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Abstract Tensegrity-based mechanisms draw attention in particular for their deployability and compliance. However, task-based design and control of such systems are still open topics. In a previous work, a tensegrity-based manipulator was
designed to respect the remote center of motion constraint encountered in medical
applications. Only the workspace was then analyzed. Here, we develop the kinematic model of this manipulator and then exploit it for the control. Such a manipulator is redundant. The use of redundancy is discussed and evaluated in simulation
with two control schemes using Jacobian based controllers.
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1 Introduction
Tensegrities are pre-stressed structures composed of bars and cables, firstly exploited [10] for their high resistance. Several authors focused on actuating these
structures to design tensegrity mechanisms. If some structural elements are chosen
elastic, these mechanisms can be compliant with controllable stiffness. Therefore,
these mechanisms are of high interest when interactions with the environment can
occur, particularly when contact management is critical. For instance, it was used
for grasping tasks [12], design of flexible mobile robot [7] or to carry out medical
procedures [4]. In [4], a tensegrity-based manipulator has been proposed to manage a Remote Center of Motion (RCM) constraint often met in medical procedures.
It is introduced in Fig. 1, and presented in detail in section 2. The device is built
for quasi-static positioning. Only preliminary analysis of the robot workspace was
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Fig. 1 The considered tensegrity-based manipulator composed of two tensegrity mechanisms: a
bar-actuated one in green and a cable-actuated one in blue.

yet achieved. Further development is hampered by the absence of analytical Forward Kinematic (FK) model and the control strategy. In this paper, kinematics are
developed and used to investigate manipulator control.
Solutions to the FK problem correspond to stable configurations of the prestressed mechanism. Amongst others, energetic approaches have been proposed [6].
Depending on the type of elastic elements, solving the FK problem remains complex [3,13] and it is often treated numerically [3–5]. In this paper, we show using an
energetic approach that an analytical solution can be determined for the considered
manipulator. This constitutes the first contribution of the paper.
The proposed manipulator is considered for providing a RCM in the plane.
Therefore, this four actuator mechanism is redundant with respect to this task. Control of redundant tensegrities has been considered to achieve shape control while
optimizing a given criterion and get for instance time-optimal or energy-optimal
control [1,11]. In conventional robotics, control of redundant systems is making use
of the kinematic Jacobian [9]. We show in this paper that the Jacobian matrix can be
derived analytically so such methods are well suited. Control schemes exploiting the
redundancy are then proposed and evaluated in simulation as a second contribution.
The manipulator is described and modeled in Section 2. The control schemes and
the obtained results in simulation are then discussed in Section 3. Conclusions are
finally drawn in Section 4.

2 Description and modeling of the manipulator
The considered mechanism is planar and composed of two serially assembled Xshaped tensegrities called Snelson Crosses (SC) [10]. A bar-actuated SC, displayed
at the bottom of Fig. 1, is mounted on the base. It is actuated by modifying the
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lengths ρb1 and ρb2 of the bars attached to nodes A1 , B2 and B1 , A2 respectively.
The SC on top is cable-actuated with control of the lengths ρc1 and ρc2 of nonelastic cables attached to nodes A3 , A4 and B3 , B4 respectively. The bars of this
SC have a length L. Following [4], analysis is conducted while neglecting gravity
forces. Thanks to the intermediate component placed between the SCs, the static
models of the SCs are decoupled, and the manipulator can be assessed by independently analyzing each SC. For sake of symmetry, two elementary springs are placed
on the top and bottom sides of each SC. Two serially connected springs are then
similarly placed between the nodes A1 , A2 and B1 , B2 , with all springs of stiffness
2K and free-length l0c /2 (resp. l0b /2) for the cable- (resp. bar-) actuated SC. We
will refer in the following to a spring as the equivalent elastic element of the two
serially attached springs on each side. The end-effector of the manipulator is the
platform on top of the mechanism (Fig. 1). For given position of the remote center of motion ORCM and orientation ϕ, it is simple to determine the corresponding
coordinates of Om . The FK problem consists then to determine from the joint coordinates q = [ρb1 , ρb2 , ρc1 , ρc2 ]T the end-effector pose x = [x, y, ϕ]T , with (x, y) the
position of Om the barycentre of points A4 and B4 , and ϕ the orientation.
In [4], it was observed with numerical analysis that the bar-actuated SC shape is a
parallelogram for all reachable configurations. We could also observe that these configurations seem diamond-shaped. Thus, all springs would be of same length which
would be expressed in Eq. (1), with LAi B j the length between nodes Ai and B j . In [2],
the stable configuration of a cable-actuated SC was analyzed and Eq. (2) was in addition demonstrated for zero free-length springs. Again using numerical analysis,
Eq. (2) was observed to be valid in [4] for springs with non-zero free-length.
q
q
1
2 + ρ2
(1)
ρb1
LA1 B1 =
L
=
L2 − ρc1 ρc2
(2)
A3 B3
b2
2
To verify the validity of expressions (1) and (2) for springs with non-zero freelength, the conditions of tensegrity mechanism equilibrium configuration [5] are
derived analytically. Let q1 = [ρb1 , ρb2 ]T and q2 = [ρc1 , ρc2 ]T be the sets of joint coordinates of the bar- and the cable-actuated SCs. The SCs are compliant so qui designates sets of unconstrained joint coordinates. Existence of a stable static equilibrium
can then be expressed from the mechanism potential energy Ui (qi , qui ) (Eq. (3)),
verifying also that the tensions in the elements in traction are positive.
∂Ui (qi , qui )
=0
∂ qui

∂ 2Ui (qi , qui )
>0
∂ q2ui

i = {1, 2}

(3)

For both SC, the potential energy is written with qu1 = [LA1 B1 , LA1 A2 , LB1 B2 ]T for
the bar-actuated SC and qu2 = LA3 B3 for the cable-actuated SC, having respectively
three and one unconstrained coordinates [3]. It gives:
!
j=3
1
2
2
U1 = K (LA2 B2 (q1 , qu1 ) − l0b ) + ∑ (qu1 ( j) − l0b )
2
j=1
(4)

1
2
2
U2 = K (LA4 B4 (q2 , qu2 ) − l0c ) + (qu2 − l0c )
2
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The first and second derivatives are then derived and the lengths in qui are replaced
by their proposed expressions (1) or (2). It then leads that all the first derivatives
are equal to zero. The expressions of the second derivatives are not detailed here
for paper clarity, but are strictly positive if the components of qi , the elongation
and the stiffness of the springs are strictly positive, which is always verified. Therefore, these configurations correspond to tensegrity configurations. However, here
the springs of the bar- (resp. cable-) actuated SC present a free-length l0b (resp. l0c )
and a maximal elongation δeb (resp. δec ). To ensure admissible tensions for springs
and cables in a practical implementation, the lengths of the springs must be included
in [l0b , l0b + δeb ] (resp. [l0c , l0c + δec ]) for the bar- (resp. cable-) actuated SC.
Stability analyses showed that the configuration of the mechanism is independent of
the spring stiffness and free-length (Eq. (1) and (2)). Modeling of the manipulator is
then reduced to the manipulation of geometrical relationships and the forward static
model can be derived analytically. The pose of the end-effector is expressed as:
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0
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2LA3 B3
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−π

(7)

The kinematic Jacobian matrix J of the manipulator maps the Cartesian velocities of
the end-effector ẋ with respect to the joint velocities q̇: ẋ = Jq̇. The pose of the endeffector is defined by three coordinates while four actuators are used. The system is
then redundant and J is a 3 × 4 matrix. The kinematic Jacobian matrices Jb and Jc
of the bar- and cable-actuated SC respectively are given in (8) and (9).



2 + 3ρ 2
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with
E1 (ρi , ρ j ) = 4L2 ρi − 3ρ j ρi2 − ρ 3j
E2 (ρi , ρ j ) = 8L4 − 4ρi L2 (ρi + 3ρ j ) + ρ j (3ρi − ρ j )(ρi + ρ j )2
−1

 q
1 − (ρi − ρ j )2 /4LA2 3 B3
E3 (ρi , ρ j ) = 8LA2 3 B3 1 − ρi (ρi − ρ j )/2LA2 3 B3
(10)
which leads to
 
 
ρ˙
ρ˙
ẋ = Jb b1 + Jc c1
(11)
ρ˙b2
ρ˙c2
and the kinematic Jacobian matrix is finally expressed as
J = [Jb , Jc ]

(12)

3 Control loop and simulation
Thanks to the derivation of the kinematic Jacobian of the manipulator in (12), Jacobian based control for redundancy management can be exploited. To carry out
a path tracking task in the Cartesian space with a redundant manipulator, the joint
velocities are computed as:
q̇ = PJ† (q)(x − x∗ )

(13)

with J† the Moore-Penrose pseudo-inverse Jacobian and P a negative diagonal matrix. Using Eq. (13), the redundancy is not exploited and the pseudo-inverse then
minimizes the Euclidean norm of joint velocities. To add secondary tasks, the gradient projection method [9] can be used to take advantage of the null-space of J and
optimize a given cost function h(q). The joint velocities are then expressed as:
 !


 ∂ h(q) T
†
∗
†
q̇ = P J (q)(x − x ) + k I − J (q)J(q)
(14)
∂q
with k a positive scalar. With the control scheme presented in (13), the trajectory
is controlled in the Cartesian space but not in the joint space. However, if the actuator limit positions are reached, trajectory distortions will be induced. The RCM
constraint can thus be violated, which is not acceptable (especially in a medical context). Also, the control of a tensegrity mechanism requires that the cables and springs
are in tension at all time. To respect this constraint, actuator strokes are chosen accordingly. Moreover, as shown in Eq. (1) and Eq. (2), the spring lengths are directly
linked to the joint positions. Therefore, maximizing the distance between the joint
positions and their limits will also maximize the distance between the spring length
and the lengths at rest and at maximal elongation. This approach is then also interesting to avoid situations with low or high tensions in the springs and cables. As
a consequence, a cost function h(q) is proposed to minimize the distance between
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Fig. 2 Proposed control loop.

the measured joint positions and the mean value of the reachable positions following [8]. With ρbmin , ρbmax and ρcmin , ρcmax the actuator limits of the bar-actuated and
the cable-actuated SC respectively, the cost function is written as
ha =

1 2
∑
4 i=1


p1
|


ρbi − αbi 2
ρbmax − αbi
{z
}


+

p2
|


ρci − αci 2
ρcmax − αci
{z
}

Actuators of the bar-actuated SC

Actuators of the cable-actuated SC

αbi = (ρbmax + ρbmin )/2

αci = (ρcmax + ρcmin )/2

(15)

with p1 and p2 some coefficients to be tuned.
The obtained control loop is displayed in Fig. 2. A pose feedback xm is considered. It can be implemented by measuring the joint coordinates and using the
forward kinematic model or using an exteroceptive measurement. This choice is not
discussed in this paper. We also consider that the motions are slow enough to avoid
actuator velocity saturation and the transfer function of the actuators is considered
to be unitary.
In order to evaluate the proposed control schemes, dynamic simulation is implemented with the SimscapeTM Toolbox of Matlab Software (MathWorks, USA).
This simulation is thereby independent from the models used for control. Weightless
springs and cables are considered while the bars have a mass mb , the end-effector
and the decoupling element a mass m p . Parameters are reported in Table 1. In practical implementation there are inevitably dissipative forces. We here simulate the
latter with dampers placed in parallel to the springs and in the prismatic joints with
a damping coefficient of 20 N.s/m. It is adjusted by a trial-and-error process.

Table 1 Parameters for simulation of the proposed manipulator.
Parameter
L
K
l0b , δeb
l0c , δec
lp

Value
200
0.25
140
100
20

Unit
(mm)
(N/mm)
(mm)
(mm)
(mm)

Parameter
Value
Unit
Op
[0 500] (mm)
mb
0.25
(kg)
mp
0.25
(kg)
[ρbmin , ρbmax ] [200, 500] (mm)
[ρcmin , ρcmax ] [20, 170] (mm)
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Fig. 3 Top: Cartesian trajectories without (dotted red line) and with (solid blue line) optimization.
Bottom: Errors on the RCM constraint. In dotted red and in solid blue the curves obtained using
the control schemes proposed in (13) and in (14) respectively.

A comparison with (k 6= 0) and without (k = 0) optimization is performed. The
end-effector trajectory is displayed in Fig. 3. During the whole process, the manipulator respects the RCM constraint. End-effector path is controlled by modifying
the radius value R0 (Fig. 1). The manipulator end-effector follows the sequence of
points ABCDEA. Along CD, R0 = 200 mm and along BE, R0 = 235 mm. The angle
ϕ varies between -35 and 35◦ . The evaluation is carried out with an end-effector
velocity of 5 mm/s and P = −diag(2, 2, 0.1). For the cost function minimization
we choose p1 = p2 = 1 and k = 106 . The latter is chosen through a trial-and-error
method.
The obtained Cartesian trajectories and errors on the radius and the angle are
displayed in Fig 3. The end-effector follows the desired trajectory with average path
tracking errors of 0.88 (resp. 0.28) mm on the radius and 0.22 (resp. 0.19) ◦ on
the angle without (resp. with) optimization. In Fig. 3, a distortion of the Cartesian trajectory can be observed when the simple pseudo-inverse is used. It is due
to the saturation of the joint positions. More specifically, it is caused by the actuators of the bar-actuated SC which reach their minimal bounds and the ones of the
cable-actuated SC which reach their maximal bounds. When the control scheme
with optimization is used some errors caused by the dynamics can still be observed.
However, joint position saturation and tension limits are avoided.
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4 Conclusions and perspectives
In this paper, the kinematic model of a tensegrity-based manipulator for a medical
application was derived. It was then used to develop and achieve early-stage tests of
Jacobian-based control schemes. Optimization of the joint positions was proposed
to address actuator saturation and tension issues taking advantage of the tensegrity
mechanism redundancy. Promising results are obtained even though only local optimization is considered. Implementation of global optimization is a first perspective
of this work. The use of redundancy to minimize other criteria such as the potential
energy to improve energy consumption and safety will also be considered.
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