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Abstract— Previously, we developed a 3D path following
algorithm to improve the microrobot performances to overcome
the modeling errors and environmental disturbances in order to
perform real tasks, tested experimentally in a scaled-up helical
microswimmer. In this paper, we show that adapting the propul-
sion mode, the general path following algorithm can be used
for any microswimmer behaving as a nonholonomic system. For
that purpose, we study a magnetic robot with a flexible tail that
mimics the spermatozoa locomotion mechanism. A frequency
and amplitude characterization of the flexible swimmer using
an oscillating magnetic field is shown. To adapt the propulsion
mode, we develop a 3D magnetic field control based on the
steering angular velocities which are computed from the path
following algorithm in order to propel and steer the flexible
robot to reach a desired location in space and achieve for the
first time a 3D closed-loop motion control using a swimmer
with flexible flagella.

I. INTRODUCTION

Microswimmers have the potential to optimize certain
medical operations and make them mini-invasive such as
targeted drug delivery [1] and fertilization assistance [2].
Nowadays, the objects get smaller and become difficult
to handle. These microrobots can be used to manipulate,
transport and even assemble micro and nanocomponents [3].

At low scale, the locomotion is characterized by low
Reynolds numbers because the drag forces from the fluid
dominate over the inertia forces. Consequently, the reciprocal
motion can not produce net propulsion. Purcel called this the
scallop theorem [4]. Microorganisms adapt a nonreciprocal
motion in order to propel themselves through the viscous
fluid such as the corkscrew-type rotating propulsion and the
oscillating propulsion used respectively by E. coli bacteria
and spermatozoa. Artificial microrobots mimic the same kind
of motion to swim and navigate such as magnetic helical
swimmers, which are among the most studied lately. They
use a rotating magnetic field and a rigid corkscrew tail [3],
[5] or flexible tail [6] in order to advance. In this paper, we
are interested in studying a flexible swimmer motion actuated
using an oscillating magnetic field. When a magnetic torque
is applied on the flexible swimmer, the tail bends and thus
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produces a thrust force through the interaction with the
surrounding viscous fluid.

In the literature, researchers focus on the conception part
of microswimmers trying to optimize and adapt the shape
to different tasks [2]. However, the control is quite simple
and not accurate. A model-based controller is developed
in [7] to compensate the artificial swimmer weight. However,
since the algorithm is open-loop, it is subjected to errors
and drift. In fact, controlling microswimmers in closed-loop
will make them less sensitive to environmental disturbances
such as thermal noises [8] and boundary effects [9], and
will allow to transport microobjects and reach 3D desired
locations with more accuracy, robustness and repeatability,
which are necessary for performing real tasks. [10] pro-
poses a 2D closed-loop point-to-point motion control of
a MagnetoSperm in contact with a solid surface, which
consists of generating a uniform magnetic field towards
the reference point. However, the swimmer velocity is not
continuous at each intermediate point. In the last paper, we
proposed a general path following algorithm to improve the
performances of these microrobots tested experimentally on
a scaled-up helical microswimmer [5]. The controller handles
any type of disturbance and allows a smooth convergence of
the swimmer to the path.

In this paper, as a first contribution, we show that the 3D
path following algorithm developed in [5] can be used for
any microswimmer behaving like a nonholonomic system in
the condition of adapting the propulsion mode specific to the
swimmer. For that purpose, we study the 3D swimming and
motion characteristics of a continuous flexible tail swimmer
under an oscillating magnetic field. The swimming velocity
and agility of the flexible swimmer is characterized in
function of the frequency and amplitude of the oscillating
magnetic field and to adapt the propulsion mode, we de-
veloped a 3D steering magnetic control to reach a desired
orientation in space, based on the control inputs of the
3D path following algorithm. As a second contribution, we
achieve a closed-loop 3D path following using a swimmer
with flexible flagella tested experimentally on different 3D
curve shapes. A comparison between the closed-loop and
open-loop controls is also shown in terms of accuracy. The
experimental results show a smooth convergence of the
flexible swimmer to the path and an accuracy less than 1.6%
of the robot length.

In the remainder of this paper, section II presents the
modeling of the flexible swimmer including the magnetic
actuation, the sperm number and kinematic equations in
the Serret-Frenet frame, and finally, the control law based
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on the chained-form. Afterwards, section III describes the
electromagnetic manipulation system used to propel wire-
lessly the flexible robot, and the 3D steering magnetic
controller. Section IV shows the frequency and amplitude
characterization of the magnetic flexible swimmer using an
oscillating magnetic field. Section V shows the results of
applying the 3D path following using visual feedback.

II. MODELING AND CONTROL

A. Magnetic torque and force

The flexible robot is actuated using an oscillating magnetic
field generated thanks to a 3D Helmholtz coils system. As
the magnetic field is uniform, the flexible flagella undergoes
a magnetic torque Tm which is given as follows:

Tm = M×B (1)

with M the magnetic moment and B the external magnetic
field. The magnetic torque tends to align the magnetic
moment of the flexible robot with the applied magnetic
field [11]. Therefore, with an oscillating magnetic field and
a flexible tail, the swimmer can advance by converting the
oscillation into linear motion. However, if the magnetic field
B is not completely uniform, a magnetic force Fm can be
generated, which is given as:

Fm = ∇(M ·B) (2)

where ∇ is the gradient operator [11]. The magnetic field
gradient is considered as a disturbance which drifts the
flexible swimmer from the desired trajectory. The closed-
loop control aims to correct these errors.

B. Sperm number

The sperm number Sp is a dimensionless number measur-
ing the importance of the viscous forces on the elastic forces.
It is expressed as in [12] by:

Sp =

(
L4 ζ⊥ ω

A

)1/4

(3)

with L the total length of the elastic flagella, ω the driving
frequency of the oscillating magnetic field, ζ⊥ the normal
viscous drag coefficient and A the flagella coefficient stiff-
ness. For a Sp � 1, the velocity of the swimmer tends toward
zero because the tail is not flexible enough to bend and the
scallop theorem is applied. In the other side, for Sp � 1,
the oscillations decrease quickly because the fluid viscosity is
high. In nature, the spermatozoa swims at Sp ∼ 7, however,
[13] has showed that the propulsion of a flexible filament
immersed in a fluid is optimized at Sp ∼ 1.

Besides, the stiffness of the flagella can be expressed as
A = EI with E the flagella young modulus and I the
second moment of area. Because of the fluid frag, the flexible
robot bends when trying to align with the applied magnetic
torque. The flexural rigidity varies along the elastic tail of
the swimmer as follows:

E I
dy

ds
=

∫ s

0

τs ds (4)

Fig. 1: Flexible swimmer modeling for 3D path following.

where y is the transverse displacement of the tail at s and
τs is the bending moment.

C. Kinematic equations

The flexible robot is modeled using the body-fixed frame
FB = {xB yB zB } located at the center of mass G, with
xB the flexible robot principal axis. The swimming plane of
the robot is defined by the vectors xB and yB. The flexible
robot is driven in 3D space using the direction angle θd
and the inclination angle θi. The former is the average of
the robot axis xB oscillations in the swimming plane and
the latter is the orientation of the swimming plane to the
horizontal plane. xB is related to θd and θi as follows:

xB = [Sθi Cθi Sθd Cθi Cθd ] (5)

The kinematics of the flexible robot in the Serret-Frenet
frame F s can be expressed as in [5] by:

ṡ =
v Cθde Cθie

1− c dy
(6a)

ḋ y = v Sθde Cθie + τ dz ṡ (6b)

ḋ z = − v Sθie − τ dy ṡ (6c)

θ̇ie = Ωy Cβ − Ωz Sβ Sα− α̇ Cβ + τ ṡ Sθde (6d)

θ̇de = Ωz
Cα

Cθie
+

β̇

Cθie
− τ ṡ Tθie Cθde − c ṡ (6e)

where s, c and τ are respectively the curvilinear abscissa,
the curvature and the torsion, θde and θie are respectively
the direction and inclination orientation errors between the
total linear velocity v and the tangential vector of F s, dy and
dz are the horizontal and vertical distances of G to the path
while Ωy and Ωz are the steering angular velocities. α and β
are used to compensate lateral disturbances and the flexible
swimmer weight. For more details, see [14].
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Fig. 2: The magnetic manipulation system used to propel and
steer wirelessly the swimmer with flexible flagella.

D. Control law

To design the controller, we introduced in [14] a new
chained form to linearize the model in (6) as follows:

ẋ1 = u1 (7a)
ẋ2 = x3 u1 (7b)
ẋ3 = u2 (7c)
ẋ4 = x5 u1 (7d)
ẋ5 = u3 (7e)

The variables and inputs transformation is defined as follows:

(x1, x2, x3, x4, x5) =
(
s, dy, (1− c dy)Tθde + τ dz,
dz, (c dy − 1)TθieCθ

−1
de − τ dy

)
(u1, u2, u3) = (ṡ, γ 21 Ωz + γ 22,

γ 31 Ωy + γ 32 Ωz + γ 33)
(8)

where γ·· are scalars given in Appendix.
To follow the 3D desired path, the distance and orientation

errors are servoed to zero using the following state feedback
control law:

u2 = − kd1 u1 x2 − kt1 |u1| x3 (9)
u3 = − kd2 u1 x4 − kt2 |u1| x5 (10)

where k·· are the control gains tuned empirically.

E. Magnetic actuation

III. THE MAGNETIC MANIPULATION SYSTEM

The flexible robot consists of a magnetic disc head and
an elastic tail (Fig. 2). The latter was made using elastomer
obtained after mixing base and catalyst liquids. The length
of the flexible tail is about 8mm. The permanent magnet
is a 0.8mm diameter and 0.2mm height disc magnet. The
magnetization is along the the flexible robot principal axis.
During the experiments, the flexible flagella is emerged in a
pure glycerol with a density of 1.26g/cm3 and a viscosity of
1.524Pa.s at 23◦C. The swimming velocity of the robot is

measured about 1.6mm/s. The Reynolds number is computed
about Re ≈ 0.01.

To propel the flexible robot, a driving oscillating magnetic
field Bd is generated thanks to the 3D Helmholtz system in
Fig. 2, and is expressed as explained in [15] by:

Bd = Bx xB + By cos(2πft) yB (11)

The swimming plane of the flexible robot is defined by the
vectors xB and yB. As the linear motion direction of flexible
swimmers does not change with the oscillating magnetic field
direction, the homogeneous static magnetic field Bx=Bx xB

is introduced to control the direction of the flexible robot.
A sinusoidal magnetic field By = By cos(2πft) yB is
applied in the direction perpendicular to the flexible swimmer
axis, with f the oscillation frequency. The resulting magnetic
field Bd oscillates around the swimmer axis. As the magne-
tization M is in the swimming plane, the driving magnetic
torque Td is perpendicular to both M and Bd and so to the
swimming axis.

To reach a desired orientation in space, the steering
magnetic field Bs is developed as follows:

Bs =
λ

‖M ‖
xB
∗ (12)

with λ the control gain and xB
∗ the swimmer desired

orientation which is related to the real-time orientation xB

and the steering angular velocity Ω as follows:

xB
∗ = Ω× xB dt (13)

where dt is the sample time. Ω = (0,Ωy,Ωz)
T is computed

using the general path following algorithm by inverting the
control inputs u2 and u3 in (8) as follows:

Ωz = (u2 − γ 22) γ−121

Ωy =
(
u3 − γ 33 − γ 32 γ

−1
21 (u2 − γ 22)

)
γ−131

(14)

From (1), the steering magnetic torque Ts is computed as
follows:

Ts = M×Bs (15)

=‖M ‖ xB ×
λ

‖M ‖
xB
∗ (16)

= λ xB × xB
∗ (17)

to reach the desired orientation, the steering magnetic torque
is applied along xB × xB

∗.
To summarize, in order to adapt the propulsion mode

specific to the swimmer, the steering magnetic controller
should be developed in function of the steering angular
velocities and the latter are computed using the general path
following control inputs.

IV. CHARACTERIZATION OF THE FLEXIBLE ROBOT

The goal of this paper is path following using a magnetic
flexible swimmer. The frequency and amplitude responses
can be used to control the swimming velocity and agility of
the robot during the motion control.
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(a) Shape of the swimmer
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Fig. 3: For different oscillation frequencies, the tail shape
of the flexible swimmer (a) and the mean of the swimming
velocity in the horizontal plane with an inclination angle of
50◦ in order to compensate the weight of the swimmer. The
error bars depict the standard deviation.

(a) Oscillation amplitude
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Fig. 4: (a) The oscillation amplitude is proportional to the
angle 2θ and (b) the oscillation amplitude response of the
flexible swimmer. This characterization is realized under
an inclination angle of 50◦ and an oscillation frequency
of 1.2Hz.

1) Frequency analysis: Following the oscillating magnetic
field, the flexible tail of the swimmer can bend because of
the fluidic drag and thus generate a thrust force in 3D space.
Fig. 3 describes the shape and swimming velocity of the
flexible robot in a pure glycerol for different frequencies
of the oscillating magnetic field. To compensate the weight
of the robot, the inclination angle is kept at 50◦ during
experiments.

The swimming velocity of the flexible swimmer increases
with the oscillating frequency of the magnetic field until
the cut-off frequency around 1.5Hz. Beyond this frequency,
the swimming velocity decreases slowly as presented in
Fig. 3(b). The results are similar to those in [16]. We
observed that at high frequencies the flexible tail can not
follow the oscillating magnetic field deforming in a nonlinear
way as shown in Fig. 3(a).

2) Amplitude analysis: The magnetic flexible swimmer is
propelled using an oscillating magnetic torque which tends
to align the magnetic moment M of the robot with the
applied magnetic field B. The amplitude of the oscillation
is proportional to the angle 2θ where θ = atan(By/Bx) as
presented in Fig. 4(a).

It can be seen in Fig. 4(b) that the average of the
swimming velocity of the flexible swimmer increases as we
increase the magnetic field oscillation amplitude. Below, we
show also that the the oscillation amplitude plays a role in
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Fig. 5: The flexible robot response to a step angle of 70◦.
The direction angle θd is computed thanks to the mean of
the flexible robot axis oscillations.
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Fig. 6: Step response to the 70◦ direction angle with different
magnetic field oscillation amplitudes. The inclination angle
and the oscillation frequency are kept fixed during experi-
ments.

the agility of the flexible swimmer.
For that purpose, experiments have been performed using

the step response of the flexible robot to a 70◦ direction angle
with different oscillation amplitudes as shown in Fig. 6. The
direction angle of the robot is calculated using the angle
mean of the robot principal axis oscillations as depicted in
Fig. 5.

In Fig. 6, it can be seen that the time response of the
flexible robot, which is defined as the the time that the
swimmer takes to establish a steady state regime, depends
strongly on the oscillation amplitude. The response is faster
for large oscillations, in addition, the static error at the end
of graphs is smaller.

V. MOTION CONTROL

Once the flexible swimmer is characterized and the propul-
sion mode is adapted, the general path following algorithm
is tested on the prototype with different 3D curve shapes fol-
lowing the procedure in Algorithm 1. The flexible swimmer
is oscillating in synchronization with the magnetic field at a
frequency of 1Hz.

Fig. 7 and Fig. 8 depict the 3D reconstruction of the
flexible swimmer trajectory while following respectively an
inclined sinusoidal and an arbitrary trajectories. It can be
seen that the flexible swimmer follows well the trajectory
despite the complexity of the paths. The multimedia attach-
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Fig. 7: 3D path following of an arbitrary trajectory shape us-
ing the flexible swimmer. The control gains were kd1 = 0.5,
kt1 = 0.2, kd2 = 0.4 and kt2 = 0.1.
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Fig. 8: 3D path following of an inclined sinusoidal trajectory
using the flexible swimmer.

ment shows the top and side views of the flexible swimmer
following the desired trajectories.

The general path following algorithm consists of minimiz-
ing the distance and orientation errors between the flexible
swimmer and the reference path. When the flexible swimmer
is far from the path, it converges first to the path then goes
along the path by following the path tangential vector.

The flexible robot 3D motion was also controlled in open-
loop using the same inclined sinusoidal trajectory before. The
flexible robot follows the tangential vector of the desired
path. The result is drawn in Fig. 9. At the same graph, we
depict the trajectory of the flexible robot using the closed-
loop control. The oscillation frequency and the weight com-
pensating angle are kept fix during the experiments. It can be
seen that the flexible robot follows the trajectory with more
accuracy in the case of the closed-loop control by correcting
the drift errors caused mainly by the friction between the
flexible swimmer and the substrate, the system imperfection
and the computing errors of the weight compensating angle.
The distance RMS errors during the closed-loop control are
99µm for dy and 226µm for dz . These experiments show the
robustness and accuracy of the closed-loop control which can
be used to perform real tasks at low scale by compensating

Algorithm 1: 3D closed-loop control of the flexible
swimmer

Require: fmin ≤ f ≤ fmax
v ← total linear speed
C(s) ← 3D geometric path
while not end of the path do
I , I1 ← grab images()
G, xB ← swimmer tracking(I , I1)
S ← projection path(G)
(xF,yF, zF) ← Serret Frenet frame
(s, c, τ , d cds , d τds ) ← path parameters
(dz , dy) ← distance errors
(θde, θie) ← orientation errors
(ṡ, ḋ y ḋ z , θ̇de, θ̇ie) ← kinematic equations, (6)
(γ21, γ22, γ31, γ32, γ33) ← scalars
(u1, u2, u3) ← control law, (8), (9) and (10)
(Ωy , Ωz) ← angular velocities, (14)
Bd ← driving magnetic field(xB, yB), (11)
Bs ← steering magnetic field(xB, Ω), (12)
(US , UM , UB) ← tension conversion(Bd, Bs)

end while
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(a) Top view (b) Side view

Fig. 9: Comparison between the open-loop and closed-loop
controls while following an inclined sinusoidal trajectory
using the flexible robot.

the modeling errors and the environmental disturbances such
as boundary effects.

The general path following algorithm was tested previ-
ously on a helical swimmer actuated with a rotating magnetic
field [5]. In this paper, we adapted the magnetic controller for
the flexible swimmer by following an oscillating magnetic
field rather than a rotating magnetic field. The results show
that the controller is still efficient, robust and accurate. In
this section, we demonstrated that the controller can be used
for any microswimmer behaving as a nonholonomic system,
which means that the microswimmer should advance in the
direction of its principal axis with the lateral displacements
nulls exactly as a mobile robot in 2D or an autonomous
underwater vehicle in space.

VI. CONCLUSIONS

In this paper, we achieve a 3D closed-loop motion control
using a swimmer with flexible flagella for the first time
according to our best knowledge. First, the swimmer with
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flexible tail is characterized in function of the frequency
and amplitude of the oscillating magnetic field. Furthermore,
we developed a 3D steering magnetic field control based
on the steering angular velocities, which are computed from
the general path following that we developed above and we
demonstrated that the algorithm can be used for any swim-
mer behaving as a nonholonomic system in the condition
of adapting the propulsion mode specific to the swimmer.
Finally, the visual servo control was validated by following
trajectories in space. Controlling the flexible robot in closed-
loop aims to improve their performances in order to achieve
real tasks and make them less sensitive to environmental
disturbances which are more important at low scale.

In the future, we intend to control a group of magnetic
flexible swimmers to improve their performances such as
transporting drugs for diseased cells inside human body and
also compare experimentally their performances in terms of
stability, rapidity and accuracy with helical swimmers that
are actuated with a rotating magnetic field.

APPENDIX

The scalars used to compute the steering angular velocities
Ωy and Ωz in (14) are given as follows:

γ 21 = v ṡ−1 Cθ−1de Cα

γ 22 = vṡ−1Cθ−1de β̇ − ṡ
(
2 v ṡ−1 τ Sθie + τ2dy − dz ∂τ∂s

+ c(c dy − 1) (1− 2Cθ−2de ) + (c τ dz + dy
∂c
∂s )Tθde

)
γ 31= −v ṡ−1 Cβ Cθ−1ie
γ 32= v ṡ−1 Cθ−1ie (SαSβ − CαSθie Tθde)
γ 33= (1− cdy)(α̇Cβ − β̇SθieTθde)+ṡ

(
dy

∂c
∂sTθieCθ

−1
de

−dy ∂τ∂s −
(
dzτ+2(1− cdy)Tθde

)(
τ + cTθieCθ

−1
de

))
It can be noticed that some scalars depend on the total linear
velocity v and the variation of the sideslip and attack angle
respectively β̇ and α̇.
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