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Abstract

Purpose — This paper proposes a two-dimensional (2-D) hybrid analytical model (HAM) in polar coordinates, combining a
2-D exact subdomain (SD) technique and magnetic equivalent circuit (MEC), for magnetic field calculation in electrical
machines at no-load and on-load conditions.

Design/methodology/approach — In this paper, the proposed technique is applied to dual-rotor permanent-magnet
(PM) synchronous machines. The magnetic field is computed by coupling an exact analytical model (AM), based on the formal
resolution of Maxwell's equations applied in subdomain, in regions at unitary relative permeability withha MECusing a nodal-
mesh formulation (i.e., Kirchhoff's current law) in ferromagnetic regions. The AM and MEC are connected in bothidirections
(i.e., - and 0-edges) of the (non-)periodicity direction (i.e., in the interface between teeth regions andiall itsiadjacent regions
as slots and/or air-gap). To provide accuracy solutions, the current density distribution”in slots regions‘is,modelled by using
Maxwell’s equations instead to MEC and characterized by an equivalent magnetomotive force (MMF) situated in slots, teeth
and yoke.

Findings — It is found that whatever the iron core relative permeability, the developed HAM gives accurate results for no-
load and on-load conditions. Finite-element analysis (FEA) demonstrates excellent'results'of the developed technique.

Originality/value — The main objective of this paper is to make a direct ¢oupling between the AM and MEC in both
directions (i.e., - and 6-edges). The current density distribution is modelledyby using Maxwell’s equations instead to MEC
and characterized by an MMF.

Keywords: Hybrid magnetic model, exact subdomain technique, agnetic'equivalent circuit, finite-element analysis.
Paper type Research paper

l. Introduction

Calculating the performance of electromagneti¢, devices with high accuracy and geometric
detail is often necessary for industrial, automotive and domestic applications with electrical
machines. Consideration of magnetic materials in design models (e.g. the saturation effect), as well as
accurate knowledge of the magnetic field, are key issues of electrical machine performance evaluation
(Dubas and Espanet, 2009). The magneti¢fieldhdistribution can be evaluated by several approaches, viz.,
numerical or (semi-)analyticaly Thebetter @pproach is that which gives, with appropriate assumptions, a
high precision with fast cemputation time. Nonlinear numerical and semi-analytical methods are wildly
used on modeling “electromagneticidevices. For the numerical methods, despite its high calculation
accuracy, the computation time,remains the major obstacle for study complication and especially for
iterative calculations or“eptimization procedures. Thus, nonlinear semi-analytical models (MEC,
Maxwell-Fourier metheds) €an replace numeric because these approaches have the advantage to be
explicit, more or less accuracy, and fast.

A coupling offFEA"and MEC (i.e., reluctance or permeance network) has been proposed by (Philips,
1992; Nedjar et al.;2012; Liu et al., 2017). This has given excellent results regarding to high accuracy
and reducing time process. In (Sprangers et al., 2015; Sprangers et al., 2016; Djelloul-Khedda et al., 2016;
Djelloul-Khedda et al., 2017; Ramakrishnan et al., 2017; Djelloul-Khedda et al., 2018; Djelloul-Khedda
et al., 2019; Zhang et al., 2020), a semi-analytical approach based on multi-layer models using the
convolution theorem (i.e. Cauchy's product theorem) has been applied to various electrical machines and
has given excellent results, although the accuracy of the method can be low for small relative permeability
of iron and nonlinear materials. Roubache et al., 2018a presented a contribution on the 2-D SD technique
based on the Dubas' superposition technique (Dubas and Boughrara, 2017a, 2017b) by considering the
finite soft-magnetic material permeability in spoke-type PM machines. This allows for any non-periodic
subdomain. The subdomain connection is performed directly in both directions. The general solutions of
Maxwell’s equations are deduced by applying the superposition principle by respecting the boundary
conditions (BCs) on the various edges of subdomains. This has also been applied to switched reluctance
machines supplied by sinusoidal waveform of current (aka, variable flux reluctance machines) (Ben-
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Fig. 1. Dual-rotor PM synchronous machine. Fig. 2. Longitudinal cross section viewsf the,proposed machine.

Yahia et al., 2018a). Excellent results are obtained whatever the iron relativeypermeability value, which
is constant corresponding to linear zone of the B(H) curve. Nevertheless, the saturation effect in
subdomains is global without considering B(H) curve. In (Roubache ‘etyaln2019;,2018b), the authors
have extended the proposed model in (Dubas and Boughrara, 2017b) and (Roubache et al., 2018a) to
elementary subdomains (E-SDs) in the rotor and/or stator regions with(out) €lectrical conductivities for
full prediction of magnetic field in rotating electrical machines with'the local saturation effect solving by
the Newton-Raphson iterative algorithm. The introductionof the global or local saturation effect into the
semi-analytical calculation requires discretizing all amagnetic core.materials and uses in each case of
discretization a considerable number of harmonics with awiew to avoid errors of calculation. Therefore,
the exact SD or E-SD technique by inserting ferromagnetic regions is inappropriate for the reduction of
computational time. HAM presented by (Quagued et al., 2015; Laoubi et al., 2015; Ouagued et al., 2016;
Bao et al., 2018; Wu et al., 2020; Ceylan et al., 2020)uis one of a strong alternative solution to analyze
and optimize a large range of electromagnetic devices with the global or local saturation effect. This
approach is flexible and gives accurate results under considerable time consuming with respect to
numerical methods or formal analyticahappreach. The aim of this approach is to make a direct coupling
between the analytical solution obtained from Maxwell’s equations in simple regions (e.g., the air-gap or
PM region) and MEC in, morexcomplex regions (e.g., slots and teeth regions). Another strong advantage
of this approach is its flexibility against'stationary and moving parts (Demenko et al., 2008; Ullah et al.,
2018). However, insall thejpapersidealing with HAM, the coupling between the conventional SD
technique (without.superpositiontechnique) and (non)linear MEC is given only in 6-direction. Moreover,
the current density contributions in the magnetic field are represented by magnetomotive forces (MMFs)
situated in the yoke, slots andteeth. Those MMFs are sources of inaccuracies in the HAM. Also, the semi-
analyticalmodel used inithe HAM cannot be coupled to the MEC in both directions (i.e., r- and 8-edges).

In this\paper,yan improved hybrid analytical modeling is proposed and applied to dual-rotor PM
synchronous machines (Golovanov et al., 2019a, 2019b). The developed 2-D HAM uses the exact SD
technique (Dubas and Boughrara, 2017b) able to be coupled to the MEC, using a nodal-mesh formulation
(i.e., Kirchhoff’s current law), in both directions (i.e., - and 6-edges) and permits to avoid the using of
MMFs that represents the current densities in slots. From now on, the HAM permits to model all
ferromagnetic regions with MEC and all non-magnetic regions (e.g., the air-gap, slots and PMs) with the
exact SD technique. The advantage of this HAM is the introduction of local saturation effect which can
be done easily.

Il.  Model Definition and Assumptions

The dual-rotor PM synchronous machine, represented in Fig. 1, is divided into eight regions, as shown
on Fig. 2, viz.,

1) PMs: Region | and 1V;
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2) Vacuum: Region Il and IlI;

3) Q slots with coils: Region V with the index x = 1.. Q;
4) Q soft-material: Region VI with the index x = 1..Q;
5) Iron yoke: Region VII and VIII.

This machine is modelled on a 2-D polar coordinate system. The magnetic field solution is based on
the following simplifying assumptions:

1) the problem is quasi-static;

2) the magnetic vector potential in non-magnetic regions (i.e., the air-gap, slots and PMs) has only
one component along z-axis, i.e., A = {0; 0; 4,};

3) the electrical conductivity in all regions is supposed null;

4) all regions are considered as isotropic;

5) the PMs are considered to have a linear second quadrant characteristic;

6) all regions have radial sides.

1I. Formulation of HAM

A. Introduction
In this paper, two approaches are presented:

e Exact AM based on the formal resolution of Maxwell's equations applied in subdomain by
applying the separation of variables methody the Eourier’s series, and the superposition
technique;

e MEC of which mesh elements can be discretized‘into'ene or several bidirectional (BD) blocks.

The exact AM is proposed for the“regions I, Il 111, IV and"V. Using the magnetostatic Maxwell’s
equations, the general partial differential equations(PRE) can be expressed in terms of A4 with u = Cs*
can be expressed by (Dubas and Boughrara, 2017a)

VEA = —[u] + uo V X Mr] €))

where J is the current density (due to supply cugrents) vector, Mr is the magnetization vector (with Mr =
0 for the vacuum/ironier Map= 0 for the BMs according to the magnetization direction), and u = u, - i,
is the absolute magnetic'permeability“efithe magnetic material in which u, and u, are respectively the
vacuum permeability,and therelative permeability of the magnetic material (with u,. = 1 for the vacuum
or i, # 1 for the PMs/iron).

The MEC is adopted forthe region VI and based on the nodal-mesh formulation (i.e., Kirchhoff's
curreftilaw) in terms ofimagnetic scalar potential u. The magnetic field intensity vector H can be related
to the scalarimagnetic potential by

H=-Vu (2)
The main‘ebjective of this technique is to make a direct coupling between the region VI, which has
relative permeability different to unity, and its adjacent regions (viz., Regions Il, 111 and V). For simplicity

and to avoid introducing the regions VII and VIII in the system to be solved, the relative permeability of
these regions is supposed equal to infinity. It is easy to add these regions in the HAM.

B. Exact SD Technique
By using (1), the general PDEs in terms of A4 in various regions can be written as

VZA = —u, VX Mr  inRegionsIandIV (3a)
ViA=0 in Regions Il and 111 (3b)
VZA=—pu,J in Region V (30)
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Fig. 3. Parallel magnetization waveforms.

The magnetization vector Mr of PMs can be expressed by
Mr = Mr, a, + Mry ag 4)

where Mr,. and Mr, are respectively the radial and circumferential magnetization. The proposed electrical
machine with a parallel magnetization (see Fig. 3) has anti-periodicity equal to = /p where p is the number
of pole pairs. The components of Mr can be specified explicitly®dy Fourier’s series as

Mry = Z M1y, - sSin(np@)+ Mry,,, - €cos(nph) (5a)
n

Mr, = 2 My, - sin@ap8) + Mr,,, - cos(npf) (5b)
n

where n is the spatial harmonic order. The expressions of Mryg,,, M1y, M1, and Mr,..,, are detailed in
Appendix A.

The field vectors B ={B,; Bg; 0}and H =\{H,; Hy; 0} are coupled by the magnetic material equation

B=u,, H4 yu, Mr  with u,, = u, in Regions I and IV (6a)
B =u,H in Regions II, IIl and V (6b)
Using B = V x A, the compongents of B can be deduced by
Br=3-aAZ & Be=—aAZ 7
r 00 or

In polar coordinates,(r, 8), (3) in terms of A = {0; 0; A,} can be rewritten as:
e intheRegion I and IV (i.e., Poisson’s equation):
02Ay" RS 04;" S A" o (Mr ~ aMTr)
ar? r or rz 062 r o 96
e inthe Region II and III (i.e., Laplace’s equation):

azAIZI,III +laAIZI’”I N lazAIZI,III _o (9)
or? r or r2 002
¢ in the Region V (i.e., Poisson’s equation):

924Y 1 94Y 1 9%4Y

arz ' r or +77. 062 = ~HoJz (10)

(8)
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Based on the separation of variables method and the Fourier series expansion, the general solution of A4,

can be described as:

e inthe Region | and IV:

(C3l - r™ + ¢yl - r™™ + 1) - sin(nph) + -

A= (11a)
Z(Cé;ﬁvrm’ +C4Y - rT™ 4+ T,) - cos(np8)
n
where
npMr,..,, — Mr,
PMTyrspn Bsn_r ifnp;tl
_ (np)? —1
Iy = (11b)
Mrrsl - M7‘951 .
5 ‘r-In(r) if np =1
npMr,..,, — Mr,
PMTcn 9cn_r ifnp#:l
_ (np)? —1
I, = (11c)
Mryc1 — Mrgeq 4 _
— > ‘r-In(r) ifmp =1

These regions are 27 periodic and have interfaces with other regions depending only on the 6-direction.

e inthe Region Il and IlI:

Z(Cég’” ™ 4 C ) - sin(nph) + -
AL _

z I L1 (12)
Z(CS,; PG P - cos(npB)
n

These regions are also 2n periodiegand have interfaces with other regions depending only on the 6-
direction.

e inthe Region Vi

1
CJ‘C/l + C)‘C/Z ' ln(r) _Z'.uo “Jzx rZ 4

D sl (0004 )]

2

(13a)
m
ZGT sin |4 ln(L)]
XU v R3
v
T Bm r _ﬁm
6in = Clan () + i (57) (13b)
) w ) w
cr o= v sinh [/1,, . (9 — gy + 7)] v sinh [/1,, . (9 —Jx — 7)] 12
sy sinh(4, - w) xev sinh(4,, - w) (13¢)
with
Jox=Jm-[110 -1 -10110 —1 —1 0] (13d)

where J,,, is the current density peak, g, is the position of x" coils, m and v are the spatial harmonic orders,
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Bm and A,, are the spatial frequency (or periodicity) in both directions defined by

mrm vrt

& A _ln(R4/R3)

(13e)

As can be shown in (13), the analytical solution is the superposition of two components in r- and 8-
directions based on the superposition technique (Dubas and Boughrara, 2017a, 2017b; Roubache et al.,
2018a). This solution permits the coupling with the MEC of regions VI in both directions (i.e., r- and 9-

edges).

C. MEC (viz., Reluctance or Permeance Network)

In region VI, the solution of u can be achieved according to Kirchhoff’s laws. According to
Fig. 4, each node (i) inside region VI is connected to four neighbouring nodes, “except those

situated between region 11, region 1l and region V.

For this case, the magnetic flux ¢ can be written as:

and then,

¥ ij

Pyin= i

m=ﬂo'ﬂr'

(14)

(15)

(16)

(17)

where L, S, ;; and p, are respectively;iactive lengthysection and relative permeability of the reluctance

element R.
Using (2), the companents of H can be deduced by
P ke

" or

16u

&
r60

H9=

(18)

Since (18) are applicable, for theyanalytical solutions of Maxwell’s equations. These equations should be

g X

Fig. 4. 2-D Reluctance elements R, magnetic potential u

and magnetic flux ¢. several BD blocks.
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rewritten using numerical differentiation defined as the limit of a difference quotient as:
() = lim (=22) & Hy(0) = 1 L 19
r(r)_A;r—%(_E) o( )_Aé 0(_; E) (19)

The difference quotient H,.(r) and Hy (@) is a derivative approximation. This gets better as Ar and A@
gets smaller.
IV. Boundary Conditions and Linear Systems

To give the final solution of the equations system, the BCs should be defined by equalizing potential
vector magnetic, radial component of B and circumferential component of H in the r- and 8-direction.

On the 8-direction:

o Atr =Ry
HY(R;,0) =0 V6 (20)
e Atr =Ry
AL(R,,0) = AU(R,,0) VO (21)
HY(R,,0) = HY/(R,,60) V8O (22)
e Atr =Rj3:
O i AB
Peci(itee = ei) = LRy, BRGRSO) - o 23)
xJ
(A2 (Rs 0, = AL Ry, )| 2050 24)
Q
HY (R, 6) = Z (Hex(R3,0)|gx 70T | HBI(R3,9)|9’C+%S“9"“‘%) (25)
x=1

In order to satisfy (25), the magnetic flux'intensity Hg,.(r, 8) by applying (19) should be written as:
NC—-1

o (r, 9= Z Z Dot — ) [hgxs,, sin(vpf) + hyl., - cos(va)] (26)

where NC is the number ofieluctance rows, and hyL., & hjL., are the Fourier constants.

o AtT=R4:

Oy, j+A0

Pysaltte; — teq) = LRy - j BUI(R,,0) - df @7)
x,J
x— 59< x
(AUI(R,,0) = AL (R, 0))|7 277 *7 (28)
Q w
HY'(R,, 0) = Z (ng(R4, 6)|% 705047 + HYL(R,, 0) 7 595‘9"“_7) (29)
x=1
[ ] At r = R5:

AUI(R,,0) = AV (R.,0) VO (30)

HY'(Rs,0) = HYY (Rs,0) V6 (31)
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Fig. 6. Proposed BCs between: blue colour region V1 and region V, and red colour region VI andregions Il & I11.

[ ] At r = R6:
HY (R, 6) = 0. YO (32)
On the r-direction, viz., on the edges of the region Vaand the,regian,\/I

o for6=g,+w/2:

ry+AR w
Px,ai(ux,a - ux,i) = Lf ng (T' Ix t ?) -dr (33)
Tk
w
HAN(r. 9 +5) = HE () (349)
In order to satisfy (34), the magnetic flux intensity HY.(r) by applying (19) should be written as:
NL—1
U —-u ) r

HY (r) = — Z z (P 2) Xt - sin [,1,] ‘In <R_3>] (35)

a= v

where NL is the number ofreluctance columns, and kY., is the Fourier constant.
o " fonb = go— w/2:

rk+A4R w
Px—l,ib (ux—l,i - ux—l,b) =L- f ng (T‘, Ix — ?) -dr (36)
Tk

w
HY, (T: 9x — ?) = H;/(Ix—l) () 37)

Again, to satisfy (37), the magnetic flux intensity HY(r) in the left side of the region V should be written
as (35) by changing the variable a by b (see Fig. 5).

For simplicity’s sake, the proposed machine can be modelled for half of the period. For this case, anti-
periodic BCs are proposed at 6 = 6, and 8 = 6,:

w

rr+AR
Pyip(ug; —ugp) = —L- f B}, (r, g1 — 5) -dr (38)
Tk
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w
H;/Q (7”’ 9o — E) = _HX{(T) (39)

Fig. 6 shows a regular discretization of the region VI. Since there are no nodes in the corners in this
region, a direct coupling between both models is done by respecting the interface indicated by blue and
red colour.

It can be seen that all BCs are defined and the correlation of Fourier constants can be found as detailed
in Appendix B. Thus, the system of linear algebraic equations can be written as:

[A] - [X] = [b] (40)

where [A] (N X N) is the topological matrix, [b](N X 1) is the vector contain all flux source parameters
and [X](N x 1) is the vector contain all unknow Fourier constants to be determined, imywhich N =
12nh + (2 + 4Nh + NL(NC + 2) + 2NC)Q with Nh and nh being respectively. .the number of
harmonics in the slot and tooth region and in other regions.

V.  Comparison of Hybrid Analytical and Finite-Element Calculations

Figs. 7 ~ 10 present a comparison between HAM and finite elements analysis FEA obtained from
FEMM software (Meeker, 2010) for the open-circuit magnetic > fluxadistribution with a parallel
magnetization pattern and for the armature reaction magnetic flux distribution in the middle of the region
Il with different values of iron relative permeability (i.e., regtony\VI).5T he proposed electrical machine
parameters are shown in Table I. These results have bgen'calculated under an acceptable number of
discretization of the region VI (NC = 30 and NL = 15). Excellent agreement is achieved between both
models.
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Figs 11 and 12 show respectively the fmagnetic flux-dénsity distribution in the middle of slots and teeth
under open circuit or armature reaction conditions. To avoid errors calculation, the mesh discretization in
teeth regions should be selected fine (NC= 5hand NL = 51) unlike to the previous case where (NC = 30
and NL = 15). Excellent agreement is achieved between HAM and FEA whatever relative permeability
values. The computational time 1s,increased and equal about 4 times.

Table Il shows the time consumption for flux density calculation by a different approach, such as the
HAM, SD and FEAuitechnigues. Regarding SD technique, the HAM, proposed for this paper, in teeth regions
is substituted hy analytical medel such indicated in (Roubache et al., 2018a) and (Ben Yahia et al., 2018a).
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Fig. 13. Magnetic flux density ||B|| distribution calculated by HAM and compared to FEA under no-load condition for: (a)
U, = 1,000 and (b) u,. = 2.

Figs. 13 and 14 show the magnetic flux density distribution in all parts of an electrical machine
calculated by HAM and compared to FEA with different values of relative permeability of iron. The
relative permeability of region VII and region VIII (see Fig. 2) are supposed equal to infinity.
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Fig. 14. Magnetic flux density ([|B]| distribution calculated by HAM and compared to FEA under armature reaction current
condition for: (a) 1, =41,000 and (b) u,- = 2.

VI.  Conclusion

In‘this,paper,@2-D HAM in polar coordinates has been proposed for the dual-rotor PM synchronous
machines. The developed model is based on the exact AM by applying superposition technique able to
be coupled to/MEC in both directions (i.e., - and 6-edges). The current densities in slots have been
substituted by local Maxwell’s equations in the slot regions to avoid using MMF situated in slots, teeth
and yoke as adopted by all authors in hybrid models. Excellent results have been obtained and verified
by FEA for any relative permeability value of iron core. Whatever load conditions, this approach can
greatly help to optimize precisely performances machine especially with the local saturation effect which
will be proposed in a future contribution.
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APPENDIX A
Parallel magnetization expressions in (5) are defined by:

e for the radial component:

By . mm
-sm(

Mgy = My, - 7) -cos(np - )

Ho
Mty = My Bl:—;n - sin (%) -sin(np - 1)
e for the circumferential component:
Mrgs, = —mgy L/?Z)n - sin (nz_n) -sin(np - 1)
Mrye, = Mgy, Bl:—;n - sin (nz_rt) -cos(np - T)

where B, is the remanent flux density of PMs, 7 is the angular position of PMs, and

p . (Bm o
% - sm(?)+ﬂ ifnp=1
4 0
=—- -] 0)-do = <
My = Ofcos(p) cos(nf) 2 sin[(np—l)"g—ﬂ sin[(np+1)'g—3] |
P p— 1) + p + 1) ifnp =1
\
and
(v Bn> e
- sm(p + ifnp=1

0
sin (—) - sin(nf) -\do = <
p 2p

3
D
S
|
SHIES
g

2p\ sin [(np -1 g_g] sin [(np +1) B_ﬂ]

7 (np—1) (mp+1)

with S is the PM pole-arc to pale-pitch ratio.

APPENDIX B
From (20),we have:

dr, 1
-1 —-np-1
np'(CBIn'R;lp _Cin'R1np ):_d_‘rs . +M—O'M7‘95n
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_ —np— dr; 1
mp - (Chy RP ™ = Gl BT = = | o M,
r=Kq
From (21), we have:
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From (22), we have:

_ —np— _ o dr, 1
np - (Cén'R;p 1_ Cz{n'Rznp 1_ C'gz'R;p 1y Cigl,Ran 1) — _d_s +—- Mryg, (BO5)
Tly=r, Ho
I pnp-1 _ ==l _ il . pnp=1 I . p-np-1 dl; 1
np - (CL Ry’ —Clp- R, —C Ry LR ) = —— +— Mrge, (B06)
dr T'_RZ HO
Development of (24) gives:
gx"‘%
v 14 1 2 1 11
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From (25), we have:
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1 VI
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where the Fourier-¢enstants of (26) can be written as:
Oy, j+A0
VI 2p :
hysy = - sin(vph) - d6 (B11)
Oy j
Oy, j+A0
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Oy j

Development of (28) gives:
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From (29), we have:
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Some integral functions are defined as:
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