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Abstract: Negative stiffness mechanical metamaterial possesses many interesting 

properties such as high energy absorption and dissipation efficiency but fairly low 

strength. Introducing filling material appears to be a very effective strategy to enhance 

the cellular materials’ mechanical properties. In this work, we show how to improve the 

basic mechanical properties, energy dissipation and absorption capacity of the 

cylindrical negative stiffness structure via introducing filling materials. We first offer 

the principle of the negative stiffness material combined with an alternative mechanism 

and then we further investigate the mechanical response of the filler-free structure and 

the filled structure with different filling materials (linear elastic, visco-hyperelastic, and 

true negative stiffness). We demonstrate that the linear elastic filler can improve the 

energy absorption property but degrade the energy dissipation performance. The visco-

hyperelastic filler can enhance the energy dissipation capacity of the structure whether 

the snap-back behavior exists or not. The true negative stiffness filler can improve the 

structure’s energy dissipation capacity and decrease the strength simultaneously. The 
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presented methods can be seen as a reference to the design of other negative stiffness 

mechanical metamaterials.     
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1. Introduction 

Conventional natural and artificial materials usually exhibit an increasing load as 

the deformation proceeds before yield or buckling, while the negative stiffness (NS) 

mechanical metamaterials are characterized by an increase in deformation resulting in 

a load drop within a specific strain range. NS mechanical metamaterials are constructed 

with periodically arranged NS element, and possess many exciting properties, such as 

multi-stable and snap-back behaviors. Harnessing the multi-stable property, the NS 

mechanical metamaterials can be applied to tune the propagation of various types of 

waves, like force1-3, sound4, and light5,6. NS mechanical metamaterials, on the other 

hand, show a long stress plateau owing to the snap-back behavior and therefore are 

promising in impact protection and isolation.  

Research into NS behavior has a long history. For many years, most research in 

this field mainly focused on the NS elements and mechanism, such as the spring system7, 

beam element8,9, shell element10-14, origami15,16, and magnets system17. This 

mechanical behavior was only used in constructing quasi-zero stiffness vibration 

isolation system9,18-20 and designing some micro-electro-mechanical system21-23 (e.g., 



relays and valves). Over the past two decades, researchers attempted to apply the NS 

mechanism to advanced damper24-26, advanced actuators27,28, energy harvesting 

devices29, and deployable structures30.  

Prasad et al.31 first designed a periodic cellular structure by arranging the NS beam 

elements, and this structure is an embryonic form of the NS mechanical metamaterials. 

According to the current definition, the NS mechanical metamaterial is constructed by 

arranging the elements with NS property along particular directions and can exhibit 

periodic snap-through behavior and NS response. Although the design concept of the 

NS mechanical metamaterials was presented early, its great potential received too little 

attention at that time.   

In 2010, Feeny et al.32 demonstrated that an oscillatory behavior could be observed 

in a chain of masses connected by nonlinear springs under quasi-static loading. The 

oscillatory behavior is exactly the primary energy dissipation mechanism of the current 

NS mechanical metamaterials, and it is only since this work that the study of NS 

behavior has gained new momentum. The oscillatory behavior in the NS mechanical 

metamaterials has been extensively studied33-38 and came to be known as a snap-back 

behavior in some literatures39. The NS mechanical metamaterials with the snap-back 

behavior can exhibit long, time-independent stress plateau and possess high and 

tailorable energy dissipation capacity. Harnessing the snap-back behavior, various types 

of NS mechanical metamaterials40-52 were designed and studied. In addition, the 

possible applications of the NS mechanical metamaterial in other fields, like deployable 

structures53-58, tuning waves3,59-62, and impact isolation42,63-68, have also been widely 



explored.   

Though the NS mechanical metamaterials have several advantages, such as the 

high energy dissipation efficiency, fully reversible, and rate-independent properties 

over traditional energy absorption materials, they typically exhibit relatively low 

strength and specific energy absorption69. A considerable amount of literature on the 

enhancement of the NS mechanical metamaterials’ properties has been published to 

address this issue. These studies can be broadly divided into three categories: novel 

mechanisms46,70,71 to realize NS behavior, introducing viscoelasticity materials68,72, and 

structural topology optimization73. Novel NS mechanical metamaterials, such as the 

multi-stable shape-reconfigurable architected materials46, and the bio-inspired multi-

stable metamaterials74, did improve the strength and specific energy dissipation 

capacity by several orders of magnitude. However, proposing new mechanisms relies 

much on inspiration and is frequently haphazard. The strategy, topology 

optimization31,73, has been extensively studied and widely used to improve the 

architected cellular materials. Introducing filling materials, also as a general 

performance enhancement strategy for architected cellular materials, by contrast, has 

received scant attention in the research of this field.     

In this study, the mechanical properties of a cylindrical NS structure are attempted 

to be improved via introducing filling materials. We first discuss the central concept of 

how an additional filling material can improve/change the mechanical properties. Then, 

the influence of the filling material type on the filled NS structure is systematically 

investigated through a combination of analytical, numerical, and experimental methods. 



Finally, conclusions are drawn, and references are listed at the end of the paper. 

2. Basic principle of filled NS structures 

It is essential to notice that, in general, adding a microstructure into a host material 

and computing its properties is a challenging task75. In this paper, we consider a 

straightforward case to start: a uniaxial NS element depicted in Fig. 1(a). In the middle 

of column one, we can see that the stress-stain curve is manly characterized by the peak 

and the valley point. As shown in the bottom of column one, it is only once such 

structures are placed in serial that one will see a net energy dissipation via phonon 

dissipation mechanism (snap-back), mainly given by the hysterical curve of loading 

and unloading of the structure. Moreover, the plateau stress in loading and unloading 

processes respectively is equal to that of the single element’s peak and valley response 

points.   

Assuming that the curve was optimized in a way that the overall behavior should 

be repeatable without destroying the metamaterial, we ask ourselves how to still 

improve the energy absorption by adding filler.  

Schematically, from columns 2-4, we depict three ways to add in an additional 

parallel spring to the NS. It turns out to be a relatively simple calculation in the first 

place. However, the result is rather striking and is depicted in Fig 1(c). 

We note that if add a spring in parallel, the force response is increased, as shown 

in the middle of column 2. In the opposite case, if we add a negative-like spring, the 

overall curve’s minimum is decreased, as depicted in the middle of column 4.  

The critical aspect is that the enclosed area of the hysteresis for the NS structure 



(NS element in series) with negative-like springs expands significantly, as shown in the 

bottom of column 4. In contrast, that area for the NS structure with simple springs 

shrinks, as shown in the bottom of column 2. The key mechanism for the above 

phenomena is that the negative-like spring would widen the gap between the maximum 

and the minimum response point, as shown in the middle of column 4, while a simple 

spring would narrow that gap, which directly determined the plumpness of the 

hysteresis.  

 

Fig. 1. Principles of parallel coupling of NS element with other different springs. (a) 

Mechanical system is depicted: NS element; NS element filled with a single spring; NS element 

filled with a nonlinear spring coupled with dashpot; NS element filled with a negative-like spring; 

(b) behavior of NS element and each different spring, and combination of both; (c) behavior of such 

combined elements when arranged in series and the energy absorption area. Column one: NS alone. 

Column two: NS element with a simple spring. Column three: NS element integrated with nonlinear 

spring coupled with dashpot. Column four: NS element with a negative-like spring. 



The core of this study is to exploit the filler to tune the difference between the 

maximum and the minimum response point of the NS element and improve the 

properties of the NS structures. Although the visco-hyperelastic filler can also enhance 

the energy dissipation capacity of the NS structure, as shown in column 3, the main role 

of the filler here is to tune the response of the NS element rather than to absorb energy 

directly. The visco-hyperelastic filler, described by a nonlinear spring coupled with a 

dashpot, possesses a long stress plateau, and an obvious hysteresis loop, as shown in 

the middle of column 3. Thus, it can increase the maximum and minimum response 

simultaneously and widen their gap. The visco-hyperelastic material is a frequently 

used filler in the lattice structures, but its mechanism is entirely different in this study.            

3. Investigated metamaterial and its substructure  

 

Fig. 2. (a) Diagram of cylindrical NS structure, isometric view and front view; (b) cylindrical 

NS structure with filler in cell elements and its simplified form.  

The research object in this study is a cylindrical NS structure, and its structure 

diagrams are displayed in Fig. 2(a) and (b). The NS property and the basic mechanical 

properties of the cylindrical NS structure have been studied in our previous work65,76, 

which suggested that the structure’s mechanical response are mainly determined by the 



following structural parameters: h, the apex height of the spatial inclined beam element, 

t, the thickness of the spatial inclined beam element, b, the width of the spatial inclined 

beam element, R, the inside radius of the cylindrical structure, A, the number of the cell 

in one layer, and n, the number of the structure’s layer. The vertical supporting bars and 

the annular supporting parts may weaken the NS property if these parts are not strong 

enough. To prevent the negative influence, the thickness of the vertical bar and the 

annular part are both set as three times that of the spatial inclined beam element, i.e., 

3t, as shown in Fig. 2(a). The diagrams of the filled cylindrical NS structures are 

displayed in Fig. 2(b), and the filler in each element can be the linear elastic, the visco-

hyperelastic, and the true negative stiffness materials. 

Tab. 1. Structural parameter values of cylindrical NS structure’s sample 

Apex height, h (mm) 6 Inside radius, R (mm) 40 

Thickness, t (mm) 1.5 Number of cells in one layer, A 7 

Width, b (mm) 10 Number of the layer, n 8 

Samples of the unfilled and the filled cylindrical NS structures were fabricated for 

testing and comparative study. The physical picture of the cylindrical NS structure is 

displayed in Fig. 3(a), and its structural parameter values are listed in Tab. 1. This 

sample was fabricated with the gel-casting method, and the detailed fabrication process 

can be found in our previous research76. The physical pictures of the filled cylindrical 

NS structures with the polyurethane sponge (visco-hyperelastic) are shown in Fig. 3(b). 

The physical picture of the selected polyurethane sponge with different densities is 

shown in Fig. 3(d).  



 

Fig. 3. (a) Physical picture of unfilled cylindrical NS structure. Physical picture of filled 

cylindrical NS structure with (b) polyurethane sponge; (c) magnets systems. (d) Visco-hyperelastic 

filler, polyurethane sponge; (e) physical pictures of selected magnets; (f) experiment setups for 

standard tensile tests and experiment equipment for loading-unloading test (INSTRON 5569); (g) 

true stress-strain response curve of structure’s base material and dog-bone-shaped specimens.   

These sponges for filling were purchased from the supplier (New Jiayuan 

Industrial & Trading, China) and were cut into particular shapes through the punching 

process for filling. In Fig. 3(c), magnets are embedded in the cylindrical NS structure 

and act as the true NS filler. There is some difference between the true negative stiffness 

and the negative stiffness. The force dropped immediately once the loading was applied 

on the true NS material, while the force would increase first and then decrease for the 

NS metamaterials when under loading. A more detailed introduction about the true NS 



material can be found in recent research77. In this work, the magnets are respectively 

interlocked in the vertical supporting bar and the middle of the low supporting part of 

the cells. The interaction between the magnets in the vertical bar and the lower part is 

attractive and can decrease the force response of the filled cylindrical NS structure when 

applying the displacement-controlled loading. Thus, the filling magnet system is 

regarded as a type of true NS filler. The embedded magnets, as shown in Fig. 3(e), are 

made of Neodymium Iron Boron (NdFeB), and their dimensions are 

0.00475×0.00475×0.00475 m. The material properties of the magnets and the sponges 

will be introduced in detail in Section 5.            

4. Simulation and experiment 

Numerical simulations were employed in this study to verify the theoretical 

models. The finite element (FE) solution should match the requirement of the problem78, 

and thus the commercial FE software, ABAQUS 2017, was employed to perform the 

numerical simulations. The 3D digital model of the cylindrical NS structure was built 

in the CATIA (V5R20) software and then was imported into the ABAQUS. Considering 

the snap-through and snap-back are both transient behaviors, a dynamic solver is 

applicable here. The ‘Dynamic, Implicit’ was therefore employed in the ‘Create step’, 

and two steps were respectively created for the simulation of loading and unloading 

tests on the cylindrical NS structures.       

The deformation modes of the spatial beam element are dominated by bending and 

compression. The element C3D8R (an 8-node linear brick, reduced integration, 

hourglass control element) can well avoid the shear locking when under bending 



deformation, and the calculation is easy to converge when with the C3D8R element in 

large deformation. Consequently, the element C3D8R is chosen in our numerical 

simulations. The mesh size of the structure was determined through convergence 

analysis. The mechanical properties of the cylindrical NS structure are mainly 

determined by the spatial beam elements. Thus, the mesh size of the beam parts is 

refined. The final approximate mesh sizes of the beam parts and the supporting parts 

were respectively set as 0.5 mm and 1.5mm to ensure accuracy and calculation 

efficiency. 

The rigid platen was used to deform the structure, as shown in Fig. 4(a). The 

circular platen diameter is larger than that of the cylinder structure to ensure the applied 

load is evenly distributed on the top of the structure. The top of the cylindrical structure 

is tied with the rigid platen in response to possible multi-stable and pseudo-bistable 

behavior because these behaviors would cause the unloading process to fail. The base 

of the cylindrical structure was tied with the other rigid platen, which was fixed. The 

displacement-controlled loading was exerted on the reference point of the upper rigid 

platen. This reference point was also monitored during the loading-unloading process 

to generate the response of the cylindrical NS structures.  

During the loading process, the spatial beams may contact the annular supporting 

part and penetrate through it, which may postpone the densified stage. To prevent the 

structure from penetrating, we use the hard contact to describe the interaction property 

along the normal direction. When the spatial beams contact the annular supporting parts, 

their relative shear movement is not entirely free. The surface friction of the urethane 



elastomer cannot be neglected, and it will prevent the relative movement of the 

contacted parts. To describe the tangential behavior of these contacted surfaces, the 

friction coefficient was set as 0.4. 

The material properties of the base material, urethane elastomer, are necessary for 

the FE simulation. The Young’s modulus of the base material was tested through 

standard tensile test according to the ASTMD-412. The specimens and the testing 

equipment, an electronic universal testing machine (INSTRON 5569), are shown in Fig. 

3(f) and (g), respectively. The true stress-strain response curve of the base material 

under tensile load is also displayed in Fig. 3(g), and the Young’s modulus is set as 15 

MPa. The data of the base material’s density and the Poisson ratio, provided by the 

producer (WeNext Technology Co., Ltd., China), are 1200 kg/m3 and 0.4.  

The linear elastic and true NS filler in the cylindrical NS structure can both be 

simplified as the spring in the software ABAQUS, as shown in Fig. 2(b). The spring 

can be realized in the ABAQUS using the ‘Springs/Dashpots’ or the ‘Connector’. Two 

‘Reference points’ should be created as the endpoints of the spring, As shown in Fig. 

4(a). The springs are filled in the cell element. Thus, the endpoints of the spring should 

be coupled with the spatial inclined beam’s ridgeline and the lower supporting part’s 

upper surface, respectively. The cell element embedded with a spring, as shown in Fig. 

4(a), indicates that the element is filled. The filler’s properties can be determined by 

defining its stiffness.    



 

Fig. 4. (a) FE model of filled cylindrical NS structure; (b) experiment setups for loading-

unloading tests.   

Loading-unloading tests were performed to study the energy dissipation, energy 

absorption, and the basic mechanical properties of the filled and the unfilled cylindrical 

NS structures. The experiment setups are shown in Fig. 4(b), and the testing equipment 

is also the electronic universal testing machine (INSTRON 5569), as shown in Fig. 3(f). 

Considering the possible multi-stable or pseudo multi-stable behavior, the contact 

surfaces between the sample and the platens were glued. The crosshead speed was set 

as 3 mm/min. Moreover, the deformation processes of the samples under the loading-

unloading test were videoed by the smart mobile phone (HORNOR 9X, produced by 

HUAWEI TECHNOLOGIES CO., LTD., China) to study the filler’s influence on the 

deformation modes of the cylindrical NS structure.     

5. Theory 

5.1 Theory of single NS element 

According to the previous research47,51, building the theoretical model for the 

global NS mechanical metamaterials is dependent on the theoretical model of the local 



NS element. In this section, a theoretical model for predicting the force-displacement 

response of the NS, spatial inclined beam element is built based on a recently presented 

method by Lei79. 

 

Fig. 5. (a) Force analysis of single NS beam element (spatial, inclined); (b) top view of single 

NS beam element. Snap-through process of (c) NS inclined beam element; (d) NS curved beam 

element. (e) Two solutions of spatial inclined beam element’s force-displacement responses; (f) 

several key response points in NS response curve and trilinear model.  

The investigated NS element, an inclined spatial beam, is presented in Fig. 5(a). 

The beam element’s top view and snap-through process are shown in Fig. 5(b) and (c), 

respectively. The curved beam element, displayed in Fig. 5(d), can also be applied to 

construct the cylindrical NS structure in this paper. The shape of the inclined beam is 

relatively simpler than that of the curved beam and the manufacturing processes for the 

inclined beam are much easier31. Hence the inclined beam is selected in this study.       

When the normalized applied force, F, is exerted on the central point of the planar 

inclined beam element, as shown in Fig. 5(c), it would deform and the relationship 



between the normalized force, F, and the normalized displacement,  , can be 

expressed as80 

  (1) 

  (2) 

where F1 and F3 are the two solutions of F.  

  (3) 

where h and t are respectively the arch height and the thickness of the inclined beam 

element.  is the displacement of the central point.   

For the planar beam element with Q less than or equal to 3.124, its normalized 

force-displacement can be expressed by equation (1), and the diagram of the response 

curve is presented in Fig. 5(e), i.e., the light blue curve. The normalized force-

displacement response can be divided into three parts for the planar beam element with 

Q greater than 3.124. The critical points of these three parts are highlighted with the 

black dots. The initial part and the third part can also be described by equation (1). The 

middle part should be described by equation (2). The diagram of the response curve of 

the planar beam element with Q greater than 3.124 is multi-segment, which is also 

presented in Fig. 5(e).   

Based on the above theoretical model for the planar inclined beam element and 

the recently presented theoretical model79 for the curved spatial beam, the theoretical 

model for predicting the force-displacement response of the spatial inclined beam 

element, as shown in Fig. 5(a), can be derived, and is  

  (4) 



  (5) 

where  

  (6) 

More details about K1 can be found in the literature79.  

The force-displacement response curves of the NS elements are usually described 

by the trilinear model. The schematic curve of the trilinear model is shown in Fig. 5(f), 

i.e., the gray line. The trilinear response curve consists of three key response points, the 

buckling point, the valley point, and the final point. For the spatial inclined beam 

element with Q less than or equal to 3.142, the normalized force and the normalized 

displacement responses of these three key response points can be calculated with 

Equation (4) and are as follow  

  (7) 

  (8) 

  (9) 

  (10) 

  (11) 

  (12) 

When 3.142Q   , the normalized force and the normalized displacement 

responses of the three key response points can be calculated with Equation (4) and (5). 

The expressions of these key response points’ normalized force and displacement are 

as follow  



  (13) 

  (14) 

  (15) 

  (16) 

  (17) 

  (18) 

The normalized force, F, and the normalized displacement, , can be converted 

to the force, , and displacement, , through 

  (19) 

where , and .  

Based on the three key response points  ,   and  , the 

response curve of the NS element can be presented, and the model for the NS 

metamaterial can be built. In the next section, the theory for predicting the loading-

unloading response of the NS metamaterial will be introduced in detail.        

5.2 Theory of multi-layer structure 

According to the previous research47, the force-displacement response of an NS 

structure with n elements in series when under loading-unloading test can be described 

by the diagram, as shown in Fig. 6(b). The displacement and the force for each buckling 

point, marked by the black dots, in the loading path can be expressed as 

  (20) 

  (21) 



where  and  are the displacement and the force for the (i+1)-th buckling point. 

 and  are the displacement and force at the buckling point of the NS element’s 

force-displacement response, and can be obtained from the expressions in the above 

section.  represents the distance between the two adjacent buckling points and can 

be expressed as  

  (22) 

where  is  

  (23) 

 is the equivalent stiffness of the NS element in region 3, as shown in Fig. 6(a). 

 

Fig. 6. (a) Trilinear response curve of single layer cylindrical NS structure; (b) diagram of 

cylindrical NS structure’s loading-unloading response curves (multilinear response curve). 

When the cylindrical NS structure is under compression via the electronic 

universal testing machine, the loading on the NS structure is displacement-controlled. 

In contrast, the loading on the buckling element from other elements is force-controlled 

from a local perspective. Thus, the local element is unstable in region 2, and the element 

would snap from region 1 to region 3 immediately when the local buckling occurs. 



Therefore, the number of elements in a series can also be expressed as 

  (24) 

where,   and   are the number of the elements in region 1 and region 3, 

respectively.  

During the loading process, the elements in region 1 and 3 would backtrack once 

an element snapped from the buckling point into region 3. The real-time displacement 

for the elements in region 1 and 3 after the snap-through behavior are   and  , 

respectively. Moreover, the parameters,  and , satisfy the following conditions.   

  (25) 

  (26) 

where   is the elements’ local displacement component in region 3.   is the 

displacement of a response point in region 1, whose force value equals .   

When one element (i+1) snapped through, the transient displacement of the 

element is . The transient displacements of other elements in region 1 and 

3 are  and , respectively. It can be inferred that the increase in deformation 

of the (i+1)-th buckled element equals the sum of the deformation reduction of the other 

elements in region 1 and 3, thus, 

  (27) 

where  

  (28) 

 can also be expressed as 

  (29) 



According to the Eq. (27-29), we can deduce 

  (30) 

The elements are in series when under compression, thus, the transient changes of 

the force, , for elements in region 1 and region 3 during the snap-though behavior 

are same with each other.  can be expressed as  

  (31) 

According to the Eq. (30-31), the transient displacement and drop force of the element 

in region 1 can be deduced, and are as follow 

  (32) 

  (33) 

Therefore, the force value of the valley point in loading path can be calculated by 

subtracting the transient drop force from the buckling force, and is as follow  

  (34) 

The displacement of the (i+1)-th valley point equals the displacement of the (i+1)-

th buckling point in the loading path because the snap-through behavior is a dynamic 

process. In summary, the coordinate of the (i+1)-th buckling point and the 

corresponding valley point in the loading path, as shown in Fig. 6(b), is  and 

.  and  can be calculated via the Eq. (20) and Eq. (34), 

respectively.   is the buckling force of the element and can be calculated via the 

expressions in Section 5.1.  



The diagram of the NS metamaterial’s unloading response is also displayed in Fig. 

6(b). Contrary to the loading process, the elements in region 3 snap-back into region 1 

gradually in the unloading path. The snap-back point and the following peak point are 

respectively marked through dark gray and light gray dots, as shown in Fig. 6(b). 

 The distance from the unloading-start point to the first snap-back point is

. The distance from the unloading-start point to the (j+1)-th snap-back point 

can be expressed as 

  (35) 

where  

  (36) 

  (37) 

Similar to the loading process, when one element (j+1) snapped back from region 

3 to 1, the transient displacement of the element is  . The transient 

displacements of other elements in region 1 and 3 are  and , respectively. 

It can be inferred that the change in deformation of the (j+1)-th buckled element equals 

the sum of the deformation change of other elements in region 1 and 3, thus 

  (38) 

where 

  (39) 

The elements are in series, thus, the forces of the elements in region 1 and region 3 are 

same with each other, thus 



  (40) 

According to the Eq. (38-39), we can deduce  

  (41) 

The force value of the peak point following the snap-back point can be calculated by 

  (42) 

where  

  (43) 

In summary, the coordinate of the (j+1)-th snap-back point is ， 

and the coordinate of the corresponding peak point is . 

The parameters in the coordinate expressions can be calculated through the Eq. (35-43) 

and some expression in the above section.  

Utilizing these key points in the response curve, i.e., the buckling point, the snap-

back point, and their following valley and peak points, the force-displacement response 

curve of the NS mechanical metamaterials under loading and unloading conditions can 

be obtained. Additionally, the theory in this section is not only applicable for the 

presented cylindrical NS structure in this manuscript but is also helpful to characterize 

other kinds of NS mechanical metamaterials.     

5.3 Theory of NS mechanical metamaterial with filler 

In this section, the theory to investigate the NS mechanical metamaterials with 

different filling materials are presented. As shown in Fig. 1, the linearly elastic filler 



can be simplified as a spring. The true negative stiffness filler is also linearly elastic 

through its stiffness is negative. The visco-hyperelastic filler is relatively complex and 

can be regarded as a nonlinear spring coupled with a dashpot. The fillers are all in 

parallel with the NS elements. Therefore, several essential response quantities of the 

filled NS element when under compression can be expressed as 

  (44) 

  (45) 

  (46) 

  (47) 

  (48) 

  (49) 

where  represent the force and displacements 

of the three key response points in the filled NS element’s force-displacement response 

curve, i.e., the buckling point, the valley point, and the end point.  is the stiffness 

of the filler.   is the force contributed by the visco-hyperelastic filler, and its 

calculation depends on the constitutive relation of the sponge. The parameters, 

 in Eq. (44-49) can be calculated through expressions in 

Section 5.1, and mechanical response of the filled NS structures can be obtained by 



submitting parameters   to expressions in 

Section 5.2.   

 

Fig. 7. Experimental loading-unloading response curves and corresponding fitting curves for 

(a) sponge 1 (high-density); (b) sponge 2 (low-density); (c) relaxation response curves and 

corresponding fitting curves of sponge 1 and 2. (d) Schematic force-displacement response curve of 

magnets system with particular configuration.  

In this study, Ogden’s model81 was employed to describe the loading-unloading 

response of the polyurethane sponge. Ogden’s model is as follows. 

  (50) 

where   and   represent the stress and strain, respectively.   and   are 

the parameters, which can be obtained via fitting the sponge’s response curve from 

experiments. The experiment response curve of polyurethane sponge (type 1 and type 



2) under loading-unloading test and the corresponding fitting curves are shown in Fig. 

7(a) and (b), respectively. The details of the loading-unloading test can be referred in 

the literatures81,82.     

As shown in Fig. 7(a) and (b), the experiment response curves and the fitting 

curves are in good agreement, indicating that Ogden’s model is applicable in the 

description of the polyurethane sponge in large deformation. The fitting parameters of 

the loading-unloading response curves for sponge 1 and 2 are all listed in Table 2.  

Tab. 2. Ogden’s model parameter results for sponge 1 and sponge 2.  

—— ——       

Sponge 1 

Loading  -11.71 -1.82 9300 4.16 -69830 18.63 

Unloading  -5700 15.35 -5739 15.35 -0.171 -5.27 

Sponge 2 

Loading  3893 2.99 369.70 109.90 -32230 16.80 

Unloading -0.018 -5.85 118.40 89.29 -4706 14.29 

Submitting the parameter values in Tab. 2 into Eq. (50), the expressions describing 

the stress-strain response of the polyurethane sponge (type 1 and type 2) can be obtained. 

With the sponge’s stress-strain model, the  can be expressed as  

  (51) 

where  is the horizontal cross-section area of the filler. As shown in Fig. 2 (b), the 

horizontal cross-section area varies from the top to the bottom of the filler. Here, we 

assume that the effective cross-section area is a quarter of the horizontal cross-section 

area, which is the vertical projection of the inclined spatial beam. The basis of the 

assumption will be introduced in the next section. The effective cross-section area is 



  (52) 

Based on Eq. (44-52), the critical parameters of the element filled with sponge can 

be calculated, and then the structure’s mechanical response can be obtained by 

submitting these critical parameters into the expressions in Section 5.2. 

The true NS behavior is a particular case of the NS behavior, which exhibits a 

negative tangent modulus once the loading is applied. The true NS system is usually at 

a neutral equilibrium state. The magnets system can exhibit the true NS behavior due 

to the internal attractive interaction. According to the previous researches67, the 

attraction interaction of the magnets system under displacement-controlled loading can 

be demonstrated by Fig. 7(d). The response of the magnet system is similar to that of 

spring with linear, negative stiffness. Therefore, the magnets system was employed here 

to demonstrate the true NS filler’s influence on the response of the cylindrical NS 

structure.  

6. Results and discussion  

In this section, the basic mechanical properties and the energy dissipation capacity 

of the filler-free and filled cylindrical NS structure are systematically investigated. The 

results from different methods are compared and analyzed. The influence of the 

different filling materials on the cylindrical NS structure’s mechanical response is also 

analyzed in detail.  

6.1 Mechanical properties of unfilled cylindrical NS structure   

The theory for the NS element, as shown in Fig. 5(a), was verified with 

experiment65 and the simulation results. The comparison of the mechanical response of 



the single layer, cylindrical NS structure between experiments, simulations, and theory 

is shown in Fig. 8. It should be noticed that the response results in Fig. 8 are all for a 

single layer structure rather than the NS element since it is hard to test or simulate the 

mechanical response of the single element due to its complex boundary conditions. 

Thus, the single layer, cylindrical NS structures were employed here. The single layer 

structure is composed of A elements, and the mechanical response for the single layer 

structure is achievable based on the theory for the NS elements. Here, several samples 

(single layer) with different structural sizes are studied and compared, and their 

dimensions are listed in Tab. 3. 

Tab. 3. Structural parameters of samples of single layer cylindrical NS structure. 

 h (mm) t (mm) R (mm) b (mm) A n 

Sample 1 6 1.5 40 10 7 1 

Sample 2 4 1.5 40 10 8 1 

Sample 3 6 1.5 40 10 8 1 

Sample 4 4 1.5 40 10 9 1 

 



 

Fig. 8. Comparison of force-displacement response curves from experiments, theory, and 

simulations for single layer cylindrical NS structure when under uniaxial compression: (1) sample1; 

(2) sample 2; (3) sample 3; (4) sample 4.   

The response results of Sample 1-4 from experiments, simulations, and the theory 

are presented in Fig. 8(a)-(d), separately. The response curves from different methods 

exhibit the same characteristics. However, significant errors do exist between the theory 

and the experiments. The experiment results are in good agreement with simulation 1 

but differ from simulation 2. In contrast, the theoretical results are consistent with 

simulation 2 but show a remarkable difference with simulation 1 when with a great Q 

value. The difference is mainly caused by the simplified assumption in building the NS 

element’s theoretical model, i.e., the out-of-plane deformation is neglected (the torques 

MY and My about the Y and y axis, as shown in Fig. 5(a), are neglected). However, the 



out-of-plane deformation is evident for the cylindrical NS structure, especially for those 

with thin-wall and a big Q value. The out-of-plane deformation can weaken the 

structure’s strength and stiffness. Therefore, the difference between experiments and 

theoretical methods exists. In simulation 2, the out-of-plane deformation of the 

cylindrical NS structure was constricted. Thus, the theoretical results and the simulation 

results are in good agreement, as shown in Fig. 8(a) and (c).       

 

Fig. 9. Comparison of force-displacement response curves from theory and simulation: (a) n=8; 

(b) n=16. (A=7 mm, h=6 mm, t=1.5 mm, R=40 mm, b=10 mm). 

Numerical simulations were employed to verify the theoretical model for the 

unfilled cylindrical NS structure. The loading-unloading response results for the 

unfilled cylindrical NS structures of different layer n (n=8 and n=16) from simulation 

and theory were compared in Fig. 9. Other parameter values of the cylindrical NS 

structures can be found in Tab. 1. The theoretical model can well describe the critical 

features of the response curves from simulations, whether in the curve form or the key 

points’ coordinate values, and its accuracy is acceptable. The slight difference between 

the theory and the simulation is caused by the error in the theory for the NS element in 

Section 5.1. Overall, it can be concluded that the theory can well characterize the 



loading-unloading response of the cylindrical NS structure. 

As also observed from Fig. 9, the strength in the loading path and the minimum 

force in the unloading path remain constant as the layer, n, increases. In contrast, the 

force of the response points following the buckling point increases, and the force of the 

response points following the snap-back point decreases with the increment of n. The 

above changes further lead to the expansion of the enclosed area between the loading 

and unloading response curves, suggesting that the specific energy dissipation capacity 

improves as the layer, n, increases. This relationship between the cylindrical NS 

structure’s layer number, n, and the specific energy dissipation capacity has been 

revealed in many previous researches33,34,39,47,49 and can be applied in tuning the energy 

dissipation efficiency of the energy absorbing device.             

Utilizing the above verified theoretical model, the influence of the structural 

parameters on the specific energy absorption (SEA) and specific energy dissipation 

(SED) capacity of the cylindrical NS structure is systematically studied and discussed. 

The effect of the h/t and A on the specific energy dissipation of the cylindrical NS 

structure with n equaling 16, 64, and 2000 is shown in Fig. 10(a). The absorbed energy 

was calculated by integrating the loading response curves from the minimum 

displacement to the densified displacement. The dissipated energy was calculated by 

integrating the enclosed area between the loading and the unloading response curves. 

The specific energy absorption, i.e., the energy absorption per unit volume, can be 

obtained by dividing the absorbed energy by the initial volume of the cylindrical NS 

structure. The calculation of the specific energy dissipation can follow the same way. 



The initial volume of the cylindrical NS structure can be expressed as  

 ( )
2

initial .V R b H= +   (1) 

H is the height of the cylindrical structure. 

 

Fig. 10. Relationships between structural parameters (h/t and A) and (a) specific energy 

absorption (SEA) (n=16, n=64, n=2000); (b) specific energy dissipation (SED) (n=16, n=64, 

n=2000) of unfilled cylindrical NS structure. (R=40 mm, b=10 mm). 

As shown in Fig. 10(a), when other parameters remain unchanged (these parameter 

values can be found in Tab. 1), the specific energy absorption and dissipation both 

increase as A or h/t (Q) increases. The specific energy absorption and dissipation 

increase steadily as the layer number increases, owing to that the serration in the 

loading-unloading response curves become shallower and denser as n increases, and 

the response curves become full, as reflected in Fig. 9. 



 

Fig. 11. Influence of parameter ratio (b/R) on the: (a) specific energy dissipation; (b) specific 

energy absorption; (c) strength, of cylindrical NS structure of n=8; (d) critical ratio of b/R. 

According to the previous research65, the thickness-diameter ratio greatly 

influences the mechanical properties of the cylindrical shell structures, but relevant 

research about cylindrical NS structures is lacking. Here, the influence of the thickness-

diameter ratio, b/R, on the cylindrical NS structure’s strength, specific energy 

absorption, and dissipation are studied, and the results are presented in Fig. 11. The 

specific energy absorption of the cylindrical NS structure increases first and then 

decreases as the ratio b/R increases whatever the internal radius R is. The specific 

energy dissipation and the strength also exhibit the same changing trend. Also, as we 

can see, the simulation results match well with the theoretical results.  

According to the comparison, the critical ratio b/R between the different changing 

trends for the strength, specific energy dissipation, and absorption are completely 



identical when the R is determined. The critical ratios b/R for the cylinder with different 

R are very close from the observation from Fig. 11(a)-(c). In order to study the 

relationship between the critical ratio and R, some data are extracted from Fig. 11(a)-

(c) and illustrated in Fig. 11(d). The critical ratio b/R almost stays constant as the R 

increases and is about 0.41. The above relationships demonstrate that increasing the 

thickness-diameter ratio, b/R, can improve the mechanical properties, but there is a limit 

and it seems that 0.41 is the best setting for the ratio b/R.  

6.2 Mechanical properties of cylindrical NS structure with linear elastic filler  

In this section, the mechanical properties of the cylindrical NS structure with linear 

elastic filler are investigated through simulation and theory. The comparison of the 

response curves from simulation and theory between the filled and the unfilled 

cylindrical NS structure is shown in Fig. 12(a) and (b), respectively. The main 

parameter values of the filled structure can be found in Tab.1, and the stiffness of the 

linear elastic filler, i.e., the spring, is set as . The comparison results show that 

introducing the linear-elastic filler can significantly change the properties of the 

cylindrical NS structure. The stiffness of the filled structure improves compared to the 

unfilled one. The peak and the minimum force in the response curves are both enhanced 

after introducing the filler. Additionally, the increase of the minimum force is larger 

than that of the peak force. The length of the serrated stress plateau becomes short, i.e., 

the response entered the compacted stage earlier. These changes directly lead to the 

reduction of the enclosed area between the loading and the unloading response curves, 

indicating that the linear elastic filler would weaken the energy dissipation capacity of 



the cylindrical NS structures.  

 

Fig. 12. Comparison of force-displacement response curves for filled and unfilled cylindrical 

NS structure (kfiller=-k2/2) from: (a) theory; (b) simulation. (c) Comparison of each property for 

unfilled and filled cylindrical NS structure (kfiller=-k2/2); (d) force-displacement response curves 

from simulation for filled cylindrical NS structure (kfiller=-2k2). (A=7 mm, h=6 mm, t=1.5 mm, R=40 

mm, b=10 mm, n=8). 

In order to intuitively exhibit the influence of the filler, the force difference (peak 

force minus the valley force), the dissipated energy, the absorbed energy, and the 

densification strain of the filled and unfilled structure are all calculated out and 

compared in Fig. 12(c). The force difference and the densification strain decreased 

significantly and directly weakened the energy dissipation capacity. The absorbed 

energy increased, owing to the enhancement of the peak force. However, the significant 

decrease of the densification strain has a negative effect on the energy absorption 



capacity, and therefore, once the promoting effect of the filler cannot offset the side 

effect, the energy absorption may also decrease. The further analysis of the filler’s 

influence on the energy absorption capacity will be conducted in the following part. As 

also can be observed, the changing amplitude and trend of each property obtained from 

theory are very close to those from simulation. The response curves from the theoretical 

method are also almost consistent with the curves from the simulation, which indicates 

that the model can well describe the mechanical characteristic of this filled cylindrical 

NS structure and is of great accuracy. 

 

Fig. 13. Deformation processes from simulation for unfilled cylindrical NS structure. 

 

Fig. 14. Deformation processes from simulation for filled cylindrical NS structure (kfiller=-k2/2). 



 

Fig. 15. Deformation processes from simulation for filled cylindrical NS structure (kfiller=-2k2). 

The deformation processes of the filled cylindrical NS structure with the linear 

elastic filler under loading-unloading from simulation are displayed in Fig. 14. The 

springs (marked in Fig. 14-①) deform with the deformation of the elements. The 

deformation mechanism of the filled cylindrical NS structure under the loading-

unloading test remains constant as the unfilled one, as shown in Fig. 13, i.e., collapse 

(snap-through) layer by layer when under compression, and snap-back layer by layer in 

the unloading path. In order to retain the periodic snap-through and snap-back behavior 

after introducing the linear elastic filler, the stiffness of the filler (spring) should satisfy 

  (53) 

This condition can prevent the element and the cylindrical structure from transforming 

to positive stiffness when introducing the filler. If the stiffness of the filler (spring) is 

not satisfied with the condition, Eq. (44), the cylindrical NS structure would become a 

system composed of nonlinear positive stiffness elements in series. The mechanical 

response and the deformation processes of the cylindrical structure are shown in Fig. 

12(d) and Fig. 15, where the stiffness of the filler is set as . It can be seen that 

the loading and unloading paths are almost overlapped, and the enclosed area between 



the response curves, caused by the snap-back behavior, disappears. In addition, the 

elements in the series deform simultaneously, as shown in Fig. 15, like the series-

connected springs. Consequently, the rational setting of the filler’s stiffness is essential, 

and the excessive stiffness would fundamentally change the mechanical properties of 

the cylindrical NS structure.  

The NS system with snap-through and snap-back behavior need to meet the 

following condition39 

  (54) 

Introducing the filler brings big changes to . Some structures may go against 

the Eq. (45) once with the filler and lose the energy dissipation function. Therefore, the 

stiffness of the filler also should satisfy 

  (55) 

Harnessing the theoretical model, the influence of the filler’s stiffness on the 

cylindrical NS structure’s energy absorption and dissipation capacity is further studied. 

The changing curves of the energy absorption and dissipation as the filler’s stiffness 

increases are respectively presented in Fig. 16 (a) and (b). The normalized stiffness of 

filler is . The energy absorption would increase first and then decrease slightly 

for the NS structures with big Q (h=6). However, the energy absorption exhibits a 

monotonic increase for the NS structure with a small Q (h=4). As discussed above, the 

energy absorption capacity is mainly dominated by the plateau stress and the 

densification strain. Introducing filler has a positive effect on one factor but has a side 

effect on the other. Thus, two different changing trends in Fig. 16(a) are possible. The 



energy dissipation capacity for NS structures with different parameters all attenuate 

with the increase of filler stiffness and would completely lose when the filler’s stiffness 

increases to a specific limit. The disappearance of the energy dissipation function can 

be explained by Eq. (46), i.e., the filler prevented the snap-through and snap-back 

behavior. The simulation results in Fig. 16(a) and (b) are also verified by the simulation 

results. Obviously, the simulation results also capture the same changing trend.  

 

Fig. 16. Relationship between filler’s stiffness and: (a) energy absorption capacity; (b) energy 

dissipation capacity. (c) Relationship between filler’s stiffness and specific energy absorption (SEA) 

for structure with different n, (A=7, h=6 mm); (d) critical boundary of different changing trend for 

structure’s energy absorption capacity. (t=1.5 mm, R=40 mm, b=10 mm). 

The relationship between the filler’s stiffness and the energy absorption capacity 

for NS structure with different n are also investigated. As shown in Fig. 16(c), the 

specific energy absorption also increases first and then decreases with the filler’s 



stiffness. Moreover, the critical value of the filler’s stiffness for these different 

structures seems the same. Combined with the results presented in Fig. 16(a), it can be 

inferred that the changing trend of the energy absorption capacity is just related to the 

ratio Q (h/t).  

 

Fig. 17. Property comparison between unfilled cylindrical NS structure and filled cylindrical 

NS structure (kfiller=-k2/4 and kfiller=-k2/2): (a) comparison of specific energy absorption (SEA); (b) 

comparison of specific energy dissipation (SED). (n=16, R=40 mm, b=10 mm).   

Based on the theory, the changing trend of the energy absorption capacity for filled 

NS structure of different parameters is studied, and the relevant results are illustrated 

in Fig. 16(d). The filled NS structure with geometric parameters located in the white 

region would exhibit the nonmonotonic trend on their energy absorption capacity, as 

described by the yellow curve in Fig. 16(d), while the filled NS structure with geometric 

parameters located in the grey region would exhibit the monotonic trend, as described 

by the deep blue curve. The critical ratio Q between these two different changing trends 



is around 3.1.            

The influence of the structural parameters on the mechanical properties of the 

filled cylindrical NS structure is also investigated through the theoretical method and 

then compared with the unfilled cylindrical NS structure. The influence of the 

parameters, h/t and A, on specific energy absorption and dissipation of the unfilled and 

the filled cylindrical NS structure with filler’s equivalent stiffness equaling  and 

 is shown in Fig. 17. The relationships between the specific energy absorption 

and these parameters and between the energy dissipation and these parameters remain 

unchanged when introducing the linear elastic filler. The specific energy absorption and 

dissipation both increase with the increase of h/t and A for the unfilled and filled 

cylindrical NS structure. In addition to the phenomena above, the influence of the linear 

elastic filler, observed in Fig. 12 and 16, is also reflected in Fig. 17. The dissipation 

energy would decrease when introducing the filler and continuously decreases as the 

stiffness of the filler increases. 

6.3 Mechanical properties of cylindrical NS structure with visco-hyperelastic filler  

The layer number, n, has a significant influence on the NS structures’ energy 

dissipation capacity and the energy dissipation mechanism. When the layer number, n, 

is small, such as n=1 and 2, there is no snap-back behavior during the load-unloading 

test. At this time, the energy dissipation is dependent on the structure’s viscosity. While, 

the snap-back behavior would occur as the layer number, n, increases, and the energy 

dissipation mechanism transforms to ‘twinkling’49. Here, the influence of the visco-



hyperelastic filler on the mechanical properties of the cylindrical NS structure with and 

without snap-back behavior are investigated.          

The experimental response curves of the unfilled and filled cylindrical NS 

structure (n=1 and n=2) under the loading-unloading test are compared in Fig. 18(a) 

and (b). From the observation, snap-back behavior does not happen during the test of 

the unfilled cylindrical NS structures (n=1 and n=2), and the enclosed area between the 

loading and unloading response curves is tiny. The enclosed area between the loading 

and unloading response curves for the filled cylindrical NS structure is more extensive 

than that of the unfilled structure, which indicates that the energy dissipation capacity 

improves by filling the visco-hyperelastic sponge. Moreover, the initial stiffness and 

the strength of the filled cylindrical NS structure both increase with the filler’s effect. 

The initial states and the deformed states of the unfilled and filled cylindrical NS 

structures (n=1 and n=2) are shown in Fig. 19(a) and (b).   

 

Fig. 18. Comparison of experimental loading-unloading response curves for unfilled 

cylindrical NS structure and filled cylindrical NS structure with visco-hyperelastic sponge: (a) n=1; 

(b) n=2.  



 

Fig. 19. (a) Initial states; (b) deformed states, of unfilled cylindrical NS structure (n=1), filled 

cylindrical NS structure (n=1), unfilled cylindrical NS structure (n=2), and filled cylindrical NS 

structure (n=2). (A=7 mm, h=6 mm, t=1.5 mm, R=40 mm, b=10 mm). 

The dissipated energy by the filled cylindrical NS structure (n=1 and n=2) consists 

of two main components: the energy dissipated by the cylindrical NS structure and the 

energy dissipated by the filler. Therefore, the energy dissipation of the cylindrical NS 

structure without snap-back behavior would undoubtedly be improved by filling the 

visco-hyperelastic filler regardless of the filler’s viscosity.      

The influence of the visco-hyperelastic filler on the mechanical properties of the 

cylindrical NS structure with snap-back behavior is also investigated. The theoretical 

response results of the cylindrical NS structure without filler and with different visco-

hyperelastic filler (sponge 1 and sponge 2) are compared in Fig. 20(a), and their 

experiment results are compared in Fig. 20(b). The cylindrical NS structure with snap-

back behavior exhibits higher energy dissipation efficiency than that without snap-back 

behavior. The theoretical and the experimental results both show that the enclosed area 

between the response curves increases when filling the sponge. The initial stiffness, the 



peak force, and the minimum force are all improved using the filler, while the stress 

plateau’s length decreases. Although the theory can well describe the change brought 

by the filler, it does have inevitable errors compared to the experiment. The difference 

between the theory and the experiments is partly caused by the assumption about the 

effective cross-section area, , in the derivation of the theoretical model in Section 

5.3. On the other hand, the gel-casting fabrication method is not so stable and further 

increases the error.   

 

Fig. 20. Comparison of loading-unloading response curves from: (a) theory; (b) experiments, 

for filled cylindrical NS structure with different sponge and unfilled one. (c) Comparison of each 

property for unfilled and filled cylindrical NS structure; (d) loading-unloading response curves for 

filled cylindrical NS structure at different strain rate.  

The force difference, energy absorption, energy dissipation, and the densification 

strain of the unfilled and filled cylindrical NS structure are compared in Fig. 20(c). 



Revealed variation trend of each property by the theory is consistent with that from the 

experiments. The force difference, energy absorption, and energy dissipation all 

increase under the filler effect. In addition, as the filling sponge shifts from sponge 2 to 

sponge 1, these properties of the filled cylindrical structure continue to increase. 

According to the relaxation test results, shown in Fig. 7(c), the viscosity of the 

polyurethane sponge 2 is 2.96 MPa/s and is far smaller than that of sponge 1, which is 

11.06 MPa/s (the viscosity can be achieved by fitting the relaxation response curves). 

The details of the relaxation tests and the model to fit the relaxation response curves 

can be found in the literatures83. The stiffness and the strength of sponge 1 are also 

greater than those of sponge 2, as shown in Fig. 7(a) and (b). Overall, the influence of 

the visco-hyperelastic filler on the NS structure would increase with the improvement 

of the sponge’s mechanical performance.  

Based on the comparison results of the filled structure with sponge 1 and 2, it can 

be concluded that the influence of the visco-hyperelastic filler on the cylindrical NS 

structure is seriously related to the characteristics of the filler, especially the filler’s 

viscosity. It can also be inferred that the enhancement effect to the energy dissipation 

capacity would decrease and turn to negative gradually as the viscosity decreases. 

Moreover, the NS behavior would disappear if the stiffness of the filler is relatively 

large. Therefore, rational selection of the visco-hyperelastic filler is necessary for the 

optimization of the cylindrical NS structures. Notably, this is the difference in the visco-

hyperelastic filler’s influence on the cylindrical NS structure with and without snap-

back behavior. The energy dissipation capacity of the structure without snap-back 



behavior can undoubtedly be improved by filling the visco-hyperelastic filler regardless 

of the filler’s properties. This difference is mainly caused by their different optimization 

mechanism. For the cylindrical NS structures with snap-back behavior, the visco-

hyperelastic filler is applied to tune the snap-through and snap-back behavior and 

enhance the energy dissipation capacity, rather than only harnessing the visco-

hyperelastic filler to dissipate energy directly as the filled cylindrical NS structure 

without snap-back behavior did. 

The influence of the strain rates on the filled cylindrical NS structure with visco-

hyperelastic filler is preliminarily studied through experiments. The experimental 

response curves of the filled cylindrical NS structure with sponge 2 under different 

loading speed, 3 mm/min and 30 mm/min, are compared in Fig. 20(d). The filled 

cylindrical NS structure with sponge 2 are not sensitive to the loading speeds, and the 

response curves from 3 mm/min and 30 mm/min are almost coincide with each other. 

There is no doubt that the influence of the strain rates is very complicated and the results 

reflected in Fig. 20(d) are not comprehensive. Considering that the focus of this study 

is on the quasi-static performance of the filled cylindrical NS structure, further study of 

the strain rate’s effect will be conducted in our future research.     

 

Fig. 21. Deformation processes from experiments for unfilled cylindrical NS structure when 



under loading-unloading test. n=8.  

 

Fig. 22. Deformation processes from experiments for filled cylindrical NS structure with visco-

hyperelastic sponge when under loading-unloading test. (n=8).  

The deformation processes of the unfilled and the filled cylindrical NS structure 

with the polyurethane sponge under loading and unloading tests are displayed in Fig. 

21 and 22. The filled polyurethane sponge brings no change to the deformation modes 

of the local cell element and the global cylindrical structure from the observation of the 

deformation processes. However, similar to the transformation of the deformation 

modes from Fig. 14 to 15, the global deformation mode, i.e., periodic snap-through and 

snap-back, would also change once the filler is of great stiffness. 

The influence of the visco-hyperelastic filler on the specific energy absorption and 

the specific energy dissipation for the filled cylindrical NS structure with different n is 

investigated, and the results are presented in Fig. (23). The specific energy absorption 

and dissipation of the filled and the unfilled cylindrical NS structure increases with the 

increment of layer number n, and the growth rate gradually slows down. This variation 

trend is in accordance with the characteristics of the NS structures. The filled cylindrical 

NS structure with sponge 1 possessed better specific energy absorption and dissipation 

performance regardless of layer number n. Moreover, layer number n enlarges the 



difference of these performances between the filled structure with different sponges and 

between the filled and unfilled structures, which indicates that the visco-hyperelastic 

filler has a more significant promotion on the specific energy absorption and dissipation 

for the cylindrical NS structure with more layers. The promotion effect would also be 

enhanced with the improvement of the filler’s mechanical performance.       

 

Fig. 23. Influence of layer number n on: (a) specific energy absorption; (b) specific energy 

dissipation, for unfilled and filled cylindrical NS structure. (A=7 mm, h=6 mm, t=1.5 mm, R=40 

mm, b=10 mm). 

Mechanical properties of the filled cylindrical NS structure of different structural 

parameters are also studied through theory, and the results are displayed in Fig. 24. The 

white region indicates that the negative stiffness property of the structure is lost when 

filled with the sponge because the filler’s stiffness is too big. In the rest color region, 

the cylindrical NS structure’s specific energy absorption and dissipation increase a lot 

when with the filler. In addition, the influence of the structural parameters on the 

mechanical properties of the filled cylindrical NS structure almost remains constant as 

the unfilled ones. Overall, the stiffness match between the filler and the cylindrical NS 

structure is the key to improve the performance.    



 

Fig. 24. Property comparison between unfilled cylindrical NS structure and filled cylindrical 

NS structure (sponge 1 and sponge 2): (a) comparison of specific energy absorption (SEA); (b) 

comparison of specific energy dissipation (SED). (n=16, R=40 mm, b=10 mm). 

6.4 Mechanical properties of cylindrical NS structure with true NS filler 

 



Fig. 25. Comparison of loading-unloading response from: (a) theory; (b) simulation; and (c) 

experiment, for unfilled and filled cylindrical NS structure with true NS filler (magnets systems). (-

k2/2). (d) Comparison of each property for unfilled and filled cylindrical NS structure.  

In addition to the above methods, one other strategy, decreasing the peak and the 

minimum force simultaneously, and ensuring the variation magnitude of the peak force 

smaller than that of the minimum force, is also worth trying to improve the cylindrical 

NS structure’s energy dissipation capacity. In general, the filler is usually used to 

improve the mechanical properties and it is hard to decrease the peak and the minimum 

force simultaneously. Using reverse thinking, if the structure is filled with the negative 

stiffness filler, the aim, decreasing the peak and the minimum force simultaneously can 

be realized. Here, the magnets system, exhibiting true negative stiffness, is introduced 

to demonstrate the effect of the strategy experimentally.  

 

Fig. 26. Deformation processes from experiments for filled cylindrical NS structure with true 

NS filler (magnets systems) when under loading-unloading test. (n=8) 

The mechanical properties of the filled cylindrical NS structure with true negative 

stiffness filler are first investigated through the simulations and the theory. The true 

negative stiffness filler is replaced by a negative stiffness spring in the FE model, in 

which the stiffness of the spring is set as . The loading-unloading response curves 



of the cylindrical NS structure with true negatives stiffness filler from theory and 

simulation are presented in Fig. 25(a) and (b). The theoretical and simulation results are 

in good agreement with each other, suggesting that the theory can well describe the 

mechanical characteristics of the filled cylindrical NS structure and has high precision. 

Moreover, the theoretical and simulation results both show that the peak force in the 

loading path and the minimum force in the unloading path decrease together with the 

influence of the filler. The decrease in the peak force is far smaller than the decrease in 

the minimum force, and this change is conductive to expand the enclosed area between 

the loading and unloading response curves.  

The influence of the true NS filler on the mechanical properties of the cylindrical 

NS structure is also demonstrated by the experiments. The magnets system is selected 

to act as the true NS filler, and the rationality of the selection has been explained in 

Section 3. The whole deformation processes of the filled cylindrical NS structure under 

the loading-unloading test are displayed in Fig. 26. The experimental response curves 

of the unfilled and the filled cylindrical NS structure are shown in Fig. 25(c). The 

enclosed area between the response curves of the filled cylindrical NS structure is 

obviously larger than that of the unfilled one, and the dissipation energy increases by 

40% due to the effect of the embedded magnets system.                           

The force difference, dissipated energy, absorbed energy, and the densification 

strain of the unfilled and the filled cylindrical NS structure are figured out and presented 

in Fig. 25(d). The force difference obtained from different method all increases with 

the effect of the filler, which directly contributes to the improvement of the energy 



dissipation. The energy absorption decreases due to the decrease of the force plateau. 

The change of the densification strain is tiny and can almost be neglected. The property 

variation trends from the different methods are consistent, while there is a minor error 

on the changing magnitude between the experiment and the other methods. The cause 

of the error for the unfilled cylindrical NS structure has been demonstrated in the above 

content. The magnet filler, employed as the negative stiffness here, is of nonlinear 

stiffness, as shown in Fig. 7(d), and its stiffness is not entirely the same as the setting 

in theory and simulation. At present, there is no perfect linear elastic filler with negative 

stiffness. Thus, the magnets were applied to demonstrate the effect of the presented 

method. Overall, the error is the result of the combined effect of multiple factors.  

Based on the above results, it can be concluded that harnessing the true NS filler 

can really enhance the energy dissipation capacity of the cylindrical NS structure. The 

magnets systems do not dissipate energy during the loading-and-unloading test. The 

increment of the cylindrical NS structure’s dissipation energy is owing to the effect of 

the true NS filler on the snap-through and snap-back behavior.    

 

Fig. 27. Relationship between filler’s stiffness and: (a) energy dissipation capacity; (b) energy 

absorption capacity. 



The changing laws of the energy dissipation and the energy absorption with the 

increment of the filler’s stiffness are studied, and the results are presented in Fig. 27. 

The normalized stiffness of the filler can be expressed as  . The energy 

dissipation would linearly grow, while the energy absorption would gradually decrease 

with the increment of the filler’s normalized stiffness. The simulation results exhibit 

the same changing trend as the theory, which further proves the theory. The energy 

absorption would decrease and even become negative (on the right part of the grey 

dotted line) as the filler’s stiffness increases, which indicated the response force during 

the loading path may be entirely negative. Negative response force during loading path 

is not reasonable and will not happen in reality. The theory here neglects the filler’s 

influence on the structure’s initial states. If the attraction force between the magnets is 

big enough, the cylindrical structure would deform immediately once filling the 

magnets. Therefore, when applying this improved strategy, the absolute value of the 

filler’s stiffness should be far less than the k1 of the cylindrical NS structures.        



 

Fig. 28. Comparison of: (a) force difference; (b) specific energy dissipation for unfilled and 

filled cylindrical NS structures (kfiller=k2/4 and kfiller=k2/2). (n=16, R=40 mm, b=10 mm).   

The influence of the structural parameters on the force difference and the specific 

energy dissipation of the cylindrical NS structure is investigated through the theory, and 

the results are presented in Fig. 28. The relationships between the parameters (h/t and 

A) and the properties for the filled cylindrical NS structure are consistent with those for 

the unfilled cylindrical ones. The force difference and the specific energy dissipation 

would increase with the parameters, h/t, and A. Moreover, there is a remarkable rise in 

the dissipation energy of the filled structure as the stiffness of the filler decreases from 

 to  ( ).  

Although the strategy, introducing the true NS filler, is effective in improving the 

energy dissipation capacity, it would weaken the load-bearing capacity of the 

cylindrical NS structure and the energy absorption capacity. Therefore, striking a 



balance between the energy dissipation capacity and other properties based on 

application scenarios is critical.         

7. Conclusion 

This study sets out to optimize the mechanical properties of the cylindrical NS 

structure via introducing filler and investigate the detailed effects of the filler types on 

the structure’s mechanical properties. Theoretical models for describing the mechanical 

responses of the local NS element, the unfilled and the filled cylindrical NS structure 

are all presented in this study. With a combination of the experiment, the simulation, 

and the presented theory, the basic mechanical properties, the energy dissipation and 

absorption capacity of the unfilled and the filled cylindrical NS structure with different 

filler types (the linear elastic filler, the visco-hyperelastic filler, and the true NS filler) 

are systematically investigated and discussed. The research results suggest that the 

linear elastic filler would weaken the cylindrical NS structure’s energy dissipation 

capacity but can improve its energy absorption. The visco-hyperelastic filler can 

effectively improve the strength, energy dissipation, and absorption capacity, provided 

the equivalent stiffness of the filler is well matched with those of the cylindrical NS 

structure. One of the interesting findings from this study is that the cylindrical NS 

structure with true NS filler can possess lower strength and better energy dissipation 

capacity simultaneously than the unfilled one.  

This work comprehensively investigated the filled NS structure (mechanical 

metamaterials) and provided new insight into the influence of the filler types on the 

mechanical properties of the filled cylindrical NS structures. The presented theory for 



characterizing the filled and the unfilled cylindrical NS structures’ mechanical response 

is of universality and lays the groundwork for future research into other filled NS 

mechanical metamaterials. In addition, a novel strategy, harnessing the true NS filler to 

improve the cylindrical NS structure’s energy dissipation capacity, is first proposed and 

verified in this study. This strategy is worth trying in the optimization of other energy-

absorption materials. 

The research in this paper is original, and the obtained conclusions are of some 

reference value. However, some limits do exist in this study. The major limitation of 

this study is that the precision of the theoretical model for describing the mechanical 

responses of the structure’s local element is not very high. Moreover, the influence of 

the strain rates on the mechanical properties of the cylindrical NS structure with visco-

hyperelastic filler lacks research. In order to overcome the above limits, the theory with 

high precision for the NS, spatial inclined beam elements is worth studying. 

Additionally, dynamic tests can be employed to compare the mechanical properties of 

filled and unfilled cylindrical NS structures in future work.  
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