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A B S T R A C T

Tuned Mass Dampers (TMD) are passive devices well-known to mitigate vibrations thanks to
the principle of vibration absorption. They consist of a mass, a spring and a damper whose
frequency is tuned to a critical frequency of a master structure in order to generate the expected
energy transfer. As these devices require a very fine tuning to be efficient, Multi-frequency
designs (Multiple Tuned Mass Dampers — MTMD) integrating several absorbers whose specific
frequencies are distributed around the target resonance frequency have emerged to obtain good
damping performances on a wide frequency band, even in the presence of uncertainties. The
elastodynamic properties of these designs are classically estimated from lumped mass models
that are a simplified representation of the 3D structures that will actually be used on a real
application. In this context, the purpose of the paper is to design a metabsorber consisting in a
set of 3D resonators, and to estimate numerically and experimentally the performance and the
robustness in an uncertain context. The design approach relies on a dynamic analysis of the
whole structure using the Finite Element Method that allows to considerate any topology for
the absorbers. Epistemic uncertainties resulting from lack-of-knowledge on the target frequency
are introduced, and the robustness of the metabsorber is estimated using the Info-Gap Theory
that is a non-probabilistic approach for decision-making in such an uncertain context. Different
frequency distributions in the metabsorber are compared to quantify the gain in performance
and robustness that can be achieved changing the number of absorbers. The methodology is
applied to the case of a simplified airplane model in order to control the third bending mode:
numerical and experimental results show that even if the robustness improves when the number
of different absorbers increases, very good results can be obtained by using a reduced number
of absorbing elements in the metabsorber.

. Introduction

Vibratory energy absorption is the working principle of Tuned Mass Dampers (TMD), also known as Dynamic Vibration Absorbers
o passively mitigate vibrations. The use of TMD in order to control the vibrations of a structure around a given frequency consists
n attaching a secondary device with a resonant frequency tuned to match that of the main structure. At the design frequency, an
nergy transfer operates from the structure to the TMD and allows to attenuate vibrations. The concept of Multiple Tuned Mass
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Dampers (MTMD) is to implement a set of TMD rather than a single one in order to, among other things, reduce the mass of each
TMD and limit the space required. It may be noted that the same concept of absorption is exploited in the recent development
of Resonant MetaMaterials (RMM) where local resonators are periodically attached to or integrated within the main structure to
generate energy transfer or trapping between the structure and these secondary devices [1–3]. There is a vast literature on RMM, also
referred to as Elastic MetaMaterials or metastructures for metamaterial-based finite structures, many different configurations have
then been investigated such as discrete-like resonators consisting in spring–mass–dampers introduced on beams [4–6], plates [7,8],
cantilever-in-mass resonators [9], or tensioned-elastic membrane with mass blocks resonators [10]. The main interest in the case of
metamaterials is that resonators generate local resonance bandgaps in a lower frequency range than the Bragg scattering phenomena
which is linked to the spatial periodicity. TMD, MTMD as well as RMM are therefore based on the same principle of energy
absorption, the main difference lies into the number and the size of absorbers. The advantage of using MTMD is that TMD are very
sensitive to detuning, and perform poorly outside a narrow frequency band around the frequency being monitored: this is known as
the frequency detuning effect. The same effect occurs with MTMD when resonators are all tuned to the same frequency or in Resonant
Metamaterial when perfectly periodic: the effective attenuation bandgap is deep but quite narrow and very sensitive to uncertainties.
A strategy then consists in considering a frequency distribution in MTMD [11–13] in order to be more effective on a wider frequency
band and more robust to detuning. By introducing multiresonators into metamaterials [14–16], or a hierarchical configuration [17],
it is possible to generate multiple bandgaps and, with adequate design, to achieve broadband effectiveness by merging the separated
bandgaps. By tuning the natural frequencies of the local resonators and structural parameters, Bragg and resonant bandgaps can be
coupled for instance [18]. The design of functionally graded metamaterials, with spatially-varying properties in terms of material
or geometry, allows to distribute the pass-bands and expand the attenuation bandwidth [19]. It is also interesting to note that a
particular frequency distribution characterized by a high modal density around the natural frequency of the master structure allows
to absorb near irreversibly the energy of the master structure [20,21], and avoid the energy return generally observed with a finite
number of oscillators [22]. Finally, all the studies done on energy absorption tend to show that multistructures, MTMD as resonant
metamaterials, with distributed vibration absorbers are the best configuration to attenuate effectively on a frequency broadband.

The next question is thus to determine the optimal frequency distribution for a given problem. Many studies aim at finding the
ptimal frequency distribution to ensure performances in vibration control, but high performance is often obtained at the expense
f robustness such that a trade-off between these two objectives has to be found. Robust optimization methods have been developed
ith uncertain parameters [23] or uncertain parameters and positions [24], modeled as stochastic variables, in order to minimize

he mean or the stochastic vibratory response [25,26]. Some strategies aim at considering both the control performance and the
obustness by solving a two-objective optimization problem with a genetic algorithm [27] or by adding a frequency bandwidth ratio
ith a weighting factor into the performance index [28]. The question of robustness of multi-frequency metastructures has received

ess attention to the author’s knowledge [29,30]. In [31], the variation of mechanical parameters for the resonator modifies the
imits of the band-gaps. The break of periodicity due to variability in additive manufacturing is investigated in [32–34]: detuned
esonators can change the attenuation performance even for small levels of variability, and suppress as well as widen band-gaps.

Many of the studies done on MTMD or on RMM rely on lumped mass models that are easier to simulate, and that lead to
educed computational times [3,35]. These models allow to identify the elastodynamic properties of the absorbers, but they need
o be improved to take into account the real topology of the absorbers composing the metastructure, or their position that has
n impact on the effectiveness. For instance, recent works on spatially distributed TMD show that it is necessary to introduce the
ffective mass of a structure to evaluate the efficiency of the absorbers [36], meaning that the absorber position is an influent
arameter. The proposed paper details a methodology to design a metabsorber consisting in a set of 3D resonators, and the
urpose is to investigate the performance and the robustness of the structure when changing the number of resonators and for
he same added mass. The variability taken into account is a variation of the frequency to control that can be due to changes in
he environmental conditions, ageing of materials, assembly conditions among others. No probabilistic description of the uncertain
ariables is available in this case, and stochastic approaches are inadequate. This is considered as lack-of-knowledge, an epistemic
ncertainty for which a large amount of information is missing. The robustness is thus evaluated using the Info-Gap theory [37] that
s a non-probabilistic approach adapted for cases where no probabilistic description of parameters is available. This approach is a
ecision-making tool in a context of epistemic uncertainty that has already been applied for identification of an appropriate model
n presence of lack-of-knowledge [38], to study the collapse resistance of structures under uncertain loads [39], or to quantify the
amping performances of viscoelastic materials in an uncertain temperature environment [40]. The methodology is here applied to
tudy a metabsorber designed to control the third bending mode of a simplified airplane model. The paper is organized as follows: a
eterministic optimization of the metabsorber is proposed in Section 2 using a Finite Element Model of the whole structure. Different
onfigurations are tested for which the number of resonators changes while keeping the same mass. Section 3 is dedicated to the
obustness analysis of the deterministic optimal designs using the Info-Gap Theory, and the question is to compare the robustness
fficiency obtained as a function of the number of resonators in the distribution. Finally, experimental validations are presented in
ection 4, and conclusions are summarized in Section 5.

. Optimal design of a metabsorber

Consider a main structure with a vibration mode to be controlled over a frequency band of interest. As an example, Fig. 1 presents
CAD design of an airplane model presenting vibrations to control on the third bending mode. The airplane is composed of a main

uselage in aluminum, a through-wing and horizontal and vertical stabilizers in steel. The wing and the stabilizers are fixed on the
2
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Fig. 1. The primary structure consists in an airplane model composed of a main fuselage, a through-wing and horizontal and vertical stabilizers. The wings and
the stabilizers are fixed on the fuselage thanks to bar angles. Two couples of piezoelectric transducers are introduced in the model to match the experimental
configuration presented in Section 4. The study focuses on the control of the third bending vibration mode, illustrated by the figure on the left.

Fig. 2. Design of the metabsorber and integration on the airplane wing: The metabsorber consists in a set of beam-like absorbers attached on the wing of the
airplane to control: the configuration is here presented for a uniform distribution such that all the beams have the same length. Computations are done on the
wing surface opposite to the metabsorber.

fuselage thanks to angle bars in aluminum. All the geometrical and material parameters for the studies are recalled in Appendix.
This example will be used as an application case to illustrate the proposed methodology.

The control of the bending mode is done using a metabsorber composed of a set of 𝑁 absorbers (Fig. 2): each absorber consists in
a beam as in [20], but to generalize the methodology to any kind of absorber, it will be modeled as a 3D component using the Finite
Element Method. The device is attached at candidate position which is the most favorable one to attach the single TMD. It is made
with PMMA whose properties are given in Appendix. As a starting configuration all the elements are assumed to be identical, their
varying properties will be determined thanks to optimization strategies in the next sections. As the effectiveness of the absorbers
depends on their number, their spatial distribution on the main structure, and is linked to the modal behaviors, the developed tools
are based on a numerical dynamic analysis of the finite structure [41].

2.1. Finite element model of the master structure with the metabsorber

The FE method is used to study the dynamic behavior of the whole structure. The mesh is composed of quadratic tetrahedral
elements and of quadratic brick elements on the metabsorber, with a total of 164550 dofs. The equations governing the dynamic
behavior of the whole structure including the airplane and the metabsorber in the frequency domain can be written as,

(

𝐊∗ − 𝜔2𝐌
)

�̂� = �̂�, (1)
3
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where 𝐊∗ and 𝐌 are respectively the complex stiffness and the real constant mass matrix of the structure, �̂� is the complex
displacement vector and �̂� is the excitation vector. The complex stiffness can be written as,

𝐊∗ = 𝐊∗
𝐬 +𝐊∗

𝐚𝐛𝐬, (2)

involving the complex stiffness 𝐊∗
𝐬 of the main structure and the complex stiffness 𝐊∗

𝐚𝐛𝐬 of the absorbers. The complex nature of the
matrices is linked to the consideration of loss factors introduced to model structural damping in the main structure 𝜂, and in the
absorbers 𝜂𝑎𝑏𝑠. In this configuration the size of the vector to compute is the number of degrees of freedom in the Finite Element
Model. To reduce computational costs it is possible to use a reduction basis made of the eigenmodes. Loss factors are assumed to be
small enough to consider that the normal modes of the linear conservative system are not changed much and can be used for the
basis. Under this assumption the modal basis 𝜱 =

[

𝝓𝟏 𝝓𝟐 … 𝝓𝐩
]

composed of the 𝑝 first eigenmodes is introduced and computed as,

(

𝐊 − 𝜔2
𝑝𝐌

)

𝝓𝐩 = 0, (3)

where 𝐊 is the real part of 𝐊∗. The dynamic equations for the reduced model are thus written as,
(

𝐤∗ − 𝜔2𝐦
)

�̂� = 𝐟 , (4)

here 𝐦 = 𝜱𝑇𝐌𝜱, 𝐊∗ = 𝜱𝑇𝐊∗𝜱 and 𝐟 = 𝜱𝑇 �̂� are the projected operators. �̂� are the generalized coordinates. 𝐤∗ is the sum of 𝐤∗𝐬
hat is the reduced matrix for the main structure, and of 𝐤∗𝐚𝐛𝐬 that is the reduced matrix for the absorbers.

.2. Optimization methodology

Firstly, a deterministic optimization is performed in order to find a reference distribution for the natural frequencies of the
etabsorber. It is proposed to consider as design variables the stiffness properties for the 𝑁 absorbers attached: indeed, the damping
roperties introduced on the absorbers are difficult parameters to modify in the design; thus the structural damping is fixed at the
alue of 6.6% which corresponds to what has been identified from an experimental test using an Oberst approach (ASTM E 756-98).
he added mass is required to be small and will be fixed at about 18 g that corresponds to 4.5% of the wing mass (equal to 403 g). The
trategy to control the absorbers’ stiffness consists in introducing a coefficient 𝛼𝑖 (1 ≤ 𝑖 ≤ 𝑁), and the corresponding topology will be
dentified in a second step. By changing the number of different 𝛼𝑖, it is possible to study different metabsorber configurations, while
orking with the same mass assumption: for instance, the case where all the 𝛼𝑖 are equals corresponds to a uniform distribution and

an be assimilated to an equivalent single TMD (1-TMD), the case where all the 𝛼𝑖 are different corresponds to a N-TMD metabsorber.
he reduced matrix stiffness is thus modified as follows,

𝐤𝐚𝐛𝐬 =
𝑁
∑

𝑖=1
𝛼𝑖𝐤𝐢𝐚𝐛𝐬, (5)

here 𝐤𝐢𝐚𝐛𝐬 is the stiffness matrix of the 𝑖th absorber. The distribution of the 𝛼𝑖-parameters is representative of the squared natural
requencies of the MTMD absorbers. Different optimization objective functions can be defined, it is chosen here to focus on the
inimization of the elastic strain energy of the airplane structure on a frequency band around the resonant frequency to control.
his energy is a global quantity that ensures that the MTMD will be efficient on all the structure and will not only reduce locally
he vibration amplitude. Moreover, the computational time required to estimate this quantity is low when working with projected
perators. For an harmonic excitation, the average strain energy over the vibration period is defined using the reduced operators
s,

𝐸(𝜔, 𝛼𝑖) =
1
4
�̂�(𝜔, 𝛼𝑖)𝐻𝐊𝐬�̂�(𝜔, 𝛼𝑖) =

1
4
�̂�(𝜔, 𝛼𝑖)𝐻𝐊𝐬�̂�(𝜔, 𝛼𝑖) (6)

where 𝐻 denotes the hermitian or conjugate transpose. The optimization problem can thus be written as,

Given 𝜔𝑚𝑖𝑛, 𝜔𝑚𝑎𝑥, 𝛼min, 𝛼max
Find 𝛼𝑖, 1 ≤ 𝑖 ≤ 𝑁

Minimizing
𝜔𝑚𝑎𝑥
∫

𝜔𝑚𝑖𝑛

𝐸
(

𝜔, 𝛼𝑖
)

𝑑𝜔

Subject to 𝛼min ≤ 𝛼𝑖 ≤ 𝛼max

where 𝜔𝑚𝑖𝑛 and 𝜔𝑚𝑎𝑥 are frequencies respectively below and above the frequency to be controlled. The lower and upper bounds
for the parameters are arbitrary defined as 𝛼𝑚𝑖𝑛 = 0.5 and 𝛼𝑚𝑎𝑥 = 1.5, and the parameters are initially fixed to 1. The optimization
roblem is solved using the fmincon function available in mathematical software package MATLAB®.

.3. Application - optimization results

The metabsorber considered in this work consists in two sets of 9 absorbers. The structure is almost symmetrical, but not exactly
ecause of the angles used for the assembly, and it is chosen to consider each of the 18 absorbers independently. The frequency
and of interest is between 𝜔𝑚𝑖𝑛 = 60Hz and 𝜔𝑚𝑎𝑥 = 90Hz, around the frequency of the third bending mode for the plane. 𝑝 = 30
4

odes are taken into account in the modal basis.
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Fig. 3. Average of the receptance norms on the wing surface for the initial airplane and for the airplane with metabsorber NTMD1 that contains identical
absorbers. (Legend color on the web version of the article).

Table 1
Properties of the different metabsorbers studied by changing the number of beams with different lengths.

Case Number of
different lengths

Coefficients 𝛼

NTMD2 2 𝛼1∶2∶17 ≠ 𝛼2∶2∶18
NTMD3 3 (𝛼1∶3∶16 ≠ 𝛼2∶3∶17 ≠ 𝛼3∶3∶18)
NTMD6 6 (𝛼1∶6∶13 ≠ 𝛼2∶6∶14 ≠ 𝛼3∶6∶15 ≠ 𝛼4∶6∶16 ≠ 𝛼5∶6∶17 ≠ 𝛼6∶6∶18)
NTMD9 9 (𝛼1,10 ≠ 𝛼2,11 ≠ 𝛼3,12 ≠ 𝛼4,13 ≠ 𝛼5,14 ≠ 𝛼6,15 ≠ 𝛼7,16 ≠ 𝛼8,17 ≠ 𝛼9,18.
NTMD18 18 All the coefficients are different.

2.3.1. Optimization results for the 1-TMD case
The optimization is firstly done considering the uniform case for which all the beams in the metabsorber have the same length.

This configuration gives rise to an equivalent single TMD. Starting from a unit initial value and an initial beam length 𝐿 = 8.5 cm,
the coefficient obtained at the end of the optimization process is 𝛼 = 1.01. Fig. 3 presents the average of the receptance norms
computed on the wing surface (Fig. 2). It can be observed a slight unbalance compared to the equal-peak method classically used
for TMD-design. This is an influence of the structure which has several modes and non-uniform damping properties, such that an
equal-peak design requires a specific optimization procedure as described in [42].

2.3.2. Optimization results for the 1-TMD to the N-TMD case
The optimization study is then done changing the configuration of the metabsorber. Five cases are considered, by changing

the number of different lengths, and thus the frequency distribution (Table 1). The distribution of the 𝛼𝑖 parameters obtained
at the end of the optimization process for each metabsorber configuration (NTMD1 to NTMD18) is presented on Fig. 5(b). The
associated average of the receptance norms on the wing surface are given on Fig. 4. It is also possible to represent the variation
of the stiffness properties of the absorbers in terms of frequency distribution considering a beam-model for the absorber, with
clamped-free boundary conditions, and writing the natural frequency as 𝜔2 = 𝛽2

𝐿2

√

𝛼𝑖𝐵
𝑚 where 𝐵 and 𝑚 are the bending stiffness and

the mass per unit length, and 𝛽 = 1.875 for the first mode.
It can be observed that the metabsorber significantly reduces the amplitude of the response on a wide range of frequencies around

the frequency to control, and that the attenuation increases with the number of different absorbers in the device. The frequency
distribution in the metabsorber tends to be almost linear around the tuned frequency and it is noticeable that there is no great gain
in attenuation between the NTMD9 and NTMD18 configurations with the largest number of absorbers. The methodology proposed
to design a metabsorber consisting in a set of 3D resonators is thus based on a modal basis reduction approach, on a design by
modifying the stiffnesses of the absorbers, and on the computation of energy quantities. Computational costs are reduced as the
optimization process takes only a few seconds. By this way, it has been possible to define networks adapted to a complex 3D
structure. The purpose is now to compare the robustness of the devices under lack-of-knowledge.

3. Robustness analysis of the optimal metabsorber design

The optimal design parameters have been determined in Section 2 without uncertainties, the purpose of this section is to evaluate
the robustness of the designs when the frequency to control for the master structure is poorly known or varies. Indeed, during
5
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Fig. 4. Average of the receptance norms on the wing surface for the initial airplane and for the airplane with metabsorber NTMD1/2/3/6/9/18 (Legend color
on the web version of the article).

Fig. 5. Structure of the metabsorbers (NTMD1/2/3/6/9/18) after the optimization process (Legend color on the web version of the article).

the structure life, the distribution of the embedded masses may vary, the environmental conditions may be modified leading to
changes in the structure or material behaviors that may affect the frequency to be controlled. It is thus necessary to evaluate
the robustness of the metabsorber to such variations, that is evaluate its ability to still mitigate vibrations in case of unknown
uncertainties. The methodology here proposed is based on the Info-Gap decision theory that is a non-probabilistic decision theory
under severe uncertainty [37]. It is particularly well suited when no probabilistic information is available, as in the case of frequency
detuning considered in this paper. The theory relies on the introduction of three data: a model, a performance criterion, and an
Info-Gap uncertainty model. Such a model consists in a family of nested sets, where each set corresponds to a level of uncertainty.
The robustness analysis using this approach aims to determine from which level of lack-of-knowledge the performance criterion
is not verified anymore. In the present study, the model consists in a 3D numerical Finite-Element model used to estimate the
performance of a metabsorber quantified from the reduction of vibratory energy that it allows. Lack-of-knowledge is introduced
through perturbations of the mass matrix that result in a lack of knowledge about the frequency of the main structure to control.
The following sections detail these concepts.

3.1. Estimation of the robustness using the info-gap approach

Lack-of-knowledge on the master frequency to control is introduced on the reduced mass matrix 𝐦 of the master structure through
the matrix 𝐝𝐦 that represents the perturbation of the modal mass matrix due to the added lumped mass in the experiments. 𝐦𝟐×𝟐
is the full mass matrix that takes the lumped mass into account while 𝐦 is the nominal full mass matrix:

𝐝𝐦 = 𝜱𝑇 [

𝐦 −𝐦
]

𝜱 (7)
6
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In the simulations, the perturbation is also defined by the parameter 𝛾0 that allows to drive continuously the mass, and consequently
the frequency uncertainties. Hence, the dynamic equation Eq. (4) is written as,

(

𝐊∗ − 𝜔2 (𝐦 + 𝛾0𝐝𝐦
))

�̂� = 𝐟 (8)

such that for the nominal value 𝛾0 = 0 the dynamic equation corresponds to the initial problem. The Info-Gap uncertainty model,
in this case the envelope model, is given in Eq. (9),

𝑈
(

ℎ, �̃�0
)

=
{

𝛾0 ∶ |

|

𝛾0 − �̃�0|| ≤ ℎ
}

, ℎ ≥ 0 (9)

ℎ is the horizon of uncertainty on the nominal value �̃�0 of the matrix coefficient 𝛾0. At any level of uncertainty ℎ, 𝑈 contains all
coefficients 𝛾0 whose distance from �̃�0 is not greater than ℎ. The performance of the metabsorber is estimated from the calculation
of the ratio 𝑅𝑀𝑇𝑀𝐷

0 between the elastic strain energy on the frequency band of interest with and without the metabsorber,

𝑅𝑀𝑇𝑀𝐷
0 = 𝐸𝑀𝑇𝑀𝐷

𝐸0
, (10)

where 𝐸𝑀𝑇𝑀𝐷 is the strain energy of the master structure estimated when the metabsorber is attached to the master structure and
𝐸0 is the energy without metabsorber. When the efficiency of the metabsorber decreases, the ratio 𝑅𝑀𝑇𝑀𝐷

0 increases and tends to
1. The robustness function ℎ̂ is thus defined as the greatest horizon of uncertainty ℎ, that is to say the greatest variation in the
frequency to control, such that the worst case ratio (max) remains inferior to the critical value 𝑅𝑐

0,

ℎ̂(𝑅𝑐
0) = 𝑚𝑎𝑥

{

ℎ ∶
(

max
𝛾0∈ (ℎ,�̃�0)

𝑅𝑀𝑇𝑀𝐷
0

)

≤ 𝑅𝑐
0

}

(11)

As ℎ̂ gets larger, the sensitivity of the MTMD device to lack of knowledge gets smaller. In practice, the estimation of the robustness
is done increasing the horizon of uncertainty (

{

ℎ1, ℎ2,… , ℎ𝑛ℎ
}

) and looking for the worst case design calculated as,

�̂�ℎ𝑖 (ℎ) = max
𝛾0∈𝑈(ℎ𝑖 ,𝛾0)

𝑅𝑀𝑇𝑀𝐷
0 (12)

It is possible to estimate uncertainty values for which the performance criteria 𝑅𝑀𝑇𝑀𝐷
0 ≤ 𝑅𝑐

0 is respected.

3.2. Numerical application

Fig. 6 presents the robustness of the different metabsorbers NTMD1/2/3/6/9/18 as defined in Eq. (11). The uncertainty
introduced on the mass of the master structure is translated in terms of an uncertainty on the natural frequency of the structure,
the relationship is determined from a modal analysis. The maximum frequency variation is 18% here. The value obtained when
the maximum horizon on uncertainty ℎ is equal to 0 corresponds to the determinist optimal performance that is the best that can
be achieved. It can be observed that the metabsorber NTMD1 is less efficient than the other ones, as observed on Fig. 4. Then,
as the uncertainty increases, the master frequency deviates more and more from the nominal value for which the metabsorbers
have been tuned, and the energy ratio increases. This means that the metabsorbers are less and less efficient. Let consider the case
of a critical 𝑅𝑐

0 equal to 20% as represented by the vertical line on Fig. 6. Whatever the NTMD configuration, it is possible to
ensure this performance if the uncertainty on the main frequency is less than 8% (horizontal line). Nevertheless, the robustness
is improved for more complex configurations with more absorbers. Considering the zeroing property defined as the case without
allowed uncertainty, it is clear that NTMD18 outperforms other configurations with respect to the performance metric. Moreover, it
is also the most robust configuration as the curve is above the others for any given level of uncertainty. This case can be considered
as the dominant robust one among all configurations. Finally, it can be observed that it also corresponds to the best performing
configuration for all levels of uncertainty.

4. Experimental analysis of the performance and of the robustness of the metabsorber

The purpose of this section is now to investigate experimentally the performances and robustness of the different metabsorbers, to
validate the numerical design methodology, and to study the credibility of the robustness results obtained by numerical simulation in
Section 3. The airplane as well as the metabsorber have been manufactured for an experimental validation of the methodology. The
metabsorber is manufactured using a laser cutting machine from a 1.42mm thick PMMA sheet. Fig. 7(a) presents the airplane with one
of the metabsorber prototypes glued on its wing. The different configurations studied for the metabsorbers (NTMD1/2/3/6/9/18)
are presented on the same figure.

The airplane is free-free, suspended to a test frame thanks to flexible cables. It is excited by a sweep sine signal with two sets
of piezoelectric patches (PIC 151, 3 cm × 3 cm × 0.5mm) bonded on the wing (Fig. 7(b)). The transverse velocity is measured on the
wing surface using a Polytec Laser Doppler vibrometer: the experimental mesh contains 𝑁 = 90 test nodes.
7
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Fig. 6. Distribution of the robustness for metabsorber NTMD1/2/3/6/9/18 (Legend color on the web version of the article), the curves on the right represent
the FRFs for three levels of uncertainty on the main frequency (horizon = 0, 0.09 and 0.17).

4.1. Vibration measurements on the wing surface - analysis in case of frequency shift on the main structure

Fig. 8 presents the average of the receptance norms obtained experimentally on the wing surface without and with the 6 different
metabsorbers (NTMD1/2/3/6/9/18). These results can be compared to the numerical ones presented in Fig. 4 and quite a good
agreement is observed with the emergence of a flat curve more regular as the frequency distribution in the metabsorber becomes
more complex. In order to experimentally evaluate the impact of the metabsorbers when the frequency of the main structure changes,
an addition of mass was realized by introducing magnets at the end of the wings. Two configurations are tested, in the first one
a set of 2 magnets placed on both sides of the wing is introduced at each end (configuration called 2 × 2), in the second one a
batch of 4 magnets is introduced (configuration called 4 × 4). Numerically, these added masses lead to modifications of the mass
matrix which becomes respectively 𝐦𝟐×𝟐 and 𝐦𝟒×𝟒 for each configuration: these modified matrices are used to numerically evaluate
the dynamic response of the structure. The frequency shift induced on the studied mode is about 5.5% for case (2 × 2) and 9.6%
for case (4 × 4). Experimentally, as before, the vibratory response of the wings was measured by laser vibrometry. Fig. 9 presents
the average of the receptances on the wings obtained numerically and experimentally in the case of the initial structure (called
Initial - Num and Initial -Exp), and for the various metabsorbers without frequency shift (Ntmd - Num, Ntmd -Exp) and with the
two configurations of frequency shift by added mass (Ntmd - 2 × 2, Ntmd - 4 × 4).

A first observation of the results shows that the experimental results are in good agreement with the numerical results for all
configurations, which allows to validate the model used. For each case, the attenuation performance obtained with the metabsorbers
decreases when a frequency shift is introduced on the main structure. A more accurate analysis shows that the loss of performance
is greater for metabsorbers composed of similar absorbers. Thus the loss of efficiency for NTMD1 is greater than for NTMD18 since
the maximum amplitude reached is higher. These results demonstrate a fact often cited in the literature that a multiple absorber
is more robust than a single absorber. Besides, the NTMD2 metabsorber gives better results than probably expected: this is due
to variabilities on manufacturing and properties that benefit in this case to performance. In order to deepen this conclusion, the
objective now is to estimate this robustness in particular experimentally, and to position it with respect to the numerical estimates
made with the Info-Gap method in Section 3.

4.2. Performance estimation based on the experimental energy - application of a modeshape experimental technique

The methodology proposed in Section 3 to evaluate the robustness is based on the computation of the elastic strain energy on a
frequency band of interest. In order to calculate the experimental energy following a method similar to that implemented numerically
8
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Fig. 7. Experimental set-up with the airplane model and the metabsorbers.

and thus using Eq. (6), it is necessary to determine the experimental generalized coordinates which are quantities that cannot be
measured directly. The strategy proposed in this paper relies on a modeshape expansion technique [43] to estimate experimental
coordinates from the measurements of receptances. The wing numerical modal basis 𝜱 is assumed to be known and is used to
9
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Fig. 8. Average of the experimental receptance norms on the wing surface for the initial airplane with metabsorber NTMD1/2/3/6/9/18 (Legend color on the
web version of the article).

build an experimental modal basis 𝜱𝐞𝐱𝐩 by interpolation of the 𝑁𝑛𝑢𝑚 Finite Element Results on the 𝑁𝑒𝑥𝑝 test nodes. The size of the
interpolated matrix is 𝑁𝑒𝑥𝑝 by 𝑁𝑚𝑜𝑑𝑒𝑠 where 𝑁𝑚𝑜𝑑𝑒𝑠 denotes the number of eigenmodes selected. In practice, measured quantities in
this work are receptances, and the expansion method is such applied on these data. Experimental modal coordinates are estimated
by transforming the measured receptances using the modal decorrelation,

�̂�𝐞𝐱𝐩 = 𝜱−1
𝐞𝐱𝐩�̂�𝐞𝐱𝐩 (13)

where �̂�𝐞𝐱𝐩 corresponds to the measured receptance. Assuming an harmonic excitation, a strain energy linked to the receptance is
then computed as,

𝐸𝐹𝑅𝐹 ,𝑒𝑥𝑝 =
1
4
�̂�𝐻𝐞𝐱𝐩𝐤𝐬�̂�𝐞𝐱𝐩. (14)

This energy can be related to the strain energy,

𝐸exp = 𝐸𝐹𝑅𝐹 ,exp ×
‖

‖

‖

𝐟‖‖
‖

2
(15)

where ‖

‖

‖

𝐟‖‖
‖

2
is the square norm of the excitation force. As this norm is constant, and that the quantity of interest for the robustness

study is an energy ratio as defined in Eq. (10), it is possible to work with this derivate energy. The residue of the modal expansion
is defined as,

𝐑 = 𝜱𝐞𝐱𝐩�̂�𝐞𝐱𝐩 − �̂�𝐞𝐱𝐩. (16)

In order to illustrate the methodology, only the case of NTMD1 without frequency shift is presented in the paper. Fig. 10(a) presents
the average of the receptance norms measured on the wing, and obtained after expansion, and Fig. 10(b) presents the absolute linear
average residue error. The expansion is done here with 20 modes in the modal decomposition. It can be seen that the expanded
results are overlaid with the measured results, at least on the first modes and on the frequency band of interest for the study. The
error is very small, less than 10−6, meaning that the proposed approximation is valid.

Fig. 11 depicts the strain FRF energy estimated using experimental modal expansion on the frequency band between 60Hz and
90Hz for the initial airplane structure, and for the structure with metabsorber NTMD1 without frequency shift and with the two
configurations of frequency shift by added mass (Ntmd - 2 × 2, Ntmd - 4 × 4). The maximum energy over the frequency band can
thus be estimated and the energy ratio used as a performance criterion can be deduced. Table 2 summarizes the results obtained
for all the configurations tested.

4.3. Analysis of the experimental robustness

Figs. 12 and 13 present a comparison between the robustness of the metabsorbers estimated numerically using the Info-Gap
approach, and the experimental robustness estimated using the expansion method for the initial design and for the two configurations
of frequency shift. For the majority of cases the experimental robustness is as expected better than the numerical one as the Info-Gap
approach predicts the worst case at any given level of performance. Some isolated points are identified for NTMD1 and NTMD 6
where this conclusion is wrong: the proposed explanation for this is that the numerical method only considers uncertainties on the
main structure, while in practice they exist everywhere, and in particular on the metabsorber due to manufacturing errors, material
inhomogeneities, . . . . When these cannot be neglected as probably for the specific points in Fig. 12a and Fig. 13a, it would require
to complexify the approach taking two sources of uncertainties all together. Finally, the results demonstrate globally that a multiple
configuration increases the level of robustness as the uncertainty increases, and a stabilization effect can be observed.
10
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Fig. 9. Average of the receptance norms on the wing obtained numerically and experimentally in the case of the initial structure (called Initial - Num and Initial
-Exp), and for the various metabsorbers without frequency shift (Ntmd - Num, Ntmd -Exp) and with the two configurations of frequency shift by added mass
(Ntmd - 2 × 2, Ntmd - 4 × 4) : (a) NTMD1, (b) NTMD2, (c) NTMD3, (d) NTMD6, (e) NTMD9, (f) NTMD18 (Legend color on the web version of the article).
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Fig. 10. Approximation of the experimental results using a modal expansion method for the case of the airplane with metabsorber NTMD1.

Fig. 11. Strain FRF energy estimated using experimental modal for the case of the airplane with metabsorber NTMD1 on the frequency band between 60Hz
and 90Hz for the initial airplane structure (Exp - Initial), and for the structure with metabsorber NTMD1 without frequency shift (Ntmd - Exp) and with the
two configurations of frequency shift by added mass (Ntmd - 2 × 2, 4 × 4) (Legend color on the web version of the article).

Table 2
Ratio between the maximum energy with each metabsorber on the frequency band [60Hz 90Hz]
and the maximum energy on the initial structure - without frequency shift and with the two
configurations of frequency shift by added mass (Ntmd - 2 × 2, Ntmd - 4 × 4). The FRF strain
energy for the initial structure used as a reference is 𝐸0 = 6.6972 × 10−4 J N−2.

Configuration Without shift With shift 2 × 2 With shift 4 × 4

NTMD1 0.0501 0.1079 0.2142
NTMD2 0.0069 0.0331 0.0431
NTMD3 0.0128 0.0301 0.0322
NTMD6 0.0283 0.0466 0.1180
NTMD9 0.0044 0.0050 0.0122
NTMD18 0.0073 0.0125 0.0213

5. Conclusions

This paper proposes an approach to design a metabsorber consisting in a set of 3D resonators tuned to control a vibrating
structure, and to study both numerically and experimentally its robustness in case of lack-of-knowledge on the frequency to
12
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Fig. 12. Distribution of the numerical and experimental robustness for metabsorber NTMD1/2/3 (Legend color on the web version of the article).

control. The 3D configuration allows to consider complex topologies modeled using the Finite Element Method, adapted to real
structures. The design methodology is applied to control a bending mode for an airplane model. Different frequency distributions
are investigated to compare the performance and the robustness of the metabsorbers. An Info-Gap analysis is performed to quantify
robustness by introducing lack-of-knowledge on the frequency to be controlled, without knowledge of probability distribution for
this parameter. The investigated performance metric for this study is the strain energy on a frequency band around the frequency
to control, which is a computationally inexpensive global quantity using reduced modal operators. The studied metabsorbers are
13
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Fig. 13. Distribution of the numerical and experimental robustness for metabsorber NTMD6/9/18 (Legend color on the web version of the article).

realized and measurements by laser velocimetry allow to evaluate the performances of the different configurations. A modal
expansion method is implemented to estimate the strain energy from the vibration measurements, and evaluate the robustness
of each metabsorber. Finally, a frequency detuning of the main structure is introduced by adding weights on the wing tips. It is
observed that the energy obtained experimentally without uncertainties corresponds to the numerically predicted energy. Moreover,
the experimentally evaluated robustness is found for some lucky configurations to be better than the worst case estimated by the
Info-Gap approach, and follows the worst case trend for less robust configurations. Overall the robustness of the metabsorbers is
14
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Table A.3
Parameters used for the numerical simulations.

Parameter Variable [Unit] Value

Geometrical Parameters

Parameters for the fuselage

𝐿𝑓 Length [m] 0.46
𝑑𝑓 outer diameter [m] 0.05
ℎ𝑓 thickness [m] 0.002

Parameters for the wings

𝐿𝑤 length [m] 0.6
ℎ𝑤 thickness [m] 0.001

Parameters for the stabilizers

𝐿𝑣𝑠 length [m] 0.07
𝑤𝑣𝑠 base width [m] 0.04
ℎ𝑤𝑠 thickness [m] 0.00145
Parameters for the Horizontal Stabilizer

Materials for the airplane

1 - Wing and stabilizers
𝐸1 Young’s modulus [GPa] 192
𝜌1 density [kg m−3] 7721
𝜈1 Loss factor [%] 0.113
2 - Angle bars
𝐸2 Young’s modulus [GPa] 70
𝜌2 density [kg m−3] 2694
𝜈2 Loss factor [%] 0.28
3 - Fuselage
𝐸3 Young’s modulus [GPa] 70
𝜌3 density [kg m−3] 2775
𝜈3 Loss factor [%] 0.28
4 - Interface wing/angle bar
𝐸4 Young’s modulus [GPa] 13.3614
𝜌4 density [kg m−3] 2694
𝜈4 Loss factor [%] 0.235218
5 - Interface stabilizers/angle bar
𝐸5 Young’s modulus [GPa] 16.0891
𝜌5 density [kg m−3] 2694
𝜈5 Loss factor [%] 0.112735

Material for the absorbers

𝐸𝑎𝑏𝑠 Young’s modulus [GPa] 4.1
𝜌𝑎𝑏𝑠 density [kg m−3] 1156.5
𝜂𝑎𝑏𝑠 Loss factor [%] 6.6

better for more complex distributions for which the resonators vibrate at different frequencies, but it is notable that a saturation
effect emerges so that very good behaviors are obtained experimentally and numerically without detuning all the resonators of the
secondary structure. This phenomenon is observed in a context where the damping on the absorbers is high, the benefit of detuning
the absorbers would certainly be more important for a lower damping.
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Table A.3 contains the geometrical and material parameters used for the numerical simulations.
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