P+ — g+ + 14 — 54 +p- —q-+r- —s).

Consequently, the polynomials NJF and M+, which belong to the kernel and generalized kernel
of D, + ik, respectively, belong to the subspace for which (B.3) holds. This proves the claim.
Furthermore, the commutativity of N3 and 7,, implies that monomials in (N4, M) also satisfy

Pr— G +Th -5y —potq —T_ s =1 (B4)

Collecting all possible monomials in (N, M+) for which the conditions (B.2)-(B.4) hold, we
compute:

and

Since ]\7_!,_ and MJ,_ are necessarily linear combinations of these 14 monomials, the equalities
above imply that they are of the form

Ny = A+ﬁ+(ulau2au37u4)+A*§+(U’5)7

M, = ByPy(ur,uz,us,us) + B-Ry(us) + Ay Qy (ur, ug, ug, ua) + A_S, (us),
with §+, ]§+, Qv+, §+ linear in their arguments, which are the quadratic expressions

up = A Ay, ug= Z'(AJFE - I‘T+B+)7 uz=A_A_,
wy=i(A_B_ —A_B_), us=(A,B_ —A_B,).

This proves the expressions of the cubic terms of N and My in (¢i7). Finally, taking into
account the action of the reversibility Sq, it is straightforward to check that the coefficients 3;,
bj, 75, and c5 are real. |

43



B.2 Computation of the quotient g = b3 /b,

For the computation of the coefficients by and b3, we follow the method in [8, Section 3.4.1]. We
restrict to the 8-dimensional center manifold

My(e) ={U.+ ®(U,e); U.€ EL}.

Recall that solutions on this submanifold are invariant under the action of S37,. Combining
the transformations from the center manifold reduction in Section 5.1 and the normal form in

Lemma 6.1, we write

U = A +B, U, +A ¢ +B Y _+ A, +B, %, +A ¢ +DB_W_

+®(Ay, By, A_,B_, A By, A_ B_¢),

in which Z = (A4, By, A_, B_) satisfies the normal form (6.4). Substituting U given by this
formula in the dynamical system (3.3), and using the expressions of the derivatives of Ay, By,
A_, B_ given by the normal form in Lemma 6.1, we obtain an equality for the variables A,
By, A_, B_ and their complex conjugates. We find the coefficients of the normal form, and in
particular b; and b3, by identifying the coefficients of suitably chosen monomials in this equality.

We denote by @, the coefficient of the monomial ACFISAt_Iu in the expansion of o
Identifying successively the coefficients of the monomials AiAijL, AL A_A_, and then A%r, ALAL,
ArA_, AL A A_A_, we find the equalities

iB1¢s + 1 Wy = (Lo, — iky)®2100 + 2B, (P2000, ¢+) + 2B, ( P1100,C4),

B3¢+ + b3Wy = (L. — iky)®io11 + 2B, (P1010, ¢ ) + 2By, ( @1001,¢-) + 2B, (Poo11, ¢+ ),

and

(Lo — 2ikz)P2000 = =By, (C+5C+), (B.5)
L. ®1100 = =28, (¢4, ¢4), (B.6)
(Lpue = 2ikz)®r010 = —2B,. (¢4, C-), (B.7)
L. P10 = =28, (¢4, ¢-), (B.8)
L. ®oo11 = —2B,,({-,¢-). (B.9)
We determine the coefficients b1 and b3 by taking the scalar product of the first two equali-

ties above with the vector W? in the kernel of the adjoint operator (£, — ik;)* computed in
Appendix A.1,

b (O, 0%) = (2B, (2000, Ct) + 2B, (®1100, 1), T, (B.10)

b3<‘I/+, ‘I/j_> = <2BMC(<I>1010, C_) + 2Buc(<1)1001’ C—) + 2Buc(<1)0011, C-i—)v ‘I/*+>7 (B‘ll)

where ®2000, P1100, P1010 , P1oo1, and Poo11 are solutions of the linear equations (B.5)-(B.9).
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In the equations (B.5) and (B.7), the linear operator (£, — 2ik;) is invertible, except in the
case a = 7/6 when 2k, = k.. Nevertheless, we only have to solve the equations in the subspace
of vectors which are invariant under the action of S37, and the restriction of (£, — ik.) to
this subspace is invertible, since its two-dimensional kernel is spanned by (o and ¢y which do
not belong to this subspace. Consequently, ®9999 and ®1p19 are uniquely determined. In the
equations (B.6), (B.8) and (B.9), the linear operator £, has a one-dimensional kernel spanned
by the vector ¢ in Lemma 4.2 (i), and the kernel of its adjoint is spanned by the vector ¢ in
Appendix A.1. The solvability condition is easily checked in all cases, so that we can solve these
equations up to an element in the kernel of £,,. The choice of this element in the kernel does
not influence the result from (B.10)-(B.11), since B, is invariant upon adding a multiple of ¢y.

After long and intricate computations we obtain that

B b3 B b31 (sin2 a) + bgl(C082 Oé) + b31 (0)

g=2_ , B.12
bl %bgl(l) + b31 (0) ( )
in which
b31(©) = A31(0) + B31(0)P~! 4 C31(0)P 2,

with

A31(©) = 2u3((D* - 4k?©)*V1, Ry),

Bs1(©) = 430 ((Vi, Ro) + (Va, Ry))

2pe

C31(0©) — /;26<(D2 — 4k20)Va, Ry),

where

Ry =VD¢+(1-20)¢DV, R,=(D?—4k}(1-0))(VDV)—40(DV)(D?*V),
and V1, V5 are the unique solutions of the boundary value problems
(D? — 4k20)3V; + 4k2120 V) = Ry,
Vi = DVj = (D? — 4k20)?V; =0in 2 = 0, 1,

and

(D% — 4k20)3Va + 4k21u20 Vo = R,

Vo = (D? — 4k20)V5 = (D? — 4k2©)DV, = 0 in 2 = 0, 1,
respectively. Recall that V' and ¢ are the unique symmetric solutions of the boundary value
problems (4.15) and (A.2), respectively. Notice that g — 2, as @ — 0, which was the value of g
in the case of the Swift-Hohenberg equation in [10].

Remark B.1. In this way we can also compute the coefficient by. By identifying the coefficients
of the terms €A, and then taking the scalar product with ¥’ we obtain

b0<\I’+7 ‘I’i> = <£(1)C+7 ‘I’*+>7
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in which L) is the derivative with respect to pu of the operator L, in (A.4) taken at p = p.. A
direct computation gives

. 1
bo(® 4, L) = 2R2 (ID*V|? + 2K2IDV|* + K|V %) + |Do1* + K2[l¢]1* > 0, (B.13)

c'’c

and implies that (¥, W% ) <0, since by < 0. We point out that it is not obvious to determine
the sign of this scalar product directly from the explicit formulas of ¥, and ¥* .
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