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Abstract—This letter investigates the design of a class of
infinite-dimensional observers for one dimensional (1D) boundary
controlled port-Hamiltonian systems (BC-PHS) defined by differ-
ential operators of order N ≥ 1. The convergence of the proposed
observer depends on the number and location of available
boundary measurements. Asymptotic convergence is assured for
N ≥ 1, and provided that enough boundary measurements are
available, exponential convergence can be assured for the cases
N = 1 and N = 2. Furthermore, in the case of partitioned
BC-PHS with N = 2, such as the Euler-Bernoulli beam, it is
shown that exponential convergence can be assured considering
less available measurements. The Euler-Bernoulli beam model is
used to illustrate the design of the proposed observers and to
perform numerical simulations.

Index Terms—Distributed port-Hamiltonian systems; Observer
design; Boundary measurements; Exponential stability; Asymp-
totic stability.

I. INTRODUCTION

Port Hamiltonian system (PHS) formulations [1] are widely
used for the modeling and control design of complex multi-
physical systems because their underlying structure arise from
the intrinsic energy exchange between the sub-components of
the physical system. This formalism has been used for the
modeling of distributed parameter systems [2], [3], numeri-
cal spatial discretization [4], [5] and from the definition of
boundary controlled PHS (BC-PHS) to well-posedness and
stability analysis [6], [7], as well as for control design [8]–
[11]. Keeping in mind that these infinite dimensional systems
are instrumented using a finite set of actuators and sensors,
observer design is of key importance for this class of systems.
This is even more the case for control design using state
feedback. In this case the knowledge of the state variables of
the infinite dimensional PHS and their initial conditions are
required, implying that observer design for BC-PHS becomes
a relevant and necessary task for practical control implemen-
tation, especially in the cases in which sensors are located at
the boundaries of the system.
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The observer design for infinite dimensional (distributed
parameter) systems is largely investigated in the literature. A
survey on the topic can be found in [12]. Generally speaking,
the observer design for infinite dimensional systems is often
treated in a case by case. For instance, the observer design for
the wave equation has been investigated in [13]–[18] and for
the diffusion-convection-reaction processes in [19], [20]. It is
not easy to get a general procedure for the observer design
when dealing with infinite dimensional systems.

In this letter, we investigate how to take advantage of the
particular structure of BC-PHS for the observer design. In
[21]–[25] the observer design for BC-PHS has been investi-
gated, however, the class of systems are restricted to PHS de-
fined by first-order spatial differential operators. In the current
contribution, a class of observer for higher-order differential
operators subject to different boundary measurements and
internal dissipation is proposed.

The main contribution of this letter is summarized as
follows: infinite-dimensional observers for BC-PHSs defined
by differential operators of order N ≥ 1 and internal linear
dissipation are proposed in such a way that the error between
the BC-PHS and the infinite-dimensional observer remains a
BC-PHS. This allows to use existing results from the literature,
in particular from [8], to show the type of convergence depend-
ing on the available sensors. The proposed observers can be
used for a large class of physical systems such as the wave
equation, the Timoshenko and the Euler-Bernoulli beams, but
also more complex systems arising from the interconnection
of simple flexible structures.

This work extends the results proposed in [25] in which
no internal dissipation was considered and the differential
operator was limited to be of order one. In what follows,
some simple conditions on the observer gains are provided to
prove the asymptotic convergence of the observer in a quite
general setting (N ≥ 1 with possible dissipation) and similar
conditions are provided to show the exponential convergence
of the observer in the case of differential operators of order up
to N = 2. The type of convergence of the proposed infinite-
dimensional observers depends on passivity relations between
the energy of the measurements and the energy flowing in/out
through the spatial boundaries of the systems.

The paper is organized as follows. Section II gives some pre-
liminaries on BC-PHS and the infinite-dimensional observer is
defined. In Section III, the observer design is shown and the
different types of convergence are characterized in terms of
the available boundary measurements. Section IV presents the
clamped-free Euler-Bernoulli beam as illustrative example and



in Section V numerical simulations are given. Finally Section
VI gives the final conclusion and lines of future work.

II. PRELIMINARIES AND PROBLEM STATEMENT

We are interested in the design of infinite-dimensional
observers for the following class of PDE

∂tx(ζ, t) =

N∑
k=0

Pk∂
k
ζ (H(ζ)x(ζ, t)), x(ζ, 0) = x0(ζ), (1)

where ζ ∈ [a, b] is the spatial variable and t ≥ 0 is the time,
x(ζ, t) ∈ Rn is the state variable with initial condition x0(ζ),
matrices P0 ∈ Rn×n and Pk ∈ Rn×n with k = {1, · · · , N}
are such that P⊤

0 +P0 ≤ 0, P⊤
k = (−1)k−1Pk, and we assume

that PN is a non-singular matrix. The Hamiltonian density
matrix H(ζ) ∈ Rn×n is a bounded and continuously differ-
entiable matrix-valued function satisfying H(ζ) = H⊤(ζ) and
mI < H(ζ) < MI with 0 < m < M for all ζ ∈ [a, b].

Remark 2.1: Notice that, for simplicity and clarity of
presentation, we restrict the state variable and parameters to
belong to real spaces. However, as shown in [8], the results can
be extended to state variables and parameters that are complex.
An application case with complex variables and parameters is
the Schrödinger equation (See [8, Example 2.18]).

The Hamiltonian of (1) is

H(t) =
1

2

∫ b

a

x⊤(ζ, t)H(ζ)x(ζ, t)dζ, (2)

The boundary port variables [6] are defined as(
f∂(t)
e∂(t)

)
=

1√
2

(
Q −Q
I I

)(
ϕ(b, t)
ϕ(a, t)

)
, (3)

with

Qij =

{
(−1)j−1Pi+j−1, i+ j ≤ N + 1,

0, else,
(4)

and

ϕ(b, t) =


H(b)x(b, t)

∂ζ(H(b)x(b, t))
...

∂N−1
ζ (H(b)x(b, t))

 (5)

and similarly for ϕ(a, t). The input u(t) and output y(t) are
defined as a linear combination of the boundary port variables

u(t) = WB

(
f∂(t)
e∂(t)

)
, (6)

y(t) = WC

(
f∂(t)
e∂(t)

)
, (7)

where WB and WC are full rank matrices of size Nn× 2Nn
such that the following relations are satisfied WBΣW

⊤
B = 0,

WCΣW
⊤
C = 0 and WCΣW

⊤
B = I , with Σ = ( 0 I

I 0 ) ∈ R2n×2n.
The system (1), (6), (7) is then a BC-PHS and its energy
balance is

Ḣ(t) =
1

2

∫ b

a

e(ζ, t)⊤
(
P⊤
0 + P0

)
e(ζ, t)dζ+u(t)⊤y(t), (8)

with e(ζ, t) := H(ζ)x(ζ, t) the effort variable. We are inter-
ested in the design of infinite-dimensional observers for this
system. We assume that the input u(t) is measured and that
the power conjugated output y(t) is partially measurable. We
define the measured output as

ym(t) = Cmy(t), (9)

with Cm ∈ Rq×n and q ≤ n.
In [25], we proposed an observer design method for the

undamped case and differential operator of order N = 1. In
the present work, we propose infinite dimensional observer
designs for N ≥ 1 and potential dissipation i.e. P⊤

0 +P0 ≤ 0.
The considered class of observers is given in the following

definition.
Definition 2.1: The system

∂tx̂(ζ, t) =
∑N

k=0 Pk∂
k
ζ (Hx̂(ζ, t)), x̂(ζ, 0) = x̂0(ζ),

û(t) = WB
(
f̂∂(t)
ê∂(t)

)
,

ŷ(t) = WC
(
f̂∂(t)
ê∂(t)

)
, ŷm(t) = Cmŷ(t),

(10)

is a BC-PH observer for the system defined by (1), (6), (7),
(9) if x̂(ζ, t) converges to x(ζ, t) for some initial condition
x̂0(ζ) ∈ L2(a, b;Rn) different from x0(ζ). The boundary port
variables

(
f̂∂(t)
ê∂(t)

)
are defined as in (3) and (5) with x̂(ζ, t)

instead of x(ζ, t).
Since u(t) and ym(t) are measured the observer input is

designed as

û(t) = u(t) + C⊤
mL(ym(t)− ŷm(t)), (11)

with L ∈ Rq×q such that L + L⊤ > 0. The objective
is then to characterize sufficient conditions on the available
measurements in terms of Cm and the observer gain L such
that the observer (10) with input (11) is an infinite-dimensional
observer according to Definition 2.1. Notice that, different
from observers for linear ODEs in which the gain is generally
a rectangular matrix, in this case the observer gain L is a
square matrix since it acts at the boundary and not on the
domain of the PDE. The error between the state of the plant
and the observer is defined as x̃(ζ, t) := x(ζ, t)− x̂(ζ, t). The
error system can then be written as the BC-PHS

∂tx̃(ζ, t) =
∑N

k=0 Pk∂
k
ζ (Hx̃(ζ, t)), x̃(ζ, 0) = x̃0(ζ),

ũ(t) = WB
(
f̃∂(t)
ẽ∂(t)

)
,

ỹ(t) = WC
(
f̃∂(t)
ẽ∂(t)

)
, ỹm(t) = Cmỹ(t).

(12)

The Hamiltonian of the error system is defined in term of the
state error as follows

H̃(t) :=
1

2

∫ b

a

x̃⊤(ζ, t)H(ζ)x̃(ζ, t)dζ. (13)

and one can verify the following balance equation

˙̃H(t) =
1

2

∫ b

a

ẽ(ζ, t)⊤
(
P⊤
0 + P0

)
ẽ(ζ, t)dζ + ũ(t)⊤ỹ(t),

(14)



where ẽ(ζ, t) := H(ζ)x̃(ζ, t). Replace ũ = u − û from (11)
in (14) and since P⊤

0 + P0 ≤ 0 it is obtained that

˙̃H ≤ ũ⊤ỹ = −ỹ⊤C⊤
mL⊤Cmỹ = − 1

2 ỹ
⊤
m(L⊤ + L)ỹm, (15)

where we have used the properties of the quadratic vector
product and that L + L⊤ > 0. Since L⊤ + L > 0 the error
system (12) converges to the origin and the observer system
(10) qualifies as an infinite-dimensional observer according
to Definition 2.1. Furthermore, as observed in (15) the rate
of convergence explicitly depends on the observer gain L.
In general the decay of (15) is faster, and hence also the
convergence of the observer, as L grows bigger until certain
value after which the system becomes over-damped [10].

III. OBSERVER DESIGN

In this section the different classes of observers and the
type of convergence are presented according to the order of
the differential operator of (1). In all cases the fundamental
conditions for achieving convergence is the capability of the
observer to bound the energy flowing through the boundary of
the error system. As discussed in [9] this is, roughly speaking,
related to the passivity of BC-PHS and to the definition of its
inputs and outputs. The conditions that the observer gains have
to satisfy to ensure the observer convergence are derived by
applying the stability conditions presented in [8] to the error
system.

A. Asymptotic convergence: case N > 1.

In Proposition 3.1 we propose simple conditions to check
for the design of an observer with asymptotic convergence to
the plant system state.

Proposition 3.1: The system (10)-(11) is an observer ac-
cording to Definition 2.1 with asymptotic convergence if there
exists κ > 0 such that

1
2 ỹ

⊤
m

(
L⊤ + L

)
ỹm ≥ κ

N−1∑
k=0

∥∂k
ζ (Hx̃) (a)∥2,

or ≥ κ

N−1∑
k=0

∥∂k
ζ (Hx̃) (b)∥2,

holds.
Proof: Take the Hamiltonian error (13) as Lyapunov

function and since by assumption − 1
2 ỹ

⊤
m(L⊤ + L)ỹm ≤

−κ
∑N−1

k=0 ∥∂k
ζ (Hx̃) (a)∥2 (or ζ = b), we have that ˙̃H ≤

−κ
∑N−1

k=0 ∥∂k
ζ (Hx̃) (a)∥2 (or ζ = b). Using [8, Proposi-

tion 2.11] we conclude that the error system converges to zero
asymptotically.
B. Exponential convergence: case N = 1.

Proposition 3.2: The system (10)-(11) is an observer ac-
cording to Definition 2.1 with exponential convergence if there
exists κ > 0 such that

1
2 ỹ

⊤
m

(
L⊤ + L

)
ỹm ≥ κ∥Hx̃(a)∥2,

or ≥ κ∥Hx̃(b)∥2,

holds.

Proof: Similarly to the proof of Proposition 3.1 we
use the Hamiltonian error functional as Lyapunov function.
The proof follows directly from [26, Theorem III.2] or [8,
Proposition 2.12].

C. Exponential convergence: case N = 2

Proposition 3.3: The system (10)-(11) is an observer ac-
cording to Definition 2.1 with exponential convergence if there
exists κ > 0 such that

1

2
ỹ⊤m

(
L⊤ + L

)
ỹm ≥

κ
(
∥(Hx̃)(a)∥2 + ∥∂ζ(Hx̃)(a)∥2 + ∥(Hx̃)(b)∥2

)
,

or κ
(
∥(Hx̃)(a)∥2 + ∥∂ζ(Hx̃)(a)∥2 + ∥∂ζ(Hx̃)(b)∥2

)
,

or κ
(
∥(Hx̃)(b)∥2 + ∥∂ζ(Hx̃)(b)∥2 + ∥(Hx̃)(a)∥2

)
,

or κ
(
∥(Hx̃)(b)∥2 + ∥∂ζ(Hx̃)(b)∥2 + ∥∂ζ(Hx̃)(a)∥2

)
,

holds.
Proof: Similarly to the proof of Proposition 3.1 and taking

the Hamiltonian error functional as Lyapunov function it is
obtained that ˙̃H ≤ − 1

2 ỹ
⊤
m(L⊤ + L)ỹm. Then if any of the

conditions of Proposition 3.3 holds and by direct application
of [8, Proposition 2.14], the error system converges to zero
exponentially.

It is possible to relax the assumptions on the boundary
dissipation of the system if the structure of the BC-PHS
satisfies the following assumption.

Assumption 3.1: We consider the system (1), (6), (7), (9)
with N = 2. Assume n an even number and that the state
vector is split as x(ζ, t) = (x1(ζ, t), x2(ζ, t)) and the matrices
P1, P2 and H(ζ) such that P1 =

(
0 Q1

Q1 0

)
, P2 =

(
0 −Q2

Q2 0

)
,

and H(ζ) =
(

H1(ζ) 0
0 H2(ζ)

)
, with Q1 ∈ Rn/2×n/2 and Q2 ∈

Rn/2×n/2 both self-adjoint matrices, and Q2 invertible. H1(ζ)
and H2(ζ) are uniformly positive matrices for all ζ.

Proposition 3.4: Under Assumption 3.1, the system (10)-
(11) is an observer according to Definition 2.1 with exponen-
tial convergence if there exists κ > 0 such that

1

2
ỹ⊤m

(
L⊤ + L

)
ỹm ≥

κ
(
∥(Hx̃)(a)∥2 + ∥∂ζ(H1x̃1)(a)∥2 + ∥(H1x̃1)(b)∥2

)
,

or κ
(
∥(Hx̃)(a)∥2 + ∥∂ζ(H2x̃2)(a)∥2 + ∥∂ζ(H1x̃1)(b)∥2

)
,

or κ
(
∥(Hx̃)(b)∥2 + ∥∂ζ(H1x̃1)(b)∥2 + ∥(H1x̃1)(a)∥2

)
,

or κ
(
∥(Hx̃)(b)∥2 + ∥∂ζ(H2x̃2)(b)∥2 + ∥∂ζ(H1x̃1)(a)∥2

)
,

holds.
Proof: The exponential convergence of the error system

follows from the application of [8, Proposition 2.19]) consid-
ering that one of the conditions of Proposition 3.4 hold.

Remark 3.1: Proposition 3.4 is a special case of Proposi-
tion 3.3 with some specific requirements on the matrices P1

and P2. The practical implication is that under these conditions
some sensors can be removed and exponential convergence of
the observer is still achieved. The Euler-Bernoulli beam fits
perfectly into this specific structure.



IV. EXAMPLE:THE EULER-BERNOULLI BEAM

Consider the Euler-Bernoulli beam

ρ(ζ)∂2
tw + d∂tw(ζ, t) = −∂2

ζ

(
EI(ζ)∂2

ζw(ζ, t)
)
, (16)

with ζ ∈ [0, 1] and t ≥ 0. ρ(ζ) > 0 is the mass density, E > 0
is the elastic modulus, I(ζ) > 0 is the second moment of area
of the cross section and d > 0 the internal damping coefficient.
w(ζ, t) is the deflection of the beam. The initial conditions are
defined as w(ζ, 0) = w0(ζ) and ∂w

∂t (ζ, 0) = v0(ζ). Defining
the state variables as

x1(ζ, t) = ρ(ζ)∂tw(ζ, t), x2(ζ, t) = ∂2
ζw(ζ, t) (17)

the PDE (16) can then be written as a BC-PHS with N = 2
and

P0 =

(
−d 0
0 0

)
, P1 =

(
0 0
0 0

)
, P2 =

(
0 −1
1 0

)
,

H =

( 1
ρ(ζ) 0

0 EI(ζ)

)
=:

(
H1(ζ) 0

0 H2(ζ)

)
,

(18)

The inputs and outputs are defined by

u(t) = y(t) =
H1x1(0, t)

∂ζ (H1x1) (0, t)
H2x2(1, t)

∂ζ (H2x2) (1, t)

 ,


∂ζ (H2x2) (0, t)
−H2x2(0, t)

∂ζ (H1x1) (1, t)
−H1x1(1, t)

 .
(19)

The Hamiltonian H(t) =
1

2

∫ b

a
( x1
x2

)
⊤
(

H1(ζ) 0
0 H2(ζ)

)
( x1
x2

) dζ

satisfies Ḣ(t) = −
∫ b

a
d (H1(ζ)x1(ζ, t))

2
dζ + u(t)⊤y(t).

A. BC-PHS observer

The infinite-dimensional observer (10) is given by

∂t

(
x̂1

x̂2

)
=

(
0 −1
1 0

)
∂2
ζ

(
H1x̂1

H2x̂2

)
+

(
−d 0
0 0

)(
H1x̂1

H2x̂2

)
,

with x̂1(ζ, 0) = x̂10(ζ), x̂2(ζ, 0) = x̂20(ζ) and

û =


H1x̂1(0)

∂ζ (H1x̂1) (0)
H2x̂2(1)

∂ζ (H2x̂2) (1)

 , ŷ =


∂ζ (H2x̂2) (0)
−H2x̂2(0)

∂ζ (H1x̂1) (1)
−H1x̂1(1)

 . (20)

Since the differential operator is of size N = 2, Proposition 3.1
and Proposition 3.3 can be used to guarantee, respectively,
asymptotic and exponential convergence depending on the
available measurements. Moreover, in this example, by em-
ploying Proposition 3.4, one can take advantage of the PDE
structure in such a way that exponential convergence can be
guaranteed using less sensors.

B. Three boundary measurements

Consider that three boundary measurements are available

Cm =

0 1 0 0
0 0 1 0
0 0 0 1

 , ym =

 −H2x2(0)
∂ζ (H1x1) (1)
−H1x1(1)

 ,

For simplicity we use a diagonal observer gain L =
diag(l1, l2, l3), with l1, l2, l3 > 0. To verify Proposition 3.3
we first compute the left hand side of the inequality

1
2 ỹ

⊤
m(L⊤ + L)ỹm =

l1 ((−H2x̃2)(0))
2
+l2 (∂ζ(H1x̃1)(1))

2
+l3 ((−H1x̃1)(1))

2
.

From the third relation of Proposition 3.3 and using the
boundary condition ũ = −C⊤

mLCmỹ, we obtain

∥(Hx̃)(1)∥2 + ∥∂ζ(Hx̃)(1)∥2 + ∥(Hx̃)(1)∥2 =

(1 + l23) ((H1x̃1)(1))
2
+ (1 + l22) (∂ζ(H1x̃1)(1))

2

+ ((H2x̃2)(0))
2
,

so it is always possible to find a κ > 0 such that Proposi-
tion 3.3 is satisfied.

C. Two boundary measurements

Consider that only two measured outputs are available

Cm =

(
0 0 1 0
0 0 0 1

)
, ym =

(
∂ζ (H1x1) (1)
−H1x1(1)

)
(21)

hence q = 2. We shall first investigate if the observer
guarantees asymptotic stability using Proposition 3.1. Define
L = diag(l1, l2), with l1, l2 > 0, and compute the left hand
side of the inequality

1
2 ỹ

⊤
m(L⊤ + L)ỹm

= l1 (∂ζ(H1x̃1)(1))
2
+ l2 ((−H1x̃1)(1))

2
. (22)

From the second condition of Proposition 3.1 and using the
boundary conditions ũ = −C⊤

mLCmỹ we obtain

1∑
k=0

∥ ∂k

∂ζk (Hx̃) (1)∥2

= (1 + l21)∂ζ(H1x̃1(1))
2 + (1 + l22)(H1x̃1(1))

2

so it is always possible to find a κ > 0 such that Proposi-
tion 3.1 is satisfied. Furthermore, since the BC-PHS formu-
lation of the Euler-Bernoulli beam satisfies Assumption 3.1,
n = 2, Q1 = 0 (scalar self-adjoint) and Q2 = 1 (scalar self-
adjoint and invertible), it is possible to use Proposition 3.4
to investigate exponential convergence even if only two mea-
surements are available. Consider again the measurements (21)
and the same observer matrix L = diag(l1, l2), with l1, l2 > 0.
From the third relation of Proposition 3.4 and using that
ũ = −C⊤

mLCmỹ we have that

∥(Hx̃)(1)∥2 + ∥∂ζ(H1x̃1)(1)∥2 + ∥(H1x̃1)(0)∥2 =

((H1x̃1)(1))
2
+ (1 + l22) (∂ζ(H1x̃1)(1))

2
,

and comparing with (22) we conclude that there is always a
κ > 0 such that Proposition 3.4 is satisfied. Hence, because
the structure of the Euler-Bernoulli satisfies the conditions of
Assumption 3.1, it is possible to assure exponential conver-
gence of the observer with only two boundary measurements.



Fig. 1. Hamiltonian of the system (solid blue), estimated one (dashed orange)
and the Hamiltonian error (solid orange).

V. NUMERICAL SIMULATIONS

In this section the performances of the observer proposed
in Section IV-C are illustrated using numerical simulations
considering, for simplicity, unitary parameters for the beam,
i.e., ζ ∈ [0, 1] and constant and unitary parameters associated
to the energy storing elements, i.e., ρ(ζ) = 1 and EI(ζ) = 1,
and damping term d = 0.2. For the spatial discretization
structure preserving finite-differences on staggered grids [4] is
used with nd = 140 state variables. Due to the stiffness of the
PDEs, we use the ode15 environment from Matlab for the time
discretization, obtaining less expensive and faster numerical
simulation compared to, for instance, ode45. The beam model
is simulated using as input u(t) = 0 and initial condition
x0(ζ) =

[
0

ζ−0.9

]
, which represents the beam in equilibrium

with a bending moment EI(1)x2(1, 0) = 0.1Nm and a shear
force ∂ζ(EI(1)x2(1, 0)) = 1N . The observer is simulated
with the input (20) using (11) with L = diag(l1, l2) with
design parameters l1 = 0.1 and l2 = 1. The initial conditions
of the observer are x̂10(ζ) = x̂20(ζ) = 0.

Fig. 1 shows the system, observer and error system Hamilto-
nian, respectively, H(t), Ĥ(t) and H̃(t). Since there is internal
dissipation the Hamiltonian goes to zero for all the systems.
The exponential convergence of the observer is appreciated
in the response of H̃(t). Fig. 2 shows the deformation of
the beam along time and space. One can see that due to the
internal dissipation, the beam deformation decreases as time
increases. The solid blue line shows the end-tip position of
the beam whereas the dashed orange line shows the estimated
end-tip position. It is observed that around t = 1 s, the
dashed orange line superposes the solid blue. Fig. 3 shows
the estimation of the beam deformation. Starting from a zero
initial condition the observer is able to accurately described the
beam deformation around second t = 1 s. The error between
the beam deformation and the estimated one is shown in Fig. 4.

A. Performance of the observer

The performance of the infinite-dimensional observer for
different design parameters is commented. The dynamic of the
error system behaves as a BC-PHS with a boundary damper.
The damper term is proportional to the observer gain matrix
L. The behavior of the error can hence be classified in three
zones: (i) weakly damped, (ii) critically damped and (iii)
overdamped. Table I gives different values of L corresponding

Fig. 2. Beam deformation along time and space. The solid blue line is the
end-tip position of the beam whereas the dashed orange line is the estimated
one.

Fig. 3. Estimation of the deformation of the beam.

to each of the aforementioned cases. Fig. 5 shows the behavior

TABLE I
DESIGN PARAMETERES.

Design l1 l2 Performance

1 0.03 0.30 Weakly damped
2 0.10 1.00 Critically damped
3 0.20 2.00 Overdamped

of the error between the end-tip position of the beam and the
estimated one for the three different designs. As for a second
order system, it is appreciated that in the weakly damped case
there is a big overshoot, in the critically damped case there
is almost no overshoot and that in the overdamped case there
are no oscillations and the time response is slower than the
critically damped case. Finally, Fig. 6 shows the Hamiltonian
error computed as in (13) for the three cases. We can see that
the Hamiltonian error converges to zero faster for the critically
damped. For this design the critically damped Hamiltonian
error converges to zero in around t = 1 s, whereas for the
weakly damped case, the convergence is around t = 3 s and

Fig. 4. Error between the beam deformation and the estimated one.



Fig. 5. Error of the end-tip position of the beam for design 1 (yellow), design
2 (orange) and design 3 (violet).

for the overdamped case around t = 2 s.

Fig. 6. Hamiltonian error H̃(t) for the weakly, critically and over damped
cases.

VI. CONCLUSION AND FUTURE WORK

A class of infinite-dimensional observer for 1D BC-PHS
with differential operators of order N ≥ 1 and internal
damping has been proposed. The convergence of the pro-
posed observer depends on the number and location of avail-
able boundary measurements. Provided that enough boundary
measurements are available, exponential convergence can be
assured for N = 1 and N = 2 (Proposition 3.2 and 3.3)
and asymptotic convergence for N > 1 (Proposition 3.1).
Furthermore, for a class of partitioned BC-PHS i.e. BC-
PHS with specific structure,such as the Euler-Bernoulli beam,
exponential convergence can be achieved when N = 2
(Proposition 3.4) and less measurements are available. The
Euler-Bernoulli beam model has been used to illustrate the
design and numerical performance of the proposed observer.
Future work will deal with stability and performance analysis
under the presence of noise and observer-based boundary
control.
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