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A Lyapunov approach for the exponential
stability of a damped Timoshenko beam
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Abstract—In this technical note, we consider the sta-
bility properties of a viscously damped Timoshenko beam
equations with spatially varying parameters. With the help
of the port-Hamiltonian framework, we first prove the exis-
tence of solutions and show, by the use of an appropriate
Lyapunov function, that the system is exponentially stable
and has an explicit decay rate. The explicit exponential
bound is computed for an illustrative example for which we
provide some numerical simulations.

Index Terms— Distributed parameter systems, port-
Hamiltonian systems, Viscous damping, Exponential stabil-

ity.

[. INTRODUCTION

The Timoshenko beam theory is often used in engineer-
ing applications to represent the propagation of vibrations
in mechanical systems such as buildings, aircraft structures,
flexible robots and micro grippers [1], [2]. In this technical
note, we consider the Timoshenko beam described by Partial
Differential Equations (PDEs) with space-varying parameters
and viscous damping. In the case of constant parameters, the
system has already been proven to be exponentially stable in
[3] using the Gearhart-Herbst-Priiss-Huang spectral method
[4]. In [3] the authors prove that there exist M > 0 and
w > 0 such that ||T(¢)zo|| < Me™" for all zp € Z, but do
not provide any estimation of these two quantities. The same
result with space varying parameters has been proven in [5]
using the same techniques. In [6], the authors constructed a
Lyapunov function to prove exponential stability in case of
constant parameters, but without making explicit the state’s
norm decay rate. Furthermore, different studies have focused
on the stabilisation problem in the case of the presence of
damping in only one beam dynamics, e.g. vertical or rotational
dynamics. In particular, in [7] the authors used a Lyapunov
function to show that the system is exponentially stable if
and only if the wave propagation speeds of the two dynamics
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are identical. A technical extension to linear and nonlinear
operator equations using Lyapunov techniques can be found
in [8], [9].

Over the last twenty years, the port-Hamiltonian (PH) frame-
work has proved to be a useful tool for stability analysis
and control design for PDEs. It has been used to design
static [10], linear dynamic [2] and nonlinear dynamic [11]
PDEs boundary controllers able to exponentially stabilize the
origin of the closed-loop system. Existing results using the PH
framework have been obtained without considering internal
dissipation (e.g. viscous damping for flexible beams). Finding
the exponential bound parameters becomes challenging due
to the lack of internal dissipation, resulting in only assessing
exponential decay without explicit decay of the norm [12].

In this technical note, inspired by [9] and [7], we propose
a Lyapunov function with crossing terms in order to prove
the exponential stability of a Timoshenko beam in the case
of spatially varying parameters and viscous damping in both
the vertical and rotational dynamics. The proposed Lyapunov
function allows to compute the parameters M, w of the
exponential bound ||T(¢)zo|] < Me ™. This work relies on
the PH framework [13], [14] for the result on existence and
uniqueness of solutions, and on [15] for the state variable
selection.

The paper is organized as follows. In Section II, we recall
some technical preliminaries that will be useful for the stability
proof. In Section III, is stated the main result of the paper
i.e. exponential stability with an explicit formulation of the
decay rate of the solution’s norm. Then, a numerical example
is presented to validate the theoretical results. This technical
note ends with some conclusions in Section IV.

[I. PRELIMINARIES
A. Usefull inequalities

Throughout the paper, we make use of some standard
inequalities that are very often used in the literature on control
of PDE. We recall two classical inequalities, that hold for all
functions f,g:Q — R with Q € RY, N € Nxg:

Young’s inequality

L o, a »
< — = 1
fg_zalfl +2|g|7 (1

for all a > 0.
Cauchy-Schwarz inequality

[ ez = ([reras)’ ([wera)’ o
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In the next lemma we introduce the Poincaré-type inequality
that can be derived from [16, Theorem 256], changing the
integration interval from [0, 1] to [0,L].

Lemma 2.1 (Variation of the Wirtinger’s inequality): For
any absolutely continuous function f such that f(0) =0,

[rerae< (2) [ (Lr@) e o

B. Lyapunov stability theory

Let z belong to a Hilbert space Z and consider the linear
differential equation

z=Az z(0)=z 4)

where we assume that the operator A with domain D(A) is the
infinitesimal generator of a Cyp-semigroup 7(¢) on the state
space Z. In the following, we denote the solution of (4) with
initial condition zg as z(¢,z0) = T'(¢)zo. Now, we introduce the
concept of Lyapunov function for (4).

Definition 2.2: A continuous functional V : Z + [0,00) is a
Lyapunov functional for (4) on Z if V(z(t,z0)) is Dini differ-
entiable at = 0 for all zp € X and the following inequality
holds

Vi (z0) := limsup V(z(t,20)) = V(z0) <0. 5)
t—0 t

|
Since in most practical cases the limit (5) is not easy to
compute, we rely on Lemma 11.2.5 of [17] to establish
the relation between the Dini time derivative (see Definition
A.543 in [17]) and the Fréchet derivative (see Definition
A.5.31 in [17]). In fact, if V is Fréchet differentiable, then
for z€ D(A), V(z(,z0)) is Dini differentiable and

Vi (z0) :=dV (z0)Azo (6)

where dV is the Fréchet derivative of V. In the following,
we cite a part of Theorem 11.2.7 from [17], that will be
instrumental to prove the exponential stability.

Theorem 2.3: Suppose that V is a Lyapunov functional for
(4) with V(0) = 0. If there exist two positive constants ki, Ky >
0 such that V(z) > «i||z||? and V (z) < —kxV (z) for all z € Z,
then the origin is globally exponentially stable, and

Vv K
(6,20 < %f%n ™

I1l. MAIN RESULT

A. Port Hamiltonian formulation of the Timoshenko’s
beam with viscous damping

We consider the equations of motion of a clamped Timo-
shenko beam with viscous damping

o =Fe (K (3 -0)) 15
tot = (E13E) +k (3 -0) -0
0 (8)

Throughout the paper, the terms &,s € [0,L] identifies the
spatial coordinate, while w(&,¢) and ¢(&,r) represent the de-
flection and the relative rotation of a beam cross-section in the
rotating frame at position & and time 7, respectively. E(&),1(§)
are the spatially dependent Young’s modulus and moment of
inertia of the beam’s cross-section, respectively. p(&),1,(&)
are the spatially dependent density and mass moment of inertia
of the beam’s cross-section, respectively. The mass moment
of inertia of the cross-section is defined as I,(&) =1(&)p(&).
K(&) is defined as K(&) =kG(E)A(E), where k is a constant
dependent on the shape of the cross-section, G(&) is the shear
modulus and A(&) is the cross-sectional area. y(&) and 8(&)
represent the spatially depending translating and the rotating
components of the viscous damping, respectively. Throughout
this paper, all physical parameters and their reciprocals are
assumed to be absolutely continuous, positive definite and
belong to L.([0,L]). Following [15] we define the energy
variables as

J 0 J 0
a=p 2 =120 =G50 z4:£ ©)

such to write the port-Hamiltonian representation of (8) with
the state variable z = [z1 22 23 z4]”

0
=P == (7)) + (R

—Gy) (7). 10
JE 0)(z) (10)
where 7’z are the co-energy variables and,

0 0 1 0 0O 0 0 O
0 0 01 0 0 10
Fi=11 000 P=lo -1 00
01 00 0 0 00

> 0 0 0 y 0 0 0 an
0 ~ 0 o0 0 8§ 00

— 1 —

=10 0k o] “T|oo oo
0 0 0 EI 0 000

We define the state space Z = L,([0,L],R*) and we equip it
with the energy inner product

L
(z1,20)2 = (21, 22) 1, :/O o AHdE. (12)
The energy of the beam is defined by
1
E=3{z2)z. (13)

Following [18], we define the boundary flow and effort as a
composition of the co-energy variables at the boundary of the
spatial domain

] =l

As shown in the following, the boundary flow and effort are
instrumental to define the boundary operators such to obtain

—Pl] {(%z)(o,t)]

)
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a well-posed (in the Hadamard sense) set of PDE

fo <z>] FORICRY)
B =W, =
12(1) Bl [e,;(l‘) IP(LO)ZZ(O,I)
B 0] [—K(L)z3(L,1)
PBoz(t) = W La(,)} | —EI(L)z4(L,1) (15)
G2lt) = W fa()] _ [ K(0)z3(0,1)
=T ey (1)) — |EL(0)z4(0,1)
fa(f)} s (L)
@ =W =
22(1) = Wer [ea(t) EﬁTSZZ(l”I)
with
War=—75[00670700] We2=50010000 0 1]
Wor=25[599888491  wa= 50007 54908
(16)
We can now define the operator
d
jZ:Plg(%ﬂz)-i-(Po—GO)(%ﬂZ) a7

with domain
D( Z)={z€Z| Hz€H", B1z=0,Brz=—S(L)%»z} (18)

and S = diag{y,8}. In the following proposition, we show that
the operator _# with domain D(_#) generates a contraction
Co-semigroup, or equivalently that the dynamical system (10)
is well-posed.

Proposition 3.1: The operator ¢ in (17) with domain (18)
generates a contraction Cp-semigroup on the state space Z.
Moreover,

Ei= (F & 2)z
- —/0 {pyzz% + %Z%}dcﬁ — (622)TS(L)%»z.
Proof: For the generation result, it is sufficient to use

Theorem 6.9 of [13]. For the energy time derivative, we
compute

Ey (2)

19)

dliﬂz>gﬂ’21: (F2,2)z ]
/o (PI%(%Z)+(P0*GO)(%Z)) HzdE
*/OL(%Z)TGO(%”z)dJ;

+/OL (Pl %(%Z) +Po(ff2))T (A z)dE.

(20)
The first term of the last equation corresponds to the first
term in (19), while the second term, after integration by parts,
makes appear the second term in (19). [ |
Next, we present two inequalities that will be useful for
the stability analysis we will propose considering Lyapunov
arguments.
Lemma 3.2: For any function z3,z4 € L,([0,L],R), the fol-
lowing inequalities hold

L/ € 2 L
/ ( / Kz3ds> dE < Iy / K2dE
0 0 0
L/ & 2 L
/ ( / EIZ4ds> dE < ko / EIZdE
0 0 0

2n

(22)

with k; = (%)213 and ky = (%)ZEI, where K = esssupK ()
_ gelo,L]
and ET = esssupEI(&).
selo.r]
Proof: To obtain the first inequality we apply Wirtinger’s
inequality of Lemma 2.1

Ji (1§ Kesds) " < ()7 i (ke
< (2)R fy K(z)dé.

The second inequality is obtained in the same manner. [ ]

(23)

B. Stability analysis

The aim of this section is to propose an appropriate Lya-
punov function allowing to show the exponential stability
of the system and to explicit its decay rate. The proposed
Lyapunov function is composed of the natural energy of the
system together with two cross-coupling terms:

V=noE+nF+mk 24)

with ng,n;,n, >0 and Fj,F, defined as

L ¢ L g
F :/ 21 (/ KZ3dS> ¢, P :/ 2 </ EIZ4ds) dé&.
0 0 0 0
(25)
Lemma 3.3: For any state z € Z the Lyapunov function (24)
is well-defined, i.e. it is finite in all the state space Z.

Proof: The energy term E in (24) is bounded as soon as
z € Z. By using the first Young’s inequality and Lemma 3.2

we get
L £ 1 rL 13 2
/ 2 (/ Kzgds> dé < f/ (/ Kz3ds) d&
Jo 0 2Jo \Jo
+1/L 1dé&
2 Jo “

1 L 1 L
< fkl/ Kz§d§+f/ z%dé
2 Jo 2 Jo
(26)
that shows that F; is bounded as soon as z € Z. The term F»
can be shown to be bounded in a very similar manner. [ ]
Since the objective of this Lyapunov study is to obtain an
inequality of the type V, < —iV, the choice of F; and F»
crossing terms is justified by the need of making appear the
missing negative square terms in the time derivative of the
Lyapunov functional. Similarly, as in [7], the general idea
comes from the fact that for i € {1,2,3,4}

O T e S

In the next proposition, we show that the functional V is
positive definite and bounded proportionally to the energy if
the constants ng,n;,ny are chosen appropriately.

Proposition 3.4: For all ng,n;,ny > 0, the Lyapunov func-
tion V in (24) is such that:

) V(z) > killz]|> for all z € Z, with K =
min{ (3 —24), (3 -128), (- 240) (-0
with p =esssupp (&) and I, =esssupl,(&).
&elo.L] ¢efo.L]
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i) V(zy) < nE for all z € Z  with n =
max{(no+mp), (no+n2lp),(no+niky), (no+noka)}.
Proof: 1) We apply Young’s inequality (with o¢ =1 and

f replaced with —f) to get

L 2
ng _mp\ g ng _ mlp
|- /0 {(7— > )5+(7— 7 )zp
2

3
nOK §+ noElz4— =+ (/ KZ3dS>
0

-~ (/05E1z4ds>2}d§

(28)
ap an
L N\ 2
no _mp\a y (no_mhp
> [P
az ay
—_——~

——
- K (13- Bl

where Lemma 3.2 has been applied to obtain the second
inequality. Defining &} = min{a;,as,as,as} we obtain the
inequality of item 1).

ii) We apply Cauchy-Schwarz and Young’s Inequalities with
a=1to get

Y fim  mpy 3 ng , mhp\ 3
V< /0{(7+T)5+(—+T)5
no g np n : ’
2K +7 —&—7 /KZ3ds
2
</ EIZ4dS> }

1 L/—/ﬁ /—’%Zz
j/() (n0+n1p)51 (n0+n21p)i
b3 by

/ ) 2
(no +n1k1)KZ3 + (n() +n2k2)EIZ4d§,

(29)

IN

where Lemma 3.2 has been applied to obtain the second
inequality. We define the constant 1 = max{by,by,b3,bs4} to
obtain the inequality of item ii). ]

In the following theorem, we present the main result of
this paper, i.e. we show the exponential stability of the
Timoshenko beam model with viscous damping making use
of the Lyapunov function (24).

Theorem 3.5: Consider the Timoshenko’s beam equation
with space-varying parameters (10) and the Lyapunov func-
tional V (24) with ng, ny, ny selected such to satisfy points
1)-4) after (38) and to render x; > 0 of point i) of Proposition
3.4. The norm of the Cy-semigroup generated by the operator
(17)-(18) can be bounded by

||z(t,20)[| <

V(ZO) e—%t (30)
Ki

where K, = % > 0 with 1 defined in point ii) of Proposition
3.4 and B = min{c;,¢,,c3,¢4} > 0 with ¢; defined in (38) and
¢; = essinf¢;(€).

€[0,L]
Proof: We start by computing the estimates of the

Dini’s time derivative of the functionals Fi, F, composing the

Lyapunov functional (24)

/OL {( i3 (Kz3) — ) (/jKads)
([ (5)- e
/OL { 7z (Kz3) (/;Kads — 2z (/().{:KZBCZS>
+21/5K§Y ( )dsle (/j,’izgds) }d(ﬁ
(3D

We apply integration by parts on the first and third terms while
using Cauchy-Schwarz in the second and fourth terms

k=

L

Fi, < [Kzg/oéKmdsL/oL (Kz3)*d& |
([ Geae) ( () o) )
e (sl [ thas)ae
) (/OLz%dé)é (/OL (/Oéllf(,szs)zdg)Z

We define the parameter K; =
the Young’s inequality to obtaln

(32)
4K while using Lemma 2.1 and

Fs K@ss(L) [ Kesdg - [ (KesPa

1 1
L 2 2 L 2
¥ 2L)? 2
+</0 (pm) d§> (( ) /0 (Kz3) dé)
/ ledﬁ / 21 500) 8))11 (0,t)d&
1
L 13 2
_/ 2 (/ ’f;fmds>d5+</ z%dé)
0 0 | \Jo
a2 [F k. \? 2
.((n) /0 (£2) d‘g’)
(33)
then, using again the Young’s inequality together with Cauchy-

Schwarz, Lemma 2.1 and the boundary conditions %,z =0 we
get

Fiy < YK(L)z(Lt +/{ (Kz3)* — (Kz3)*
2
+% (%Zl +2171(27TL) (KZ3)
—&-Kz%—k%zf—&-

IN
o\ +

(34)
With a very similar procedure as for F; we bound the F; time
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derivative with

L ¢
: _ el 1)
By = /0 (% (Elza) —Kz3 — Ezz) </0 EIZ4ds>
¢
el 1
+22 (/0 Elf (EZZ) ds) dé
L

IN

AM

=~

IN

%<E1<L>z4<L,r>>2 + [ {3Er? - (Er)?
0 2
+ 2 (Kns) + 2L (Bl + % (£22)
+ %312 (Elza)’ + 755+ 52
2 (El,
(2 (Be) }dg
52 1 2wer \? 2
DAt (21 )7
K EI(2L EI(2L)?
+5 K- (5 - # - 2,)(‘3”)2 )
‘EIZ3} d& + S(EI(L)za(L,1))?
(35)
dEI

where El; = 7z and oy, 0,03 > 0 are constants to be deter-

mined later. We replace (34), (35) and (19) in the Lyapunov
function’s time derivative

Vi =noE, + n1F1$+ + n2F2$+ (36)
and considering %z =0, %z = —S(L)%»z we obtain
] L
Ve < f/ {cl 5 +oF +C3KZ3 +c4EIz4}d§ .
0
o (a0 (nrn)? (
S\Up@ )~ RM
with functions
2
= ’%’ ’”g";y —mK—np—75; (721_:(1)
2 I
e e
n (2LEL\?
A T (38)
2
= g (L)
_ mEl _ mEIQL?  mEIQL)
4= 2 202 , 20372
cs= noy(L) - 213E .
6= nod(L)— 28l

Then, the constants ng,ny,n; and Q;, &, o3 could be chosen
as following

1) Fix an arbitrary ny > 0.

2) Select o, o3 sufficiently large to obtain ¢4 > 0VE €[0,L].

3) Select o and ny sufficiently large such that ¢3 > 0VE €
[0,L].

4) The constant ng is selected sufficiently large such that
c1,¢2,¢5,¢c6 >0VE €[0,L] and Kk of point i) of Proposi-
tion 3.4 is strictly positive x; > 0.

Therefore we have

Vi <—BE (39)

with 8 defined in the Theorem’s statement. Using point ii) of
Proposition 3.4 we obtain

V. < -tV (40)

with 1 = % Hence, using Theorem 2.3, we can conclude
that the origin is an exponentially stable equilibrium, and the
trajectories of system (10) fulfil the estimation (30). |

Remark 1: The boundary conditions at & =0 and £ =L can
be interchanged without changing the result of Theorem 3.5.
In fact, & we could replaced by L— & in (12) and, using the
linearity and the derivative sign change, return to the same
problem.

Remark 2: In case of constant parameters p,l,,K,EI it is
possible to prove that the Dini time derivative of the cross-term
functions in (25) becomes

2z§

Fiq < f(f{(“lyz+K+p)Z'+2,p(2§tK) 7

(5 (2}
+5 (Kza(L,1))°
Bo< [{(S2+3E1) 2 + %5k
(42)

2
EI _ EIQL)?® Ezlo(zzchZ ) }dé:
+L(EIz4(L,1))%
Therefore, the Dini time derivative of the Lyapunov function
takes the same form as in (37), but with constant coefficients

cr = %’*7"]%7/2*"11(*"1%)

_ nod ny (2LK 2 n2a382 3np
€= ﬁ*m(T) —~u, —7E
3= M n K (2L)2 _ npopK

2 "o \7 2 (43)

_ mEl _ mEIQL?  mEIQL)
c4 = —

2 2012 ) 2032

_ Lny(L)
cs= noy(L)— =5

Ln25 L 2
co= nod(L)— 28

The explicit value of the exponential decrease rate K
depends on the coefficients ng,ny,n, as well as on g, 0, 03.
Given a certain set of values of the physical parameters
p,lp,K,EI,L,y,0, different values of the exponential decrease
rate can be obtained by varying ng,ni,n2, 0,0, 03 as soon
as the positive conditions of k1,3 and 1 are respected.

Example 1: Assume that the Timoshenko’s beam equation
in (8) have a length L = 1 and the parameters p, I, KEI, v, 0
have the following shape

(-) = 0.4+0.01sin(27& +9.)), (44)
with
3 2
¢p:§ ¢1p:7ﬂ: ¢K:g (PE[:?E ¢y=0 ¢5_g

Consider the Lyapunov function in (24) with constants ny =
37, n =67, np=39 and a; =5, ap = 1, o3 = 6. Therefore,
according to Theorem 3.5, we can compute the exponential
bound (30) coefficients k; = 4.77 and Kk = % = % =
0.0622.

In order to show the exponential bound on the system’s
state norm, we perform the numerical simulations using the
Matlab® environment and the “ode23tb” time integration al-
gorithm. To do that, a pH structure-preserving finite element
spatial discretization as described in [19, Section 2.2] has
been carried on (10) to obtain a finite dimensional Lin-
ear Time Invariant (LTI) pH approximation. In this specific
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Sha
= 1
i": 0
. S 0
Fig. 1. w(&,r) andw(&,r) evolution along time.
2 : : - :
e || 2(1, 20) ||
15 — L'(;l]) eihzzt
=
~ 1 .
=
X
0.5 i
0
20 40 60 80 100
t(s)
Fig. 2. State’s norm evolution along time and exponential bound with

parameters selection.

example, the system has been divided into 50 discretizing
elements; therefore, the LTI system has 200 states. To perform
the numerical simulations, we impose the initial conditions
21(,0) = 22(€,0) = 0 and z3 = L(1 —cos(¥2)), zg = 1 —
cos(%). Figure 1 shows the trajectory time evolution of
the beam deformation w(&,t) and its velocity w(&,t), while
Figure 2 shows the state’s norm evolution together with the
computed exponential bound (30). We remark that the com-
puted exponential bound is conservative. This is because the
proposed Lyapunov parameters are not optimal with respect
to the maximum decay rate.

IV. CONCLUSIONS

In this technical note, the exponential stability problem of
Timoshenko’s beam equations with space-varying parameters
and with viscous damping in both the vertical and rotational
dynamics has been considered. After recalling some basic in-
equalities, Timoshenko’s equations have been rewritten in the
port-Hamiltonian framework and the existence and uniqueness
of solutions have been proven. The exponential bound of the
state norm has been obtained using Lyapunov arguments. The

defined Lyapunov function is composed of the internal energy
and two crossing terms and has been proven to be finite in all
the state space. Therefore, the time derivative of the Lyapunov
function along the system trajectories has been computed, and
the exponential stability has been proven. In an illustrative
example, the exponential bound coefficients are computed for
Timoshenko’s beam equations with space-varying parameters.
The future work will focus on the stabilization problem in
case the viscously damped flexible beam is part of a larger
mechanism. For this purpose, the Lyapunov function proposed
in this technical note can be used, in composition with other
terms, to prove exponential stability.
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