This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

IEEE/ASME TRANSACTIONS ON MECHATRONICS

http://dx.doi.org/10.1109/TMECH.2021.3053609

Energy based modeling of ionic polymer metal
composite actuators dedicated to the control of
flexible structures

Ning Liu, Student member, IEEE, Yongxin Wu, Member, IEEE, Yann Le Gorrec, Senior Member, IEEE

Abstract—This paper deals with the control-oriented energy-
based modeling of ionic polymer metal composite patches using
multiscale infinite dimensional port-Hamiltonian formulations
and Lagrange multipliers. Inspired by the work of Gou Nishida et
al. 2012, but considering different assumptions, this paper focuses
on the constraints arising from the coupling between the polymer
gel and the compliant mechanical structure of the actuator, under
the quasi-static mechanical assumption for the gel, leading to a
constrained port Hamiltonian system. The geometric structure of
the overall system and the associated energy balance are derived.
The proposed energy-based model of the IPMC actuator allows
deriving controllers via energy-based control design methods with
a clear physical interpretation. The proposed actuator model is
further discretized in space using a structure preserving finite
difference method. The Lagrange multipliers are eliminated using
coordinate projections. Simulations are compared with experi-
mental results. With proper discretization numbers, our model is
consistent with the physical system. Finally, Lagrange multipliers
are exploited to connect the actuator to a 2-dimensional flexible
structure stemming from the modeling of a flexible endoscope.

Index Terms—IPMC actuator, infinite dimensional port Hamil-
tonian system, 2D shell modeling, model discretization.

I. INTRODUCTION

ONIC polymer metal composites (IPMCs) are widely used

as actuators or/and sensors in biomedical and industrial
domains [1], [2], due to their advantages of low-cost voltage,
large deformation, as well as broad bandwidth in comparison
with piezoelectric materials.

IPMCs are composed of an electroactive polymer (poly-
electrolyte gel) whose surfaces are coated with a conductor
such as gold. The working principle is the following: cations
and solvent molecules in the gel transport to the cathode
side of the electrode when an electrical potential difference
is imposed across the two boundaries of the double layer. As
a consequence, the cathode side swells and the anode side
shrinks, entailing a bending effect to the anode side [3].

Based on the aforementioned physical structure and working
principle, various models of such actuators have been proposed
in the literature, mainly sorted into three subclasses: black box
models, white box models and grey box models.
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As initially proposed in [4], [S], the black box model,
which is purely empirical and which focuses only on the
relation between specific inputs and outputs (e.g. voltage and
tip displacement of the IPMC), is simple to establish [6].
However, as it is based on strong assumptions, it cannot be
applied to all types of IPMC, nor to different boundary or
experimental conditions. In contrast to the previous one, the
white box model is established via principles of physics and
chemistry at the molecular level [7]-[9], resulting in a set of
partial differential equations (PDEs). The complexity of such
model makes it difficult to handle from a numerical point of
view and difficult to be validated experimentally.

Different from the two previous models, the grey box model
has been investigated in [10]-[12]. It is formulated according
to physical principles in conjunction with simplified assump-
tions and parameter identifications. It is proven that this kind of
model presents a higher accuracy and wider universality than
the black box model. Meanwhile, it is more preferable than
its white counterpart in terms of the numerical implementation
and the experimental validation. According to the composition
of IPMCs, the model is derived considering three subsystems:
the interface between the gel and the electrode, the polymer
and the mechanical structure. In [12] a control-oriented and
physical-based model of an IPMC actuator using an infinite
dimensional transfer function between the input voltage and
the output endpoint displacement of the actuator is proposed.
The mechanical dynamics is approximated by a second-order
system, which is valid only at low frequencies. With the model
reduction of the infinite dimensional transfer function, an H .
controller is implemented. This work focuses on the modeling
and control design of a single actuator in a given range of
frequencies.

The proposed approach is different as it aims at providing
a model of IMPC patches suitable for distributed control of
flexible structures. The proposed model has then to cope with
higher frequency modes and to be easy to interconnect with
both elastic beams and thin shell models, the control design
being derived using energy based control design methods in
order to have a better physical interpretation for the con-
troller. Recently, a new type of grey box model has been
proposed in [13] within the framework of port-Hamiltonian
systems (PHSs). This port based modeling expresses the
dynamics of the system through energy exchanges between
its subcomponents. As a result, it is particularly well suited
for the modeling of complex, multiphysical and multiscale
systems via power preserving interconnections. Yet, due to the
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considered assumptions, the model proposed in [13] presents
some important limitations. In [13] a local homogeneity
assumption is considered for the polymer deformation. The
multiscale coupling of the gel with the mechanical structure
is done through the bending moment, locally defined for the
polymer gel, and the structure deformation, globally defined
for the mechanical structure. Furthermore the polymer action
is seen as modifying the internal properties of the mechanical
structure. As a consequence singularities may appear when
the mechanical deformation is homogeneous. In this case, due
to the considered assumptions, the bending moment provided
by the polymer gel is homogeneous and without any effect
on the distributed mechanical structure. On the other hand,
the coupling between the mechanical properties of the gel
(considered as quasi-static) and the mechanical properties of
the actuator structure in [13] is implicit, with conflicting
causalities in the proposed Bond Graph. In this paper we make
the quasi-static behavior of the gel explicit and express the
algebraic constraint arising from the coupling between the gel
and the mechanical structure of the actuator with a Lagrange
multiplier. We also consider the action of the polymer gel on
the mechanical structure as an external distributed bending
moment, avoiding singularities associated with homogeneous
deformations. The discretization of the proposed IPMC model
is structure preserving, such that our discretized model is again
a port-Hamiltonian system. To go much further, a similar
strategy using Lagrangian multipliers is used to connect this
IPMC model to a 2-dimensional (2D) elastic tube stemming
from the modeling of a flexible endoscope.

The paper is organized as follows. Section II establishes the
energy based model of the IPMC as a modular composition
of three subsystems and their multiscale coupling under the
port-Hamiltonian framework. The overall structure of the
system and the associated energy balance are made explicit. In
Section III, the finite difference method on staggered grids is
applied to discretize the IPMC model in a structure preserving
way. Meanwhile, the Lagrange multipliers are eliminated by
projection. Comparisons between simulated and experimental
results are given in Sections IV. In Section V is proposed the
model of a 2D flexible structure stemming from the modeling
of a flexible endoscope actuated by an IPMC patch. In Section
VI are given conclusions and perspectives.

II. MODELING OF THE IPMC ACTUATOR

The IPMC patch under investigation is of length L, width
b and thickness h. Its shape and structure are depicted in Fig.
1.
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Fig. 1: Shape and structure of an IPMC actuator patch.
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This IPMC model is composed of three subsystems: the
electrical system stemming from the modeling of the elec-
trode/polymer interface, the electro-stress diffusion system
stemming from the modeling of the polymer, and the mechani-
cal system stemming from the modeling of the overall mechan-
ical structure deformation, which are at scales of nanometer,
micrometer and centimeter [13], respectively. In this section,
the different subsystems and the way they are coupled are
discussed. The main differences with the model proposed in
[13] lie in the electro-stress diffusion and mechanical models
and the way they are interconnected (cf. subsections B, C, D).

A. Electrical system

Starting with the electrical part, we assume that the volt-
age V is uniformly distributed on the double layers. Ac-
cording to [13], each fractal-like structure on two elec-
trodes is referenced as a virtual coordinate & € [0, L]
as marked by a red circle in Fig. 1b, and is represented
by a distributed RC circuit illustrated in Fig. 2. For each
structure, there are innumerable infinitesimal branches, where
R (&) represents the resistance density between two adjacent
branches, and R2(£) and C3(€) correspond to the resistive
and capacitive impedance densities of each branch, respec-

tively. By taking the variables: f1(,1) = —0Q(E,1)/t,
0.9 Ry(8)
v Ry(§) ﬁ
£=0 €= L

Fig. 2: Infinite dimension electrical system.

e1(§,1) = Q(&,1)/Ca(§) + Ra2(§)0Q(E,1)/0t, fra(&,t) =
0/0¢ (Q(&,1)/C2(§) + Ra(§)0Q(&, 1) /0t), where Q(E,1) is
the charge density of each capacitor, one can express the
dynamic function of the circuit in a PHS form: !

f 0 8 ¢ 1 fT” (fat)
(frll) - (35 0§> (e:l) with €71 (&,1) = —Rlli(,é)- ey

Assuming that the impedance is infinite, the current at the
endpoint of each fractal structure is zero, namely e,1(L¢) = 0.

According to [15] and [16], the boundary port variables of
(1) can be expressed with respect to the physical boundary
conditions:

T T
(fgé egf) = (61(0) e1(Le) —er1(0) Brl(Lg))
=(V+Ve e(ly —L 0), )
where V. corresponds to the voltage coming from the gel, and
1. represents the output current.

The Hamiltonian reads H,.; = ff Q?/(2Cy) d€. The energy
balance equation is given by:

OH, QT
l /5Q 9 e < fheeoe, 3)

ot ot Csy

IFor the sake of compactness, 9/0¢ is denoted as O¢ and the symbol t is
omitted in the following context.
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where we have used the integration by parts, (2) and the
dissipation arising from R; and Ro.

B. Electro-stress diffusion system

In this part we are interested into the electro-physical
properties of the polymer and the associated electro-stress
diffusion process occurring in the gel. The gel is composed of
a solid and a liquid phase. The former contains the polymer
network and fixed anions, and the latter includes cations
and water molecules [17]. In the liquid phase, two coupled
phenomena can be distinguished: the electro-osmosis and the
water transport [18]. This will later be modeled using P.G.
de Gennes’ method [19]. The solid phase is assumed to be
at a pseudo-equilibrium state, because the solvent dynamics
is much slower compared to the mechanical dynamics of the
polymer, hence forming a quasi-static electro-stress diffusion
coupling model [13], [18].

This assumption makes the mechanical dynamics of the
gel implicit, such that the radius of curvature of the gel is
addressed with the help of the rotational angle of the patch de-
formation along the x coordinate, i.e. 1/R(x) = —00(x)/0x,
which leads to algebraic constraints in the coupling between
the electro-stress diffusion system and the mechanical system
associated with the patch deformation.

Here we explain both the solid phase and the liquid phase
modelings in details. The deformation of the solid phase
is assumed to be symmetric (right graph in Fig. 1b). The
curvature R(z) is assumed to be locally homogeneous along
the x direction. Stress tensors are formulated by the curvature
R(x) and the swelling ratio f,(z,z):

26
R(z)

o) = (K +56) o) = s

2,

Opz(2,0) = <K — §G> fs(z,2) +

where K and G are the bulk and shear modulus of the gel,
respectively [18].

The pseudo-equilibrium state of the gel gives the pressure
p as

D =0zz. (4)

In the liquid phase, it is supposed that the gel goes only in
the z direction. This is consistent with the hypothesis of local
homogeneity of R(z) in the solid phase. The conservation law
on the volume leads to [18]:

js(z,x)

Ofs(z,x)
ot N 0z ®)
where js(z, ) is the flux of solvent.

Different physical models dealing with the coupling be-
tween the ion and water transport have been studied, among
which are the ones developed by Nemat-Nasser [8] and by P.G.
de Gennes [19]. The former one [8] emphasizes the importance
of the electrostatic force over the hydraulic force and the latter
[19] considers that the hydraulic force prevails in the coupling.
Both models are consistent with the experimental results. In
this paper we use the P.G. de Gennes’ model because it is
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based on irreversible thermodynamics and is well suited for the
port-Hamiltonian formulation, leading to a natural definition
of the power conjugated flow and effort variables. The model
is formulated as follows:

d2

—¢?VP —AVy, - (6)

je = _Jevw - )‘vPa js =

where j. represents the electrical current density. o, is the
conductance, A stands for the Onsager’s coupling constant
and © is the electric field. ¢, d and 7 denote the water
volume fraction, the effective pore size and the water viscosity,
respectively, whose product ¢d?/n forms the constant of the
Darcy’s permeability [19].

By combining (4) and (6), one gets:

) L A2 2\ ap
B(E)= 2ot (06 - ¢n) o
0

A
= Rog, Refs(20) + 1z je +120(z), ()

with Ry = d(zj)/n—)\Q/ (dQO'G)), Ry = d(K+4/3G),
and ®(z) = (¢d*/n — A?/o.) 4G/R(z). Ry fs can be seen
analogous to a compression force. 1 is firstly proposed in
[13] and serves for the multiscale coupling. It stands for the
characteristic function of domain z, and distributes uniformly
the boundary values G% je and ®(x) into the z domain.

Similar to the electrical system, by defining fo = —0,fs,
fr2 = Rfazfs’ €2 = Rffs and e.o = _Rgaz (Rffs),
(5) and (7) can then be reformulated in the port-Hamiltonian
framework as:

(J{r22> - <50z %) (:,Z) ywith €2 = =Ry fra. (8

The boundary variables are:

(faz>_(er2(—g) e (B) —e2(-1) e (B)". O

€9z

Boundary conditions come from the impermeable assumption
that js(£h/2) = 0 [13]. The Hamiltonian associated with
the electro-stress diffusion system is H,, = fz Rysf?/2dz.
The energy balance equation is formulated as O;H., =
L. (0efs - Ryfs)dz < f3.ep., which is similar to the energy
balance equation (3).

Considering that the swelling and shrinking are visualized
at a macro scale, the gel generates locally a bending moment
in the z direction,:

M(@)= [ (70~ p)bods

z

Gbh?

= /Ba’RffS(z,x) dz + ——

: 2R(z)’ (10)

with B,(z) = —2Gbz/R ;. This bending moment can later be

divided into two parts, M,; and M., reading:

bh?
le(fﬂ) = /BaRffs(Z,I) dZ, MIQ(I) = QCJR(aj)
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C. Mechanical system

A slightly deformed IPMC actuator can be modeled as a
Timoshenko beam with = € [0, L] under the port Hamiltonian
framework [20]:

f3 0 (91; 0 -1 €3 0
il o 0 0 olfe] [o]M
=10 o 0o a|le|T|of T®HAD
f6 1 0 83; 0 €g 1

where 2 f3 = — (0w — 040), f1 = pAdyw, f5 = —0s.0,

fo = plou0, e3 = GA(Opw — 0), ey = —Oww, es = E10,.0
and eg = —0;0. w denotes the longitudinal displacement, p is
the beam density, F represents the Young’s modulus, A stands
for the cross section area of the beam, I is the moment of
inertia, and M (z,t) is the distributed bending moment coming
from the gel, formulated by (10).

The boundary port variables are calculated as:

(fam> :< ((es(0) es(L) e(0) es(L) )"
oz ( —e3(0) es(L) —e5(0) es(L) )

The  Hamiltonian of the beam is H,, =
L (GA (Do — 0)° + B1920 + pAdZw + pfafe) da.

Remark 1. Differently from [13] the quasi-static behavior
of the polymer is made explicit in the electro-stress diffusion
system and the contribution of the polymer on the mechanical
structure stemming from the modeling of the patch bending is
considered as a distributed source term.

D. Coupling between the different subsystems

1) Electrical / electro-stress diffusion systems: According
to (7), the interconnection between the electrical system and
the electro-stress diffusion system is made through the bound-
ary variables e;1(0), e,1(0), and js(£h/2). Given that these
boundary variables are of different scales and are defined in
different independent domains £ and z, a coupling element,
named boundary multiscale coupling (BMS), has been intro-
duced in [13] to proceed with the interconnection. As depicted

_A lo= % oh
o.Lb A s R s
L Ve ede | 19z
§ L GY Ryfsla.” BMS| 1725, 7 Z
Fig. 3: Bond graph of the coupling between ¢ and z, with
Ryfslo =Ry (£s (3) = fs (=3))-

in the bond graph in Fig. 3, the BMS element works as a
differential gyrator. By crossing it, (% Jje 1s multiplied by the
characteristic function 1, which ref)resents a uniform dis-
tributed input in the domain z. Conversely, the effort variable
0(Ryfs)/0z in the z domain goes through the BMS in order
to be integrated over = and become Ry (fs (%) — f, (—2)).
The current density j. is related to the current I, by

I

E— 1
Je =7, (13)

2The second-order derivative operator 82/ (92dy) is denoted by Oy .
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Based on the power conservation, R f |o is transformed into
the voltage V. via the gyrator GY:

Vo= (1(5) - £ (-5))-

2) Electro-stress diffusion system / mechanical system: At
the macro-scale, the electro-stress diffusion model connects
with the mechanical model through two bending moments
(M1 and M,2) and the angular velocity 06(z,t)/0t.

The bond graph of the interconnection through M, () is
shown in Fig. 4 (left column). An additional term %IL Z% is
added into (5) to match the power conservation. This term is
considered in the electro-stress diffusion system as a source
term coming from the mechanical level:

Ofs(z,x)  0js(2) Ba]l 00(x)

a0 8 L 7 o
The coupling through M5 (z) and ®(z) aims at describing the
aforementioned algebraic constraints. From the bond graph in
Fig. 4, since ®(z) acts as a flow source for the electro-stress

diffusion system and M () is the output of this system, with
the linear relation

(14)

3 2 2 1
Mzg( ) = <I>( )Bp,wnhB _% <¢d—2> , (15)

e
a Lagrange multiplier Ar, is added to express the associated
constraint and to guarantee the causality of the system, as
presented on the right column of Fig. 4. One gets:

s

Refu . Ryfy | on R Ry
Ry:C 220 —5~— DTF <~—%—0 [0 R:R,
fs B Js R‘JRfd_;
Baq 00 .
Refs| —T*1so R 1@
GY BAI :dz
N
_ 1. 90
L(,]I.ZW B(:Rff.s (I)E ijf
o «[m,
5; .|BMS
0] R (
108 1fslo:
M,y T, ot )\L
1 w4 ‘ B, 00
L_O.TF P/H)“’/ /1*“ -
| Br oo
Ma | 00 Lo bt
L ot BI‘ 41
T, TF
My, | 06
Lo ot

Fig. 4: Bond graph of the coupling between z and x, through
M1 (left column), Mo (right column) and 96/0¢.

)t (16

T

(1 52) w=(o
Furthermore, the physical constraint associated with the La-
grange multiplier Ay, is given by:

5,\ (Rifilos B, 99
0 L)( o | =Rabilos+ g =0

ot

a7

It reveals that the arrow associated with the Lagrange mul-
tiplier in the bond graph (shown in Fig. 4) is an effort
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source with zero flow, such that by passing the ‘O’ junction,
the effort variable ® remains unchanged, while the flow
variables R fs|s, and %% sum to zero, ensuring the power
conservation. This is analogous to an interconnection of two
glued mass-spring systems, where the two masses have the
same velocity and inverse reaction forces. Accordingly, (8)

changes to:

Baq,00
(j.]:ﬁz) — (802 %) (:TQQ) + ( T ]]-Z ot E)"az]]-ZAL)’ (18)

closed with e,o = —R,fr2, boundary variables (9), and
interconnections (16) and (17).

E. The overall system

The three above subsystems (1), (18) and (11), as well as
their boundary variables (2), (9), and (12), can be coupled
through the relations (13), (14) and the Lagrange multiplier
(16) and (17), to get the global system:

f=Je+ AL, (19)
with f = (fi fri fo fr2 f3 f2 5 fG)T,
e = (61 €r1 €2 €p2 €3 €4 €5 66)T’

0 O 0 0 0 0 0 0
de 0 0 0 0 0 0 0
0 0 0 9. 0 0 0 —Be1y
_lo o 0- 0 0 0 0 0
J=10 o 0 0 0 9, 0 -1 [
0 0 0 0 9 0 0 0
0 0 0 00 0 0 0
0 0 [,8¢()d= 0 1 0 8, 0
and Ay" = (000 ()]s —()l_y 0 0 0 0 —Z),
such that
AL*B = €2 (Z) — €2 (—Z) — %66 = O7 (20)

which is similar to the constraint (17). The extended space of
flow variables is defined as ¥ = % x Fy, with:

F=F0,10) X F (b 1y X F,1)
h h
= Ly ([0, L¢) x [0, L], R?) x Lo ([—2, 71 % [O,L],R2>
xLs ([0, L],RY),
Fo = Foe x T, X Fou = R? x R? x R,

Let HY ((a,b); R™) denote the Sobolev space on the interval
(a,b). The extended space of effort variables is & = & X &3,
with:

6= Eo.Le) X 6.1 X Elo.n)
= H' ([0, L¢] x [0, L], R?) x H' ([—Z,;] « [QL],RQ)

xH" ([0,L],R"),

éaa:é%gxé%zxé%x:RQXszR‘L.
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Proposition. The linear subset 9 € .F x & defined by

f

@{ fo |feﬁ,ee£,(0>e%xga,
e €9
€s

f = je+AL)\L7AL*e = 07 )‘L € Hl([O7L]aR)a

e1(0) + ﬁ ( (’2‘) tes (_g)> _v

h A
€r2 <i2) + merl(o) + AL =0,

Erl(Lg) = 63(L) = 64(0) = 65(L) = 66(0) = 0}

is a modulated Stokes-Dirac structure.

Proof: Equation (19) together with (20) can be reformu-

lated as :
f _ J AL €
(0) = (a5 ()
N————’

je

The modulated Stokes-Dirac structure is inherent to the skew
symmetry of 7. The skew symmetry of 7, lies in the equality
between (e!, 7.€?) and (—J.e!,e?) with the input, where
(-,-) denotes the inner product in the Hilbert space. e! and
e? are two pairs of effort variables in &. Using integration
by parts, relations of interconnection and boundary conditions

II-E defined in &, we have
(€', Je€?) = (~Tee', e?) — V/ (e71(0) + €7,(0)) du,

where — fz e2,(0)dx is the output current ;o along the
IPMC electrodes. |

III. MULTISCALE DISCRETIZATION OF THE IPMC
ACTUATOR

We consider now the discretization of the IPMC actuator
model (19). To preserve the port Hamiltonian structure of
the system, which is important for both analysis and control
design, the structure preserving finite difference method on
staggered grids [21] is applied for the discretization in space.
In what follows, £ and z are local coordinates, while x is
the global coordinate, which rises the assumption that each
point in x possesses one corresponding £ and z. As a result,
there are N, (= N¢ x N;) elements for the electrical system,
Ny (= N, x Ny) elements for the electro-stress diffusion sys-
tem, and IV, elements for the mechanical system.

A. Discretization of the electrical system

Before starting the discretization, (1) has to be reformu-
lated in order to handle its algebraic linear expression in e;.
Therefore, (1) is rewritten as:

f1 0 85 0 €1c
le = 65 0 65 €r1 s (21)
f1 0 85 0 €1R

with e1, = Q/CQ and e1g = RgatQ = *Rgfl.
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The discretization scheme is shown in Fig. 5, where j €
{1,---, Np} represents the jth element in the x coordinate,
and h; is the discretization step along the £ direction. With

X (f1)1, (fi)z,; = - (f1) N
(elR}o,j €1R)1,5 elR)2,j """ e1R)NE j
(e1c)p.i py (e1c)1y €1c)2,5 o €1c) Ne,j

q

(er1)1,;  (er1)2j -+ - (er1) e K
(fr)1y  (fra)2y oo o (fr1)ne,i (€r1)Le,j

Fig. 5: Discretization schema of (21).

boundary condition e, (L¢) = 0, (21) is discretized into:

Jia 0 D O €1cd 0
fra|=-Df 0 -DT erd | + [ 01 | ew, 22)
f1a 0 D 0 €1Rd 0
. T
with fig = ((fi)11 (fi)i,n, (fl)Ng,Nb)T7
fria ((fr1)11 (fri)1,m, (fr1)NeNy) s
T
€led = ((elc)l,l (615)1,Nb (€1c)N5,Nb) s
T
€1Rd = ((elR)l,l (elR)l,Nb (elR)NE,Nb) s
e1p = €1.(0) + e1rq(0) and the matrices
101
“h: hy -+
1
0
D, = g1 = ) )
1 :
My 0
h;
where RNoxNo 5 hi = diag (}%) and O is zero matrix of
1 1

appropriate size.
The closure equations e,y = —f,1/Ry and e;g = —Ra f}
are discretized into:

erid = L1 fr14, and e1rq = Ly2 f14, (23)

with Lrl = dmg(—l/Rl) and LT-Q = dzag(—Rg)

B. Discretization of the electro-stress diffusion system
Similar to III-A, (18) is recast into:

f2d 0 D)\ (e Das g2\ (e6a
= + , (24
(erd *Dg 0 €rad 0 0 e9p (24)
T
where faq = ((f2)i, (f2)1 ., (f2)N27Nb)T’
f'r2d = ((fr2)1,1 (er)LNb (er)Nz,LNb)T,
Do = (-2 —M,, ~Mny,)",
RNNe 5 M, = diag (—39% (~lp 4 @moDie))
. T
exp = (_%Je_)\Ld), ALg = ()\Ll )\LNb) , and
matrices
1 _1
ho ho
D2 = hz 92 = .
Py :
ho hs
The closure equation e,2 = =R, f,2 is discretized into

€r2qd = Lrgfrgd, with Lrg = dlag(ng) (25)
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C. Discretization of the mechanical system

For a clamped-free cantilever beam model, with boundary
condition e3(L) e4(0) = e5(L) es(0) = 0, (11) is
discretized into:

f3d 0 D3 O S esd
f4d —Dg 0 0 0 €44
f5d 0 0 0 D3 esd
fed -sf o -DI o €6d
Jm,d
0 0
0 0
+ 0 e2q + 0 ALd, (26)
-DE, diag(2)
S2 S)\
where fia = (/1 - f1) L ea= (e o o) ii=
{3,4,5,6}, and matrices
1 1
hg 5
_ 1 1
D3 = hs ,S1=—12
11 1
hs  hs 2 2

With the coupling relations (13) and (14), closure equations
(23) and (25), the discretized subsystems (22), (24) and (26)
lead to the global discretized system:

jfld ]\421)%1 P1 0 €1d
i‘gd = MlD’{ (I — L,-QMQD,{) P2 —Sg €od
«imd 0 SQ JnLd Emd
Tq Jr €d

0 — Mg

+ | 92 | Ava+ | M1 (D LyoMy —T) g1 | V, 27)
S 0
ge B

with I the identity matrix of appropriate size,

T1a = Qd, T2q = fsas
Tond = (aarwd — 9d pA@t(.L)d 8330(1 ,DIated)T7
eqa = Lazg, Lq = diag (1/Ce, R, GA, 1/ (pA),EI, 1/ (pI)),

My = go——~g1 L1, PL = Mag1 —— g3
1 gZO_engl 1,471 291 UengQ’
My = — (T4 D1L,1 D Ly5) " DyL,q, and
A
Py = —DyL,3Ds — My (DT LM, +1) glmgg :

The geometric constraint in (20) becomes gCTed =0.

D. Elimination of the Lagrange multiplier

The Lagrange multiplier Ar,4 in (27) has to be eliminated in
order to perform the simulation and apply the control strategies
afterwards. The proposed method is based on the coordinate
projection in [22] that preserves the PH structure of the system.
This projection approach has later been improved in [23] to
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get a descriptor formulation in the linear case, which finally

leads to:
) Lq <§1> + MBV, (28)

I 0
0 o0 9
where M is the coordinate transformation matrix such that

M = 1
0 \(ede) el o
Xy =M (fcle T3y Tig Ty :175Td) , Xo = Mzl J=

(411 Jﬁ) _ NIJNIT. and Fy = 8T-TLN .

Xl _<j11 ~j12
X, grM™

with S satisfying S - g. = 0.

Jo1 Ja2

IV. SIMULATION RESULTS AND EXPERIMENTAL
VALIDATION

The experimental set-up is shown in Fig. 6. The IPMC patch
is controlled through a computer equipped with a dSPACE
controller board in order to generate different types of input
voltages. The amplifier is used to regulate the input voltage.
The laser position sensor and current sensor are dedicated to
the measure of the tip displacement of the IPMC and to the
measure of the output current, respectively. The dimension
of the considered Nafion-based IPMC actuator is 45mm x
5mm x 0.2mm, with a density of 1.633 x 103kg/m?, Young’s
modulus of 9 x 10"Pa and Poisson ratio of 0.3. According
to [24], ¢ = 0.34 and n = 0.010Pa - s. Identified parameters
are listed in Table I, where Riioal, Lol and Coya are the
identified resistances and capacitance of the electrodes.

dSPACE Amplifier  Current conditioner

Position sensor

Current sensor

Fig. 6: Experimental setup of IPMC.

TABLE I: Identified parameters.

Ripm | 46054 | Q || A | 16.6 x 1072 | m?/(Vs)
Rl 3 Q|| oc 13.10 1/(Qm)
Cowora | 0021 | F || d 10 nm

The temporal evolution of the current obtained in the simu-
lation with a step voltage of 1V are depicted and compared to
the experimental one in Fig. 7. The simulations correspond to
four values of N¢ (10, 50, 100 and 200), while both NV, and
Ny fixed to 10. As V¢ increases, the peak response obtained in
simulation approaches gradually the experimental one (marked
by black solid line), while the settling time remains similar.
This evolution is in accordance with the frequency responses
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0
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Fig. 7: Variation of the output current according to different
discretization numbers N¢, compared with experimental data.

of the transfer functions associated to different values of V.

From the Bode diagram in Fig. 8, the transfer functions have
a similar shape at low frequencies but are slightly different
for the high frequencies. This difference tends to zero when
N¢ tends to infinity. However, one can notice that for the
considered example, the difference is minor for N greater
than 50. The influence of N, and IV, on the current has also
been investigated but omitted in this paper for the sake of
brevity. Actually, these parameters have a minor effect on the
current responses compared to that of V.

Bode Diagram

o
[

——N_=10,N_=10,N =10

——N_=50,N_=10,N, =10
z b

———N_=100,N_=10,N =10
£ z b

——N_=200,N_=10,N, =10
£ z b

o

Magnitude (abs)

-,
o

107 10° 10 10*
Frequency (rad’s)
Fig. 8: Bode diagrams for different discretization configura-
tions of the electrical system.

We consider now the consistency between the simulation
and experimental results for the tip deflection of the IPMC
strip. Preliminary works suggest that the deflection does not
change with N,. Meanwhile, its variation is negligible as soon
as N¢ is greater than 20. As a consequence, the influence of
the discretization number N, on the mechanical deformation
is demonstrated for : N = 50 and N, = 10. As shown
in Fig. 9, N, has a significant influence on the predicted
response: the simulation results of the tip deflection approach
to the experimental ones with the increase of the discretization
number Np. One can see that NV, = 100 leads to a very
good approximation of the system behavior. This demand of
a large discretization number is mainly due to the applied
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finite differences method, because this method is a direct
approximation of the PDEs, and one needs a great number
of elements to approximate the analytic solutions.

-3
25 x10
~ 2 [
E
G 15"
1S -
% = Experiment
é— 1 _.‘N£=50,NZ=1O,Nb=20
a === N _=50,N_=10,N, =100
05 ¢tz b
0 ‘ ‘ ‘ ‘
0 5 10 15 20 25

Time(s)

Fig. 9: Tip deflection of IPMC strip according to different
discretization numbers N, compared with experimental data.

The two bending moments generated by the gel are simu-
lated in Fig. 10 for Ny = 50, N, = 10 and N, = 100. Fig.
10a shows the distribution along the beam and the temporal
evolution of the bending moment M, , while Fig. 10b shows
those related to M. At each time, the bending moments M ¢
are the same whatever the points along the beam. Nevertheless,
as illustrated by the dashed light blue line in Fig. 10b, M,
has a larger value at the clamped point and is equal to zero at
the free end point, which is in accordance with the considered
boundary conditions for the cantilever.

The sum of the M,; and M,s forms the total bending
moment that applies to the beam model, whose simulation
result is given in Fig. 10c. One can notice a diffusion phe-
nomenon in Fig. 10, as illustrated by the red solid lines. This
diffusion effect of the bending moment explains the back-
relaxation of the displacement in our model, as shown in Fig.
9. Considered as the main drawback of such actuators, this
back relaxation exists in almost all Nafion-based IPMCs. More
thorough studies on this phenomenon are referred to some
recent references, e.g. [25].

A comparison between the experimental and simulation
results in the case of a sinusoidal input voltage of amplitude
1V and frequency of 1Hz is also given in Fig. 11. One can
see the simulation results are consistent with the experimental
ones. It also illustrates that the proposed model copes with the
hysteretic behavior of the actuator.

10 104
—— Experiment —— Experiment
=meeN =50‘NZ=|0‘NK’=ZO —N‘=50,N1=10‘N =100
=100

Displacement(m)
N S

Endpoint displacement(m)
b b L o o v ow »

5 10 15 20 25 -1 -05 0 0.5 1
Time(s) Applied voltage(V)

Fig. 11: Tip deflection of IPMC strip with a sinusoidal input
voltage.
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Remark 2. Comparisons have also been carried out between
homogeneous and irregular meshing. The results show that
one can reduce the number of elements near the clamped
side without modifying significantly the behavior of the system.
Furthermore, the order of the overall system can be drastically
reduced using finite elements methods [23] rather than finite
differences.

V. FIRST MODELING OF 2D IPMC ACTUATED STRUCTURE

We consider here a simplified model of a 2D IPMC actuated
structure stemming from the modeling of a flexible medical
endoscope. The conceptual figure of such system is illustrated
in Fig. 12. The endoscope is modeled as a thin elastic shell
in a cylindrical coordinate with three directions X, © and as.
a3 is normal to the reference surface generated by X and ©
under the assumption that a3/a < 1 (a denotes the cylinder
radius). The IPMC actuator strip is assumed to have bending
deformation only in the radial direction, and the deformation
is supposed to be symmetric. As a consequence, comparing
to the endoscope, the IPMC strip can be simplified as a 1D
string line, as shown in Fig.12b.

A. Thin elastic cylinder shell model in port-Hamiltonian for-
mulation

For linear thin elastic shell structure, there exists several
models under different assumptions [26]. The interested reader
can find in [27]-[29] a detailed review of these models. Among
these models, Love’s theory is mostly applied and based on
the following assumptions:

1) Deformations are small, and Hooke’s law applies.

2) The material of the shell is orthotropic.

3) The cross section of the referenced surface remains un-
stretched.

4) The cross section of the referenced surface remains nor-
mal after deformation, so there is no shear deformation.

5) The rotatory inertia is neglected .

Models using Love’s theory have a distinct inaccuracy when
the wavelength of the bending waves is short compared to
the thickness of the shell, where the shear deformation and
the rotatory inertia become influential [30]. To deal with this
issue, Soedel released the assumptions 4 and 5 of Love’s
theory, and proposed a modified model in [31]. In this section
we use this Soedel’s model for the model of the endoscope.
uxx, uee and w represent the deformations in X, © and a3
directions, respectively. Sx and g relate to the rotations of
tangents to the reference surface oriented along the coordinates
X and O [32]. According to assumption 3, the displacements
are composed of uxx, uge, W, Bx and Bg. The relations
between strains and displacements are’:

0
coo = €pp T+ askeo,

_ _UYee , 1OW
ves = a +a8®

exx = €xx + askxx,
W

YX3 = 87 + 5X7

1x0 = Yxe + azkxe,

3Readers are suggested to [33] and [32] for detailed calculations.
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Fig. 10: Simulation results for M, M,> and M., along x-axis and the time (V¢ = 50, N, = 10 and N; = 100).
pshi *Be _ OMxe 10Mee 0 (30)
a3 endoscope  IPMC actuator a3 endoscope  IPMC actuator 12  Ot? 0X a 00 63,
f f where m x is the external bending moment density.
8 i . .
i ~ a1 ; % Inorder to reformulate the above dynamical equations under
L / j the PHS framework, we define the following flow, state and
X, X, TTX, X effort variables as [34]:

(@ (b)

Fig. 12: Conceptual figure of endoscope attached with IPMC
actuator.

where €%y, €0o and 7% are the membrane strains, and
where kxx, koo and kxe are curvature terms that are
formulated as:

ou 1 /0u
kx = a;((xa 6%@:a(686+w>’
N duee | 10uxx P 0Bx
X6~ THx 00 XX T 9x
koo — l% kyvo — % laﬁX
00~ 406 X0 7 9x T4 006"

The resultant forces and moments are calculated as:

Nxx = K, (X x + vsede) ;Noo = K, (¢de + vseX x)

1—v4

NX@ :Ksip)/g((_), MXX :Ds (kXX"_VSk@@)’

1—u4
Moo = D, (koo + vskxx) Mxe = DsTkX@,

QXS = k/Gshs’YXSa Q@S = k/GshSPy@Bv

where K, = E;h,/ (1 —1?), and D, = E;h3/12 (1 —12),
hs is the thickness of the shell, v, E,, k' and G denote the
Poisson ratio, Young’s modulus, shear coefficient, and shear
modulus of the cylindrical shell, respectively. The dynamic
equations of the cylindrical shell are given by [31]:

(29)

b Duxx  ONxx 10Nxe

p5528t2 T Tox T4 90
0“u ON 1 ON, 1

pshs 62;;)@ = 8))({@ - 886 + aQ@S,

h *w  0Qxs 10Qes lN
Pslts a2 90X a 0O a 9
psh? 0?Bx  OMxx 10Mxe

2 o2~ 9xX o so @xstmx

ou du

pshsi =

i T

s g ot gé
N R =2 |, @
fcy - 8t - & 7€Cy - M 9 ( )

A N

~y Q

with vectors
uUxx Bx X3 Qx3
u= s = s = s = y
(u@@> p (5@) 7 (7@3) Q <Qe3>
and second order tensors
k — <kXX kxe) A= <€%x ’Y§ce> 7
kxe kee Txo €oo

M — Mxx Mxe N — Nxx Nxe
MX@ M@@ ’ NX@ N@@ '

The dynamic equations (30) over the 2D cylindrical domain
Q =10, Ly] x [0,27] can be reformulated into the following
PHS:

fcy = jcyecy + chmXa (32)
with

0 0 0 0 Div &

0 0 0 0 -—-a: diwv

T = 0 0 0 Div 0 -1

Y 0 0 Grad 0 0 0\’

Grad a 0 0 0 0
—a grad 1 0 0 0

where 0 is a second order tensor of zero, Div and div represent
the divergence operators for tensors and vectors, Grad and
grad denote the gradient operators for vectors and scalars, and
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: is the double dot product for tensors. The time derivative of
the Hamiltonian is formulated as [34]:

S = [ (hea)ao
:/Q<Dz'v(1N)aat+Gad(aa >:N+div(Q)a£/
+grad<aaW>Q+Dw(]M)%ﬁ+G d(%’?) M)dQ
[ (% @+ v meow) (5 )

(g‘; s)(]N ( ®n))+(]1\/[:(n®n))<66'? )

~s) (M: (s® n))) ds, (33)
with 99 = (0,0) U (Ls, ©) boundaries of domain ), ® the
tensor product, n and s the normal and tangent unit vector
with respect to the boundaries, respectively.

With the fact that the shell is closed and in a cylindrical

coordinate, we take n = é ,and s = , leading to:
ou Juxx Ou duee 003 0Bx
o T o et T o T o
887[:. _(’)ﬁ@,Q n=Qx3N:(n®n)= Nxx,
N:(S@n)—Nx@M.(n@n):Mxm
M: (s®n)= Mxo,

The boundary port variables are calculated according to the
time derivative of Hamiltonian (33) as:

oW
ot QRxs
ouxx N
Oat XX
_ uoe _
fa* Ot (O/L&@)aeaf NX@ (O/Lm@)
9Bx Mxx
ot
85@ MX@
t

B. Mechanical coupling between the endoscope and the IPMC
actuator

We assume that the interconnection of the IPMC and the
endoscope is perfect such that the mechanical deformation of
the IPMC is considered as the same as the one of the endo-
scope. The interconnection between the gel and the endoscope
is then written as:

fs < 0 8Z> 7 €2
fr2 = az 0 inter Rgaz (Rffs) + AL )\L»
fey —Tinter Tey Cey
where
T (0 0 (—Ba f1, 0) 0 0 0
inter — 0 0 0 00 0 )
—0z1 L for X € (X1, Xs),
AL = 0 ) f = 2
BeyByf 0, 0therw1se.
The constraint arising from the coupling is given by
_ ﬁ _ _ ﬁ f 86 X _
€2 B €2 9 P -
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which is similar to (20).

To complete this model, we have to take into account
the coupling between the electrical system and electro-stress
diffusion system (gel) which is exactly the same as the one of
Fig. 3 and is omitted in the interest of space.

VI. CONCLUSION

In this paper a detailed model of an IPMC patch is estab-
lished under the constrained port-Hamiltonian framework. The
Lagrange multiplier method is used to deal with the geometric
constraints arising from the interconnection of the gel with
the actuator electrode. The global system is associated with
a Stokes-Dirac structure, stemming from the expression of
energy balances. The system is discretized by means of the
finite differences method on staggered grids and is further
reduced to a set of differential algebraic equations, for the
purpose of facilitating the numerical simulation and preserving
its geometric structure. Finally, experiments and simulations
are carried out with a step case as well as a sinusoidal case.
It has been shown how to choose different discretization
parameters such that the simulations of the output current
and displacement at the endpoint of the IPMC patch match
with the experimental data. In a second instance, a simplified
model of a 2D flexible structure equipped with an IPMC
patch is proposed. It is shown that one can use the same
interconnection and Lagrange multipliers to derive a physically
consistent model of the overall actuated system. In future
works we first intend to relax the quite stringent assumption
in the 2D case in order to get a more realistic model suitable
for control design for realistic flexible actuated endoscopes.
After considering structure preserving model order reduction
this reduced order model will then be used for energy based
control design.
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