
1 

 

Modeling and Experiments on Flexible Side-Electrodes Electrostatic Actuators: 

Influence of the Contact Interface on the Available Force 

Patrice Le Moal, Gilles Bourbon 

Univ. Bourgogne Franche-Comté, FEMTO-ST Institute, CNRS/UFC/ENSMM/UTBM, Department of 

Applied Mechanics, France 

*Corresponding author Patrice Le Moal: Département Mécanique Appliquée, 24 rue de l'épitaphe 

25000 Besançon, France 

E-mail address: patrice.lemoal@femto-st.fr 

 

Keywords: flexible side-electrodes electrostatic actuators, useful force, analytical modeling, 

experimental characterization, residual air thickness 

 

Abstract: 

This paper presents an in-depth study of electrostatic actuators based on flexible side-electrodes 

focusing on the available electrostatic force and the derived useful force. A design tool is proposed 

considering technological aspects as aspect ratio, insulating layer material and voltage level. 

A space discretized mechanical approach based on Euler-Bernoulli beam theory is developed to 

model the bending deflection of the flexible movable electrode and “zipping” contact. Analytical 

developments and simplifications are achieved, rapidly and efficiently implemented in a proposed 

algorithm. ANSYS® simulations validate the procedure for updating the contact zone through the 

updating of the electrostatic pressure distribution. Optimum movable electrode width and appropriate 

“opposable” stiffness for guiding system are discussed. A “residual air thickness” parameter is 

introduced to address imperfect contact between the electrodes.  

Experimental characterization studies various prototypes with different structural parameters as 

thickness (50µm and 200µm), gaps (5µm and 15µm) and material for insulating layers (silicon oxide 

and parylene C). The metrology campaign highlights the impact of aspect ratio and 

oxidation/deoxidation on electrode sidewall quality and hence mechanical performance. 

A comparison with well-known comb-drive shows higher electrostatic force for flexible side-

electrode actuators. As an example, for a 10µm stroke, the available electrostatic force for flexible 

electrodes with irregular sidewalls (residual air thickness 0.6µm) is 2.2 times greater and rises to 7.3 

times greater for perfect sidewalls (no residual air). 
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1. Introduction 

Electrostatic interactions are commonly involved in many microelectromechanical systems 

(MEMS) as sensors or actuators due to the abilities of MEMS-based technologies to achieve 

micrometer gaps. In the case of sensors as accelerometers [1, 2], micrometer gaps allow the sensitivity 

to be increased. On the other hand, electrostatic actuators are widely used thanks to their high energy 

densities and forces mainly in positioning applications [3, 4]. 

Electrostatically actuated microsystems come in a variety of forms in two main configurations 

depending on applications. For RF switches [5, 6, 7], parallel plate configuration is often preferred 

mainly because of their simplicity of design and very high holding forces in the contact position. Parallel 

plate configuration is well adapted to low stroke applications. For micro grippers [8, 9], optical devices 

[10, 11] or positioning/motor applications [12, 13, 14, 15], parallel plate or comb-drive configurations 

are chosen according to the displacement and force specifications, the available footprint, or 

manufacturing requirements. 

Parallel plate and comb-drive configurations involve respectively two basic force concepts [16], normal 

forces to actuate closing gap actuators and tangential forces to actuate overlapping electrode 

actuators. Comb-drive configurations are characterized by a constant electrostatic force along the 

stroke that is interesting from a control perspective. However, guiding systems induce an opposite 

elastic force generally proportional to displacement and therefore reduce the useful force along the 

stroke. In addition, special care must be taken with guiding systems, as transverse instability can lead 

to short-circuiting or breakage of interdigitated combs. The parallel plate configuration is less sensitive 

to guiding system stiffness, as the electrostatic force increases during displacement. On the other 

hand, the stroke is often reduced, as gaps of a few micrometers are needed to involve a relevant 

electrostatic pressure. 

To achieve larger displacements from a few tens to a hundred micrometers with a parallel plate 

configuration, the use of a flexible electrode is introduced in particular by Legtenberg et al [17]. The 

mechanism of progressive contact between flexible movable and rigid fixed electrodes is known as 

“zipping”. As proposed by Li et al [18] and Burugupally [19], the concept of a flexible movable electrode 

is often associated with a curved fixed electrode to maximize displacement. In the above designs, the 

movable flexible electrode is clamped at one end and the displacement can be transferred to an 

external element at the opposite free end. Therefore, curved fixed electrodes are designed with small 

gaps on the clamped end and larger gaps on the free end. Moreover, Li et al [18] add to the curved 

fixed electrode a flexible thinner part at the starting zone in order to make easier the initiation of 

zipping. Hoffmann et al [20] proposes another architecture for a switch application. The movable 
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structure consists of two connected beams: the first beam acts as the flexible electrode and the second 

beam as a spring linked to the rigid support. In particular, the authors studied the influence of the 

relative stiffness of the two beams on the mechanical behavior of the assembly. 

The architecture of electrostatic actuator proposed in this work is similar to that of Hoffmann [20]. 

However, it is here intended to be applied to motorization and aims at generating a relevant useful 

force. Several movable flexible electrodes are connected to a shuttle at one end for the 

force/displacement transfer and free at the other end to initiate zipping against fixed straight 

electrodes. 

Different modeling approaches have been investigated to develop design tools. Legtenberg et al [17] 

proposed a two-dimensional quasi-static model based on analytical energy methods assuming 

polynomial deflection profile which coefficients are numerically identified. Li et al [18] and in more 

detail Li [21] described a numerical solution in MATLAB® of the Euler-Bernoulli equation according to 

the “before pull-in” and “after pull-in” phases. Also based on the Euler-Bernoulli equation in its forms 

describing the local curvature, Oberhammer et al [22] presents a quasi-static space discretized model. 

The resolution algorithm relies on the calculation of the electrostatic pressure distribution and the 

successive integrations to get bending moments, rotations and finally displacements. Many works [17, 

19, 21] include finite element simulations with commercial softwares but their time-consuming nature 

does not make them suitable as a design tool, and they are considered more as a validation step in the 

final dimensioning phase.  

The present work deals with an in-depth study of actuators based on flexible side-electrodes from 

theory to experiment including the influence of the contact interface on mechanical performance. In 

the current context, these actuators are primarily designed for positioning and motor applications such 

as watch hands, valves, shutters, and so on …. Therefore, available electrostatic force and useful force 

are of particular interest. The targeted applications include stepper driving of gear wheels or trains, 

for instance, using a pawl and ratchet system. The elementary displacement is determined by the 

electrostatic gap which is supposed to be closed at each actuation step. Such a driving mechanism 

minimizes the holding contact time of zipping electrodes which is beneficial for addressing common 

reliability and durability issues associated with zipper actuators. In Section 2, the specific capabilities 

of three types of electrostatic actuators are compared in terms of available electrostatic force and 

useful force. The analytical modeling presented in Section 3 adopts a quasi-static, two-dimensional 

approach based on the Euler-Bernoulli beam theory, similar to the method proposed by Oberhammer 

et al. [22]. Analytical developments are carried out, and an efficient solution algorithm is proposed to 

characterize the zipping mechanism and in particular the available electrostatic force. Model results 

and the underlying assumptions are validated through numerical simulations using ANSYS®. Design 
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considerations regarding an optimum electrode width and an “opposable” guiding stiffness are 

proposed in light of the available electrostatic force and the useful force. Section 4 aims to 

experimentally test the model in terms of available electrostatic force. For this purpose, experimental 

investigations are conducted including different combinations of fabrication (called “set-ups”) based 

on Deep Reaction Ion Etching of SOI (Silicon on Insulator), metrology and force characterizations. A 

close relationship between available electrostatic force and nature of the contact interface is 

established from the “residual air thickness” reflecting roughness and non-verticality of sidewalls. 

Lastly, section 5 gives conclusions and perspectives. 

 

2. Actuators based on Flexible Side-Electrodes (AFSE): electrostatic and useful force capabilities 

2.1. Architectures of AFSE, ARSE and ARIC 

Figure 1 shows the schematic architecture of three types of electrostatic actuators devoted to 

motorization. These actuators are configured so as, for example, to drive a toothed element (wheel or 

rack, schematically represented in black on Figure 1) as in the applications described in [12].  

 

Figure 1: Schematic architectures of electrostatic devoted to motorization: Actuators base on Rigid Interdigitated 

Combs (ARIC, Fig. 1a), Actuators based on Rigid Side-Electrodes (ARSE, Fig. 1b) and Actuators based on Flexible Side-

Electrodes (AFSE, Fig. 1c) 
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The three actuators are composed of fixed electrodes (green) linked to the substrate, and movable 

electrodes (blue) linked to the substrate by an elastic system. The movable electrodes are attached to 

a shuttle/tooth (blue) unit to which displacement and force can be transmitted. The driving stage, in 

the red arrow direction in Figure 1, is generated by electrostatic interactions between fixed and 

movable electrodes respectively connected to a given voltage V and the ground. These electrostatic 

interactions take place within the dashed black rectangle in Figure 1 and give rise to the resultant 

electrostatic force. This force is generated either through interdigitated combs or rigid/flexible 

electrodes depending on the type of actuator being used. The return to the initial position is achieved 

thanks to elastic restoring force of the guiding beams. To assess the specific capabilities of these 

actuators for motor applications, two types of force are distinguished in relation to the resultant 

electrostatic force:  

- the available electrostatic force: this refers to the electrostatic force that can be transmitted 

to the shuttle from the resultant electrostatic force. That corresponds in practice to the 

mechanical reaction of the shuttle when it is assumed to be blocked in the displacement 

direction. 

- and the useful force: this denotes the force that can be transmitted to an external element 

from the shuttle/tooth unit. It is the available electrostatic force reduced by the elastic 

restoring force of the guiding system. For example, the external element could be a gear 

wheel/train responsible for driving any subsequent load. 

2.2. Available electrostatic force of AFSE, ARSE and ARIC 

 

Figure 2: Geometric parameters of the electrostatic interactions of ARIC (a), ARSE (b) and AFSE (c) 

For ARIC (Figures 1a/2a) and ARSE (Figures 1b/2b), combs or electrodes are only connected to the 

shuttle and no contact takes place. Therefore, available electrostatic force and resultant electrostatic 

force are identical and they are expressed as functions of the shuttle’s displacement ∆ as follows: 

𝐹𝐴𝑅𝐼𝐶(∆) =
𝜀0𝑏𝑈

2

2𝑔𝑡
× 2𝑁 =

𝜀0𝑏𝐿𝑈
2

2𝑔𝑡(𝑙𝑡 + 𝑔𝑡)
= 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡    ;      𝐹𝐴𝑅𝑆𝐸(∆) =

𝜀0𝑏𝐿𝑈
2

2(𝑔 − ∆)2
 (1-2) 
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with 𝜀0 = 8.854. 10
−12 𝐹 𝑚⁄  the permittivity of air, 𝑏 the structural thickness (thickness of the device 

layer in the SOI wafer), 𝑈 the applied voltage, 2N the number of electrostatic interactions, 𝑔𝑡 , 𝑔 𝑎𝑛𝑑 𝑙𝑡 

respectively tangential/normal gaps and width of comb teeth (shown in Figure 2) and 𝐿 the length of 

the comb/electrode (Figure 1). Expressions (1-2) consider for ARIC that N teeth are uniformly 

distributed along the electrode length L and for ARSE that the overlapped lengths of fixed and movable 

electrodes are very close to the total length L. In both cases ARIC and ARSE, combs and electrodes are 

supposed to be rigid and designed to be so. No insulating layer is required due to an end stop 

preventing short-circuits (blue disk in Figure 1). 

For AFSE (Figures 1c/2c), movable electrodes are assumed to be flexible. By zipping, it is possible 

to exploit smaller gaps and amplify electrostatic interactions. Due to the contact operating principle, 

an insulating layer must be deposited on the sides of the fixed and movable electrodes. However, 

available electrostatic force and resultant electrostatic force are not identical since a contact point or 

area appears on the free end of the movable electrode. Thus, identification of the mechanical reaction 

of the shuttle when it is assumed to be blocked requires modeling the progressive contact between 

fixed and movable electrodes, as detailed in Section 3. Eq. (3) provides the total resultant electrostatic 

force including “motor” and “contact” components and specifies the parameters involved: 

𝐹𝐴𝐹𝑆𝐸
𝑟𝑒𝑠𝑢𝑙𝑡𝑎𝑛𝑡 = ∫

𝜀0𝜀𝑖𝑛𝑠
2 𝑏𝑈2

2[(𝑔 − ∆ + 𝑧(𝑥))𝜀𝑖𝑛𝑠 + 2ℎ𝑖𝑛𝑠𝜀0]
2 𝑑𝑥

𝐿

0

          𝑤𝑖𝑡ℎ 𝑧(𝑥) ≤ 0 (3) 

with 𝜀𝑖𝑛𝑠 and ℎ𝑖𝑛𝑠 respectively the permittivity and the thickness of the insulation layer, 𝑥 the position 

varying from the shuttle/electrode connection (𝑥 = 0) to the electrode free end (𝑥 = 𝐿) and 𝑧(𝑥) the 

bending deflection of the flexible electrode.  

The analytical-numerical procedure described in Section III and equations (1-2) are used to draw up 

Figure 3 and compare the available electrostatic force at start, i.e., ∆= 0.  

 

Figure 3: Theoretical available electrostatic force (at ∆= 0)  as a function of the stroke for ARIC, ARSE and AFSE -  

𝜀𝑖𝑛𝑠 = 3.9 × 𝜀0; 𝐿𝑐 𝑒⁄ = 1000µ𝑚; 𝑔𝑡 = 3.5µ𝑚; 𝑏 = 200µ𝑚; 𝑙𝑡 = 6µ𝑚; ℎ𝑖𝑛𝑠 = 0.4µ𝑚;𝑈 = 150𝑉 
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Figure 3 illustrates that AFSE outperforms ARSE regardless of the stroke. When comparing AFSE and 

ARIC, AFSE is superior if strokes are less than 50µm. Additional simulations show that the forces ratios 

are maintained for different lengths of electrodes and voltages.  

2.3. Useful force of AFSE and ARIC 

Assuming that the elastic restoring forces of guiding beams are linear, the useful force is: 

𝐹𝑢𝑠𝑒𝑓𝑢𝑙(∆) = 𝐹𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒(∆) − 𝑘𝑔𝑢𝑖𝑑𝑖𝑛𝑔∆ (4) 

with 𝑘𝑔𝑢𝑖𝑑𝑖𝑛𝑔 the bending stiffness of the guiding beams. 

Considering that an actuator must drive its opposing load throughout its stroke, the true potential in 

terms of useful force is its minimal value during the stroke. Thus, according to Eq. (4), a maximum value 

of this potential is the available electrostatic force at 0 displacement, i.e.: 𝐹𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒(0). 

Let’s consider two actuators ARIC and AFSE with 10 pairs of combs/electrodes and a stroke of 

50µm. The elastic system composed of two guiding beams with length/width/thickness equal to 

1000µm/10µm/200µm is characterized by a bending stiffness around 67.6N/m. Figures 4 highlight a 

specific advantage of AFSE over ARIC due to the increasing available electrostatic force as the shuttle 

moves. If both AFSE and ARIC induces 𝐹𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑙𝑒(0) ≈ 6.1𝑚𝑁, the useful force along the stroke 

increases for AFSE and drastically falls by 56% for ARIC. This enables the design of an elastic guiding 

system that is sufficiently rigid to impart robustness to the device; particularly in terms of dynamic 

behavior by filtering out rigid body modes of the shuttle at higher frequencies. Furthermore, this 

prevents stiction issues by facilitating the removal of flexible electrode as the voltage drops to zero. 

 

Figure 4: Theoretical evolution of the electrostatic (a) and useful (b) forces throughout the shuttle displacement at 150V 

in the case of ARIC and AFSE, with 10 pairs of electrodes/combs and a stroke of 50µm 

 

3. Analytical/numerical modeling of the electromechanical energy transduction at the interface of 

flexible movable/rigid fixed side-electrode and design considerations 
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3.1. Formalism and resolution of bending behavior without any contact 

This part deals with a simpler problem than this including contact but allows the formalism chosen 

to be clearly exposed. Figure 5 presents the equilibrium of a movable electrode subjected to the 

electrostatic pressure 𝑝𝑒𝑙𝑒𝑐(𝑥) =
𝐹𝐴𝐹𝑆𝐸
𝐿

𝑏
(𝐸𝑞. 3) with any boundary conditions. Edge effects are 

assumed to be negligible and not considered in Equation (2). The electrostatic pressure is linearized in 

accordance with a space discretized formalism as in [22]: 

𝑝𝑗(𝑥) = 𝑝𝑗 +
(𝑝𝑗+1 − 𝑝𝑗)

(𝑥𝑗+1 − 𝑥𝑗)
(𝑥 − 𝑥𝑗)   ∀𝑥 ∈ [𝑥𝑗 , 𝑥𝑗+1] 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑗 ∈ {1,2,… , 𝑛} (5) 

 

Figure 5: Equilibrium of a movable electrode under an electrostatic pressure p(x)  

The balance of forces and moments in relation to point O (Figure 5) gives: 

{

𝑁1 = 𝑁𝑛+1 (𝑛𝑜𝑡 𝑢𝑠𝑒𝑑)
𝑅1 + 𝑅𝑛+1 = 𝐹𝑡𝑜𝑡

−𝑀𝑛+1 +𝑀1 + 𝑅𝑛+1𝐿 = 𝑀𝑡𝑜𝑡

          with   {
𝐹𝑡𝑜𝑡 = ∫ 𝑝𝑒𝑙𝑒𝑐(𝑥)𝑑𝑥

𝐿

0

𝑀𝑡𝑜𝑡 = ∫ 𝑝𝑒𝑙𝑒𝑐(𝑥)𝑥𝑑𝑥
𝐿

0

 (6) 

According to Euler-Bernoulli beam theory (implying the need to satisfy small width-to-length and 

deflection-to-length ratios [22]), the curvature of the electrode �̈�(𝑥) (with 𝑧(𝑥) the bending deflection 

of electrode) is defined by: 

�̈�(𝑥) =
−𝑀𝑒𝑙𝑒𝑐(𝑥) − 𝑀𝑛+1 + 𝑅𝑛+1(𝐿 − 𝑥)

𝐸𝐼
 

with: 𝑀𝑒𝑙𝑒𝑐(𝑥) = ∫ 𝑝𝑒𝑙𝑒𝑐(𝑢)(𝑢 − 𝑥)𝑑𝑢
𝐿

𝑥
 

(7) 

with 𝐸 the modulus of Young, 𝐼 the moment of inertia about the y-axis. By integrating equation (7) two 

times, rotation �̇�(𝑥) and bending deflection 𝑧(𝑥) are defined for 𝑥 ∈ [𝑥𝑗, 𝑥𝑗+1]𝑗∈{1,…,𝑛} by: 

{
 
 

 
 𝑧�̇�(𝑥) =

1

𝐸𝐼
[𝑇𝑗(𝑥) − 𝑀𝑛+1𝑥 + 𝑅𝑛+1 (𝐿𝑥 −

𝑥2

2
)] + 𝐶2𝑗−1

𝑧𝑗(𝑥) =
1

𝐸𝐼
[𝑈𝑗(𝑥) − 𝑀𝑛+1

𝑥2

2
+ 𝑅𝑛+1 (𝐿

𝑥2

2
−
𝑥3

6
)] + 𝐶2𝑗−1𝑥 + 𝐶2𝑗

 (8) 
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Analytical expressions of 𝑀𝑒𝑙𝑒𝑐(𝑥), 𝐹𝑡𝑜𝑡 ,𝑀𝑡𝑜𝑡, 𝑇𝑗(𝑥) 𝑎𝑛𝑑 𝑈𝑗(𝑥) are reported in Appendix.  

The constants 𝐶𝑗∈{1,…,2𝑛} are determined by the boundary and continuity conditions:  

- Assuming elastic supports characterized by longitudinal 𝑘𝑙
1 𝑎𝑛𝑑 𝑘𝑙

𝑛+1 and torsional 

𝑘𝑡
1 𝑎𝑛𝑑 𝑘𝑡

𝑛+1 stiffnesses, boundary conditions can be written: 𝑧1(0) = −𝑅1/𝑘𝑙
1 , �̇�1(0) =

−𝑀1/𝑘𝑡
1, 𝑧𝑛+1(𝐿𝑒) = −𝑅𝑛+1/𝑘𝑙

𝑛+1, �̇�𝑛+1(𝐿𝑒) = 𝑀𝑛+1/𝑘𝑡
𝑛+1. 

- Continuity conditions express the continuity of rotation and displacements at the bounds of 

the intervals [𝑥𝑗, 𝑥𝑗+1]𝑗∈{1,…,𝑛}
, i.e.: 𝑧�̇�(𝑥𝑗+1) = �̇�𝑗+1(𝑥𝑗+1) and 𝑧𝑗(𝑥𝑗+1) = 𝑧𝑗+1(𝑥𝑗+1)  

Using Equations (6) and (8) with boundary and continuity conditions gives the (2n+4) equations of the 

system (9) (𝐴𝐹𝑗 and 𝐴𝐺𝑗 introduced to simplify writing the equations are reported in Appendix): 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑅1 + 𝑅𝑛+1 = 𝐹𝑡𝑜𝑡
𝑅𝑛+1𝐿 +𝑀1 −𝑀𝑛+1 = 𝑀𝑡𝑜𝑡
𝑀1

𝑘𝑡
1 + 𝐶1 = −

1

𝐸𝐼
𝑝1
𝑥2
3

6

𝑅1

𝑘𝑙
1 + 𝐶2 =

1

𝐸𝐼
𝑝1
𝑥2
4

24

1

𝐸𝐼

𝐿2

2
𝑅𝑛+1 +𝑀𝑛+1 (−

𝐿

𝐸𝐼
−

1

𝑘𝑡
𝑛+1) + 𝐶2𝑛−1 = −

1

𝐸𝐼
𝑇𝑛(𝑥𝑛+1)

𝑅𝑛+1 (
1

𝐸𝐼

𝐿3

3
+

1

𝑘𝑙
𝑛+1) −

1

𝐸𝐼

𝐿2

2
𝑀𝑛+1 + 𝐶2𝑛−1𝐿 + 𝐶2𝑛 = −

1

𝐸𝐼
𝑈𝑛(𝑥𝑛+1)

 
𝐶2𝑗+1 − 𝐶2𝑗−1 = 𝐴𝐹𝑗     (𝑗 ∈ {1,2,… , 𝑛 − 1})   

𝐶2𝑗+2 − 𝐶2𝑗 = 𝐴𝐺𝑗 − 𝐴𝐹𝑗𝑥𝑗+1  (𝑗 ∈ {1,2,… , 𝑛 − 1}) 

 (9) 

Solution of the linear system (9) requires the inversion of a (2n+4) x (2n+4) matrix that can be time-

consuming. By eliminating the constants 𝐶𝑗∈{1,…,2𝑛}, solution of system (9) is equivalent to solving the 

reduced 4 x 4 following system (10): 

{
 
 
 
 
 
 

 
 
 
 
 
 

𝑅1 + 𝑅𝑛+1 = 𝐹𝑡𝑜𝑡
𝑅𝑛+1𝐿 +𝑀1 −𝑀𝑛+1 = 𝑀𝑡𝑜𝑡

𝑅𝑛+1 (−
1

𝐸𝐼

𝐿2

2
) +

𝑀1

𝑘𝑡
1 +𝑀𝑛+1 (

𝐿

𝐸𝐼
+

1

𝑘𝑡
𝑛+1)

= −
1

𝐸𝐼
𝑝1
𝑥2
3

6
+
1

𝐸𝐼
𝑇𝑛(𝑥𝑛+1) + ∑ 𝐴𝐹𝑗

𝑗=𝑛−1

𝑗=1

𝑅1

𝑘𝑙
1 + 𝑅𝑛+1 (

1

𝐸𝐼

𝐿3

6
−

1

𝑘𝑙
𝑛+1) +𝑀𝑛+1 (−

1

𝐸𝐼

𝐿2

2
−

𝐿

𝑘𝑡
𝑛+1)

=
1

𝐸𝐼
𝑈𝑛(𝑥𝑛+1) +

1

𝐸𝐼
𝑝1
𝑥2
4

24
+ ∑ (𝐴𝐺𝑗 − 𝑥𝑗+1𝐴𝐹𝑗)

𝑗=𝑛−1

𝑗=1

−
1

𝐸𝐼
𝑇𝑛(𝑥𝑛+1)𝐿

 (10) 

Thus, bending behavior without any contact is solved according to the following process: 
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- Unknowns 𝑅1, 𝑅𝑛+1,𝑀1 𝑎𝑛𝑑 𝑀𝑛+1 are calculated by resolution of system (10), 

- Calculations of 𝐶1 = −𝑝1𝑥2
3/6𝐸𝐼 − 𝑀1/𝑘𝑡

1 ;  𝐶2 = 𝑝1𝑥2
4/24𝐸𝐼 − 𝑅1/𝑘𝑙

1  and other constants 

𝐶𝑗 (𝑗 ∈ {3,… ,2𝑛}) are progressively identified by two last equations of system (9), 

- Finally, rotation 𝑧�̇�(𝑥) and displacement 𝑧𝑗(𝑥) are given by (8). 

3.2. Bending behavior with contact 

For AFSE, 𝑅𝑛+1 = 𝑀𝑛+1 = 0 at the free end before contact (No contact solution in Figure 7). When 

contact occurs and spreads, additional reactions from the fixed electrode 𝑅𝑛−𝑝+2, 𝑅𝑛−𝑝+3, … , 𝑅𝑛, 𝑅𝑛+1 

are introduced corresponding to p contact points (See Figure 6) preventing the interpenetration of 

electrodes. For each contact point, the bending deflection is also set to the normal gap −𝑔. 

 

Figure 6: Image of the deformed electrode with p points of contact: additional reactions (Ri) are introduced 

The bending moment at a section located at x depends on the jth interval considered as follows: 

{
  
 

  
 
𝑀𝑓 = −𝑀𝑒𝑙𝑒𝑐(𝑥) + ∑ 𝑅𝑘(𝐿 − 𝛿(𝑛 + 1 − 𝑘) − 𝑥)

𝑘=𝑛+1

𝑘=𝑛−𝑝+2

          𝑗 ∈ {1,… , 𝑛 − 𝑝 + 1}

𝑀𝑓 = −𝑀𝑒𝑙𝑒𝑐(𝑥) + ∑ 𝑅𝑘(𝐿 − 𝛿(𝑛 + 1 − 𝑘) − 𝑥)

𝑘=𝑛+1

𝑘=𝑗+1

             𝑗 ∈ {𝑛 − 𝑝 + 2,… , 𝑛}

  

 (11) 

with : 𝛿 =
𝐿

𝑛
. Given the form of the bending moment, continuity conditions depend on the considered 

interval, for 𝑗 ∈ {1,… , 𝑛 − 𝑝}, 𝜶 = 𝟎, and for 𝑗 ∈ {𝑛 − 𝑝 + 1,… , 𝑛 − 1}, 𝜶 = 𝟏: 

,

{
 

 𝐶2𝑗+1 = 𝐶2𝑗−1 +𝜶
1

𝐸𝐼
𝑅𝑗+1 ((𝐿 − 𝛿(𝑛 − 𝑗))𝑥𝑗+1 −

𝑥𝑗+1
2

2
) + 𝐴𝐹𝑗

𝐶2𝑗+2 = 𝐶2𝑗 + 𝜶
1

𝐸𝐼
𝑅𝑗+1 (−(𝐿 − 𝛿(𝑛 − 𝑗))

𝑥𝑗+1
2

2
+
𝑥𝑗+1
3

3
) + 𝐴𝐺𝑗 − 𝑥𝑗+1𝐴𝐹𝑗

 (12) 

The resulting system including the new equilibrium equations, boundary and continuity equations 

would consist of (2n+p+2) unknowns and equations with 𝑝 ∈ {1,… , 𝑛 + 1}. As in the no-contact study, 

the solution system is reduced to a (p+2) x (p+2) system with 𝑅1, 𝑀1, 𝑅𝑛−𝑝+2 𝑡𝑜 𝑅𝑛+1 as unknowns: 
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{
 
 
 
 
 
 

 
 
 
 
 
 

𝑅1 + ∑ 𝑅𝑗

𝑗=𝑛+1

𝑗=𝑛−𝑝+2

= 𝐹𝑡𝑜𝑡

∑ 𝑅𝑗(𝐿 − 𝛿(𝑛 + 1 − 𝑗))

𝑗=𝑛+1

𝑗=𝑛−𝑝+2

+𝑀1 = 𝑀𝑡𝑜𝑡

−
𝑀1

𝑘𝑡
1 𝑥𝑗+1 −

𝑅1

𝑘𝑙
1 +

1

𝐸𝐼
∑ 𝑅𝑘 ([𝐿 − 𝛿(𝑛 − 𝑘)]

𝑥𝑗+1
2

2
−
𝑥𝑗+1
3

6
)

𝑘=𝑛

𝑘=𝑛−𝑝+1

= −𝑔

+
1

𝐸𝐼
𝑝1
𝑥2
3

6
𝑥𝑗+1 −

1

𝐸𝐼
𝑝1
𝑥2
4

24
−
1

𝐸𝐼
𝑈𝑗(𝑥𝑗+1) − ∑ 𝐴𝐹𝑘

𝑘=𝑗−1

𝑘=1

𝑥𝑗+1 − ∑ (𝐴𝐺𝑘 − 𝑥𝑘+1𝐴𝐹𝑘)

𝑘=𝑗−1

𝑘=1

𝑓𝑜𝑟 𝑗𝜖{𝑛 − 𝑝 + 1,… , 𝑛}     

 (13) 

Solution of (13) and calculations of constants 𝐶𝑗, 𝑗 ∈ {1,… ,2𝑛} allow to access the displacement by the 

following system (14) according to the jth interval: 

𝑧𝑗(𝑥) = 𝐶2𝑗−1𝑥 + 𝐶2𝑗 +
1

𝐸𝐼
𝑈𝑗(𝑥)+ 

+

{
 
 

 
 1

𝐸𝐼
∑ 𝑅𝑘 ([𝐿 − 𝛿(𝑛 − 𝑘 + 1)]

𝑥2

2
−
𝑥3

6
)

𝑘=𝑛+1

𝑘=𝑛−𝑝+2

       𝑖𝑓 𝑗 ∈ {1,… , 𝑛 − 𝑝 + 1}

1

𝐸𝐼
∑ 𝑅𝑘 ([𝐿 − 𝛿(𝑛 − 𝑘 + 1)]

𝑥2

2
−
𝑥3

6
)

𝑘=𝑛+1

𝑘=𝑗+1

          𝑖𝑓 𝑗 ∈ {𝑛 − 𝑝 + 2,… , 𝑛}

 

(14) 

The progressive contact between a movable flexible electrode and a fixed rigid one can be solved 

according to the algorithm proposed in Figure 7. Iterations are conducted on the displacement 

determination to take into account updating of the electrostatic pressure distribution depending on 

the deflection. A stopping criterion defines the stabilization obtained between two successive 

iterations. The available electrostatic force, that can be transferred to the shuttle, is given by the 

reaction R1 considering an “infinite" value of the longitudinal stiffness (in practice, about 𝑘𝑙
1 =

1020𝑁/𝑚). Its evolution along the stroke is obtained by progressively reducing the initial gap and 

solving the algorithm in Figure 7. 
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Figure 7: Algorithm outlining the solution for progressive contact between a flexible electrode and a rigid one  

3.3. Model results and finite element calculations with ANSYS®: toward design considerations 

The validation configuration in ANSYS® is composed of a beam with a free-clamped boundary 

condition. PLANE183 solid elements (2D-8-node elements) mesh the flexible electrode and TRANS126 

electromechanical elements mesh the dielectric gap acting as a capacitive transducer. Moreover, 

TRANS126 includes contact abilities and allows a dielectric multilayer to be considered. ANSYS® 

simulations take into account a more general mechanical behavior encompassing in particular shear 

and geometric non-linearities. Consequently, the validation of model results through ANSYS® 

simulations will support the Euler-Bernoulli assumptions made in the conducted simulations. In 

practice, for expected voltage values below 200V, the fundamental zipping mechanism necessitates 

the selection of small width-to-length and deflection-to-length ratios generally satisfying the Euler-

Bernoulli assumptions. 

About the deflection shape and the contact area: “zipping” configurations 
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Figures 8 illustrate the deflection shape at 150V for two examples of flexible electrodes and the 

corresponding contact area. Validation of the present model is clearly established by an excellent 

correlation with ANSYS® results for 2 values of electrode width and 5 values of initial gaps. Figure 8a 

about 7µm-width shows a zipping configuration resulting in a large contact area from 20µm initial gap. 

However, in Figure 8b for the 12µm width, the zipping configuration does not occur at 20µm and 16µm. 

Such an electrode width is not suitable for generating a significant force as the initial gap is of the order 

of 16µm and beyond. 

 

Figure 8: Deflection shapes obtained from the model and ANSYS ® results for two electrode width and five initial gap values: 

(a) electrode width of 7µm (b) electrode width of 12µm at 150V 

About the available electrostatic force: optimum width 

Figure 9 shows the evolution of the available electrostatic force for one pair of fixed/movable electrode 

according to three different electrode widths. In correlation with above comments, no zipping 

configuration (12µm wide) result in a minimum available electrostatic force close to zero within the 

initial 6 micrometers of travel. Moreover, mechanical performances of 7µm wide electrode are about 

50% better than 4µm wide ones. For smaller width values, the force transfer is not maximized because 

the movable electrode is too flexible, leading to an unnecessarily large contact area. For larger width 

values, zipping does not occur, contact does not take place or does not propagate sufficiently, and the 

electrostatic force remains low similar to ARSE.  

If this optimum value may not be realistic from a technological point of view (i.e., not feasible with 

MEMS technologies under consideration), the designer will have to play simultaneously on other 

parameters, for example increasing the length of the electrode and/or the operating voltage. 
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Figure 9: Available electrostatic force per electrode along a 20µm stroke at 150V, obtained from the model and ANSYS® for 

three electrode widths 4µm, 7µm and 12µm 

Figure 9 clearly illustrates the necessity of the zipping mechanism for the actuator studied, where the 

stroke must accommodate a guiding system stiffness that is significant for ensuring the overall 

robustness of the actuator. 

About the useful force: “opposable” stiffness 

Determining the optimum width of the electrodes is initial consideration in sizing the guiding 

system and especially its “opposable” stiffness. It is important to design a guiding system that is 

sufficiently rigid to ensure the mechanical strength of the actuator (robustness against dynamic 

effects) and to make easier for the electrodes to remove. On the other hand, the maximum useful 

force corresponds to the minimum available electrostatic force at zero shuttle displacement (See 

Figure 9). As shown in Figure 10a, a maximum guiding stiffness can be designed to maintain this 

maximum useful force. However, it is possible to give more latitude to the design of the guiding 

stiffness by accepting a reduction in the useful force. Figure 10b show that guiding stiffnesses for 100%, 

90%, 80% and 70% of the maximal useful force are respectively determined about 55N/m, 82N/m, 

103N/m and 120N/m. According to the application, the designer will have to find a compromise 

between useful force and actuator robustness. It is recalled that available electrostatic and useful 

forces as well as guiding stiffness are defined for one single pair of fixed/movable electrode and that 

these characteristics are proportional to their number.  
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Figure 10: Useful force per electrode along a 20µm stroke at 150V versus guiding stiffness. The maximum possible useful 

force is identified as the minimum available electrostatic force (at  = 0) 

4. Experimental investigations: influence of the contact interface between movable and fixed 

electrodes on the mechanical performances of AFSE 

4.1. Design of test devices 

Experimental investigations are conducted in order to validate the model predictions in terms of 

available electrostatic force. In situ characterization of devices is preferred for reasons of 

implementation reliability, compared to the challenging coupling of a commercial sensor. Using the 

guiding system to discretely determine the available electrostatic force is a straightforward and 

practical approach. By varying the stiffness of the guiding system, specific balance points for available 

electrostatic forces can be achieved, where the electrostatic force is balanced with the restoring force 

of the guiding system. Each marker of Figure 11 represents such a balance point, and the evolution of 

the available electrostatic force can be approximately inferred between markers (shown as a blue 

dashed line). This data can then be fitted with a model simulation (blue solid line) for instance to 

identify parameters. It is important to note that, in this experimental context, the useful force is not 

addressed. 

 

Figure 11: Using of the guiding system as a force sensor to acquire experimental “discrete” available electrostatic force for 

fitting with a model simulation (AFSE with 4 pair of electrodes, initial gap of 15µm, voltage of 150V) 
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Table 1 summarizes main parameters of the 4 set-ups studied. Figures 12 and 13 respectively show the 

architectures of 15µm gap set-ups and 5µm gap set-ups. For set-ups n°1/2, a vernier scale is patterned 

on the shuttle and a fixed part facing the shuttle (Figure 12) in order to measure the displacement to 

an accuracy of +/-0.5µm. For set-ups n°3/4, a displacement amplifier with a factor of around 10 (Figure 

13) is added to maintain and even improve the relative accuracy with the same vernier scale. For set-

ups n°3/4, the expected gap of 5µm make the actuators more sensitive to overetching. Therefore, the 

electrode pairs are initially patterned with a gap of 20µm and a locking system is designed to move all 

movable electrodes by a displacement of 15µm to obtain the expected gap of 5µm (Figure 13).  

Specific parameters Set-up n°1 Set-up n°2 Set-up n°3 Set-up n°4 

Structural thickness (µm) 200 50 50 50 

Number of pair of electrodes 12 4 8 8 

Initial gap (µm) 15 15 5 5 

Insulating layer material Silicon dioxide Silicon dioxide Silicon dioxide Parylene C 

“sensor”: beam width (µm) 20/24/31/39 20 to 40 (by 5) 20 to 50 (by 5) 20 to 50 (by 5) 

Displacement amplification No No Yes Yes 

Common parameters Set-up n°1 – 2 – 3 – 4 

Movable electrode: length (µm) x width (µm): 1000 x 11 Insulating layer thickness (µm) 
0.4 Elastic “sensor”: beam length (µm): 1000 

Table 1: Design features of the 4 set-ups including design values 

 

Figure 12: Microscope image of set-up n°2 (15µm gap - 4 pairs of electrodes) 
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Figure 13: Microscope image of set-up n°3 (5µm gap/silicon oxide) 

4.2. Fabrication and metrology 

Test devices are fabricated by Deep Reaction Ion Etching of a SOI wafer according a fabrication 

process which the similar main steps can be found in details in [11]. For all set-ups, a double 

oxidation/deoxidation phase of 0.4µm is carried out to reduce and improve the roughness of the 

sidewalls [23]. In a very last step, an oxide layer is conformably thermally grown on set-ups n°1/2/3 

and a parylene C layer is conformably deposited on set-up n°4, both 0.4µm thick. Cross-sections of 

movable electrodes are taken using a FIB (Focused Ion Beam) in order to qualify the deep etching 

process and more particularly electrode width and profile in thickness. 

 

Figure 14: SEM image of electrode end (a), FIB middle cross-sections of movable electrode (b) and mean variation of 

electrode width along the thickness (c) in the case of 200µm thick structure (set-up n°1) 

Figure 14 shows the non-verticality of sidewalls for the thickness of 200µm, with strong heterogeneity 

at the top just below the etch mask. There is also more over-etching at the bottom, a phenomenon 
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usually called “notching” [24]. In addition, electrode sides have a roughened shape more pronounced 

at top and bottom (See Figure 14b). This roughness, known as “scalloping”, is due to the passivation 

steps between each etching phase, which protect the sidewalls from lateral etching [25, 26]. 

 

Figure 15: SEM image of electrode end (a), FIB middle cross-sections of movable electrode (b) and mean variation of 

electrode width along the thickness (c) in the case of 50µm thick (set-up n°2) 

Figure 15 shows the very good verticality of sidewalls for the thickness of 50µm with a homogeneous 

width in the thickness. Similarly, roughness is more uniform than for 200µm thick structures. Deep 

etching of lower aspect ratio features is clearly made easier and leads to more homogeneous 

structures. Electrode widths initially designed at 11µm to aim at 10µm assuming an over-etching of 

0.5µm per side. After fabrication, 200µm and 50µm thick electrodes are respectively 7.35µm and 

9.80µm mean widths of silicon (mean of profiles described in Figures 14c and 15c). Finally, this 

corresponds to respective over-etching about 1.65µm and 0.075µm per side confirming the 

technological challenge of etching structures with a higher aspect ratio. 

As the silicon electrodes are coated with silicon oxide or parylene C, “silicon equivalent” widths of 

bilayers are identified as inputs to the model: 7.7µm for set-up n°1 and 10.1µm for set-ups n°2/3/4. 

The widths of the elastic sensors (as guiding systems) and the displacement amplifier are corrected 

accordingly, using the same methodology.  

4.3. Experimental results and discussion 

All set-ups are powered by bipolar square electric signals at an actuation frequency of 1Hz, i.e., a 

positive voltage step is always followed by a negative one. This bipolar actuator is one of the simplest 

and most appropriate solutions for minimizing the electric charges trapped in the insulation layer, 

which could lead to irreversible stiction between movable and fixed electrodes [27]. The experimental 
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performance in terms of available electrostatic force is lower than the model estimates. The inability 

of the movable electrode to conform perfectly in thickness to the fixed electrode is highlighted as being 

due to the non-verticality and roughness of the sidewalls. As stated by Persano et al [5], the model, 

thereby, includes an additional parameter in the expression of the electrostatic pressure (Eq.2) 

representing a residual air thickness called ℎ𝑟𝑒𝑠 that cannot be closed: 

𝑝𝑒𝑙𝑒𝑐 =
𝜀0𝜀𝑖𝑛𝑠

2 𝑏𝑉2

2[(𝑔𝑐 + 𝑧(𝑥) + 𝒉𝒓𝒆𝒔)𝜀𝑖𝑛𝑠 + 2ℎ𝑖𝑛𝑠𝜀0]
2
          𝑤𝑖𝑡ℎ 𝑧(𝑥) ≤ 0 (15) 

Figures 16 and 17 illustrates the identification of the residual air thickness from experimental data. The 

solid lines represent the available electrostatic force calculated from the model for various values of 

residual air thickness as inputs. Experimental data points are depicted as black markers, as explained 

in Section 4.1 and shown in Figure 11. The dashed lines represent the restoring force, which varies 

linearly with the shuttle displacement. When the guiding stiffness is too low, there is no balance and 

the complete stroke is achieved (for example, k = 697N/m for Figure 16a). Conversely, when the 

guiding stiffness is sufficiently high to stop the shuttle, a balance point is reached, represented by a 

black marker (for example, k = 1635N/m for Figure 16a). At this balance point, the available 

electrostatic force equals the restoring force and can be compared to the model estimations, including 

a residual air thickness, for identification purposes. 

 

 

Figure 16: Identification of the residual air thickness for set-up n°1/2 (a/b) at 150V and set-up n°3/4 (c/d) at 70V 
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Figure 16 shows, for each of the 4 set-ups and at a given voltage, the method to estimate the order 

of magnitude of the residual air thickness using theoretical charts (representing different residual air 

thicknesses) and experimental data points. Using this methodology, Figure 17 summarizes the 

identification of residual air thickness throughout the entire test campaign, covering a voltage range 

from 40V to 200V. An amplitude identification range of 0.1 is indicated in order to take rough account 

of the dispersion of results. Despite this dispersion due to geometric variability, the comparison of 

these ranges between the set-ups is significant. The 4 set-ups, which involve various fabrication 

deviations, material properties and voltages, serve to highlight their respective influences on the range 

of residual air thickness. 

Considering set-ups n°1-2 results (red and blue markers in Figure 17) respectively relative to 13.3 

and 3.3 aspect ratio, improving verticality and roughness leads to lower residual air thickness: for 

example, at 150V, 0.35µm – 0.45µm vs 0.1µm – 0.2µm. That reflects a closer contact and thereby 

higher electrostatic pressure and mechanical performance. 

The only difference between set-ups n°4-3 is the insulating layer material, which gives a slight 

smaller range of residual air thickness: 0µm – 0.2µm vs 0.1µm – 0.4µm from 50V to 110V. It highlights 

a closer contact with parylene C a polymer film softer than silicon oxide and as such potentially be 

crushed more easily. 

Finally, in all graphs, it is observed that the residual air thickness decreases as voltage increases, 

indicating a closer contact. So, the higher the voltage, the lower the ranges tend to be. Logically, higher 

voltage tends to make closer the contact as shown by the trends in all the markers. This is probably 

caused by local bending of the flexible electrode and/or local compression of corrugation peaks. 

 

Figure 17: Identification of residual air thickness according to interface parameters 

As in Figure 2, comparison of minimum calculated electrostatic force between AFSE and ARIC is 

again made by considering the range identified experimentally of residual air thickness 0µm – 0.6µm. 

Figure 18 clearly points out the influence of the residual air thickness on performance and the interest 

in improving the contact quality. However, the worst case (0.6µm) shows AFSE to be superior to ARIC 
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for any gap of less than 20µm. Thus, according to an experimental range of residual air thickness about 

0µm – 0.6µm, the ratio of available electrostatic force between AFSE and ARIC is about 16.5 – 4.3, 7.3 

– 2.2 and 3.1 – 1.1 for respective strokes of 5µm, 10µm and 20µm. 

 

Figure 18: Ratio of electrostatic force between AFSE and ARIC – circular marks: ratios of 4.3 – 2.2 – 1.1 for hres = 0.6µm 

 

5. Conclusion 

In this work, an in-depth study is carried out on understanding the electromechanical energy 

conversion mechanisms at the interface of actuators with flexible side-electrodes (AFSE). The focus is 

specifically on exploring the potential in terms of available electrostatic force and the useful force that 

can be transmitted to an external element. 

An analytical model and its solution algorithm are proposed to solve the generic problem of a 

flexible electrode progressively contacting a fixed one under an electrostatic pressure distribution. In 

the case of zipping electrodes and the associated geometric ratios, the model based on the Euler-

Bernoulli beam theory is highly relevant compared to ANSYS® simulations due to the simplicity with 

which its algorithm can be implemented in any programming language and the efficiency of its 

calculations. The model expresses two key features: an optimum beam width to maximize electrostatic 

force and the “opposable” stiffness of the guiding system, influencing the available electrostatic useful 

force and the useful force.  Next work will aim to determine the extent to which other geometries 

might be affected by the edge effects neglected in this study. 

Experimental component of the paper is devoted to analyze the relationship between mechanical 

performance and the conditions at the interface contact. The metrology campaign highlights how 

aspect ratio and oxidation/deoxidation procedures affect the verticality and roughness of the 

sidewalls. Experimental characterization including different aspect ratio, insulating layer material and 

operating voltages is conducted. A parameter called “residual air thickness” is introduced to consider 

imperfect contact between fixed and movable electrodes. Non-vertical sidewalls and roughness can 
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prevent the electrodes to be very close contacting. Optimum mechanical performance is accessed 

through a low aspect ratio and covered structures with parylene C, contributing to a reduction in 

residual air thickness.  

An identification of the residual air thickness over the test campaign results in a range about 0µm 

– 0.6µm according to the contact conditions. This range impacts the corresponding ratio of 

electrostatic force AFSE/ARIC on the following values: 16.5 – 4.3, 7.3 – 2.2 and 3.1 – 1.1 for respective 

strokes of 5µm, 10µm and 20µm. AFSE becomes attractive to use, especially when the contact 

conditions are optimized and the stroke is small. For longer stroke actuation, concept of architectures 

with cumulative displacements could be envisaged by putting elementary AFSEs in series, each 

performing an elementary part of the total planned stroke. 

To conclude, a design tool is proposed for AFSE considering technological aspects as aspect ratio, 

insulating layer material and voltage level. According to the applications, trade-offs must be made in 

balancing contradictory influences. For example, the available electrostatic force and the useful force 

are proportional to the structural thickness, however higher structural thickness results in higher 

aspect ratio involving potential sidewalls defects. Likewise, a softer insulating layer as parylene C is 

relevant from a contact aspect, but that could lead to wear limitations. More generally, improving the 

contact between fixed and movable electrodes can benefit to the mechanical performances but 

stiction problems could be amplified and become redhibitory. Finally, this work will need to be 

continued to investigate dynamic limitations and long-term behavior. Regarding dynamic effects, this 

could involve considering the influence of bending modes of movable flexible electrodes and rigid body 

modes of the shuttle on the maximum actuation frequency. Additionally, it is well-known that 

reliability and durability are common concerns for actuators involving contact, such as switches. 

Therefore, tests over a large number of cycles will need to be conducted to validate that the actuators 

continue to operate correctly over the long term. If not, optimum conditions in terms of actuation 

frequency and shapes of electric signals should be identified in relation to optimum mechanical 

designs. 
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APPENDIX 

1. Calculation of 𝑴𝒆𝒍𝒆𝒄(𝒙) 𝒊𝒏 𝑬𝒒. (𝟖), 𝑭𝒕𝒐𝒕 𝒂𝒏𝒅 𝑴𝒕𝒐𝒕 𝒊𝒏 𝑬𝒒. (𝟔) 

𝑀𝑒𝑙𝑒𝑐(𝑥) = ∫ 𝑝𝑗(𝑢)(𝑢 − 𝑥)𝑑𝑢
𝑥𝑗+1

𝑥

+ ∑ ∫ 𝑝𝑘(𝑢)(𝑢 − 𝑥)𝑑𝑢
𝑥𝑘+1
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𝑘=𝑛
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2. Analytical expressions of 𝑼𝒋(𝒙) and 𝑻𝒋(𝒙) 𝒊𝒏 𝑬𝒒. (𝟗) 
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3. Analytical expressions of 𝑨𝑭𝒋 and 𝑨𝑮𝒋 𝒊𝒏 𝑬𝒒. (𝟏𝟐)   
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