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Abstract

We observe mechanical effects of an exfoliated graphene monolayer deposited on a quartz crystal substrate designed to operate as
an extremely low-loss bulk-acoustic-wave cavity at liquid-helium temperature. This is achieved by sensing overtones of the three
thickness eigen-modes of the so-called SC-cut, since all three modes, two shear mode and one extensional mode, can be electrically
probed with such a crystal cut. From quality-factor measurements, the mechanical losses of the adhesive graphene monolayer
are assessed to be about 8× 10−4 at 4 K in the best case. They are therefore significantly greater than those already reported for
suspended membranes but also for adherent layers on SiO2/Si substrates operating in torsional modes. In fact, results reveal that
surface scattering occurs due to a roughness degradation of a factor 7. In addition, the mechanical losses presented here are also
placed in the context of a device submitted to thermomechanical stresses, but which are not the only ones existing. Some of them
could be intrinsic ones related to the deposition process of the graphene layer. Based on a force-frequency theory applied to the
three thickness modes which react differently to stresses, it is demonstrated that this stress effect actually entangled with that of
mass loading reconciles the experimental results.
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1. Introduction

Bulk acoustic wave (BAW) devices are widely used in re-
search and industry as resonators/cavities, filters or sensors, in-
cluding Quartz Crystal Microbalance (QCM) [1, 2], for a large
variety of applications. Beyond these usual applications at room
temperature, it has been demonstrated that plano-convex BAW
cavities made of premium-quality quartz and designed to trap
the acoustic energy can exhibit Quality factors greater than a
billion in the frequency range 1− 200 MHz at liquid helium
temperature [3, 4] when packaged like the device used in this
study. In these conditions they become very attractive for var-
ious experiments in fundamental physics [5, 6, 7] as well as
for hybrid quantum systems [8], optomechanics [9, 10, 11],
etc. With that in mind, the BAW device described in this pa-
per has already been operated as an optical cavity [12, 13].
Consequently, the ability of these devices to be simultaneously
both an acoustic and an optical cavity makes them a natural
candidate for optomechanical experiments. Although, the ma-
terial based interaction strength between optical and acoustic
fields within the same volume of the cavity remains low. In
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addition to coupling in bulk, one can be enhanced on a bound-
ary by depositing a mirror coating. On the other hand, it has
been demonstrated [14, 15] that deposition of traditional metal-
lic coatings like chromium and gold leads to significant degra-
dation of acoustic quality factors. This motivates investigations
of effects of ultra thin graphene layers on BAW devices with a
promise of minimizing the loading impact on mechanical losses
(i.e. without reducing Q-factors) [16, 17]. Even if the device
described in the present work is too much complicate to be dis-
seminated as a sensor solution, results experienced from it un-
der unusual conditions are still relevant for sensing applications
and deserve to be shared.

2. Materials and Methods

2.1. The quartz crystal acoustic cavity
The device under test, a BAW cavity, is an electrodeless ver-

sion of a plano-convex quartz crystal resonator as shown in the
center of Fig. 1. It is made in a premium-quality quartz crys-
tal slice in accordance with the so-called doubly rotated SC-
cut (for "Stress Compensated", corresponding to rotation an-
gles φ = 22.4◦, θ = 34.0◦) exhibiting a low stress-to-frequency
sensitivity on its metrologic mode, the slow thickness shear
mode or C mode. The central disk is 1 mm thick at its cen-
ter, and its diameter is 15 mm. The energy trapping is then
optimized on the 3rd overtone (OT), more precisely the (3, 0,
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0) mode, of the C-mode at 4.9999 MHz at room temperature
(RT). Vibration frequencies of the 3rd OTs of the fast thickness-
shear mode, the B-mode, and the longitudinal thickness mode,
the A-mode, are located at 5.47 MHz and 9.31 MHz respec-
tively. It may be noticed that all these three mechanical thick-
ness modes are piezoelectrically coupled to an electrical field
normal to the quartz plate in such a SC-cut whereas this is not
the case for the well-known AT-cut for example. Typically all
the odd OTs could be excited with electrodes deposited on a
supported structure (Fig. 1). Both electrode supports are also
shaped in accordance with the plano-convex active disk to con-
fine the vibration at its center. This dedicated device has the
advantage of being quite easy to disassemble to coat one or
both surfaces of the vibrating plate. Although the A and B
modes are extremely sensitive to temperature at RT (typically
more than −5× 10−5K−1 at 300 K for the 3rd overtone (OT)
of the B-mode), making them unusable in metrology applica-
tions, the 3rd OT of the C-mode exhibits a rather weak tem-
perature sensitivity, close to +4× 10−8 K−1 at 300 K, making
frequency-shift measurements still achievable with a minimum
of precautions even without a fine temperature control. But, in
contrast, around 4 K the fractional frequency sensitivity to tem-
perature changes remain typically limited to a few 10−9K−1 for
all modes and OTs. So, a temperature control to within 10 mK
at these low temperatures makes relevant the comparison of fre-
quency behaviors of all acoustic modes before and after coating
of the quartz resonator.

Figure 1: Bulk Acoustic Wave cavity: the active part is the central disk sus-
pended to a rim by 4 "bridges". This plate is clamped between two quartz parts
supporting the electrodes. Supports are a few micrometers far from the active
part.

2.2. The graphene layer

The quartz resonator - just the part at the center of Fig. 1 -
has been shipped to a high-quality graphene producer offering
custom manufacturing services for graphene-based devices [18,
19]. A 5 mm diameter graphene disk has been transferred to
the convex side of the resonator by the manufacturer himself,
following his own chemical vapor deposition (CVD) standard
transfer process in a class 1000 clean room. According to the
provider, the graphene layer is first grown on a copper foil by
the CVD method (in a cold walled CVD reactor at 1000 ◦C and
low pressure using methane as the carbon source, the copper
foils being annealed at 1000 ◦C under a hydrogen and argon

flow before the graphene growth). A poly methyl methacrylate
(PMMA) support layer is then spin-coated onto the graphene
before chemical etching of the copper foil by a solution contain-
ing ferrite chloride. Finally, the resulting bi-component sheet is
transferred onto the quartz substrate and the sacrificial PMMA
layer removed by heating the sample at 450 ◦C in inert at-
mosphere for 2 h. Each batch is checked by means of a Ra-
man spectroscopy and optical microscopy inspection to ensure
a good transfer quality and purity, and the provider specifies
that the monolayer is typically 0.35 nm tick with a grain size up
to 10 µm.

2.3. Method
The characterization of graphene coating effects was made

in two steps. Firstly, the device under test (DUT) was measured
in its nominal configuration (no coating on the vibrating part)
at 4 K. Secondly, the BAW cavity was tested with the 5 mm
diameter graphene monolayer on a face. Additionally, as a ref-
erence test, the same BAW device has been used with gold and
chromium coatings on both sides successively in order to check
the process, and to compare their respective effects on the res-
onances [14]. The device before and after graphene coating is
characterized in terms of quality factors (inverse of mechani-
cal losses) at resonance frequencies of overtones of the three
thickness modes, according to a well-defined procedure [14].

In short, the method is based on measuring the bandwidth
and/or equivalent electrical parameters of the device with a net-
work analyzer locked on a Hydrogen Maser while the device is
temperature-controlled around 4 K in a commercial pulse-tube
cryorefrigerator by means of a Lakeshore controller. The H-
maser reference frequency exhibits a short-term fractional fre-
quency stability of 1 10−13 over 1 s combined with a long-term
stability of 5 10−16 over 10,000 s. In addition, the laboratory is
also connected to the French primary frequency standard (Ob-
servatoire de Paris - SYRTE) to guarantee the frequency ac-
curacy. The analyzer span can be minimized down to 0.5 Hz
leading to a resolution close to 1.25 mHz, and the sweep time
as slow as 10.5 mn is compatible with the expected unloaded
Q values. A calibration should be done before measuring, as
illustrated in Fig. 2, and the driving power is kept as low as
possible in order to limit the power dissipated in the resonator
to about 1 nW. Q-factors are extracted from the recorded data
as Q = f0

fH− fL
or Q = f0

2
dφ

d f ( f = f0) where f0 denotes the mea-
sured center frequency, fH the high cut-off frequency, fL the
low cut-off frequency (i.e. fH − fL is just the frequency band-
width), and φ is the impedance argument. f0, fH , and fL can be
easily measured from the impedance argument (Z Arg in Fig. 2)
or conveniently from the "GB plot" - the imaginary part B of the
admittance against its real part G - where fL and fH are respec-
tively the frequencies at the maximum and minimum of B( f )
and f0 is at the maximum of G( f ).

3. Results and Discussions

3.1. Mechanical loss of a supported graphene-layer at 4 K
Low loss acoustic cavities can be used to probe mechanical

losses in various coatings[14]. Indeed, total losses of a coated
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Figure 2: Parts of the experimental set-up and data extracted from. A HP4195A
or Agilent 4395A-type network/spectrum analyzer with its impedance test kit
is used to read the impedance or admittance of the DUT close to the resonance
frequency of interest and record the data points from. This analyzer should be
locked on a H-Maser to get a reliable frequency value. The DUT set on the
cold stage of the pulse-tube cryocooler, a SHI RP-082B unit, is temperature
controlled close to 4 K. The DUT, inside the cryo-chamber under vacuum, is
at one end of a coaxial cable starting from a feed-through connector at room
temperature at the other end, and three identical cables ended respectively by a
50 Ω load, a short-circuit and an open circuit are used to calibrate the system.
Recorded data are typically the impedance (modulus and argument) and/or the
admittance "circle" so-called GB plot (See [14] for details).

device is, ideally, a sum of intrinsic losses of the acoustic plate
and the coating material. So, by comparing quality factors of
these devices before and after coating, one can deduce material
properties of the added layer. Thus, since the BAW resonator
internal losses set limits on the detectable effects, it is straight-
forward to discuss the main dissipation mechanisms limiting
BAW performance. For frequencies typically greater than a few
Megahertz and at room temperatures, BAW devices operate in
the Akhieser regime [20] which corresponds to the well-known
Q× f = const. dependence between losses and wave frequency
f . On the other hand, for temperatures T close to 4 K, same
devices operate in the Landau-Rumer regime [21], because the
thermal phonon lifetime is 1/τth < f < kBT/h̄. In this regime
the acoustic wave absorption coefficient α( f ) is proportional to
T n f with n close to 4 or 6 depending on whether the acoustic
wave is a shear one or longitudinal [21, 22]. Consequently, the
Q-factor becomes independent of the frequency [23] because
Q ∝

f
α( f )V where V is the wave velocity. Although these rela-

tionships are true for intrinsic losses linked to a three phonon
mechanism, in practice, additional engineering losses may lead

to deviations from this law. As shown in Fig. 3, experimen-
tal data exhibit two trends, even for the bare resonator (plots
labeled "before", for "before coating"): at the lowest frequen-
cies Q-factors remain limited by energy trapping imperfections
whereas surface scattering occurs at higher frequencies, here
from about 115 MHz, because of the residual roughness of the
polished surfaces (a few nm typically). In any case Q-factors
drop down once the resonator is graphene-coated (see plots so-
called "after" for "after coating" in Fig. 3)
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Figure 3: Quality factor versus frequency for different OTs of the three vibra-
tion modes before and after graphene monolayer coating measured at 4K.

Ideally, additional loss of a deposited layer, e.g. graphene,
can be estimated from the Young moduli [24] of both the sub-
strate, in this case crystalline α-quartz, and the coating [14], as-
suming that intrinsic losses are dominant and that the interface
damping is negligible. Indeed, neglecting the weak anisotropy
and piezoelectric of quartz, resulting losses in the coated device
can be simplified as:

Φcoated−q ≈ Φq +
Eg

Eq
Φg ≈

Eg

Eq
Φg ≈

3tgYg

tqYq
Φg, (1)

where Φ denotes mechanical loss (∼ 1/Q), Eg (Eq) is the en-
ergy stored in graphene (quartz), Yi Young’s moduli, and ti the
thicknesses. A graphene Young modulus along the layer plane
of 1 TPa has often been reported at room temperature [25]. That
of quartz is estimated to be 86 GPa [14].

From the experimental data plotted in Fig. 3, by extrap-
olating the calculation to the best case achieved with the A-
mode at 115 MHz, the frequency from which surface scatter-
ing occurs, the 1 mm thick quartz coated with a 0.35 nm thick
layer of graphene would exhibit a mechanical loss Q−1

coated−q =

Φcoated−q ≈ 9 × 10−7. Thus, the graphene layer loss at 4 K
would be estimated from Eq. (1) as close to Φg ≈ 8×10−4, in
the best case, with an uncertainty mainly linked to that of Young
modulus and thickness of a graphene monolayer at 4 K. Simi-
lar values have been observed for gold and chromium coatings
under the same operating conditions and with the same device
under test: ΦAu ≈ 4×10−4, and ΦCr ≈ 16×10−4 respectively
with the latter depending on frequency [14].
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The above graphene-loss assessment is greater than those
reported for micro-scale suspended monolayers, doubly-clamped [26,
27] or clamped-on-all-side suspended membranes [28, 27], typ-
ically 1−1.4 10−4, but this could just be attributed to the larger
surface of adhesion involved in the present case. Nevertheless,
losses of Q−1

g =Φg ≈ 8×10−4 are also much greater than those
measured at 4 K with another film-on-substrate device, a single-
layer graphene film deposited on the so-called "double paddle
oscillator (DPO)" [29], for which internal friction Q−1

g of less
than 0.3 10−4 are mentioned. Even with thicker multilayers on
such a DPO, graphene still exhibits losses as low as 3.1 10−4

and 2.6 10−4 for CVD graphene coatings of respective thick-
nesses 8 nm and 6 nm [30, 27]. The tested DPO is also a mm-
scale system coated with an exfoliated CVD graphene film like
for our DUT but differs from it by the substrate nature, SiO2/Si
instead of α−quartz crystal, and the operating vibration, tor-
sion at low frequency (typ. 5.5 kHz) instead of MHz shear or
expansion modes in our resonator.

How can such a discrepancy of a graphene-loss value be
explained? Beyond the dispersion of mechanical coefficients -
often larger for the shear modulus of a single-layer graphene
than for its Young modulus Yg, for example [31, 29] - actually,
intrinsic losses also depend on the stress fields in both mate-
rials, graphene and substrate. When operated at 4 K, thermo-
mechanical stresses appear inevitably in such heterostructures
assembled at RT, and obviously differ from a BAW quartz res-
onator to a SiO2/Si DPO in torsion. This point about existing
stresses in the graphene-coated quartz-resonator at 4 K is dis-
cussed below in a dedicated paragraph. Extra losses could also
come from the graphene-substrate interface involving Van Der
Waals forces typically, and again would depend on the nature
of the substrate [32, 33, 34] (and/or to a possible annealing pro-
cess).

In addition, Q-factors could also be degraded by an en-
gineering loss originating from an imperfect centering of the
deposited graphene film. Indeed, the graphene "sticker", the
circular graphene film, is transferred manually onto the plano-
convex quartz disk, making this operation critical among pos-
sible manufacturing defects. Such a defect similar to a off-
center mass loading could couple a unperturbed mode of in-
terest (n,0,0) with a odd-symmetry anharmonic mode (n, p,0),
typically a (n,1,0) mode, p being odd, assuming that the off-
center mass perturbation is after x1 [35].

In Fig. 3 we can also observed a shift of the corner fre-
quency marking the Q-factor decrease due to a degradation of
the surface roughness, leading to wave scattering when the fre-
quency increases and therefore an increase in losses: this fre-
quency, close to 115 MHz for the A mode when there is no
graphene (the surface roughness being about 4 nm), changes
to about 41 MHz (49 MHz for the B-mode) once the graphene
layer is in place. Therefore, with a graphene-monolayer coat-
ing at 4 K the roughness standard-deviation [4] of the resonator
becomes σ =

tq√
2nQ ≈ 35 nm, n being the OT order and Q the

corresponding Q-factor, i.e. the 13th OT of the A mode ex-
hibiting a Q-factor of 27 106 at 40.8 MHz (the 27th OT of the
B-mode with Q ≈ 17 106 at 49 MHz).

Regarding Q-factor behaviors with temperature, trends shown
in Fig. 4 suggest that losses for T > 4 K are limited by phonon-
phonon interactions corresponding to the Landau-Rumer regime,
because Q-factors scale as T−n. Nevertheless, the exponent
n is less than 4 instead of typically 4 ≤ n ≤ 6 [36, 22]. For
lower temperatures, a T−1/3 scaling law could be attributed
to residual impurities in the synthetic quartz crystal generat-
ing TLS [37, 4], but is not systematic depending on the mode
considered.
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Figure 4: Q-factor versus temperature for a selection of OTs of the three vibra-
tion modes after graphene monolayer coating.

3.2. Frequency shifts due to graphene mass-loading

In addition to the Q-factor measurements, effects of a coat-
ing can also be characterized by the corresponding frequency
shifts appearing as another possible source of information.

The simplest mechanism that may cause a frequency shift is
the mass loading (ML) effect: adding an extra layer of material
increases the effective mass of acoustic modes leading to de-
crease in frequency which is inversely proportional to the mass.
This effect is commonly used to tune the resonance frequency
of electroded devices or to detect an extra mass (see QCMs).
It is important to note that the graphene layer cannot resonate
by itself because its thickness is much lower than half of the
acoustic wavelengths concerned in this work. Due to this ef-
fect, the frequency shift of an acoustic mode resonating at f

′
n0

can be estimated as:

∆ f
′
n

f ′n0
≈− ρltl

ρqtq
, (2)

where ρq (ρl) is the mass density of quartz (layer), tq (tl) is the
thickness of quartz (layer). This shift resulting of approxima-
tions does not depend anymore on the vibrating mode type, A, B
or C, at the first order (See details in Appendix A. This approxi-
mation known as Sauerbrey formula is very popular in the QCM
community [38, 39, 40, 41, 42, 43, 44]). The areal mass of a
graphene coating can be assessed as ρltl =Nm≈ 7.610−4 g/m2,
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where N is the number of atoms per unit of area and m the atom
mass (when considering 2 full carbon atoms per C-hexagon
whose C-C length is 0.142 nm), and would induce, ideally, a
frequency shift of −2.85 10−7.

At 4 K, the fractional frequency shift between the uncoated
and graphene-coated resonator can be calculated as a function
of the frequency shifts at 300 K, here denoted −R300K for the
expression in Eq. 2 at 300 K, and integrated coefficients of
thermal expansion (ICTE) from 300 K down to 4 K as:

∆ fML4K

f4K
≃ −

ρgtg
ρqtq

=−R300K
(1+αiδT )(1+αgδT )
(1+3αgδT )(1+α2δT )

≈ −R300K [1+(α1 −αg)δT +(α3 −αg)δT ](3)

where α j = α j(T ) denotes coefficients of thermal expansion
(CTE) at a temperature T . Comparing results at 4 K and 300 K,
infinitesimal component α j(T )δT should be replaced with the
corresponding integrated version (ICTE) over the temperature
range:

∫ T
T0

αi(T )dT , T0 = 300 K. Ref [45] provides relevant
values for the integration of quartz expansion coefficients, giv-
ing α1δT = α2δT =−2.54×10−3, α3δT =−1.24×10−3 for
quartz crystal within the considered temperature range. Esti-
mations of ICTE for the graphene layer varies depending on
the reference source: it is αgδT = +1.1× 10−3 from data by
Ref [46], [47] whereas it is closer to +3.7× 10−3 from data
by Ref [48]. It should be noted that graphene expands when
cooled down while quartz contracts. As a result of Eq. (3), the
fractional frequency shift at 4 K for a graphene-coated quartz
would be again close to −3× 10−7 (i.e. −R300K multiplied by
+0.9936 or +0.9885 depending on the ref. source).

To check the methodology described above, additional tests
have been carried out previously at 4 K with more traditional
gold and chromium coatings (whose mechanical and thermal
properties are better known that those of graphene from RT
to 4 K): first a 50 nm thick chromium coating, and second a
150 nm-thick gold over a similar area of 6 mm diameter (both
thicknesses are typically used in electroded quartz crystal res-
onators) [14]. In both cases coatings were used as excitation
electrodes. It should be noted though that films with such thick-
nesses exhibit properties, especially CTE, not so far from those
of bulk materials [49]. Thus, since thin film properties at 4 K
are not known, gold and chromium ICTE can be estimated from
bulk material data [50, 51] as −3.3×10−3 and −9.8×10−4 re-
spectively. The corresponding estimates of fractional frequency
shifts

∆ fML4K
f4K

are then about −2.2×10−3 and −0.27×10−3 re-
spectively. These theoretical assessments of mass loading ef-
fects for Au/Cr coatings are compared with their corresponding
experimental results in Fig. 5, showing that the latter can well
be fitted with linear functions of frequency f in good agreement
with the calculated values from Eq.3. It is therefore demon-
strated that the mass-loading effect dominates in these cases
and that it does not depend on the vibration mode.

However, as shown in Fig. 6 in the case of a graphene coat-
ing, behaviors are rather disappointing by taking into account
only this effect of mass loading. Indeed, both shear modes
exhibit a positive frequency shift proportional to the overtone
number n, and the negative slope of the longitudinal mode sig-
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Figure 5: Frequency shift (difference between coated and uncoated cases) as a
function of the frequency for various OTs of the three vibration modes for gold
and chromium coatings on both sides of a plate measured at 4 K. Coatings are
50 nm thick for Cr and 150 nm for Au. Solid and dashed lines correspond to
the theoretical mass-loading effect.

nificantly deviates from the expected mass ratio of graphene
coating and quartz. As a result, although the methodology works,
the mass loading model does not hold anymore in the case of a
graphene coating.

Figure 6: Measured frequency shift ∆ f , difference between coated and un-
coated cases, as a function of frequency f at 4 K, for various OTs of the three
vibration modes for a graphene monolayer coating whose theoretical thickness
is 0.35 nm. High-order OTs of the shear modes cannot be measured due to
relatively low Q-factors. Dashed lines are best fits.

To extend the modeling, one might add viscoelasticity of the
coated film. This involves the ratio of Young modulus weighted
by their respective densities [43, 52]. Although the correspond-
ing correction term remains negligible. Additionally, some other
typical QCM modifications in a small load approximation have
also been considered, keeping in mind that adhesion of graphene
is strong [53, 54, 55]. Among them friction modeled by a spring
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without any inertial effect or a spring with a dash pot to take
into account losses. These modifications could explain a pos-
itive slope of frequency shifts versus the overtone order. Such
positive frequency shifts of "composite resonator" have already
been reported in rather specific cases [56, 57, 58], although they
do not match very well to the case of a graphene layer. Indeed,
such a spring-type coupling gives ∆ f ∝ + ks

mq f0
1
n , where ks is a

spring constant. Although the slope sign is positive, it has a
n−1 scaling which is difficult to verify experimentally because
of the Q-factor decrease with the overtone order n for both the
C and B modes.

3.3. Stress induced frequency shifts
A more realistic additional effect that could, at least par-

tially, improve predictions of the model is that of static ther-
momechanical stresses which definitely exist in this composite
device due to a mismatch of graphene and quartz thermal ex-
pansion coefficients. Indeed, tests are performed at cryogenic
temperatures while the graphene monolayer is deposited on the
quartz substrate at room temperature (RT) according to a nomi-
nally stress-free(?) process. Graphene exhibits a negative ther-
mal expansion coefficient [48] whereas that of quartz along the
x-axis is always positive [45], and that along the z-axis becomes
negative between 5 and 12 K. Due to this mismatch, the quartz
plate bends because the graphene film is coated only on one
side. In a SC-cut, the associated stress gives frequency shifts
that are consistent with our experiment data (Fig. 6) and sup-
ported by other arguments. Firstly, works by Ballato, Eernisse,
and others show that stress induced frequency shifts are propor-
tional to the operating frequency. Secondly, theoretically the A-
mode shifts happen in opposite sign when compared with C and
B mode deviations with respect to azimuth angle [59]. Thirdly,
C-mode frequency shift observed experimentally is much lower
in absolute values than that for the A mode since the SC-cut
plate is optimized to exhibit low stress sensitivity of the C-mode
at RT.

Effects of a static mechanical bias on elastic waves, i.e.
small dynamic fields superimposed on a static bias, were inten-
sively studied in 70’s-80’s [60, 61, 62, 63] after Thurston and
Brugger works in 1964 [64]. In this work, we employ Sinha-
Tiersten’s perturbation analysis limited to the perturbation of
the elastic constants and not including dielectric or piezoelec-
tric constant changes for example which can be justified by the
weak piezoelectric coupling of quartz [65].

Details on our calculation process are given in Appendix
B. Numerical values have been taken from Ref [66] for piezo-
electric and stiffness coefficients at RT (See also Table A.1 for
useful data at RT), and from Ref [67] for the same coefficients
at 4 K. In a preliminary step, quartz ICTEs, αiδT integrated
over [300 K,4 K], have also been checked based on values from
Ref [45] calculated for our doubly-rotated quartz cut: the ef-
fective elastic constants c̄4K had to be adjusted by less than 2%
so that the calculated A-B-C-mode fractional frequency shifts
meet the experimental values. Otherwise, the calculation pro-
cess is based on the relationship between the frequency shift
resulting of static stresses, or their related strains, in the vibrat-
ing thickness through a perturbation tensor. The latter can be

calculated from a reference state at 4 K by means of the set
of parameter values from Ref [67] applied to a doubly rotated
quartz cut. The calculation process can be summarized as fol-
lows:

a) The uncoated resonator can be seen as a circular plate
with radius rq and tickness tq subjected to an extra dia-
metrically applied force F in the plane (x1,x3) coming
from constrained contractions of its four bridges induced
by cooling from RT to 4 K. Assuming that the resonator
rim is clamped, the naked device would exhibit a frac-
tional frequency change (See Appendix B):

∆ f4K

f4K
≃ 1

tqρqv2
σitqKi

2
≃ σi

2
Ri (4)

for i = 1,3,5, and with:

Kme = 2c2α2nsnγmeVαVγ + c2α2γabsabmeVαVγ +δ2mδ2e,
(5)

c2α2n and snγme being elastic coefficients, Vα eigenvec-
tors (Ri =

Ki
ρv2 are sometimes known as Ratajski coeffi-

cients [68]). Obviously eigenvalues ρqv2 and constants
Ki depend on the mode of interest, A, B or C, and all
coefficients are calculated for the doubly-rotated SC-cut
at 4K: see Table B.2. For a four-point mounting in the
(x1,x3) plane, stresses σi at the center of a circular plate
can be adapted from Ref. [69] to give σ5 ≃ 0 for a SC-
cut, while σ1 ≃ σ3 ≃ −2F

πtqrq
, F depending on the ICTEs

(see Appendix B).

b) The resonator one-sided coated with a graphene layer
is sensitive to the thermal expansion mismatch and to
the diametrical force of its bridge-holders. Actually, the
latter is very close to that of the uncoated resonator as
shown in Appendix B. Regarding stresses induced by the
thermal expansion mismatch of both materials, they can
be simplified as linear functions of the thickness coordi-
nate x2 [69] (FEM simulations as illustrated in Fig. 7 con-
firmed this simplification) written as σi(0,x2,0) = aix2 +
bi, leading to a fractional frequency change, for i= 1,3,5:

∆ f4K_g

f4K
≃ 1

tqρqv2
bitqKi

2
≃ bi

2
Ri, (6)

where it is shown (Appendix B) that b1 = b3 ≃
Yg

1−νg

tg
tq
(αg−

αq)δT, bi ≃ 0 otherwise, and where infinitesimal α jδT
should be replaced with corresponding ICTE:

∫ 4K
300K α j dT .

c) Then, because of the very similar effect of diametrical
forces F exerted by the quartz bridges in both previous
cases, the resulting fractional frequency shift can finally
be expressed as:

f4K_g − f4K

f4K
≃ Ri

2
Yg

1−νg

tg
tq
(αg −αq)δT. (7)
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The above stresses involved in the fractional frequency changes
lead to calculated values ranging from about 1 kPa to 10 kPa de-
pending on the data used: Yg is often set to 1 TPa but may be
lower, reported Poisson coefficient νg are from 0.17 to 0.78,
and the ICTE difference is from 2 10−3 to 6 10−3, the graphene
thermal expansion coefficient αg(t) being still discussed. It may
be noticed that by including the (weak) anisotropy of quartz in
the modeling (See Appendix B), stresses at the substrate center
are, in comparison with the isotropic approximation, b1aniso ≈
98% b1iso, b3aniso ≈ 96% b3iso, and b5aniso < −1.4 10−3 in-
stead of zero. Finite-Element-Method simulations (See Fig. 7)
have been performed in parallel to check the analytical results.
Stresses induced by the composite-device cooled down to 4 K
are simulated by using the set of CTE from Ref [45] for the
quartz substrate and Ref [48] for the graphene layer. These
simulations provide numerical results similar to those obtained
by the analytical modeling.

Figure 7: Von Mises stresses calculated by FEM simulations for the resonator
clamped at its rim. To the left: the uncoated quartz resonator cooled down from
300 K to 4 K, with its side view at the bottom. To the right: the graphene-coated
resonator with its side view at the bottom

Nevertheless, the fractional frequency differences taken from
Eq. (7) do not meet the measured ones (Fig. 6). Actually, fre-
quency shifts given by Eq. (7) have to be balanced by extra
offsets including a mass-loading effect of a few −10−7 to ex-
plain the experimental values in Fig. 6.

Previous relationships can be used to converge toward a
set of realistic values of mass loading on the one hand and in-
duced mechanical stresses at the center of the composite device,
σi(0) = bi, i = 1,3,5, on the other hand, compatible with the
three measured frequency shifts from Fig. 6. To do so, the issue
consists in solving the set of three equations, one per vibration
mode, with three unknown stresses b1,b3,b5 (bi = σi(0)), as a
function of an unknown additional shift caused by mass-loading
∆ fML4K

f4K
:

f4K_gx − f4Kx

f4Kx
=

R1x

2
b1+

R3x

2
b3+

R5x

2
b5+

∆ fML4K

f4K
, with x = A, B, C,

(8)
Ri j being the corresponding force-frequency coefficients of each
mode, and in the left hand side are put the respective experiment
values from Fig. 6. Solutions bi = σi(0) are shown in Fig.8
within the range −60× 10−7 ≤ ∆ fML4K

f4K
≤ 0 corresponding to

an added areal mass that could reach up to 15 ng/mm2. The
theoretical areal mass of a graphene monolayer being around
1ng/mm2, the extra mass involved here could just be due to pol-
lution and/or contamination that could occur during the DUT

installation into the cryorefrigerator, done in a laboratory envi-
ronment and not in a clean room. The amount of dust on the
graphene surface, once the device out of the cryogenic vacuum
chamber, is estimated in Appendix C. The resulting order of
magnitude is consistent with the areal mass mentioned above,
although it is impossible to say that the amount of impurities
present under vacuum, at 4K, is the same as that measured after
the device is removed from the vacuum chamber!

Figure 8: Calculated values of the thermo-mechanical stresses σi(0) , i= 1,3,5,
at the center of the quartz substrate coated with an ideal graphene monolayer, as
solutions bi =σi(0) of the system of Eqs.8 as a function of a mass loading effect
∆ fML4K

f4K
. Such a set of stresses, induced by a CTE mismatch (but not only?) and

combined with the mass loading effect, satisfies experimental frequency shifts
recorded at 4 K (Fig.6). Error bars result from a 5% uncertainty applied to the
force-frequency coefficients Ri j . The circle marks the most probable solution.

Quartz is not a very anisotropic material and therefore stresses
should be such that |σ1(0)| ≈ |σ3(0)| and σ5 ≈ 0 in the ideal
case simulated here. As shown in Fig.8, these conditions are
far from being met: especially b5 = σ5(0) reaches unexpected
orders of magnitude and values of σ1(0) σ3(0) reveal the exis-
tence of stresses other than those of thermomechanical origin.
It could originate from an asymmetry in the assembly and/or
possible intrinsic stresses coming from the coating process, for
example, and amplified by the cooling.

In any case, such stresses inside the 1 mm thick quartz sub-
strate raises the question of the corresponding stresses in the
0.35 nm thick graphene film. Indeed, the integral S of the stress
through the thickness of quartz substrate, i. e. the force per unit
width [70] S =

∫ +tq/2
−tq/2 σi(0,x2,0)dx2 is just bitq when stresses

behave as σi(x2) = ax2 +bi, and should be such that |S|= σ̄gtg,
where σ̄g is the average stress in the graphene film, in a free-
expansion/compression composite graphene-on-quartz device.
The resulting mean value |σ̄g|= bi

tq
tg

could then be much higher
than the tensile limit. To our knowledge there is no reported
value of graphene intrinsic tensile strength at 4 K but, as an in-
dication, an intrinsic tensile strength of 130 GPa is reported for
a suspended graphene membrane at RT [71, 72]. For metals,
yield strengths at cryogenic temperatures are typically greater
than that at RT [73](but what about a graphene monolayer?).

Beyond these figures, modeling, including FEM simulation
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even consistent with the analog model, reaches its limits here,
mainly due to the poor knowledge of the physical constants of
materials at low temperatures (e.g. graphene CTE, graphene
elastic constants).

Nevertheless, although the identified solutions are still af-
fected by a rather important uncertainty, it is demonstrated that
both effects, mass loading and thermomechanical effects, look
well entangled and can explain the experimental frequency shifts,
including positive ones. Accordingly, the measured mechanical
losses are those of a stressed system.

4. Conclusion

As expected, coating an acoustic cavity results in a quality-
factor change and a frequency shift of all the overtones of each
of its eigen modes. Because of, first, its ability to be piezo-
electrically excited on all its 3 thickness modes by a lateral
electric field, second, each of these 3 modes reacting differ-
ently to stresses, a BAW SC-cut quartz-crystal resonator be-
comes attractive as a stress sensor beyond the usual mass sen-
sor. Consequently, provided that thermomechanical stresses
dominate, such a BAW SC-cut quartz-crystal resonator poten-
tially would offer the opportunity to test/verify mechanical and
thermal properties of the coating - data such as Young modu-
lus, Poisson coefficient, CTE - even in unusual conditions, i.e.
at liquid-helium temperature in our case.

The device tested in this study, not initially designed for use
as a sensor, nevertheless demonstrates that stress effects cannot
be neglected compared to those of the mass-loading in the case
of a graphene single layer in contrast with usual "thin" films
as Au and Cr coatings. In the present state, Q-factor measure-
ments of this stressed resonator lead to a probable overestima-
tion of the mechanical losses in the graphene monolayer (under
a stress field), estimated at best at 8 10−4 at 4 K, but they could
depend on the substrate nature. They also reveal a degradation
of the surface roughness of the acoustic cavity by a factor of 7,
because of the graphene coating, cause of diffraction and thus
an increase of the losses.

Many questions remain unanswered and improvements could
be made to such a sensing system for further measurements. It
would be preferable to work with a thinner resonator to limit
the stress in the deposited film. The symmetry of the device
should be improved by ensuring the centering of the graphene
sheet to limit possible spurious modes and it would be desir-
able to deposit graphene on both sides despite its complexity of
implementation.
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Appendix A. Mass loading

To quantify the frequency shifts resulting from a mass load-
ing, let us consider the example of an infinite quartz plate of
thickness tq whose normal axis is y (subscript 2 in the following
equations) with the origin (y = 0) in the centre of the thickness
of the plate. The plate is infinitely coated on both sides with
coating thickness tl of a material of density ρl . The boundary
conditions at plate surfaces involve surface stresses σ : σ2i(y =
+tq/2) =−ρltl üi(tq/2) and σ2i(y =−tq/2) = +ρltl üi(−tq/2),
where i = 1,2,3, for the C, A, and B modes respectively, üi the
second time-derivative of the displacement. In this case reso-
nant frequencies of thickness modes are given by:

fn ≈
n

2tq

√
c̄2i2i

ρq

[
1−

4k2
222i

n2π2 −R
]

(A.1)

corresponding to a fractional frequency shift:

fn − fn0

fn0
=

∆ fn

fn0
≈−(1+

4k2
222i

n2π2 )R, (A.2)

where fn0 denotes a frequency before coating, the odd inte-
ger n denotes the OT order, c̄2i2i is an elastic coefficient mod-
ified by piezoelectricity (pointed out by the upper bar: c̄2nr2 =
c2nr2 +

e22ne22r
ε22

, with e22i: piezoelectric coefficients, ε22: elec-
tric permittivity), k222i is the electromechanical coupling factor,
and R is the ratio of the additive mass over the quartz mass i.e.
R = 2ρl tl

ρqtq
in the case of a quartz substrate coated with layers on

both faces. Quartz is just lightly piezoelectric, so that for the

SC cut at room temperature, the quantity k2
222i =

e2
22i

ε22 c̄2i2i
can be

estimated as 1.76× 10−3, 2.18× 10−3, 0.46× 10−3 for the A,
B and C modes respectively. Thus, the vibration is often seen
from a pure mechanical point of view for which a simplified
resonance frequency shift just reads:

f
′
n − f

′
n0

f ′n0
=

∆ f
′
n

f ′n0
≈−R, (A.3)

and does not depend anymore on the vibrating mode type, A, B
or C. This estimation approach has become popular in the QCM
community, and known as Sauerbrey’s formula [38, 39, 40, 41,
42, 43, 44].

Appendix B. Effect of static stresses

Effects of a static mechanical bias on elastic waves, i.e.
small dynamic fields superimposed on a static bias, were inten-
sively studied in 70’s-80’s [60, 61, 62, 63] after Thurston and
Brugger works in 1964 [64]. In this work, we employ Sinha-
Tiersten’s perturbation analysis limited to the perturbation of
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Table A.1: Material parameters at 300 K (Quartz [66], Au [74, 75], Cr [75], Graphene [76, 25]). For Quartz, CA,CB, and CC are the SC-cut effective stiffness
coefficients of A, B and C modes respectively.

Material Density Quartz SC-cut Young mod. Poisson coef. Shear mod.
ρ (kg/m3) Ci j (GPa) @ RT Y (GPa) ν G = Y

2(1+ν) (GPa)
Quartz 2648 C11 = 86.7, C13 = 16.8 (CA ≈ 121)

C33 = 109.9, C35 = 13.0 (CB ≈ 41.5)
C51 =−13.64, C55 = 58.7 (CC ≈ 34.5)

Au 19300 75 0.44 26
Cr 7140 275 0.21 115
Graphene 2200 1000 0.16 430

the elastic constants and not including dielectric or piezoelec-
tric constant changes for example which can be justified by the
weak piezoelectric coupling of quartz [65]). In accordance to
this approach, the fractional frequency change, at frequency
f = ω

2π
, induced by a bias can be expressed as, for a pure ther-

moelastic problem:

∆ω =
1

2ω

∫ ∫
V

∫
Ĉkαlγ uα,kuγ,l dV∫ ∫

V

∫
ρ0uα uα dV

, (B.1)

with

Ĉkαlγ = ckαlnwγ,n + ckmlγ wα,m

+ ckαlγabwa,b + cklabwa,bδαγ

+
dckαlγ

dT
(T −T0), (B.2)

where ci jkl and ci jklmn are the second and third order elastic
stiffness coefficients respectively, wi, j the bias displacement gra-
dients, ui the vibration displacements, at RT [77, 78, 79], within
the volume V . The last term takes into account the fact that con-
stants depend on temperature T , which is assumed to be homo-
geneous (T0 being the reference temperature). The expression
is limited to the first order derivatives of stiffness coefficients
since temperature changes should also be small. It should also
be mentioned that in a real BAW cavity, the active part of the
resonator is anchored to its supporting rim by means of four
quartz bridges. As a result, the thermal contraction of the crys-
tal resonator is not strictly free but rather constrained by these
bridges.

Although Eq. (B.1) is usually applied at RT, it can also be
used for the graphene induced stress at cryogenic temperatures.
In this case, the resonator without graphene is used as a refer-
ence state assuming it is stress-free at 4K. So, an infinite flat
plate vibrating at fn =

n
2t

√
c̄
ρ

, and cooled down from RT to 4K
would exhibit a fractional frequency change:

f4K − f300K

f300K
=

√
1+(α1 +α2 +α3)δT

1+α2δT

√
c̄4K

c̄300K
. (B.3)

The calculation is performed by using numerical values for piezo-
electric and stiffness coefficients at RT from Ref [66], and for
the same coefficients at 4K from Ref [67]. The corresponding
ICTEs are calculated for the doubly-rotated quartz cut from val-
ues in Ref [45], giving α1δT =−2.54×10−3, α2δT =−2.124×

10−3 and α3δT = −1.65 × 10−3 for the temperature change
from 300K to 4K. This calculation gives realistic fractional fre-
quency changes from RT to 4K: indeed, the effective elastic
constants c̄4K have to be adjusted by less than 2% to match
the experimental results, i.e. a fractional frequency change of
+14.75×10−3 for the A mode, +5.13×10−3 for the B-mode,
−1.37× 10−3 for the C-mode when cooling down the device
from RT to 4K. Such a result should be seen as an evidence for
the validation of the ICTE assessments. Moreover, it may also
be reminded that temperature coefficients of various parameters
are lower than 10−8 for temperatures close to 4K: consequently,
the temperature accuracy is not so critical.

The perturbation tensor Ĉkαlγ can be expressed in terms of
strains Ei j by means of symmetry or antisymmetry properties
of tensors as:

Ĉkαlγ = ckαlnEnγ + ckmlγ Emα

+ ckαlγabEab + cklabEabδαγ

+
dckαlγ

dT
(T −T0), (B.4)

Stresses and strains are related by the following linear (first or-
der) thermoelastic constitutive equations as (for convenience,
the abbreviated notation, or Voigt notation, is used as follows:
a pair of indices like i j is replaced with a single index according
to 11 → 1, 22 → 2, 33 → 3, 23 → 4, 13 → 5, 21 → 6):

σi = ci j[E j −α jδT ] = ci jEσ
j (B.5)

or in terms of strains. Introducing compliance coefficients si j,
the following relation can be written:

E j = s jiσi +α jδT = Eσ
j +ET

j , (B.6)

where Eσ
j = s jiσi is the stress-induced part of E j caused by ex-

ternal loads and displacements and/or non-uniformities in tem-
perature or expansion properties, and ET

j =α jδT =α j(T )(T −
T0) refers to strains caused by free thermal expansion for a
given temperature change δT replaced with its ICTE. The per-
turbation tensor can be calculated from a reference state at 4K
by means of the set of parameter values from Ref [67], taking
the third order elastic stiffness, unknown at 4K, from their val-
ues at RT [66, 80]. Thus, the perturbation tensor is limited to a
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thermomechanical part and can be written:

Ĉkαlγ = ckαlnsnγmeσme + ckmlγ smαneσne

+ ckαlγabsabcdσcd + cklabsabcdσcdδαγ

= [ckαlnsnγme + ckalγ saαme

+ ckαlγabsabme +δkmδleδαγ ]σme. (B.7)

For the case of acoustic waves propagating along the thick-
ness y-axis, or x2, in a flat resonator (no change along x1 and
x3), the dynamic displacement gradients can be written:

ui,2 =
ω

v
Vi cos

[
ω

v
x2

]
sin(ωt), (B.8)

with ω

v = nπ

tq
, n is the OT number, v the propagation speed

and Vi the eigenvector of the mode of interest (normalised as
ViVi = 1). In addition, volume integrals in Eq. (B.1) can be re-
duced to integrals over the thickness at the center, where the
wave amplitude is maximum due to trapping. Thus, the stress-
dependent part of the frequency shift becomes:

∆ω ≃ 1
2ω

∫ +tq/2
−tq/2 Kmeσme(0,x2,0)ω2

v2 cos2(ω

v x2)dx2∫ +tq/2
−tq/2 ρqVαVα sin2(ω

v x2)dx2

≃ ω

2v2

∫ +tq/2
−tq/2 Kmeσme(0,x2,0)cos2( nπ

tq
x2)dx2

tqρq/2
(B.9)

with

Kme = 2c2α2nsnγmeVαVγ + c2α2γabsabmeVαVγ +δ2mδ2e. (B.10)

This relationship is applied to coated and uncoated cases in the
following discussions.

Appendix B.1. Uncoated resonator
The uncoated resonator can be seen as a circular plate sub-

ject to extra diametrically applied forces F coming from con-
strained contractions of its four bridges induced by cooling from
RT to 4K. A diametrical compression induces constant stresses
σi at the center of the quartz plate leading to a frequency shift:

∆ω

ω
≃ 1

tqρqv2

∫ +tq/2

−tq/2
Kiσi cos2

[
ω

v
x2

]
dx2

≃ 1
tqρqv2

σitqKi

2
≃ σi

2
Ri (B.11)

where i = 1,3,5, Ri =
Ki

ρv2 are Ratajski coefficients [68]. The

eigenvalue ρqv2 and values of constants Ki depend on the mode.
Calculated values of these coefficients for the doubly-rotated
SC-cut at 4K are given in Table B.2. Stresses at the center of a
circular plate with radius rq can be adapted from Ref. [69] for a
four-point mounting with bridge in the x1 − x3 plane to give:

σ1 ≃ σ3 ≃
−2F
πtqrq

(B.12)

while σ5 ≃ 0 for a SC-cut. The diametrically applied force
F can be calculated by stating that a diameter change 2∆rq

Table B.2: Calculated Ratajski coefficients for the quartz SC-cut at 4K
(ρ4K

q = 2665kg/m3) for the uncoated case. Second order elastic stiffness co-
efficients have been taken at 5K, from Ref. [67], but third order coefficients are
still those from Refs. [66, 80] at RT, because such data are not available at low
temperature.

Mode Eigenvector Speed R1 R3 R5
V1, V2, V3 (m/s) (10−11m2/N)

A 0.221,0.968,0.119 6782 −2.267 1.146 −2.666
B 0.211,0.0717,0.975 3939 0.025 −1.061 1.533
C 0.952,0.240,0.189 3580 −0.101 0.237 1.716

of the circular plate due to free thermal expansion/contraction
from 300K to 4K is constrained by an equivalent change in
bridge length 2∆l caused by some force F . In free thermal
expansion/contraction the diameter change along x1 is 2∆rq =
2rqα1δT while a bridge along x1, seen as a beam with a rectan-
gular section b×tq subjected to an axial force F1 = btqσb

1 at one
end and clamped into place on the other end (this is an assump-
tion at the rim), exhibits a length change ∆l

l = s1iσ
b
i +α1δT .

Thus, stating that ∆rq +∆l = 0 along the x1 axis (the same ap-
proach is applied to the x3 axis) gives:

F1 =
btq
s11

( rq

l
+1

)
α1δT, (B.13)

where α1δT denotes an ICTE. Consequently, assuming that the
resonator rim is clamped, the naked device would exhibit a frac-
tional frequency change ∆ f4K

f from the ideal reference state at
4K (see Eq. (B.11)) of −0.32×10−3 for the A-mode,−0.18×
10−3 for the B-mode, and +1.86×10−5 for the C-mode.

Appendix B.2. Coated resonator
As mentioned above, the graphene layer is deposited on one

side of the quartz substrate at room temperature, and then this
initially (seemingly) stress-free hybrid device is cooled down at
4K. Consequently, the mismatch in thermal expansion coeffi-
cients of these materials results in stresses and bending. This is
true for a free expansion/contraction system and such induced
stresses have to be added to stresses coming from the bridges.
Free-expansion induced stresses at the center of the coated plate
can be simplified as linear functions of the thickness coordinate
x2 (See for example ref. [69], and this is also confirmed by FEM
simulations), written σi(0,x2,0) = aix2+bi. As a consequence,
Eq. (B.9) becomes:

∆ω

ω
≃ 1

tqρqv2

∫ +tq/2

−tq/2
Kiσi(0,x2,0)cos2

[
ω

v
x2

]
dx2

≃ 1
tqρqv2

bitqKi

2
≃ bi

2
Ri, (B.14)

for i = 1,3,5.
Simplified isotropic model. Considering a simplified model

of a quartz substrate as an isotropic material with a thin coating
layer (tg ≪ tq), both at homogeneous temperature T with no
rigid rotation around the center of the plate [62], thermoelas-
tic stresses due to mismatch of both ICTEs when cooling from
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T = T0 = 300 K down to T = 4 K can be estimated as follows.
Solving this bilayer plate as an axisymmetric problem, ther-
moelastic stresses gives σ1 = σ3 and σ2 = σ4 = σ5 = σ6 = 0.
Without any external force in free expansion/contraction condi-
tions, and assuming in-plane strains E are the same in the sub-
strate and in the coating, the force (and moment) equilibrium
are:

σ1 = σ3 =
Nq

tq

(
1− 6x2

tq

)
, (B.15)

where the in-plane force N1q = N3q = Nq acting in quartz is
related to that in the graphene coating Ng based on the relation-
ship

Nq +Ng =
Ygtg

1−νg
(E −αgδT )+

Yqtq
1−νq

(E −αqδT ) = 0.

(B.16)
From this equation involved forces can be simplified as:

Nq =−Ng =

Yqtq
1−νq

Ygtg
1−νg

Yqtq
1−νq

+
Ygtg

1−νg

(αg −αq)δT

≃
Ygtg

1−νg
(αg −αq)δT, (B.17)

because tg ≪ tq, even if the graphene Young modulus is much
greater than that of quartz (Yg ≃ 1TPa). Following the approach
discussed above, infinitesimal αiδT is replaced with correspond-
ing ICTE

∫ T
T0

αi dT , or, equivalently, by α i∆T , where α i is the
average of respective CTEs over {T0,T} [81].

The effect of the four-bridge clamping is taken into account
like in the case of a uncoated quartz. It is argued that ∆rq+∆l =
0 along bridge axis very close to x1 and x3 and ∆rq

rq
= E for the

strain E extracted from Eq. (B.16):

E ≃
Ygtg
Yqtq

1−νq

1−νg
αgδT +αqδT. (B.18)

Here, the first term of the right-hand side of the equation can
be identify as an excess strain ∆E in comparison with the strain
E ≃αqδT of an uncoated disk of quartz in free expansion/contraction.
Consequently the corresponding applied diametrical force due
to bridge clamping along x1 (and similarly along x3) becomes:

F1 =
Ygtg
Yqtq

(1−νq)

(1−νg)

btq
s11

rq

l
αgδT +

btq
s11

( rq

l
+1

)
α1δT. (B.19)

This force is very close to the calculated one for an uncoated
substrate because expansion/contraction stress effects due to the
addition of the graphene layer are negligible due to Ygtg ≪Yqtq.

Comparing resulting frequency shifts for the case with (Eq. (B.14))
and without (Eq. (B.11)) graphene coating, the fractional fre-
quency difference is written as:

f4K_g − f4K

f4K
≃ Ri

2
Yg

1−νg

tg
tq
(αg −αq)δT. (B.20)

Anisotropic substrate with isotropic film. When consid-
ering an isotropic film coated on an anisotropic substrate and as-
suming that expansion is free along the thickness of this bilayer

plate, thermoelastic constitutive relationships relation stresses
Ti to strains Ei can be written as:

σ
f

1 = B[(E1 −αδT )+ν(E3 −αδT )]

σ
f

3 = B[(E3 −αδT )+ν(E1 −αδT )]

σ
f

5 = 2GE5, (B.21)

for the graphene film, with B = Y
1−ν2 and G = Y

2(1+ν) ,

σ
s
i = ci j[E j −α jδT ] i, j = 1,3,5 (B.22)

for the quartz substrate, according to the in-plane coordinate
axis x− z (for simplicity, i.e. x1 − x3), and y (or x2) along the
thickness of the bilayer plate, y = 0 being at the center of the
quartz substrate.
Strains can be expressed in midplane strains Em j added to ef-
fects of midplane curvatures κmi, as:

E j = Em j − (y− ym)κ j j = 1,3,5, (B.23)

where ym denotes the midplane location [82, 83, 84].
Stresses in the quartz substrate, σ s

i (see Eq. B.22) can then be
reached in the following way.
Without any external force and moment, balance equations are
(i = 1,3,5):

+tq/2∫
−tq/2

σ
s
i dy+

+tq/2+t f∫
+tq/2

σ
f

i dy = 0, (B.24)

+tq/2∫
−tq/2

σ
s
i (y− ym)dy+

+tq/2+t f∫
+tq/2

σ
f

i (y− ym)dy = 0 (B.25)

Substituting Eqs. B.21 to B.23 in the force balance equation,
Eq. B.24, results in an expression that can be split in a first one
regarding forces induced by the midplane strains ( j = 1,3,5):

c1 j(Em j −α jδT )tq
+B[(Em1 −αδT )+ν(Em3 −αδT )]t f = 0

(B.26)

c3 j(Em j −α jδT )tq
+B[(Em3 −αδT )+ν(Em1 −αδT )]t f = 0

(B.27)

c5 j(Em j −α jδT )tq +2GEm5t f = 0, (B.28)

and a second one regarding forces induced by curvatures and
twist ( j = 1,3,5):

c1 jκ jymtq −B(κ1 +νκ3)[
tq + t f

2
− ym]t f = 0

c3 jκ jymtq −B(κ3 +νκ1)[
tq + t f

2
− ym]t f = 0

c5 jκ jymtq −2Gκ5[
tq + t f

2
− ym]t f = 0. (B.29)

Because of a negligible film thickness t f (t f << tq), the last set
of Eqs. B.29 is approximately validated with a midplane loca-
tion at ym ≈ t f /2 ≈ 0. Thus, with this value ym ≈ 0, Eqs B.25
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describing the moment balance can be simplified as ( j = 1,3,5):

− c1 jκ j
t3
q

12

+B[(Em1 −αδT )+ν(Em3 −αδT )]
tq + t f

2
t f

−B(κ1 +νκ3)[(
tq
2
+ t f )(

tq
2
)t f +

t3
f

3
] = 0

(B.30)

−C3 jκ j
t3
q

12

+B[(Em3 −αδT )+ν(Em1 −αδT )]
tq + t f

2
t f

−B(κ3 +νκ1)[(
tq
2
+ t f )(

tq
2
)t f +

t3
f

3
] = 0

(B.31)

−C5 jκ j
t3
q

12

+2GEm5
tq + t f

2
t f

−2Gκ5[(
tq
2
+ t f )(

tq
2
)t f +

t3
f

3
] = 0

(B.32)

Midplane strains Em j, j = 1,3,5, can therefore be extracted
from Eqs B.26, B.27, B.28, and substituted in Eqs B.30, B.31, B.32,
to get curvatures κ1,κ3 and twist κ5, to finally calculate the
thermomechanical stresses in the quartz substrate through Eq. B.23, B.22,
to get the induced fractional frequency change, Eq. B.11 (i =
1,3,5).

Appendix C. Impurities

The optical microscope image of the graphene-coated sur-
face Fig.C.9 shows existing impurities, actually dust. This pho-
tograph was taken in the environment of an ordinary laboratory
room, after the device was removed from the cryogenic vacuum
chamber at the end of tests at 4K. Before these tests, during
its installation in the cryogenics, the device is also exposed to
dusts. By counting the visible particles of 1, 2 and 5 µm in the
upper part (top) of Fig.C.9 and assuming them spherical with
an average density 1200 kg/m3 [85], the mass per unit area that
they represent is a little less than 20 ng/mm2.

Even though the estimated amount of impurities is in good
agreement with frequency shifts assumed to originate from mass
loading, it is impossible to say if, during the tests at 4K un-
der vacuum, the rate of impurities varies with a decrease of the
impurities collected before, at room temperature, by vacuum
pumping for example, and/or with possibly a new specific con-
tamination at 4K (adsorption, cryo-trapping effects, etc.).
In the lower part (bottom) of Fig.C.9, showing the edge of the
graphene layer, we can note the difference in "granularity" be-
tween the graphene surface (left) and that of quartz (right) which
leads to say that the roughness differs and would justify an in-
crease of losses by wave scattering.

Figure C.9: Impurities on the deposited graphene layer at room temperature,
in the laboratory environment, once the device is removed from the cryocooler
vacuum chamber. Top: close to the center. Bottom: at the edge of graphene
layer.
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