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Abstract—This paper studies robust output tracking and dis-
turbance rejection for boundary controlled infinite-dimensional
port-Hamiltonian systems including second order models such as
the Euler-Bernoulli beam. The control design is achieved using
the internal model principle and the stability analysis using a
Lyapunov approach. Contrary to existing works on the same
topic no assumption is made on the external well-posedness of
the considered class of PDEs. The results are applied to robust
tracking of a piezo actuated tube used in atomic force imaging.

Index Terms—Distributed port-Hamiltonian system, boundary
control system, robust output regulation, controller design.

I. INTRODUCTION

We consider robust output regulation for a class of linear
partial differential equations (PDEs) with boundary control and
observation, namely, port-Hamiltonian systems (PHS) [11],
[13]
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on a one-dimensional spatial domain [a, b] (see Section II for
detailed assumptions). In robust regulation, the purpose of the
control u(t) € RP is to achieve the asymptotic convergence
of the output y(t) € RP of (1) to a given reference signal
Yrer (1), 1., ||Y(t) — Yrer(t)|| — 0 as t — oo, despite external
disturbance signals Wi (t) 1= (Wais,1 (1), Waist,2(t), Waist,3(t))-
The signals y,.r(t) and wy;,(t) are assumed to have the forms

y(t) = (1d)

q
Yrer (1) = Z [aj, cos(wyt) + ai sin(wit)],  (2a)

q
Waise(t) = Z by cos(wyt) + by sin(wit)],  (2b)
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for known frequencies 0 = wy < wy < - -+ < wy and unknown
amplitudes {a} }{_,, {ai}i_, C RP, and {bp}i_o, {03} _, C
Rn7d,1+tp+nd,s

Several recent articles have considered output regulation
for individual linear PDEs, such as 1D heat equations [4],
beam equations [12] and wave equations [6]. In this paper
we solve the control problem for a class of boundary con-
trolled 1D PDEs (1), which covers many particular hyperbolic
PDE systems such as boundary controlled wave equations,
Schrodinger equations, Timoshenko and Euler—Bernoulli beam
models with spatially varying physical parameters, and is used
in modeling and control of flexible structures, heat exchangers,
and chemical reactors. We focus here on impedance passive
PHS (1), and solve the output regulation problem using a
finite-dimensional dynamic error feedback controller

Te(t) = Jexe(t) + e Be (yref( ) —y(t)), xc(O) € X. (3a)
u(t) = 0cBrwe(t) + De(Yrer (1) — y(1)) (3b)

where J. is skew-symmetric, B, € RP*"< and D, € RP*P
satisfies D. > 0. Finally, §. > 0 is a gain parameter. In
studying the class (1) of PDEs our aim is to design the
controller (3) under assumptions that can be verified directly
based on the properties of the original PDE (1) and the
matrices (.P(),Pl,P27G07W17W2,W), without the need to
reformulate (1) as an abstract system.

Our results for the class (1) are based on the theoretical re-
sults on robust output regulation of abstract boundary control
and observation systems [3], [21] presented in this paper. They
extend the theory related to internal model based controllers
for passive well-posed linear systems and PHS in [7]-[10],
[18], and they compose the main technical contributions of
the paper. In particular, we introduce a new Lyapunov-type
argument for the stability analysis of the closed-loop system
consisting of the boundary control system and the controller
(extending our earlier results in [16] for PHS with distributed
control and observation). In addition, the controller design is
done without assuming well-posedness of the original control
system (which was assumed in [18]) and the analysis is
completed directly in the abstract boundary control system
framework (whereas in [9], [10] the boundary control inputs
were first reformulated as distributed inputs using a state exten-
sion). The class (1) includes models which are not wellposed
(in the sense of [20, Sec. 2]). The stability analysis of the
closed-loop system is also related to references [14], [17]
studying the stability of coupled impedance passive systems
in a different context i.e. when the infinite dimensional system
is undamped and the controller strictly input passive.

The paper is organised as follows. In Section II we define
the considered class of boundary controlled PHS and state



our main result for the PDEs (1) (these are proved later in
Section V). In Sections III-V we present our main results for
abstract boundary control systems. The results are applied in
solving a concrete output regulation problem in Section VI
The paper ends with some conclusions and perspectives.
Notation. If X and Y are Banach spaces and A : X — Y
is a linear operator, we denote by D(A), N(A) and R(A)
the domain, kernel and range of A, respectively. The space of
bounded linear operators from X to Y is denoted by £(X,Y).
If A: X — X, then o(A) and p(A) denote the spectrum and
the resolvent set of A, respectively. For A € p(A) the resolvent
operator is R(\, A) = (A — A)~. The inner product on a
Hilbert space is denoted by (-, ). For T € £(X) on a Hilbert
space X we define ReT = (T + T*). H*(a,b;R") is the
kth order Sobolev space of functions f : [a,b] — R™. For
T € L(X) we denote T' > 0 if T'— eI > 0 for some £ > 0.

II. THE MAIN RESULTS FOR PHS

In this section we summarise our main results for the
class (1) of boundary controlled PDEs. The parameters
Py, P1, Py, Gy € R™ ™ are assumed to satisfy P, = —Pf,
P =P, P =PI, Go = GI > 0, and H() is a
bounded and Lipschitz continuous matrix-valued function such
that H(z) = H(2)T and H(z) > kI, with x > 0, for all
z € [a, b]. The distributed disturbance input profile is assumed
to satisfy By(-) € L?(a,b; R"*"4.1) and can be unknown.

We consider first and second order PHS by assuming that
either P is invertible (the system (1) is of order N = 2) or
P, = 0 and P, is invertible (the system is of order N =
1). The boundary inputs and ouputs are determined using the
following boundary port variables.

Definition II.1. The boundary port variables f5(t) and es(t)
associated to the system (1) are defined as

[528] — Rew®(Ha(t)),  with Rep = % [CI? —IQ]

where Q € RZ"WX2nN qnd &(-) : HY (a,b;R™) — R?"N are
defined so that
o if N =2, then

o

_| B P R el )
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whenever Hx € H?(a,b; R™).
o if N =1, then Q = P, and ®(Hzx) = [;tj((gﬂ whenever
Ha € H(a,b; R").

The input u(t) € RP, output y(t) € RP (the numbers of
inputs and outputs are the same) and the disturbance inputs
Waist (t) = (Watist, 1 (1) Waist 2 (1), Waise 3(1)) T € RMarTPinas of
the system are defined as in (1). We assume the matrices
Wy, Wy, and W determining the inputs and outputs satisfy
the following (concrete and checkable) conditions. As shown
later in Lemma V.3, part (b) of Assumption II.2 guarantees
that (1) is impedance passive.

Assumption IL2. Denote ¥ := [9[] € R*"Nx2nN_ W
assume Wy € RPX2N gnd Wy € RMasX2nN i Nng3 =
nN —p and W e RP*2nN satisfy the following

@@ W= [12] € RV has full rank and WEWT > 0

(b) (WIW +WTW, —X)g,g) > 0 for all g € N(Ws).

Our second assumption concerns stabilizability properties
of (1). The system (1) is exponentially stable if there exist
M, o > 0 such that with u(t) = 0 and wy;s(t) = 0 we have

2, ) L2 (apy < Me™ |z, 0)l| L2(ap)

for all z(-,0) € L?(a,b;R™) such that Hx(-,0) €
HY(a,b;R™) and for which (1c) hold for ¢ = 0.

Assumption IL3. For any K € RP*P, K > 0, system (1)
becomes exponentially stable with output feedback u(t) =
—Ky(t).

The output feedback w(t) = —Ky(t) alters the bound-
ary conditions of the PDE (1) by changing W; in (lc) to
Wi+KW.By [10, Lem. 7] Assumption II.3 holds in particular
if W, € R*™V*2nN (e (1) has p = nN inputs) and if
Assumption II.2 holds. For further results on stability of (1),
see [1].

Definition II.4 contains the construction of the controller (3).
The controller has an internal model of the frequencies in (2)
in the sense that {+iwy}7_, U{0} are eigenvalues of .J. with
geometric multiplicities equal to p (see also Section IV).

Definition I1.4. Given 0 < wy < --- < wq in (2), choose the
parameters of the controller (3) on X. = RP24tY) 5o that
D, >0, 6. >0,

J. = blockdiag(J?, J}, ..., J9), (4a)
0 _ k _ 0 wk.lp
Jc - 0P7 ‘]c - |:wk'Ip 0 ’ (4b)
B
Bo=|:|, Bi=I, Bi= m (40)
B

The following theorem is the main result of this section.

Theorem IL.5. Let Assumptions 1.2 and 11.3 be satisfied
and let 0 = wyp < w1 < -+ < wq. Assume (1) has no
transmission zeros at {tiwy}{_, C iR. For every D. > 0
there exists 0 > 0 such that for all 6. € (0,0%) the controller
in Definition 11.4 achieves output tracking and disturbance
rejection for all signals in (2). In particular, there exists o > 0
(depending on 6. € (0,08%)) such that

U y(t) = yur(t)| =0 as t— o0 )

for all y, (t) and wyu(t) in (2) and for all initial states
z(-,0) € L%, b;R") and 2.(0) € RPZIHY such that
Hx(-,0) € HN(a,b;R™) and which satisfy the boundary
conditions (1c) at t = 0.

The controller is robust in the sense that the tracking (5)
is achieved (with a modified o > 0) also if the parameters
(Pg,Pl,PO,GO,Wl,Wg,W,H,Bd) of (1) are perturbed in
such a way that Assumption 11.2 continues to hold and the
closed-loop system remains exponentially stable.



The proof of Theorem IL5 is presented in Section V. If
wo = 0 is a transmission zero, then J? and BY can be removed
from the controller parameters in (4) and Theorem II.5 holds
for y,er(t) and wyis(t) with ap = 0 and by = 0.

III. BACKGROUND ON BOUNDARY CONTROL SYSTEMS

Our main abstract results are formulated for the general
class of boundary control and observation systems [3], [19]

l‘(t) = Qloﬂ?(t) + Bdwdist,l(t)7 .%‘(O) =x9 € Z (6a)

Ba(t) = u(t) + wais2(t) (6b)
Bax(t) = Wais,3(t) (6¢)
y(t) = Cx(t) (6d)

on a Hilbert space X. We present these abstract results only
in the case D. = 0. This simplification does not result in loss
of generality, because if D. # 0, then (6b) becomes

(B + D.C)x(t) = a(t) + (waisr,2(t) + Deyrer (1)) (7)

(which has the same structure as (6b)) where 4(t) is the control
produced by the controller (3) with D, = 0. We make the
following standard assumptions on the parameters of (6).

Assumption IIL.1. We assume X and Z C X are (complex)

Hilbert spaces and Uy € L(Z,X), B € L(Z,CP), By €

L(Crar X)), By € L(Z,C"3) and € € L(Z,CP) have the

properties:

(a) The operator A := o|pay with D(A) = N(B) N
N(B,) generates a contraction semigroup T(t) on X.

(b) The operator [%{J € L(Z,CPtna3) js surjective.
(©) Re(R/z,x) < Re(Bz,Cx)cr for all x € Z.

By [15, Thm. 3.4] part (c) of Assumption III.1 is equivalent
to the system (6) being impedance passive in the sense that

5 S0 < (), 9 (D)

We also denote 2 := o|p(q) with D(A) = N(By), and in
this notation we have A = 2|p(4) and D(A) = D(™A)NN(B).

For A € p(A) we denote the transfer function (from the
input u(¢) to the output y(¢)) of the system (1) by P(A). By [3,
Thm. 2.9], for any u € U and X € p(A) we have P(\)u = €z
where x € Z is such that (A — )z = 0 and Bz = u. If we
denote ReT = (T + T*), then the passivity of the system
implies that Re P(iw) > 0 for all iw € p(A) N R, see [20].

We assume the controller (3) on X, = C"¢ satisfies J} =
—J. € C*ex"e B, € C"*P, D, € CP*P with D, > 0 and
6. > 0 (as mentioned above, in Sections III-V we let D, = 0).
We now show that the closed-loop system consisting of (6) and
the controller (3) on X, = C™ leads to a well-defined closed-
loop state x.(t) := (x(t), z.(t))" and regulation error e(t) for
all reference and disturbance signals in (2). The closed-loop
system (with D, = 0) has the form

do(t) = {_53%0@: ,?C] we(t) + {0

o TPt = [

e(t) = [C, 0] me(t) - yref(t)

B O] o)

with state z.(t) = (z(t),z.(t))T € X, :== X x X... We denote

[ % 0 [B -6.B:
e e 1] omn[2

B.= [ 50%6], and €, = [¢, 0].

Proposition IIL2. Under Assumption 1.1 and for J} =
—Je and D, = 0 the operator A, := Uc|n(n.) gen-
erates a strongly continuous contraction semigroup Te(t)
on X.. For any yr(-) € C?%([0,00);CP) and wuis(-) €
C?([0,00); Crartrtnas) and for all initial states x(0) €
Z and z.(0) € X, satisfying the compatibility conditions
Bz(0) = 0.BFxc(0) + waisr,2(0) and Bax(0) = waiw,3(0)
the closed-loop system has a state

z(-) € C(0,T;Z2)nC*0,T; X), z.(-) € CY0,T; X.)
and e(t) = y(t) — ypy(t) € C(0,T;CP) for all T > 0.

Proof. The closed-loop system is a boundary control and ob-
servation system on the spaces Z x X, and X, = X x X.. The
operator ‘B, is surjective due to Assumption III.1(b). Our aim
is to show that A, generates a contraction semigroup on X,.
Since €, € L(Z x X.,CP) and By and B. are bounded, the
properties of the closed-loop system’s state then follow (due to
linearity) from [21, Prop. 4.2.10 and Prop. 10.1.8]. We now use
the Lumer—Phillips Theorem. Let z. := (z,z.)T € N(B.).
Then Bx = 6.B}z. and Byx = 0. In particular z € D(A)
and 2Apx = Ax. The impedance passivity of (2, B, €) implies
Re(z, x) < Re(Bx, Cx) for all z € Z [15, Thm. 3.4]. Thus

Re(Acxe, o) = Re(/z, x) + Re(J.x. — 6.B.Cx, x.)
< Re(Bz,Cz) — Re(Cx,d.Brz.) =0,
since J.. is skew-adjoint and §.B}xz. = Bz. Therefore A, is
dissipative, and it remains to show that A — A, is surjective
for some A > 0. Let A > 0, y; € X, and y» € X, be
arbitrary. We will construct z, = (z,2.)7 € N(B.) such
that (y1,y2)7 = (A — A.)z.. Recall that P()) is the transfer
function of (2,8, ¢) and denote P.(\) = 62B:R(\, J.)B..
Since A > 0 is real, we have P.(\) > 0 and P(\) > 0, and it
can be shown that Q1 () := I+ P(\)P.(\) and Q2(X) := I+
P.(A)P(\) are boundedly invertible. Denote Ry = R(\, A)
and R§ = R()\, J..) for brevity. Due to the theory in [3], [21,
Ch. 10] the “abstract elliptic problem”
A=Wz =y

Br = Q2(N) 1 (0.B; RSy2 — Pe(\)CR\y1)

has a solution z € Z. Now [3, Thm. 2.9] and linearity imply
Cx = CRy\y1 + P(N)Q2(\) (6B RSy2 — Po(A\)ER\y1)
= Q2(N) " (€Rxy1 + 0.P(A) B} RS ys2).
If we now define
Te = Ry = 0 RS BeQu(N) " (ERay1 + 0. P(N) B R5ya),
then
503:1:0 = 5CB:R§\y2
— Pe(NQi(N) M (€Ray1 + 8.P(N) B} R5y»)
= Q2(\) " (0.B RS ya — P.(\)E€Ry\y1) = Bz



and thus z, = (z,7.)7 satisfies B.z, = 0. A direct
computation also shows that —§.B.€x + (A — J.)z. = ya,

and thus indeed (y1,%2)7 = (A — A¢) .. O

IV. ROBUST TRACKING AND DISTURBANCE REJECTION

In this section we formulate the robust output regulation
problem and present a general condition for a controller (3)
to solve this problem.

The Robust Output Regulation Problem. Ler 0 < w; <

- < wq. Choose a controller (3) in such a way that the
following hold.

(@) The semigroup Tc(t) generated by A. = Ac|nr () is
exponentially stable.

(b) There exists o > 0 such that for all y,f(t) and wgix(t)
of the form (2) and for all initial states x(0) € Z and
x.(0) € X, satisfying the boundary conditions of (6) the
regulation error satisfies

e ly(t) — yrr(t)|| = 0 as t— oo.

© If (Ao, B, B4, By, ) in (6) are perturbed in such a
way that Assumption 1.1 is satisfied and the perturbed
closed-loop operator generates an exponentially stable
semigroup, then (b) continues to hold for some & > 0.

The robust output regulation problem only has a solution
if the control system does not have transmission zeros at
{£iwi}}_, (a transmission zero at A € p(A) is equivalent to
P(\) € CP*? being singular). For impedance passive systems
it is natural to make the following stronger assumption.

Assumption IV.1. Let 0 = wp < wy < -+ - < w,. We assume
+iwy, € p(A) and Re P(+iwy) > 0 for all k € {0,...,q}.

The following theorem shows that a controller incorporating
an internal model (in the sense of conditions (8) below)
will solve the robust output regulation problem provided that
the closed-loop system is exponentially stable. The result
generalises [10, Thm. 4] by removing the assumption of
regularity (and well-posedness) of the closed-loop system, and
the proof is completed without reformulating (6) as a system
with extended state and distributed inputs.

Theorem IV.2. Let 0 = wp < wy < - -+ < wq. A controller (3)
with J = —J., D. = 0 and 6. > 0 solves the robust
output regulation problem if A. = Uc|pn(,) generates an
exponentially stable semigroup and

R(+iwg — J.) NR(B,) = {0},
N(B.) = {0}.

Vke{0,...,q} (8a)

(8b)
Then there exists « > 0 such that

e®y(t) — Yrer(t)]] = 0, as t— oo

for any yy(t) and way(t) of the form (2) and for all z(0) €
Z and x.(0) € X, satisfying the compatibility conditions
%I‘(O) = (5CB;<$C(O) + wdmg(O) and %dx(O) = Wqist,3 (O)

Proof. Assume the closed-loop system is exponentially stable
and (8) are satisfied. Then there exist M., w, > 0 such that

[Te(t)|| < Mee™*". Let {uy,}{__, be such that s, = wy, for
k>0, uo=0, and pi = —w)| for k < 0. We can then write

q q W1k

Z k ippt E : Tt

yref(t) = yretuk 9 wdist(t> - Wk elltk
k=—q k=—q | W3k

for some constant elements {y*}x, {wis}r, {war}r, and
{wsg }r. Since ipr € p(Ae) for all k, we have from [21,
Sec. 10.1] that we can choose ¥; € Z such that

(ips — Ae) Sy = Be [“;%f} (9a)
B.Y, = [g;:] . (9b)

Consider initial conditions x(0) € Z and z.(0) € X,

satisfying the compatibility conditions Bx(0) = 6.Bx.(0) +

Waist,2(0) and Bgx(0) = wyig,3(0). If we define X(t) =
o €M '8y € Z, then

d

= (e (t) =

= £(t)

Wadist 1(@} < . it
= A.2.(t) + B, ’ - ettty
0+t 2 ey
— (e (t) - 2(t))
due to (9a). For all ¢ > 0 we also have from (9b) that

wdtxtﬁz(t)] RS

et Y, = 0.
Waist,3(t) k;q Pk

Thus z.(t) — X(t) € D(A.) is a classical solution of the
abstract Cauchy problem %(xe(t)fE(t)) = A (z(t)—2(2)),
and therefore ||z (t) — X()|| = ||Te(t)(ze(0) — 2(0))|| <
Mee™“ |z (0) — 2(0)]].

If we write X} = [gi] € Z x X, then (9a) and the
conditions (8) imply

iur — Ao 0 ;| | Bawik
5CBC¢ z',uk - Jc Pk - 5Cchf
= (ipr — J)Tk = 6.Be(yF — €IIy)
® Bf—em)=0 ¥ J=cm,=cx.

B, (2o(1) — B(1)) = [

Using €.%) = y¥, we can write e(t) = y(t) — ynr(t) as

a q
et) = Cewe(t) — Z yfewkt = Ceze(t) — Z €ezkel‘“kt
k=—q

— (o) - 2(1)).

Finally, since €. A-! € L£(X,CP) for boundary control sys-
tems, we have

le@®)]l = [[€c(ze(t) — E(@))]|
= HQ:eAe_lTe(t)Ae(‘TE(O) = %(0))]
< Mee M€ A | - [|[Ac((0) — 2(0))

k=—q

and thus e®*|le(t)|] — 0 as t — oo for any 0 < a < we.
Since the proof can be repeated analogously for any pertur-
bations of (g, B, By, By, €) for which Assumption IIL.1 is



satisfied and the closed-loop semigroup is exponentially stable,
the controller satisfies part (c) of the robust output regulation
problem. O

V. A PASSIVE ROBUST CONTROLLER

In this section we prove that if the system (6) is expo-
nentially stable and the parameters of the controller (3) on
X, = CP(9+D) are chosen as (real) matrices D, = 0,

J. = blockdiag(J°, J}, ..., J9), (10a)
0 __ k 0 wkIp
']c - Opa ']c - |:_wk-[p 0 I (IOb)
BO
B.=|:[|, BY=1, BF= ﬁﬂ , (10c)
B4

then the controller solves the robust output regulation problem
for a range of gain parameters 6. > 0. The following theorem
is the main abstract result of the paper, and it is also used in
proving Theorem II.5 at the end of this section.

Theorem V.1. Let 0 = wp < wy < -+ < wq. Assume A gen-
erates an exponentially stable semigroup T(t), C := C|py) is
admissible with respect to T'(t), and Assumption IV.1 holds.
Then there exists 0 > 0 such that for all §. € (0,06}) the
controller (3) on X, = CPRatl) i parameters (10) and
D, = 0 solves the robust output regulation problem for all
yref(t) and ’lUdm(t) in (2)

The main part of the proof of Theorem V.1 consists of
showing the exponential stability of the closed-loop system for
d. € (0,07), and for this we use a new Lyapunov argument.
Similar methods have been used in study of stability of
coupled PHS especially in [14], [17]. Our situation is different
from the previous references due to the fact that the infinite-
dimensional system (6) is exponentially stable and the unstable
controller (3) is finite-dimensional. The proof of Theorem V.1
begins with the definition of a component H € L(X., X)
of the Lyapunov candidate function in Lemma V.2. For the
proofs we define a block-diagonal similarity transform T =
blockdiag (T, T1, ..., T,) € C"*™ where n, = p(2¢q + 1)
such that for k € {1,...,q}

[ oI LI i
T’“‘[u u}’ T _2[1 u}

Moreover, we define Gq = T~ 1 J. T € CPRat1)xp(2a+1) gpg
Gy =T 'B, € CP*P(a+1) A direct computation shows that

G1 = blockdiag(iwolp, iwi Iy, —iwily, ..., twelpy, —iwg),)
1 T

Gy = 3 [Ip,Ip,...,Ip]

Lemma V.2. Let Assumption IV.1 hold and assume A gen-

erates an exponentially stable semigroup on X. Let X, =

CP29+Y) and let J, and B, be as in (10). Then there exists

H € L(X,, X) satisfying R(H) C Z such that

HJ.=AH and BH = -B’, (11)

and we have €H € L(X., CP). Moreover, there exist constants
84, M. > 0 such that for any 6. € (0,93) we can choose
Py > 0 such that || Pl < M. and

Puo(Je + 0°B.CH) 4 (J. + 6 B.CH)* Py = —621.

Proof. Since J. = TG1T~!, an operator H € L(X., X)
with R(H) C Z satisfies (11) if and only if HTG, =
AHT and BHT = —B}T. Due to the block-diagonal
structure of G, the operator HT has the form HT =
(Ho,H\,H_1,...,Hy, H_). Since BiT = [I,...,I], for
each k € {0,...,q} the operators Hyip : CP» — X are
determined by z4; = Higy for all y € CP where zyj are
the solutions of the abstact elliptic equations

(:I:’io.)k - Ql)zik =0
Bzip = —y.

By [21, Prop. 10.1.2, Rem. 10.1.3 & 10.1.5] the above
equations have unique solutions and Hj € L(CP,X) and
R(Hy) C Z for all k € {—q,...,q}. Thus H € L(X,, X)
and R(H) C Z. We further have from [3, Thm. 2.9] that
CHipy = Czyp = —P(Ziwg)y for all y € CP and
k € {0,...,q}. Because of this, we have

CHT = — [P(z'wo), Pliw), P(—iwr), ..., Pliw,y), P(—iwq)} :

which in particular implies €H € L£(X., CP).

To prove the second claim, we first note that Assump-
tion IV.1 implies that Re A > 0 for all A € o(P(+iwy)) and k.
Indeed, if & € {0,...,q} and Re A <0, then Re P(+iwy) > 0
implies Re(P(+iwy) — A) = |Re A| + Re P(£iwy) > 0, and
thus P(Ziwy) — A is nonsingular.

In the next step we use the results in [8, App. B] to show
that there exist constants My, wg, 65 > 0 such that

llexp((J. + 62B,CH)t)|| < Moe“o%t (12)

for all 6. € (0,65) and ¢t > 0. If we denote K = —€HT, then
Je+62B.CH = T(Gy — 62G.K)T ™.

Now K = [Ko,K1,Ks,..., Ko where ReA < 0 for all
A€ o(Ky)andk € {0,...,2¢}, and G = 3[I,...,I]T. Thus
(G1—062G2K)* = G;—02K*GY% is of the form of A.(g) in [8,
App. B] with & = 62 /2. The proof of Theorem 1 in [8, App. B]
shows that there exist M7, wo, 65 > 0 such that ||exp((G} —
S2K*G3)t)|| < Mye=*0%t for all §, € (0,6%) and t > 0.
This further implies that if we define My = M| T|/||T~},
then (12) holds for all é. € (0,d5) and ¢ > 0.

Let 6. € (0,6;) and denote T, (t) = exp((J.+32B.CH)t)
for brevity. Since J. + 5§Bc€H is Hurwitz, we can choose
pc() > 0 such that

(Jo + 02B.CH) Py + (Jo + 62B.CH)*Pyy = —1I.
Here Pg = [, T5,(t)*Ts,(t)dt, and thus (12) implies

e’} 2
—2wb%t 3, M
e tdt = 5
2w05c

o0
1Bl < / T, (8)|2dt < M2 /

Now the matrix P, := 531500 has the required properties. [J



Proof of Theorem V.1. The proof of [7, Lem. 12] shows
that R(+iwr — G1) N R(G2) = {0} for all & € {0,...,q}
and N(G2) = {0}, and by similarity the pair (J., B.) =
(TG1T~1,TG>) satisfies the conditions (8). By Theorem IV.2
it is thus sufficient to show that the closed-loop system is
exponentially stable (in the case y.(t) = 0 and wgx(t) = 0).

Let H € L(X.,X) and 5, M. > 0 be as in Lemma V.2,
and let 6. € (0,63). We choose the Lyapunov function
candidate V. for the closed-loop system by

Ve={(x+0cHxe, P(x+ 6.Hxe))x + (@, Pewe) x,

where = z(t) and x. = x.(t) are the states of the plant and
the controller, respectively, and P and P. will be chosen later.
Since the coordinate transform (z,z.) — (z + d.Hz., x.)
is boundedly invertible, V. is a valid Lyapunov function
candidate whenever P > 0 and P, > 0.

Let (z(t),z.(t))T be a classical solution of the closed-
loop system with y.r(t) = 0 and wgy(f) = 0. Since
Br(t) = 0.Bfx.(t) and BH = —B}, we have B(x(t) +
ScHz(t)) = 0. Thus z(t) + 6. Hz.(t) € N(B) = D(A) and
A(x(t) + d.Hx(t)) A(x(t) + d.Hx.(t)). If we denote
A = A—§2HB.C : D(A) € X — X, then a direct
computation using (11) shows that

%Ve = Re(# + 0. Hi., P(x + 6. Hz.)) + Re(i., P.x.)
= Re®@z + 0. HJ.x. — 0°HB.Cx, P(x + 6. Hx,.))
+ Re{J.x. — 6.B.Cx, P.x.)
= Re(A(x + 0. Hz,.), P(x + 6. Hzx,))
+ Re((J. + 02B.C¢H)z,, P.x.)
+Re(6?B.CHzx.,5 . H*P(x + 6. Hzx.))
—Re(C(z + 6.Hw,.),0.B; P.x.).

Since A generates an exponentially stable semigroup 7'(t)
on X, there exists a unique P, € £(X) with P; > 0 such that
A*P; + P|A = —21. Moreover, the exponential stability also
implies that C' is infinite-time admissible with respect to T'(t),
and by [21, Thm. 5.1.1] there exists P, € £(X) with P, > 0
such that 2 Re(Ax1, Pyz1) = —2||Cxq]|]? for all z; € D(A).
Thus if we define P = P; + P, € £(X), then P > 0 and

2Re(Axy, Pry) = —2||21]]* — 2||Cx1]|?>  Vzi € D(A).

The scalar inequality 2ab < a?+b? implies that if z; € D(A),
then
2Re(Azy, Px) = 2Re(Axy, Px1) — 262 Re(Cxy, B H* Pxy)
< 2|z |* = 2/|C[|* + 81| Cr||* + 67 || PHBe ||l ||
=~ (2= | PHB.|?)||z1|* = (2 = 67)[| O ||?
< —llz1|? — [[Can?
whenever 0 < 0. < 67 with 67 := min{1,1/||PHB.|} > 0.
Since d. € (0,d5) by assumption, we can choose P.g > 0

(corresponding to this d.) as in Lemma V.2 and define P, =
€cPep > 0 for some ¢, > 0. Then || P.|| < M.e. and

P.(Je + 02B.CH) + (J. + 62B.CH)*P. = —¢.0°1.

If 0 < §, < min{d, d7}, we can estimate (using the inequality
2Re(21, 20) < 2||z1][]|22] < |z1]>+2][22|? in the last term)
V., = 2Re(A(zx + 6.Hz.), P(x + 0. Hzx,))

+ 2Re((J. + 0°B.CH)zx., P.x.)

+2Re(6?B.CHz., 6. H*P(x + 6. Hz.))

—2Re(C(z + 6.Hx.), 0.Bi Pexc)

< —||& 4 deHae|? — |C(x + 6.Hz,)|?
— ec0?||wel|? + 02| BeCHae||? + 02| H* P(x + 6. Ha,)|

1
+51C(@ + 0. Ha)|? + 262 B: Pea |
1
= [F1+2IPHI]llo + 6. Hael? = 1C(a + 8. Hao) |
+ 82 |~ + 2| BCH | + 20222 Bl el

We can now choose a sufficiently small fixed €, > 0 and
d5 > 0 such that if 0 < 0, < ¢} := min{dg, 07, 5}, then

Ve < =& (la + dcHae|? + ||zc|?)
< —Eemax{||P7H|, | PTH}Ve = —e. Ve,

where £, > 0 depends on the choice of J. > 0. Since T,(t)
is contractive, this proves exponential closed-loop stability. [
We now present the proof of Theorem IL.5 for PHS. To
use Theorem V.1 we formulate (1) as a boundary control
system on X = L2(a,b;C") with norm defined by ||z||3 =
/(Hzx, x) 2 for z € X (since (Py, P1, Py, Go, H, W, W) are
real, real-valued initial data for (1) and (3) leads to real-valued
solutions). We begin by showing that the condition (b) in
Assumption II.2 implies impedance passivity of (1).

Lemma V.3. [f Assumption 11.2 holds and wg,(t) = 0, then
the classical solutions of (1) satisfy 2| z(t)[|, < u(t)Ty(t).

Proof. Let wg;s(t) = 0. The proof of [13, Thm. 4.2] and (b)
imply that the solution of (1) satisfies

/:x(z,t)TH(z)x(z,t)dz < % [faggr > [ggg]

11 fa(t) T T, | T fa(t)| _ T,
SQLB(t)} TV 1 wﬁ[ ()}—y@) (v

1d
2 dt

fa(t)
ea(t)

As shown in [13, Sec. 4-5], (1) becomes a boundary control
system (6) on X with choices
2

where we have used that [ ]

} € N(Wa) by (lo).

Ao = Py (M) + Prs () + (P — Go) ()
Do) = Z :={x € L*(a,b;C") | Hx € H" (a,b;C") }
Br = Wi Rer: ®(Ha), Byr = WoRep: P(Ha)

Cx = WReu ®(Hz), Bav = By(-)v
where R.,; and ®(-) are as in Definition II.1. For these

definitions the properties in Assumption III.1 follow from [13,
Thm. 4.2] and Lemma V.3.

Proof of Theorem 11.5. To apply Theorem V.1 we rewrite the
feedthrough D, > 0 as in (7), in which case the boundary
control system has the input operator %6 + D.C and the



controller (3) has no feedthrough. This corresponds to pre-
liminary output feedback w(t) = —D.y(t) + a(t). Denote by
leC = QL|N(%+DCC) with D(ADC) = N(% + DCQ:)

By Lemma V.3, the original system is impedance passive,
and since D, > 0, the output feedback preserves impedance
passivity. The operator Ap, is dissipative, and straightforward
perturbation arguments (similar to those in the proof of Propo-
sition IIL.2) show that R(1 — Ap,) = X. Thus Ap, generates
a contraction semigroup by the Lumer—Phillips Theorem and
this semigroup is exponentially stable by Assumption I1.3
(with K = D.). As shown in [9, Prop. IL4]), C' = €|p(a,, )
is admissible with respect to the semigroup generated by Ap,.

Finally, we need to verify Assumption IV.1, i.e., that
the transfer function Pp_ (A\) of (1) with feedback u(t) =
—D.y(t) + a(t) satisfies Re Pp, (+iwy) > 0 for all k.
Define Ky = %Dc > (0 and denote the transfer function
of (1) with output feedback u(t) = —Koy(t) + u(t) by
P, (N). By Assumption I1.3 Pk, (A) € RP*P is well-defined
for A € {+iwr}i_,, and since (1) has no transmission
zeros at +iwy, Pk, (+iwy) are nonsingular for all k. Since
D. = Ky + Ko, we have Pp_(Fiwg) = P, (Fiwg)(I +
KoPKO(:l:iwk))_l = (PKO(:l:iwk)_l + Ko)_l for all k.
Since Re(Pr,(Fiwk)™t) + Ko > 0, it is easy to show
that Assumption IV.1 holds. The claims now follow from
Theorem V.1. O

VI. APPLICATION TO ATOMIC FORCE MICROSCOPY

As application example we consider the output tracking
trajectory problem for a piezo actuated tube used in positioning
systems for Atomic Force Microscopy (see Figure 1 (left)).

PT 230.94

Photodiode Laser

Cantilever

inner

- sample electrode

piezo
material

’ i 22mm | |
32mm |

Atomic Force Microscopy (left). The piezoelectric tube (right).

Piezotube

Fig. 1.

This actuator provides the high positioning resolution and
the large bandwidth necessary for the trajectory control during
scanning processes. The active part situated at the tip of the
flexible tube is composed of three concentric layers: piezo
material in between two cylindric electrodes (Figure 1 (right)).
The deformation of the active material subject to an external
voltage results in an torque applied at the extremity of the
tube.

We consider the motion of the tube in one direction. In
this case the structure of the system behaves as a clamped-
free beam, represented by the Timoshenko beam model and
actuated through boundary control stemming from the piezo-
electric action at the tip of the beam. By choosing as state

variables the energy variables, namely the shear displace-
ment x1(t) = 22(-,t) — ¢(-,t), the transverse momentum
dlstrlbutlon 332() = p at( t), the angular displacement
x3(t) = % 2(..t) and the angular momentum distribution
xy(t) =1, Bt( t) for t > 0, where w(z,t) is the transverse
displacement and ¢(z,t) the rotation angle of the beam, the
port-Hamiltonian model of the uncontrolled Timoshenko beam
has the form (1a)-(1b) with H(-) = diag (K, 1 EL L
R4,

0100 00 0 -1
1 00 0 00 0 0
P=lg o001l P=loo00 o
0010 1 00 0

and Gy = diag(0,b,,0,bs) [13]. Here p, I,, E, I and
K are the mass per unit length, the angular moment of
inertia of a cross section, Young’s modulus of elasticity, the
moment of inertia of a cross section, and the shear modulus
respectively, by, by the frictious coefficients. From Definition
II.1 considering that N =1 and Q) = P; we get

G (b) = 32 (a)
K (52(0) = 6(b)) — K (5%(a) — ¢(a))
() -5t a)
{fa(t)} _ 1 BI52(b) — BIg2(a)
colt)] V2 | K (32() - g(lz))) +K (%”(a) —¢(a))
9w (p) + 82 (a
Efgf(b) + g[%(a)
5(0) + 5 (a) _

The beam is clamped at point a, i.e., fxg(a t) =
7 Lz4(a,t) = 0 for t > 0 and free/actuated at point b, i.e.,
le(b t) =0 and Elx3(b,t) = u(t) for t > 0. The angular
velocity ‘g‘f (b, t) at the tip of the beam is measured. The input
and output of the system are then of the form (1) with

1

Wi=—10 0 0 1 0 0 1 O

1 \/5[ ]
1 0O 1 0 01 0 00O

Wo=—|-1 0 0 0 0 1 0 O
V2 0O 0 -1 0 0 0 0 1

~ 1

W=—|0 01 00 0 0 1
| |

The matrix W := [}}!] has full rank and WEW7T =
0. Furthermore (W{W + WTW; — £)g,g) = 0 for all
g € N (W), the system is then impedance passive satisfying
Assumption II.2. The system is also exponentially stable and
Assumption I1.3 holds. From Proposition III.2 the closed loop
system has a solution and the regulation error is well defined.

We now build a controller to achieve the robust output track-
ing for the Piezoelectric tube model. We use the numerical
values given in Table I to achieve a realistic approximation of
the dynamics of the piezo actuated tube.

For the tracking we consider the reference signal

a,be R\ {0}.

with two pairs of frequencies +wy, where w; > 0, k € {1,2}.
As an input disturbance signal we consider the AC 50 Hz

Yrer (t) = asin(wit) + bcos(wat),



regulation of port-Hamiltonian systems with boundary control
and observation. Our results use Lyapunov techniques and ex-
tend previous results on this topic by removing the assumption
of wellposedness, which is often highly challenging to verify
for concrete PDE models. Future research topics include the

Beam’s parameters | Value Simulation | Value
parameters
Beam length Sem Ny 50
Beam width 0.3 ecm a 200 cm.s~?!
Beam thickness 0.2 em b 100 cm.s~ !
Material Density 936 kg.m~—3 . 0.1 N.m~1!
Young’s modulus 4.14 G.Pa 0 0.6
Transverse diss. 1074N.s.m™! w1 10 rad.s—1!
coef. w9 15 rad.s~ 1!
Rotational diss. 107 Nm.srd™ | 50 rad.s !
coef. D, 0.002
dc 0.2

TABLE I
SIMULATION PARAMETERS.

noise coming from the electrical network, hence wg;s;,2(t) =
esin(2750t + 0) with unknown ¢ € R and 6 € [0, 27]. Since
the piezo-actuated tube is a single-input single-output system,
we can use a controller of the form (with e(t) = yr(t) —y (%))

0 w1 0 0 0 0 Oc

—w; 0 0 0 0 0 0

. 0 0 0 w 0 0 O
Te(t) = 0 0 —u 02 0 0 z.(t) + 0 e(t)

0 0 0 0 0 w3 Oc

0 0 0 0 —ws O 0

ut)=06:[1 0 1 0 1 0]zc(t)+ Dee(t)

on X, = RS, By Theorem IL5 the controller achieves
asymptotic output tracking of the reference signal y.r(t) if
w1, twe, and iws are not transmission zeros of the system, if
D. > 0, and if d. > 0 is sufficiently small.

200

100

-100

-200

Fig. 2. Simulation results. The controlled output y(¢) (dashed red line) and
the reference y,.¢(t) (solid blue line).

For simulation the Timoshenko beam model was discretized
using a structure preserving method based on the Mixed Finite
Element Method [2], [5]. We denote by Ny the number of
basis elements, and consequently the full finite dimensional
system has order 4N;. All the numerical values of the param-
eters related to the simulation can be found in table I. Figure
2 depicts the output tracking performance for the zero initial
states of the system and the controller, and exhibits steady
convergence of the tracking error to zero. Due to robustness
the output tracking is achieved even if the physical parameters
of the piezo actuated tube model contain uncertainties or
experience changes, as long as the closed-loop system stability
is preserved.

VII. CONCLUSIONS

In this paper we have proposed a constructive method for
the design of impedance passive controllers for robust output

design of robust controllers for nonlinear PHS.
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