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Abstract

Analytical models of Single Fiber Transverse Compression Tests
(SFTCTs) are commonplace for the identification of a fiber’s appar-
ent transverse elastic modulus Er by inverse method. Compression
platen misalignment however, has been shown to induce important iden-
tification errors due to the change in the platen-fiber contact surface
compared to the parallel platen configuration. Nevertheless, methods
to minimize this misalignment experimentally are sparse in the lit-
erature and no existing analytical models take it into consideration.
In this paper the development of such a model is presented, which
accounts for the angle around the fiber’s pitch axis, named ”tilt”
angle. The predictions of this analytical model are shown to closely
match the results of an equivalent Finite Element Model (FEM). Using
force and displacement data resulting from this Finite Element Anal-
ysis (FEA), along with fiber’s material and geometric properties and
the value of the tilt angle, the proposed analytical model produces
very low identification errors of Er, independently of the tilt angle.
The proposed model can thus be used to reliably identify a fiber’s
transverse elastic modulus even for SFTCTs where a tilt angle is present.
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1 Introduction

Fibers are a widely used structural and functional material in a wide variety
of applications ranging from textiles and composites to energy harvesting,
temperature regulation, biomedical use and more [1]. Fibers can be natural
(plant, animal, mineral) or man-made (carbon, polymer, aramide...) providing
different properties and sustainability benefits depending on their source [1—-
3]. Knowledge of the transverse mechanical properties of these fibers is key
in modeling and predicting the behavior of the structures that incorporate
them or in cases where fibers are subject to important transverse loads such
as ballistic impacts [4], composite material compression molding [5] or plant
fiber extraction [3].

To characterize fiber transverse mechanical properties, Single Fiber Trans-
verse Compression Tests (SFTCTSs) represent the established direct testing
method. The test consists of compressing a unitary fiber between two compres-
sion platens, one of them being fixed and the other mobile. Analytical models
predict, through various formulations, the fiber’s behavior under this trans-
verse compression. The origins of all SFTCT models can be traced to Hertz’s
contact theory [6] and more specifically McEwen’s [7] formulation of contact
stresses in parallel elastic cylinders under transverse compression. Based on
these works Hadley et al. [8] proposed a formulation to calculate the contact
half-width b, in the context of single fiber transverse compression. Morris [9],
Phoenix et al. [10], Jawad et al. [11] and Cheng et al. [12] incorporated Hadley’s

formulation of the contact half~-width and iterated on models that offer the
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fiber’s radial displacement, as a function of the applied compressive force and
the fiber’s geometric and material properties.

In all these aforementioned analytical models, the fiber’s geometry is
approximated to a right circular cylinder. Since a fiber’s length is significantly
larger than its diameter, the problem is formulated in plane strain conditions,
omitting the fiber’s longitudinal strain. An infinitesimal strain approach is
used. While fibers can exhibit complex inelastic behavior, isotropic or trans-
versely isotropic elastic behavior hypotheses are used in these models. With
the use of these models, an apparent transverse elastic modulus Er of the fiber
can be identified by inverse method by performing SFTCTs.

Analytical models of SFTCTs also make hypotheses that are not inher-
ent to fiber nature. Since the compression platens are made from materials
(typically sapphire, glass) that are significantly stiffer than the fiber, they are
considered as rigid. Furthermore, the two compression platens are considered
as perfectly parallel. In practice however, assuring this parallelism experimen-
tally can prove challenging. Failing to find any mention of parallelism control
in the SFTCT literature is not a rare occurrence. Our team has demonstrated
that platen misalignment can have a major influence on the fiber’s identified
apparent transverse elastic modulus [18]. The study was focused on the rota-
tion of the upper compression platen around the fiber’s pitch axis, as seen in
Fig 1. The angle associated to this rotation around the z axis was termed ”tilt
angle” and noted ¢. The tilt angle produces the largest variation of the con-
tact surface between the platen and the fiber, resulting in a large error in the
identification of F7, with an angle of 1° leading to an identification error of
around 90%. An experimental protocol was proposed to minimize the tilt angle
under 0.1°, however a custom force-displacement sensor and precise actuation

were required to achieve it. Other methods of minimizing platen misalignment
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in SFTCTs have been proposed in the literature such as manual adjustments
[8], passive alignment methods [13, 14], platen preloading [15, 16] and active
motors [17], however no quantification of the platen parallelism accuracy was

provided in these studies.
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Fig. 1 a) Representation of a single fiber transverse compression test with a tilt angle ¢,
b) cross section view with the fiber with a contact width of 2b, ¢) side view of SFTCT with
a tilt angle. The origin of the reference system is placed, along the z axis, on the center of
zone of the fiber that is in contact with the upper platen.

An alternative-complementary approach to an active correction of the tilt
angle before SF'TCTs lies in introducing it directly in the analytical model of
the test. This would allow a better identification of E7 when a small tilt angle
persists after parallelism setting procedures, or even potentially eliminate the
need for such procedures and the related equipment altogether. Resources and
time constraints related to platen parallelism control could thus be significantly
reduced. In this paper, such a SFTCT model is developed by extending the
model developed by Jawad and Ward [11], to account for the presence of a

tilt angle (i.e., a rotation of the upper platen around the z axis). To facilitate
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comparisons the term ”tilt model” is used to refer to the newly developed
model while ” Jawad-Ward model” is used for the original formulation. A Finite
Element Model (FEM) of a SFTCT performed with a tilt angle is used to
validate the predictions of the tilt model and compare its identification error

with the Jawad-Ward model.

2 SFTCT analytical model tilt angle extension

In this section the development of the analytical model that accounts for
the presence of a tilt angle in SFTCTs is presented. The widely used model
developed by Jawad and Ward [11] serves as basis in this development and
is extented to incorporate the tilt angle. Its original formulation provides the
radial displacement of a fiber, represented as a right circular cylinder, under

compression between two parallel and rigid compression platens with:

U= 47TFL{041 (sinh_l(R/b) + Zn(2)) - %(al + az)

+aay (VIF R - /o) } 1)

with: Fp, the compressive force per unit of length, U the fiber’s radial dis-
placement along the y axis and R the fiber’s radius (see Fig. 1). The term b

corresponds to the half contact width given by:

. /4FLRa1 -
m

The model represents the fiber as transversely isotropic with the fiber’s logi-

tudinal axis (z axis), being the axis of symmetry. The terms o and ao relate
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the fiber’s material properties to the rest of the model through:

1 V%T
= — = 3
=B TR (3)
2
vrr Vit
= —_—-— = 4
az Er B, (4)

with: Er the fiber’s transverse elastic modulus, E, the longitudinal modulus
and vy and vpp the Poisson ratios in the longitudinal and transverse plane
respectively.

The first step in development of an extended model that accounts for the

tilt angle consists in the nondimensionalization of the initial equation :

U =0 {sinh—1 (5—1) 2t (1 + a2> 4+ 2251 (\/1 T2 5—1)}

2 (5] a7
()

where:

.U
U=+ (6)
- b
= (7)

Assuming that b is small enough, Eq. 5 may be approached by a Taylor

expansion:

0o k—2
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One assumes that the plates are much stiffer than the tested fiber, so that
the tilt angle ¢ results in a linear compression of the fiber. Considering that
the origin of the reference frame is placed, along the z axis, at the center of
the contact zone between the fiber and the upper platen, as seen in Fig 1, the

following stands:

where:

= U(z=0)
Uo—T (10)

The contact width field b(z) resulting from the linear compression field defined
by Eq. (9) is now sought. Let us denote bo the value such that:

Uy = by {sinhl (b}fl) Y2 L (1 i OQ)

2 a1

#2057 (Vien 757 (1)
aq
The field b(z) is sought as:

b(z) =Y 2" =t (14> L8 ) =bo [ 1+ b2* (12)

where:
~ by
bo

The terms involved in Eq. (8) thus read:

Inb = Inby + chzk (14)
k=1
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bt = di2t (15)
k=0

where ¢;, are obtained using (0.315) in [19]:

Cc1 = b1
6 2
~3
- ~~ b
c3 = by — byby + —
3
ete... (16)

and the dj, are obtained recursively using (0.314) in [19]:

do = bo

Ay = —= > (kn—m+ k)bpdp_g  for m > 1 (17)

mbo 1
Ones assumes that Eq. (5), which has been derived for plane strain, holds
locally. Keeping the Taylor expansion (8) up to the second order (which is
a very good approximation up to % ~ 0.4 for any values of the material

parameters), the normalized compression field therefore reads:

U(Z) >~ U()
~ ~ ~ ~ 1 -~

+z (—b0201 — 2bgb1 Inbg + 2 (2 In2 — 2> bobl)

2 ~2 ~ o~ ~2 ~ o~ ~
+z (-bo Cy — 2b0b1€1 — (b1 + 2b2b0) In bo

1 ~ ~ ~
+ (2 In2— 2> (b12 + 2b2b0>>

+23 (—60203 — 2b~0b~102 — (b~12 + 2b~2b~0) C1 — 2 (b~1b~2 + b’vob~3) In b~0

+2 (2 In2— ;) (b}bl) + b~ob~3))
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+... (18)

Comparing Eqs (9) and (18) directly yields the linear system to be solved:

-~ = —bo ¢ — 2boby Inby + 2 (2 In2— ;) boby
. s . - . 1\ /-~ s
0= —b0262 — 2bgbic1 — (b12 + 2b2b0) In by + (2 In2 — 2) (b12 + 2b2b0)
0= —b~0203 — 2[;0[;102 — <b~12 + 26260) c1—2 (6162 + b~0b~3> In 60
1\ -~ -
+2 (2 In2 — 2> (blbz + bobg)

(19)

The system is easily solved sequentially with bo being found through Eq.(11):

the first equation of the system yields b~1, the second subsequently yields by and

so on. The proposed sequence is therefore easily coded to yield all the desired

by and thus, assuming convergence, the function B(z) It is worth noting that

the proposed correction does not depend on the fiber’s elastic properties. From

Eq. (2), the force per unit of length as a function of z can also be expressed:
7b%(2)

Fu(z) = % (20)

The force per unit of length may be integrated over the contact length £ to

yield the net force F' applied to the fiber:

F/ﬁFL(z)dz (21)

In conclusion, the net force applied to the fiber F', can be calculated, for

any tilt angle, with the fiber’s displacement at z = 0 (U(z = 0)) and the rest
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of its geometric and material properties as an input. Using an inverse method,
the fiber’s transverse elastic modulus E7 can be identified if force-displacement

data along with the tilt angle and the fiber’s properties are provided.

3 Materials and Methods

3.1 Finite element model

In order to validate the newly developed tilt model, its predictions are com-
pared to those of a FEM. A model developed by our team in COMSOL
Multiphysics ® and first presented in [18] is used for this purpose. A brief
description of the model is given below. Half of the fiber and the platens are
modeled by applying a symmetry condition along the yz plane. The lower
platen is fixed while the upper platen is mobile with an imposed displace-
ment of 1um along the y axis and rotated with tilt angles varying from 0°
to 1°. A linear strain formulation is used to better match the infinitesimal
strain approach used in the analytical model. The contact between the platen
and the fiber is modeled through a Lagrangian formulation. A polyamide 11
(PA11) fiber is modeled as a transversely isotropic right circular cylinder. Its

geometric and material properties are given in Table 1.

Parameter Values Description
R (pum) 17.05 Radius
2L (pm) 300 Compressed length
E (MPa) 2155 Longitudinal Young’s modulus
Er (MPa) 706 Transverse Young’s modulus
VLT 0.4 Poisson’s ratio in longitudinal plane
v 0.07 Poisson’s ratio in transverse plane
Grr (MPa) 1000 Shear modulus

Table 1 PAI11 fiber geometric and material properties. Sources and measurements of
these parameters are given in [18].

The mesh of the model consists of prisms with triangular cross sections

for the fiber and rectangular ones for the platens. Second-order elements are
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used. The mesh is slightly adjusted compared to the model presented in [18].
A potential contact zone between the fiber and the upper and lower platen
is defined along an arc of 30°, with 14 elements placed along its length. An
adjustment of the mesh along the fiber’s length is also made, with a ratio of
[1 — 500 - sin ¢| between the length of the first element, situated at the edge
of the fiber that is in contact with the upper platen, and the last element
on the opposite end of the fiber, which is potentially not in contact with
the platen, depending on the tilt angle. In this way, a uniform mesh along
the fiber length is obtained when the platens are parallel (¢ = 0°) while an
active refinement along the contact zone is performed as the tilt increases. The

geometry, boundary conditions and mesh of the model are shown in Fig 2.

Uy 0
a) Upper platen displacement: {uy} = {1 um}
Uz

0

Symmetry:

Fig. 2 Finite element model of SFTCT with an upper platen tilt angle misalignment: a)
boundary conditions, b) cross section view of mesh with defined potential contact zones, c)
side view of mesh with tilt angle-adaptive mesh.
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3.2 Transverse elastic modulus identification

In order to validate the developed analytical model, its ability to identify the
fiber’s transverse elastic modulus E7 by inverse method at different tilt angles
is evaluated. To do so, force and displacement data issued from the Finite
Element Analysis (FEA) are used. The displacement of the upper platen is
taken, which is equivalent to the fiber’s vertical displacement at the point
where the first contact occurs. The applied compressive force F', is evaluated
by integrating the y axis component of the contact pressure on the top surface
of the fiber where it is in contact with the upper compression platen.

The inverse identification is performed through a trust-region algorithm by
providing the compressive force F', the upper platen displacement U, the tilt
angle ¢ and the fiber’s geometric and material properties (R, Er, vy, vrr).
Eq. (12) is truncated at orders k& < 5 in the formulation of the tilt model. To
evaluate the model’s identification ability at different tilt angles, the identi-
fied transverse elastic modulus Er,, is compared with the one identified for a
compression with parallel platens Eg, by calculating their relative difference

AETI
ETid - ETO
Er,

0

AEp = (22)

The influence of the truncation order in the expression of the field b(z) in
Eq. (12) is also studied. Specifically, its influence on the identification of Er is
assessed by evaluating AFE7 as a function of a truncation order, varied from 1
to 5. A convergence in the value of Fp that is identified by the tilt model can

thus be verified.

4 Results and discussions

The results of the identification procedure using the Jawad-Ward and tilt

model with an expansion order of 5, is shown in Fig. 3. Regarding the
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force-displacement results, the typical non-linearity obtained for purely elastic
materials under SFTCT can be seen in Fig. 3.a. The tilt model closely matches
the FEA results for all tilt angles. On the other hand, the Jawad-Ward model,
that does not take into account the tilt angle, only fits the FEA results well for
a tilt angle of 0° with important differences appearing for non-zero tilt angles.

These differences are reflected in the values of the identified transverse
elastic modulii. As seen in Fig. 3.b, the Jawad-Ward model significantly under-
estimates the fiber’s transverse elastic modulus, as attested by the negative
values of AFEr, which can reach up to -90% for tilt angles of only 1°. Con-
versely, the modulii values identified with the tilt model are close to the one
identified with parallel platens. Only, a slight increase in A E takes place with
the increase in angle, that reaches 1.3% for a tilt angle of 1°. Despite this small
increase, the model’s overall ability to account for the presence of a tilt angle
is demonstrated.

It can be noted that for a tilt angle of 0° a relative difference of —0.6% and
—0.7% between the identified transverse elastic modulus and the one imposed
in the simulation exists, for the Jawad-Ward and the tilt model respectively.
This small difference can be explained by the presence of longitudinal strains
in the 3D SFTCT finite element model, as opposed to the 2D, plane strain ana-
lytical models used in the identification, as explained in [18]. The non-uniform
loading along the z direction for a tilt angle ¢ # 0° may also be expected to
be at the origin of an additional deviation from the plane strain assumption.
The quality of this assumption may be further assessed by analyzing the effect
of G on the identification error. Varying G over almost 10 decades, the
identification error is shown to vary by a few percent, thereby proving the neg-
ligible sensitivity of the reported results to G . This further validates the use

of plane strain assumption.



Springer Nature 2021 BTEX template

14 Introducing compression platen misalignment in single fiber transverse compression
a) Finite element - analytical model comparison b) Model comparison
601 | Tilt angle Do O~ % — = —H— d —k— de —k— ¥ —k— ¥
o o ) \
O A o fp 20\,
- v 03 AKA o \
Z 40 PR = .
o r (s 4 . S
€ o® & S aop X
% 30 @ Y w p
5 @.0 AA < \
s o N -60 %
20 . V4 ] N
il T >
10 @\ 2 80t V.
A kYA — W ge
V. = Rkt TP S,
’ : : : . -100 : : : : :
0 02 04 06 08 1 1.2 0 0.2 0.4 0.6 0.8 1
Upper platen displacement (um) Tilt angle ¢ [°]
6 ,-I / IA //N,V ﬂﬂ -
/ 4 -
N TR S - 1 -
oK e [ O FEM — — —Titmodel —-—-— Jawad model
2 1/ g ,,-’lfn il
9 4 VV’EDE B
o /‘ﬁﬁﬂa

Fig. 3 Transverse elastic modulus identification results with the use of the Jawad-Ward
and tilt model: a) force-displacement FEM results for different tilt angles (markers) with
fitted analytical models (dotted lines), b) evolution of AEr as function of tilt angle for both
analytical models.

The impact on AE7p of the truncation order used in Eq. (12) can be seen
in Fig. 4. A decrease in AEr is observed with the increase in expansion order.
This decrease is significant when switching from order 1 to 2. For higher orders

however, AET converges towards values of 1.3%.
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Fig. 4 Evolution of AE7 as a function of tilt angle for different expansion orders in Eq.
(12) of the tilt model.
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5 Conclusions

Compression platen misalignment represents a significant source of error in
the identification of a fiber’s transverse elastic modulus through SFTCts. In
this paper, an analytical model which accounts for the presence of a tilt angle
is developed by extending the model proposed by Jawad and Ward [11]. Using
data from a finite element model of a SFTCT with a tilt angle, the pro-
posed "tilt model” is shown to identify the fiber’s transverse elastic modulus
with an error under 1.5% for all tested tilt angles. The identification of a
fiber’s transverse elastic modulus E7 can thus be made with very low errors
compared to those obtained with the standard model, regardless of the tilt
angle. The predictions of the tilt model also closely match the results of the
FEA. Modeling SFTCTs with a tilt angle can thus be achieved with the tilt
model instead of a 3D FEM, saving development and computation time [20].
Furthermore, the tilt model contributes significantly in reducing experimen-
tal constraints on compression platen parallelism in SFTCTs. As long as the
tilt angle between compression platens can be measured, with optical means
for example, the uncertainty on the identified value of Er that is related
to platen parallelism is significantly reduced. The need for complex or time-
consuming parallelism setting procedures and their related equipment could
thus be reduced or eliminated.

Further work can be performed to account for platen rotations around
the z axis as well. Additionally, the parallel identification of both the trans-
verse elastic modulus and the tilt angle could be considered, eliminating the
need for misalignment angle measurements. This parallel identification how-
ever requires further data in order to provide reliable results, such as the

displacement fields at the fiber’s edge. Finally, it can be noted that while the
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proposed model is developed in the case of the SFTCT, the underlying prin-
ciple of its development could be used for the compression of other objects
at any scale, providing an alternative to parallelism setting procedures across

various mechanical tests and scientific disciplines.
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