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Abstract In this paper, the effects of initial deflection on the static and dynamic
behaviors of circular capacitive transducers are experimentally investigated. The
obtained results are in good agreement with numerical simulations. It is shown that
the initial deflection has a major impact on the static response of the resonator
by shifting the pull-in voltage, and on its dynamic response by increasing the
resonance frequency and modifying the bifurcation topology from softening to
hardening behavior. Moreover, the dynamic behavior of the microplate may display
nonlinear periodic and quasiperiodic responses due to geometric and electrostatic
nonlinearities.
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1 Introduction

Nano and microelectromechanical systems (NEMS/MEMS) are commonly made
from microbeams and microplates [35]. These type of resonators are used in several
applications such as logic devices [14], microswitches [19, 12], microphone [24,
13, 48], mass and gas sensors [40, 11, 45, 34, 33] and biological and microfluidic
applications [6, 3]. However, these micro devices are subject to some imperfections
due to a residual stress gradient caused by the microfabrication process [49, 10].
Despite the fact that the geometric imperfections can be very small compared
to the size of the micro-system; it has a major effect on its dynamic and static
responses. Initial imperfections have been the focus of researchers in the last few
years [46, 1, 3].
The majorities of the researches were focusing on the dynamic and static
responses of beams with initial deflection. For cantilevers, the residual stress
changes the shape of the beam to a curved shape [31]. This initial deflection
has a major effect on the pull-in threshold depending on the bending direction,
which can cause the failure of the microstructure when the two electrodes comes
into contact [49, 50]. Several studies have been also conducted on microbeams
with clamped-clamped boundary condition thanks to its rich dynamic and static
behavior (snap-through, bistablity, pull-in ).
Younis et al [51, 49, 50] and Ouakad [32] presented the effect of the initial
deflection on the nonlinear dynamic and static behavior of a clamped-clamped
beam such as softening and hardening behavior, dynamic snap through and dynamic
pull-in. From experimental point of view, curved polysilicon microbeam can be
used as bandpass filters and low-powered switches. The effects of axial force
resulting by the residual stress or temperature variation have been investigated
by Wang et al [47]. The governing equation of motion has been discretized using
the Galerkin method, the obtained equations have been solved using the method of
multiple scale to investigate the dynamic response of the beam in the presence of
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three-to-one internal resonance by obtaining the frequency response, force response
time history phase plane portrait, Poincare section and Fourier spectrum.
The nonlinear behavior of a micro-system has been also studied for the case of
a microplate with initial deflection. Saghir et al. [37–39] developed the von Kármán
plate equation that introduces the electrostatic and geometric nonlinearities. The
Galerkin method has been used to discretize the obtained partial differential
equations. The numerical model, supported with experimental tests, have been
used to study the static and dynamic behaviors of the microplate. They showed the
effect of the DC voltage on the static deflection and the natural frequency. Under
a harmonic AC voltage, the microplate can have a hardening behavior, due to the
effect of the midplane stretching nonlinearity, and a softening behavior due to the
effect of the electrostatic nonlinearity. The effects of initial deflection on the natural
frequencies have been studied numerically. The increase of the initial deflection
leads to an increase of the first natural frequency until it reaches a maximum
before it starts decreasing. However the higher modes showed a steady increase.
Other studies [8, 9] investigated the effects of initial deflection of a rectangular
plate under different boundaries conditions by presenting an approximate solution
for the free flexural vibration.
For the case of circular microplate, Medina et al [25–27] developed a reduced
order model (ROM) of an initially curved circular plate actuated with electrostatic
force. Their studies showed that due to the electrostatic nonlinearity this kind of
MEMS structure can have a snap-through. To transform the ROM to a more
compact one, they used Berger’s approximation for which a single mode can be
used to predict the bistable behavior for the case of low thickness to gap ratios
microplate.
Zhang [52] derived the equation of motion of deflected circular plate using
the principle of virtual work by taking into account the in-plane tension. A new
approximated static analytical solution is derived and it showed a much simpler
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and more direct framework to study the plate-membrane transition behavior compared
to other analytical approaches.
The nonlinear behavior of circular plates was also investigated at the macroscale
by Touzé and Thomas [44, 43]. The equations of motion of the circular plate
with free edge boundary condition were derived by taking into account the plate
imperfection. The analytical model was validated with respect to experimental
results obtained by measuring the deflections of the antinode. The nonlinear
frequency responses of the vibration amplitude and the phase were determined
for different configurations. By estimating the input parameter of the system, the
developed model is capable to predict the nonlinear phenomena of the plate.
In our previous works [16, 17], a computational model was developed that
investigates the nonlinear static and dynamic behaviors of circular (Capacitive
Micromachined Ultrasonic Transducers) with initial imperfection by transforming
the von Kármán equation into a set of ordinary differential equations using the
differential quadratic method. The model showed a good performance in predicting
the nonlinear behavior of the circular microplate and its bifurcation topology.
Most of the previous experimental studies in MEMS actuators have been
focusing on beams or rectangular shape microplate with initial imperfection. In
this paper, an experimental nonlinear characterization of an electrostatic resonator
with circular shape and initial deflection is presented. The main objective in
this context is to highlight the influence of low initial deflection on static and
dynamic behaviors of circular microplates. First the fabrication technique of the
microplates was optimized in order to reduce the residual stress and minimize
geometric imperfections. For the second part, different experimental techniques are
used during the characterization of the microplate. For the static characterization,
an optical interferometer type Mirau was used to measure the topography of
the microplate for different DC voltages and to present the effect of the initial
deflection on the static behavior and the pull-in voltage of the resonator. For
the dynamic characterization, a Laser Doppler Vibrometer was used to measure
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the velocity of the microplate surface while changing the frequency. From these
experimental results, we presented the effects of the initial deflection on the linear
eigenfrequencies of the resonator and its nonlinear frequency response. Also, The
dynamic behavior of the microplate is investigated by looking to its time history
and Fourier spectrum.

2 Fabrication of the resonator and identification of its design
parameters

2.1 Fabrication process

The resonator is fabricated using anodic bonding technique, where the microplate
and the gap are defined on different wafers and bounded at low temperature and
by applying a voltage difference [5]. The Figure 1 presents the process flow used
in this work to fabricate the microsystem. The fabrication process was executed
in MIMENTO clean room according to the following steps: we start with a wafer
of glass Borofloat 33 and a Silicon On Insulator wafer (SOI) with a 2.3 µm silicon
device layer representing the membrane thickness.
The first step in the process is creating the gap in the glass wafer. A thin layer
of chromium and gold is deposited on the surface of the wafer, Figure 1a. The gold
layer is used as a hard mask for glass etching. Next, the cavity shape is defined by
photolithography patterning of a previously coated resin layer and etching of the
gold / chromium layers. The wafer is then etched with a buffered hydrofluoric acid
solution (BHF) to create the cavity, Figure 1b. After creating the cavity, the hard
mask is removed by putting the wafer into a gold and chromium etch solution.
A thin layer of gold was deposed at the cavity to create the bottom electrode
of the resonator using the lift off technique, Figure 1c.The bottom electrode
thickness has to be controlled because the corresponding deposited metal reduces
the electrostatic gap.
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The two wafers are placed in the bonding machine at a very low pressure of
10−2 Pa and heated to 350 o C since the two wafers have an equal CTE 350 o C
which is very convenient for the bonding. Once the temperature of the two wafers
is stabilized, a force of 1000 N is applied followed with four steps of voltage (300
V, 500 V, 700 V and 900 V) for 10 min each to limit the peak current [5]. The two
wafers are now bonded and a controlled cooling started, Figure 1d. The controlled
cooling is very essential to release the stress created during the bonding.
In the next step, the handle layer is removed using KOH solution. The oxide
layer protect the silicon device layer from etching. Thereafter, the buried oxide
layer is removed with BHF solution, Figure 1e. Next, a thin aluminum layer is
deposited on the remaining silicon device layer. Another key concept to reduce
the residual stress is to perform a thin and slow deposition rate of the aluminum
electrode (the thickness is 150 nm and the deposition rate 49 nm/min). The
aluminum layer has two important roles: first it is used as a hard mask for the
etching of the device layer defining membranes and second it is used as a top
electrode on the membranes. The aluminum layer is etched after the photolithography
patterning of a previously coated resin layer. Finally, the silicon device layer is
etched by Reactive Ion Etching using the aluminum hard mask to define membranes
and access to the bottom electrode, Figure 1f.

2.2 Design parameter identification of the resonator
The microplate, as it is presented in figure 2 is mainly composed of three parts:
– the membrane, with radius R and a thickness h, which is the movable part
that generates the acoustic waves.
– the bottom electrode, with radius Rele , representing the fixed electrode which
delimits the action area of the electrostatic forces (excluding edge effects).
– the gap, with height dg , which represents the distance between the top and the
bottom electrode.
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Fig. 1: The process flow of the anodic bonding method. (a) Deposition and
patterning of the gold / chromium layer (b) Etching of the cavity in the glass
wafer, (d) deposition of the bottom electrode, (d) anodic bonding of the glass
wafer with the SOI wafer, (e) etching of the silicon substrate and the buried oxide
of the SOI, (f) deposition of the top electrode and dry etching of the membrane.

The plate is a bilayer Silicon / Aluminum but the stiffness (given by the thickness
and the Young modulus) of the aluminum layer can be neglected compared to that
of the silicon. As the silicon is a brittle material at room temperature [15], the
material of the plate can thus be considered elastic and homogeneous. Moreover,
the circular structure by its axisymmetric nature allows to suppose the material
of the plate as isotropic with an average Young modulus in the plane (100) around
149 GPa between two extremal values 130 GPa and 169 GPa. The microplate is
subjected to an axisymmetric initial deflection w0 (r) that can be approximated as
follows:

1 + cos
w0 (r) = wmax
2

πr
R


,

where wmax represents the initial deflection of the membrane at its center.

(1)
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Fig. 2: (a) A photo of the micro-device after fabrication. (b) A cross section of a
circular electrostatic thin microplate.

It is important before starting the characterization to measure the dimensions
of the micro-device like the diameter, the gap distance, the electrode thickness and
the membrane thickness. To obtain these values, we used an optical microscope
to measure the lateral dimensions (like the radius of the cavity and the bottom
electrode) and a contact profilometer for vertical dimensions (like the thickness of
the membrane, the depth of the cavity and the thickness of the bottom electrode).
The design parameters of the micro-system are displayed in Table 1 with the errors
reported for the measured dimensions.

Table 1: Physical parameters of the micro-system
Symbol
E
ρ
ν
R
Rele
h
dg

Quantity
Youngs modulus
Density
Poisson’s ratio
Radius of the microplate
Radius of the bottom electrode
Thickness of the microplate
Gap distance

Dimension
149 [GPa]
2330 [kg/m3 ]
0.27
115 ± 2 [µm]
80 ± 2 [µm]
2.3 ± 0.1 [µm]
0.6 ± 0.1 [µm]

Title Suppressed Due to Excessive Length

9

3 Mathematical Model

We

consider

a

circular

microplate

excited

with

an

electric

voltage

V (t) = Vdc + Vac cos(ωt) where Vdc is the DC bias voltage and Vac is the amplitude
of the harmonic voltage.
The partial differential equations that describe the dynamic response of the
circular microplate, with an initial deflection w0 (r), are derived from the von
Kármán plate theory [17].



h2
N0 1
0 V 2 (t)
ρh2
4
ẅ+ cẇ+∇ w =
(w,r + w0,r ) + (w,rr + w0,rr ) +
D
D
D r
2D(dg − w + w0 )2
"
12 1
1
+ 2
u,r (w,r + w0,r )+u,rr (w,r + w0,r )+u,r (w,rr + w0,rr )+ (w,r )2 (w,r + w0,r )
h r
2r


1
1
+w,r (w,r + w0,r )
w0,r + w0,rr + (w,r )2 (w,rr + w0,rr )+w,r w0,r (w,rr + w0,rr )
r
2
#
ν
2
+ w,rr (w,r + w0,r ) + (u,r (w,r + w0,r ) + u (w,rr + w0,rr )) , (2)
r

1
u
1−ν
u,rr + u,r − 2 = −
(w,r )2 − w,r w,rr ,
r
r
2r

(3)

where u(r, t) and w(r, t) represent the in-plane and out of plane displacement of the
 2
2
∂
1 ∂
the bi-harmonic
membrane in the r, θ, z coordinate system. ∇4 = ∂r
2 + r ∂r
operator, D =

Eh3
12(1−ν 2 )

the plate flexural rigidity, c the damping coefficient, (∗),r ; (∗),rr

˙ (∗)
¨ first and second derivative
first and second derivative with respect to r and (∗)
with respect to t.
For an axisymmetric problem and at the center of the microplate, the out of
plane displacement w has always a slope equal to zero and the radial displacement
u = 0. Considering the peripheral clamping of the circular microplate, the boundary
conditions are finally [52]:
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At r = 0 :

w,r = 0

At r = R :

w,r = w = 0
Eh
1 − ν2

u=0
u=0


du
1 dw
+
dr
2 dr

2
+

ν
u
r

!
= 0,

(4)

4 Static response
4.1 Static characterization setup
For static characterization, the wafer is placed underneath the interferometer,
Mirau type, to measure the topography of the microplate, as shown in Figure 3.
The micro-system is forced by a DC voltage using a DC generator equipped with
two probes. This technique can provide accurate 3D and 2D scans of the surface of
the microplate for different DC voltages. As an advantage of this characterization
method, the microplate surface cannot be damaged since the measurements are
based on a non-contact scanning using an interferometer. Also, the static displacement
of the membrane can be measured while applying a voltage which is not possible
with the use of the profilometer.

Screen display

interferometer
Probes

Wafer

250
200
150
100

DC generator

50
0

(a)

(b)

Fig. 3: (a) Experimental setup for the static response of the resonator. (b)
Topography of the membrane surface
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4.2 Experimental results
Figure 4a and 4b present a cross section of the upper surface of the membrane
for different DC voltages for the case of flat and initially deflected microplate,
respectively. Figure 4a shows clearly that the plate has a flat surface for Vdc = 0 V
. By increasing the DC voltage, the microplate starts to bend downward until it
reaches its maximum at Vdc = 35 V. At this stage, the increase of the electrostatic
force can cause the collapse and thus the destruction of the micro-device by shortcircuit, because no insulation layer can prevent the electrical contact between the
microplate and the bottom electrode.
The characterized micro-system in Figure 4b is initially deflected. In fact, the
microplate displays a concave shape initial deflection with a maximum wmax = 270
nm for Vdc = 0 V. When the electrostatic force increases, the microplate starts to
change its form to almost flat for Vdc = 49 V, and convex beyond this actuation
level.
The static responses of the two micro-system, flat and deflected, are depicted
in Figure 4c by presenting the total displacement at the microplate center for
different DC voltages. The experimental results are compared to the numerical
model presented in [17], which is based on Differential Quadratic Method (DQM).
The solid and dashed lines, in Figure 4c, represent the stable and the unstable
numerical solutions and the stars (∗) marked in this graph correspond to the pull-in
points, for which the solution changes from stable to unstable. The experimental
static response shows a good agreement with the numerical results obtained from
the reduced order model [17]. The maximum error between the numerical and
experimental results is less than 5 %.
As the DC voltage increases, the total displacement of the microplate increases
until it reaches the pull-in point, where the slope of the curve tends to infinity. It
can noticed from Figure 4c that an upward initial deflection increases the pull-in
voltage. This can be explained by the increase of the gap distance between the two
plates. A small initial imperfection (wmax = 270 nm) can shift the pull-in voltage
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from Vdc = 35 V to Vdc = 53.5 V. Thus, It is important to take into account the
effect of initial deflection in the design and fabrication of electrostatic resonators.
By analyzing the static response, there is no snap-through behavior since the curve
has only one stable branch. This is due to the fact that the initial deflection is
small compared to the thickness of the microplate [2, 30, 23].

5 Linear and nonlinear dynamic analysis

5.1 Dynamic characterization

The frequency response of the resonator is determined using a vibrometer OFV-534
(P olytec) equipped with a decoder with different precisions (can go up to 1 pm
for the displacement and 10 m/s for the velocity) and wide frequency range (up
to 24 MHz), shown in Figure 5. The VD02 velocity decoder transforms the optical
signal to an electrical one, which will be displayed on the oscilloscope. In order to
exhibit nonlinearities (i.e. higher vibration amplitudes), the fluid interactions with
the micro-system like ambient air loading and losses including squeeze film effects
[18] was eliminated by placing the wafer inside a vacuum chamber, as shown in
Figure 5. The electric connections are ensured by two probes placed inside the
vacuum chamber. The latter has a transparent window (Plexiglas) enabling the
penetration of the laser beam without any distortion. The characterization setup
is equipped with two generators in order to excite the resonator with DC and AC
voltages combined via a coupling circuit.
The construction of the nonlinear frequency response is performed by exciting
the microplate with a DC voltage combined with a periodic chirp signal with an
amplitude Vac . The periodic chirp function is a sinusoidal function that changes
its frequency through time defined as follows:

V (t) = Vdc + Vac sin (2πf0 (t)t) ,

where

f0 (t) = fs +

fe − f s
t,
Tpc

(5)
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(c)

Fig. 4: (a) and (b) Evolution of the static profile for a clamped circular microplate
electrostatically excited for the case of flat and deflected microplate (Wmax = 270
nm), respectively. (c) Comparison of the static displacement between the analytical
model described in [17] and the experimental results. The solid line presents the
stable solution of the system and the dashed line presents the unstable solution.

where f0 (t) represents the frequency of the sinusoidal function. fs and fe are the
starting and final frequencies. Tpc is the time taken to sweep from fs to fe . The
frequency response is then constructed from the time response of the micro-system
by plotting the envelope curve of the signal. Figure 6 presents the time response of
a softening frequency response of a flat microplate with Vdc = 25 V and Vac = 0.5
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vibrometer
decoder

Laser
vibrometer

Screen
display

Vacuum chamber

oscilloscope

Vacuum
chamber
window

wafer
Probes

AC generator
DC generator

Vacuum
chamber

Fig. 5: OFV-534 laser Doppler vibrometer used for nonlinear frequency responses

V (Figure 6a and 6b represent a forward and backward sweep, respectively). The
choice of Tpc should be high enough to have a stable time response. This technique
is an efficient method to construct stable branches in the bistable domain. The
frequency response can be obtained by superposing the two envelope curves of
each time response, as it is presented in Figure 6c. In this case the resonator has
a softening type behavior because the curve is bent to the left.

5.2 Linear eigenfrequency analysis
The initial deflection does not only affect the static response of the microplate, but
it also affects its resonance frequencies. In order to determine the variation of the
resonance frequencies with respect to the applied DC voltage, a laser vibrometer
is used equipped with vacuum chamber, presented in Figure 5. The two circular
microplates that has been tested have the same design parameters presented in
Table 1, however, one has a flat surface and the other one has an initial deflection
wmax = 270 nm.
The nondimensional eigenfrequencies, as it is described in [17], depend mainly
on the axial force N0 , the DC voltage Vdc and the initial deflection w0 . The axial
force is chosen by matching the numerical natural frequencies of the microplate,
for a low Vdc , with the experimental ones. For parameters identification, the initial
stress and the plate thickness of the microplate are fitted to match the experimental
and numerical results (without exciding the error bar presented in table 1) [36, 4].
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(a)

(b)
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Sweep up

1.5

1

0.5

0

5.6

5.7

5.8

5.9

Frequency [Hz]

6

6.1
105

(c)

Fig. 6: Time response of the microplate in the case of (a) forward sweep (from
550 kHz to 620 kHz) and (b) backward sweep (from 620 kHz to 550 kHz) (c) the
envelop curves of the time response, where Vdc = 20 V, Vac = 0.25 V and Tpc = 0.5
s.

Therefore, the following error function to minimize can be defined as:

er =

2
X



det K − (2πT fexp,i )2 M ,

(6)

i=1

where fexp,i is the ith experimental resonance frequency. In our case, two experimental
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resonance frequencies are used. M and K are the linear mass and stiffness matrix,
respectively. T is the nondimensional parameter defined in [17]. The principal axis
method [7] is used to determine the plate thickness h and the initial stress N0 that
minimize the error function er .
The experimental resonance frequencies, displayed in Figure 7, are obtained
by exciting the microplate with a small AC voltage, in order to have a linear
response, and different DC voltages. For the numerical results, a mathematical
model, developed in [17], was used with the physical parameters presented in
Table 1. The nonlinear partial differential equations (2) and (3) were spatially
discretized using the Differential Quadrature Method (DQM) to obtain a set of
nonlinear differential equations. The nonlinear dynamic behavior of the microplate
is studied by discretizing the time variable using the Finite Difference Method
(FDM). As it can noticed from Figure 7, the natural resonance frequencies at low
Vdc of the two resonators are slightly different, this is due to the difference in the
residual stress. By increasing the DC voltage, the resonance frequencies decrease
due to the increase of the negative electrostatic stiffness which is proportional
2
to Vdc
. At the pull in voltage, the first resonance frequency drops to zero since

the electrostatic stiffness is equal to the mechanical one. Clearly, the numerical
model has a good agreement with the experimental data. Figure 7 shows also the
influence of the initial deflection on the first resonance frequency. At a constant
DC voltage, the initial deflection shifts the resonance frequency of the microplate
to higher values. This is due to the increase of the gap distance which reduces the
electrostatic force. That means an important DC voltage is needed to bend the
microplate.
An other major effect to focus on is the effect of the DC voltage on the
dissipated energy of the resonator. Figure 8 shows the measured the quality factor
Q of the linear frequency response at different DC voltages using the half-power
bandwidth method (Q =

f0
∆f ).

The microplate is actuated with small AC voltage

Vac = 0.07 V in order to have a linear frequency response for different DC voltage.
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Fig. 7: Comparison between the experimental and analytical results of a flat and
deflected microplate of the first resonance frequency

For low DC voltage the quality factor for the two resonators is important since
they are in vacuum chamber to avoid air losses. By increasing the DC voltage,
the quality factor decreases strongly even at low ratios of DC to pull-in voltages.
Losses sources are possibly numerous and discussed in many papers [28] : viscous
loss, acoustic radiation, support loss, thermoelastic loss, volume and surface loss,
... .
1
1
1
1
1
1
=
+
+
+
+
+ .... (7)
Qtot
Qviscous
Qsupport
Qthermoelastic
Qsurf ace
Qohmic
Some of them as gap-closing effect [42] and ohmic losses [41] depends on the DC
voltage. However, only the ohmic losses from the electrons moving on and off the
resonator due to capacitive coupling to a nearby gate can explain the observed
important influence of the DC voltage on the evolution of the quality factor, in
particular according to an inverse quadratic variation :
Q−1
ohmic =

1 RΩ (C 0 Vdc )2
,
πω
mef f

(8)

where ω is the angular frequency of vibration, RΩ is the output resistor C 0 is the
gradient of the capacitance and mef f is the effective mass of the resonator. As a
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Fig. 8: The experimental quality factor Q with respect to Vdc for the case of a flat
and deflected microplate (Wmax = 270nm) where Vac = 0.07 V.

conclusion, the more we approach the pull-in voltage of the resonator the more
the quality factor decreases.

5.3 Nonlinear frequency analysis
In this section, the nonlinear frequency of a circular microplate is investigated near
the primary resonance. In the case of an initially deflected circular microplate, the
resonator has two different behavior according to the bias voltage level. For the
first case in Table 2, the membrane is excited with a small DC voltage and so
the geometric nonlinearities are higher than the electrostatic ones, as shown in
Figure 9a. Thus, the frequency response bends to the right displaying a hardening
behavior involved by geometric nonlinearities. In the second case reported in Table
2, the micro-system biased by a higher DC voltage shows a softening behavior
in Figure 9b. Indeed, the frequency response bends to the left illustrating the
predominance of electrostatic nonlinearities over geometric ones [35]. It can be
noticed that experimental and numerical results are in a good agreement. The
maximum error between the two results is at the bifurcating points. For example
the error at the hardening response 9a is equal 7% however for the softening case
is equal to 12%. This is because at high displacement field induced by nonlinear
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effects other loss sources may occur and the quality factor is more affected than
expected. Hardening and softening behaviors are accurately described according
to qualitative and quantitative considerations.
Table 2: Excitation parameters used for numerical tests
Vdc
15 V
25 V

Fist case
Second case

Q
700
500

3.5
Experimental sweep up
Experimental sweep down
Numerical solution

Experimental sweep up
Experimental sweep down
Numerical solution

3

2

Velocity amplitude [m/s]

Velocity amplitude [m/s]

2.5

Vac
0.25 V
0.25 V

1.5

1

0.5

2.5
2
1.5
1
0.5

0
6.25

6.3

6.35

Frequency [Hz]

(a)

6.4
105

0
5.8

5.9

6

6.1

6.2

Frequency [Hz]

6.3
105

(b)

Fig. 9: Comparison between the experimental and the numerical frequency
response of the maximum velocity at the center of the microplate with initial
deflection w0 = 270 nm for: (a) small DC voltage, first case in Table 2. (b) for
higher DC voltage, second case in Table 2. The solid line presents the stable
solution of the system and the dashed line presents the unstable solution.

The nonlinear frequency resonance of the resonator is investigated with respect
to DC and AC voltages. In Figure 10a, the microplate was actuated with Vac = 0.25
V and different DC voltages. For a low DC voltage (Vdc = 2.5 V), the microplate
vibrates with a low amplitude and the system has a linear behavior. By progressively
increasing the DC voltage, the vibration amplitude increases, the resonance peak
moves to lower frequency values and the curve bends to the right. As long as
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the bias voltage stays below a threshold of 20V, Figure 10a displays a hardening
behavior involved by geometric nonlinearities. Remarkably, at a critical Vdc about
20 V, the resonator frequency response changes form hardening to softening due
to the amplification of the electrostatic nonlinear terms.

Unlike the effect of Vdc on the resonator frequency response, as shown in Figure
10b and Figure 10c, the variation of the AC voltage has a significant impact
on the excitation amplitude and a negligible one on the negative electrostatic
stiffness. Consequently, the increase in the Vac leads to an increase in the vibration
amplitude and the bistability domain without any remarkable frequency shift. This
phenomenon is shown in Figure 10b for Vdc = 5 V where the frequency response
exhibits a hardening behavior. For this case, the geometric nonlinearities are
dominating the electrostatic nonlinearities which explains the hardening behavior
of the microplate. However, when the electrostatic nonlinearities dominate the
geometric nonlinearities, the microplate exhibits a softening behavior as it is shown
in Figure 10c.

In Figure 11, we compare the experimental frequency response of a flat and
a deflected microplate excited with the same DC and AC voltages (Vdc = 15 V
and Vac = 0.25 V). With a flat surface, the microplate has a softening behavior.
Nevertheless, when the microplate has an initial deflection, the behavior of the
micro-system changes from softening to hardening. The initial deflection increases
the gap distance between the two electrodes which decreases the electrostatic force.
In this case, the sign of the overall cubic nonlinearities is positive. Therefore, the
frequency response curve bends to the right and exhibits a hardening behavior.
Consequently, the bifurcation topology of the resonator frequency response can
be tuned with respect to the DC voltage and the initial deflection. Doing so, the
performances of the device can be adjusted in terms of generated acoustic power
and frequency bandwidth.
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Vdc = 2.5 V

Vac = 0.25 V

Vdc = 10 V
Vdc = 15 V
Vdc = 20 V

2.5

Vdc = 25 V

2
1.5
1

2.5

Velocity amplitude [m/s]

Velocity amplitude [m/s]

3

Vac = 0.5 V
Vac = 0.75 V

2

1.5

1

0.5

0.5
0

0
5.9

6

6.1

6.2

6.3

Frequency [Hz]

6.4

6.35

105

6.4

Frequency [Hz]

(a)

6.45
105

(b)

Vac =0.25 V
Vac =0.5 V

Velocity amplitude [m/s]

3

Vac =0.75 V

2.5
2
1.5
1
0.5
0
5.6

5.8

6

6.2

Frequency [Hz]

6.4
105

(c)

Fig. 10: Experimental investigation of the effect of the (a) DC voltage
(Vac = 0.25 V ) and (b) AC voltage (Vdc = 5 V) and (c) AC voltage (Vdc = 22.5 V)
on the frequency response. The solid and dashed lines represent the vibration
amplitude of the microplate by performing a sweep down and a sweep up,
respectively.

5.4 Time history analysis

Another way to characterize the dynamic behavior of a nonlinear resonator is by
analyzing the time history of its response [29]. In this section, we are interested to
the upper stable branch of the nonlinear frequency response of the microplate,
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w0=270 nm sweep up

Velocity amplitude [m/s]

2.5

w0=270 nm sweep down
w0=0 nm sweep up
w0=0 nm sweep down

2

1.5

1

0.5

0
6

6.1

6.2

6.3

Frequency [Hz]

6.4
105

Fig. 11: Experimental frequency response of flat circular microplate and deflected
circular microplate with an initial deflection w0 = 270 nm, excited with the same
voltage Vdc = 15 V and Vac = 0.25 V

Figure 12. the micro-system is actuated with a Vdc = 27.5 V and Vac = 1 V.
In this case, the microplate exhibits a softening behavior since the electrostatic
force exceeded the critical excitation amplitude [20–22]. The time history of the
microplate is determined for different frequencies (fa = 605 kHz, fb = 598 kHz,
fc = 544 kHz and fd = 506 kHz) by doing a sweep down from 650 kHz to the
desired frequency (fa , fb , fc and fd ). Once the right frequency is reached, the
time response of the resonator is saved and processed by applying the Fast Fourier
Transform (FFT), as shown in Figure 12 (a-d).
In Figure 12a, the excitation frequency is set to be fa = 605 kHz, where the
frequency response have one stable solution. As it can noticed from the Fourier
spectrum, the response contains components of the first and super-harmonics.
Decreasing the excitation frequency to fb = 598 kHz , which corresponds to a
stable response in the bistable region, the Fourier spectrum contains other harmonic
peaks around the first and the superharmonics compared to to the frequency fa
which explains the quasi-periodic response of the time history response. As shown
in Figure 12(c-d), by decreasing more the frequency, the time response becomes
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periodic and the vibration amplitude increases while the signal becomes more
distorted when approaching the bifurcation point. The appearance of superharmonics
in the time history of the microplate indicates the presence of quadratic and cubic
terms originating from electrostatic and geometric nonlinearities.

6 Conclusion
The experimental characterization of a circular capacitive transducers and the
understanding of their nonlinear behavior were the main focus of this paper.
The micro-system has been characterized with different methods: for the static
behavior, an optical interferometer was used to visualize the topography of the
upper surface of the microplate for different DC voltages. A comparison between
flat and initially deflected resonator was performed showing a good agreement
with the theoretical results. Even though this deflection is small, it leads to an
important increase of the pull-in voltage due to the increase of the gap distance
between the two electrodes.
The dynamic response of the microplate was investigated using Laser Doppler
Vibrometer (LDV) by measuring the velocity of the vibrating plate. The DC
voltage does not only have an effect on the total displacement of the microplate but
also changes its linear eigenfrequencies due to the negative electrostatic stiffness.
Also, the increase of the DC voltages leads to an increase of the dissipated energy
due to the ohmic losses. The nonlinear dynamic response of the micro-system
was also investigated for different DC and AC voltages.The frequency response
of the resonator can have both hardening and softening effects depending on
the electrostatic force: for low DC voltage the microplate has a hardening type
behavior induced by the geometric nonlinearity. The increase in the DC voltage
increases the electrostatic nonlinearities and the frequency response changes from
hardening to softening. It was shown that a small deflection of the membrane can
change the frequency responses from softening to hardening due to the increase
of the gap distance between the two electrodes. Moreover, by analyzing the time
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Fig. 12: (e) Nonlinear frequency responce of the microplate for a Vdc = 27.5 V
and Vac = 1 V (a-d) time response and its FFT for the frequencies fa = 605 kHz,
fb = 598 kHz, fc = 544 kHz and fd = 506 kHz
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history of the nonlinear frequency response, the resonator showed some interactions
between its fundamental harmonic and superharmonics due to quadratic and cubic
nonlinear terms coming from geometric and electrostatic nonlinearities.
Even though in this work, circular microplates have been tested in vacuum, future
work will include the modeling and the experimental analysis of such devices in
air and water for practical applications while taking into account the squeeze film
effects.
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