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ABSTRACT

Materials and structures with tunable mechanical properties are essential for numerous applications. However, constructing such
structures poses a great challenge since it is normally very complicated to change the properties of a material after its fabrication,
particularly in pure force fields. Herein, we propose a multi-step and elastically stable 3D mechanical metamaterial having
simultaneously tunable effective Young’s modulus and auxeticity controlled by the applied compressive strain. Metamaterial
samples are fabricated by 3D printing at the centimetric scale, with selective laser sintering, and at the micrometric scale,
with two-photon lithography. Experimental results indicate an elementary auxeticity for small compressive strains but superior
auxeticity for large strains. Significantly, the effective Young’s modulus follows a parallel trend, becoming larger with increasing
compressive strain. A theoretical model explains the variations of the elastic constants of the proposed metamaterials as a
function of geometry parameters and provides a basic explanation for the appearance of the multi-step behavior. Furthermore,
simulation results demonstrate that the proposed metamaterial has the potential for designing metamaterials exhibiting tunable
phononic band gaps. The design of re-usable elastically-stable multi-step metamaterials, with tunable mechanical performances
supporting large compression, is made possible thanks to their delocalized deformation mode.

1 Introduction

Over the last decade, metamaterials have been rising exponentially'= and even more so for mechanical metamaterials®2%24-27

thanks to new fabrication techniques such as 3D printing?®3*. Generally, after the manufacturing process, the mechanical
behavior of a metamaterial is set and is hardly modified*—37. Nevertheless, materials and structures with varying static or
dynamical mechanical properties are attractive to many engineering fields’3>3*43, To implement them, numerous methods
have been proposed and many metamaterials and meta-structures with tunable mechanical behaviors have been investigated. For
instance, Janbaz et al.>® proposed a bi-beam that consists of two beams with different viscoelasticity to design metamaterials
with strain-rate-dependent mechanical behavior. Liang ef al.** used magnetic interactions to change globally the energy and
thus the configuration of a system. Mii er al.** investigated a metamaterial with different auxeticity under varying optical
stimuli. Ji et al.* used a bi-material beam showing varying mechanical response as a function of temperature for soft
micro-robotic applications. Farzaneh et al.*® proposed a sequential metamaterial with alternating Poisson’s ratios. Dudek et
al.*” used magnetic inclusions to reconfigure a structure and tune the mechanical performance of the entire system. Wang et
al.*®* demonstrated a metamaterial that exhibits a change in the sign of the effective tangent Poisson’s ratio during compression,
without significant enhancement in Young’s modulus.

There are three main principles to design metamaterials with tunable mechanical properties, i.e., the principle of structural
instabilities and material post-buckling**-, the use of multi-body systems>®:>!-32, and the theory of multi-material systems*>*7.
In principle, these methods are efficient for obtaining metamaterials with tunable mechanical behaviors. Nevertheless, some
additional limitations are introduced, for instance, global elastic instabilities of the whole system, excess challenges for
fabrication technology, demanding requirements for multi-physical fields, etc. Furthermore, most previous studies have focused
on a single adjustable mechanical property*®, implying that the adjustability of other mechanical parameters of the metamaterial
has been ignored or sacrificed. Indeed, materials with several tunable mechanical parameters in different states can introduce
multiple functionalities.



As two fundamental and significant mechanical properties of materials, the Young’s modulus and the Poisson’s ratio
(in particular if the latter value is negative, i.e., for auxeticity) play essential roles in material investigations and applica-
tions®36-39:43.53-55  Mechanical metamaterials with simultaneously tunable Young’s modulus and auxeticity have rarely been
reported but are highly desirable and offer a significant commercial appeal. For instance, in the case of applications requiring
the tunable load-bearing capacity and volume change at the same time, it is essential to harness the ability to design materials
with both of these mechanical properties being adjustable. In this regard, we consider in this work a single constituent material
to design a mechanical metamaterial that shows elastically stable adjustable elastic constants under variable compressive strain.
First, the geometry configuration and samples of the proposed metamaterial are designed and fabricated at the centimetric
and micrometric scales. Then, a theoretical model of the effective elastic constants is built to reveal the effects of geometrical
parameters and to explain the multi-step behavior of the metamaterial. The tunable Young’s modulus and auxeticity in different
steps are discussed experimentally. In addition, the potential application to metamaterials with adjustable phononic band gaps
is investigated numerically. Finally, the delocalized deformation mode and the reusable properties of the metamaterials are
revealed.

2 Structural Design

In a previous work>®, inspired by the shape of latitude and longitude lines around the earth, some of us proposed and investigated

a primitive motif substructure that exhibits non-auxeticity in the x—direction but auxeticity in the y—direction when either
compression or stretching is applied along the z—direction, as depicted in Fig. 1a. This partially auxetic substructure consists
of two different elliptical rings located in perpendicular planes, that is, in the x — y plane and the x — z plane.

y S Y

X Primitive motif substructure

Figure 1. Structure design of multi-step mechanical metamaterials. a The primitive motif substructure shows auxeticity in the
y— and z—directions but non-auxeticity in the x—direction®. It is worth noting that for some specific geometrical parameters,
i.e., m and n (see the text for their definition), the contraction in the y—direction surpasses the expansion in the x—direction
when compression is applied in the z—direction, that is 6y > dx. b The repeatable unit cell with auxeticity in three principal
directions is obtained by alternatively arranging the partially auxetic substructure in the x— and y— directions. ¢ The primitive
unit cell is used for phononic band structure computations. We use the repeatable unit cell for experiments, rather than the
primitive unit cell because the former can diminish boundary effects when the number of unit cells composing the sample is
limited. d-f SEM images of a sample composed of 3 x 3 x 5 unit cells fabricated with two-photon lithography. Here

m = n = 1.97 with other parameters fixed asa =75 um, t = 10 ym, b = 16 um and z. = 0.5 um. d is an oblique view of the
sample, whereas e and f show zoomed-in details of the sample.

Herein, we set the geometry dimensions of the substructure in the x—, y—, and z— directions as 2a, 2a/m, and 2a/n,
respectively. The geometry parameters m and n are dimensionless and independent of each other, which are used to describe
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the shape of the elliptical ring in the xy—plane and the xz—plane. It is clear that m or n equals 1 means that the ring is circular,
otherwise it is elliptic. In addition, all elliptical rings of the substructure have identical cross-sections, specifically the same
width b and thickness f. Another significant geometry parameter is the distance between the outer surfaces of two adjacent
elliptical rings in the xz—plane, f.. Parameter ¢, has a crucial influence on the tunable effective elastic constants obtained at
different compression steps and will be discussed in detail in the following sections.

The results in Ref.>® demonstrate that the auxeticity of the substructure only depends on the geometry parameters m
and n, which means that the lateral deformation characteristics of the considered metamaterial depend on the shape of these
two orthogonal elliptical rings. For some geometry parameters, significantly, an important property of this substructure is
that shrinkage in the y—direction is larger than expansion in the x— direction if the compressive loading is applied from
the z— direction, that is, 8y > dx, as shown with a red dotted line in Fig. la. It is worth noting that 8x and Jy denote the
absolute deformations of the substructure rather than the corresponding effective strains. Based on this inherent property, four
substructures can be arranged alternatively in the x— and y—directions to obtain a repeatable unit cell exhibiting auxeticity in
all three orthogonal directions, as illustrated in Fig. 1b. The corresponding primitive unit cell is depicted in Fig. lc.

As a note, there are three main differences between the original substructure in Fig.1a and the new unit cell proposed in
Fig.1c. First, the anisotropic properties of the two unit cells are different. The original substructure exhibits anisotropy in
the three principal directions, whereas the new unit cell has identical mechanical properties in both x— and y— directions
because of symmetry. Second, the original substructure is non-auxetic in one principal direction but auxetic in the other two
principal directions. In contrast, the new unit cell is fully auxetic in all three principal directions. Third, elastically-stable
multi-step mechanical behavior is hardly achieved by the original substructure, as it avoids self-contacts under large compression.
The elastically-stable multi-step mechanical behavior resulting from self-contact is the distinctive property of the proposed
metamaterial and is discussed in detail in this work.

3 Materials and Methods

3.1 Fabrication

A commercial 3D printer (Photonic Professional GT+, Nanoscrible GmbH, Germany) based on the principles of two-photon
lithography 3D direct laser writing technology was used to prepare micro-scale metamaterials, as shown in Fig. 1d-f. The
parent material for these samples is the customized commercial negative tone IP-S resin. Young’s modulus, Poisson’s ratio,
and density for the raw resin material are E = 4 GPa, v = 0.3, and p = 1190 kg/m?, respectively. For the Nanoscribe printing,
the slicing distance and the hatching distance are prescribed to 1 um and 0.5 pum, respectively. A drop of IP-S resin was
deposited on an ITO-coated soda-lime glass substrate with dimensions 25 mm x 25 mm x 0.7 mm and photopolymerized with
a femtosecond laser operating at A = 780 nm and a 25 x — objective. The sample comprises 3 x 3 x 5 unit cells (see Fig. 1d) in
the main directions, and each repeatable unit cell (see Fig. 1b) was printed layer by layer from bottom to top. After printing,
the samples were developed for 30 min in a propylene glycol methyl ether acetate (PGMEA) solution to remove the unexposed
photoresist and were rinsed for 5 min in isopropyl alcohol (IPA) to clear the developer. Laser power at the level of 90 percent
and a galvanometric scan speed of 100 mm/s were used for the whole fabrication process.

The centimetric samples (see Fig. 6a) were fabricated by a commercial 3D printing company (Mohou Ltd, Beijing, China)
with a selective laser sintering 3D printing craft. Thermoplastic urethane (TPU) with white color was used as the raw material.
Young’s modulus, Poisson’s ratio, density, and the elongation of the raw material TPU are 27 MPa, 0.45, 1200 kg/m> and 500%,
respectively.

3.2 Mechanical Tests

To evaluate the static mechanical properties of the metamaterials, quasi-static uniaxially compressive experiments were
performed. 5 samples were prepared at the micro-scale and were tested with a homemade setup with a load capacity of 5
N, a resolution of 107% N, and a compression speed set to 1 m/s. At the same time, a microscope (LV-UEP, Nikon, Japan)
equipped with a lens (566039, Leica, Germany) of 20x magnification and the recording rate of 1 frame per second was used to
capture the deformation of the sample in time. A video for the whole compressive process was exported. More specifically, the
image tracking functions from MATLAB software were employed to process and extract lateral deformations of the micro-scale
samples. In terms of macroscopic testing, the 5 cycles of the loading and unloading experiments for each sample on a centimeter
scale were implemented in an INSTRON 5569 mechanical tester with a load cell capacity of 50 kN. The compressive speed was
fixed at 1 mm/s to maintain the quasistatic deformation and avoid dynamic effects. At the same time, commercial digital image
correlation (DIC, Correlated Solutions, Inc.) equipment was used to record lateral deformations along the course. The applied
DIC device measures arbitrary displacements down to nanometer resolution. Here, strain measurements from 50 microstrain to
2500% and above are available with 10-50 microstrain or better strain resolution. The device allows to assess specimen sizes
ranging from 1 mm to 100 mm as well as to capture dynamic events at the rate of 5000000 frames per second. Images were
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processed by matching software VIC-3D, where a contour representing the displacement in the x-direction was output directly,
as shown in Fig. 6g.

3.3 Analytical Model

Figure 2. Force analysis of mechanical metamaterials under loading in the z—direction and periodic boundary conditions. a
Force analysis of a 1/8-th representative volume element of the proposed metamaterial. b Decomposition of the 1/8-th
representative volume element. ¢ Force analysis for each single beam.

To obtain the effective mechanical properties of the metamaterial, a theoretical model was built based on the force method of
continuum mechanics. The following assumptions were made. First, we used the unit cell shown in Fig. 1c¢ as the representative
volume element for the metamaterial, and periodic boundary conditions were applied in all three principal directions. Second,
the situation that the structure is under small compressive/stretch deformation in the z— direction is taken into consideration
merely. Then, all joints in the structure are assumed to be rigid. Moreover, the axial and shear deformations are neglected so it
can be assumed that all members in the proposed structure are Euler beams that are deforming by bending only>”.

Herein, we assume that a stretch (or a compressive) pre-displacement is applied in the z— direction on the representative
volume element. As declared above, it is clear that the mechanical properties of the structure in the x— and y— directions
are identical. Due to the symmetry of the structure in the three principal directions, the loading and corresponding boundary
conditions of a 1/8-th representative volume element are considered and analyzed, as shown in Fig. 2a. For the considered 1/8
unit cell, it is clear that the degrees of freedom of plane BEF in the x— direction, plane AEH in the y— direction, and plane
ABCD in the z— direction are fixed. However, the other three faces parallel to them can move in the corresponding directions.
Furthermore, we can decompose the 1/8-th representative volume element at each joint and obtain the force conditions of each
beam’3, as illustrated in Fig. 2b.

For each member of the 1/8-th representative volume element, the effective loading and boundary conditions are identical,
as shown in Fig. 2¢. We assume that forces F1; = F; = 1 N and moments M; = 1 N.m, for i = m,n, so that we can obtain the
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following parameters®’ by the force method of continuum mechanics,
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where §jx = 0y is the displacement component in j—direction introduced by the unit force in the k—direction, and E and

3 . N .
I = % represent Young’s modulus of the raw material and the moment of inertia of the beam, respectively.

24

For beam AB, we can use the following equations to calculate the displacements in the Fapi, the Fapy and the Map
directions, respectively,

OFsmFap1  OFsprFapy  OFapaMap | | FABI ua
5FAB1FAB1 5FAB1FAB2 6FAB1MAB Fap2| = |vB
_6MABFAB1 SMABFABZ SMABMAB Mag 0
Similarly, for beam AD,
6FAD2FAD1 6FAD2FAD2 6FAD2MAD Fapi Up —Ua
FAD1FADI Fap1FAD2 5FAD1MAD Fam2 | = VD
_6MADFAD1 'MADFAD2 MADMAD Map 0
For beam BC,
6FBC2FBC1 6FBC2FBC2 6FBC2MBC Faci uc
Fac1FBci 6FBC1FBC2 6FBC1MBC Fgca | = |ve—vB
_6MBCFBC1 6MBCFBC2 6MBCMBC Mgc 0
For beam CD,
5FCD2FCD1 6FCD2FCD2 6FCD2MCD Fepy Up —uc
Fcp1Fepi Fcpi1Fepz 6FCD1MCD Fepo | = | ve—vp
_6MCDFCD1 6MCDFCD2 6MCDMCD Mcp 0
For beam AE,
8FAE2FAE] 6FAE2FAE2 6FAE2MAE FaE1 UA
6FAEI FaE1 5FAE1 Far2 6FAE1MAE Fppz2 | = |wE
_SMAEFAEI MAEFAE2 MAEMAE Mag 0
For beam BF,
6FBF1FBF1 6FBF1FBF2 6FBF1MBF Fri VF — VB
Fpr2 FBFI Fer2 FBE2 6FBF2MBF Fgpa | = WF )
_SMBFFBF] SMBFFBFZ 6MBFMBF Mgp 0
where
6FAB2FAB2 = 6FAD1FAD1 = 6FBC1FBCI = 6FCD2FCD2 = 6F][Fli7
FaB1FABI — 6FAD2FAD2 = 5FBC2FBC2 = 6FCDIFCDI = 6F2[F2i’
FaB1FAB2 — 5FAD1FAD2 = 6FBC1FBC2 = 51""c1)1Fc1:'2 = 3FliF2i’
5FAB1MAB = 5FAD2MAD = 5FBCZMBC = 5FCD1MCD = 6F2iMi’
6FAB2MAB = 6FAD1MAD = 6FBC1MBC = 6FCD2MCD = 6FliMi7
SMABMAB = 5MADMAD = 5MBCMBC = 6MCDMCD = SMiMi’
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for i = m and

5FAE2FAE2 = 5FBF1FBFI = 5FliFli’
FAEIFAEL — 8FBF2FBF2 = 5F2iF2i7
6FAE2FAE1 = 6FBF1FBF2 = 8F1iF2i7 )
6FAE|MAE = 6FBF2MBF = 6F2iMi7
SFAEZMAE = 6FBFIMBF = 6F11Mi7
5MAEMAE = 6MBFMBF = 6MiMi’

fori=n.
The physical meaning of the third row of each matrix is that the rotational angle at each endpoint is 0.
Based on the periodicity and the symmetry of the structure, the displacement-matching conditions at each endpoint can be
acquired*®,
Up = UG = Uy,
VC = VF = VG,
WE = WF = WG = WH, (10)
UA = UG — UC,
VB = VG — VD.

During the quasi-static loading, the force equilibrium conditions are always suitable for each endpoint. Based on the force
balance at point A in the x—direction, we have

Fag2 + Fagz2 — Fap2 = 0. (11)
and the force equilibrium is also satisfied at point B in y direction,
Fag1 — Fec1 — Fer1 = 0. (12)

Due to all degrees of freedom of plane CFG in the y—direction being free, the total force along the y—direction in this
surface should be 0, that is,

Fgr1 + Fgc1 + Fepr = 0. (13)
Similarly, we have the same force conditions for plane DGH in the x—direction,

Far2 + Fap2 + Fepz = 0. (14)

Moreover, the relationship between effective stress and effective strain in the z— direction is

a 2
2(Fap1 + Fsm) = o (a-i-*-i-t) . (15)
m

So, the effective strain of the structure in the x— and the z—directions can be calculated as

e Up
x — a )
a+ -+t
e = we" (16)
Z T .

Finally, the effective elastic constants, i.e., the effective Poisson’s ratio and normalized Young’s modulus, of the proposed
metamaterial can be obtained,

Vo = — &,
{ U (17)

3.4 Simulations

Numerical calculations were performed using the commercial software COMSOL Multiphysics 6.0 with the Structural
Mechanics module. First of all, the CAD model of the unit cell (see Fig. 1¢) was built in software CATIA V5R20, then the
model was imported in COMSOL Multiphysics 6.0. It was assumed that the material that the unit cell is made of has the
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same properties as the bulk material used during the fabrication process. Thus, the isotropic material assigned to the model
was characterized by Young’s modulus of 4 GPa, Poisson’s ratio equal to 0.3, and density set to be 1190 kg/m>. To explore
the structural nonlinearity of the unit cell under large deformations, elastoplasticity of the raw material was ignored in this
simulation. In addition, periodic boundary conditions were applied to all three principal directions. It is worth noting that all
boundary surfaces of the unit cell remain planar after deformation since only a metamaterial under longitudinal compression is
taken into account in this work. The same boundary conditions are applied to the theoretical model, as discussed in the previous
subsection. For the static compression simulations, the periodicity is set as

Udst Usrc
Vast | = [l J k} Vsre | 5 (18)
Wst Wsre
where "dst" is the destination and "src" is the source. If the plane is perpendicular to the x direction, i = —1l and j =k =1. If
the plane is perpendicular to the y or z directions, similar rules apply, i.e., j=—1,i=k=1and k = —1, i = j = | respectively.

For the computation of dispersion relations, Floquet-Bloch periodicity was applied to the primitive unit cell. The first Brillouin
zone of the unit cell is shown as an insert in Fig. 5a°°. For elliptical rings in the xz and yz planes, the "contact pair" is defined
between their outer surface and their neighbor in the z—direction. The augmented Lagrangian method and equations were used
to describe the contact properties. The entire structure is meshed by approximately 30000 free tetrahedral elements. Finally, the
prestressed-eigenfrequency module is used to obtain the dispersion relation. More specifically, the computation process in
divided in two steps. In the first step, the stationary module is employed to apply a prescribed displacement to the metamaterial
in the z—direction. For instance, in the case of the unit cell with a 20 um prescribed displacement, displacements of —10 um
and 10 um are imposed to the top and bottom boundary surfaces of the unit cell along the z—direction. In the second step, the
eigenfrequency module is used to calculate the dispersion relation. It is worth noting that the computation in the second step
depends on the results from the first step, since stresses are introduced in each curved beam. Hence, the prescribed deformations
and the dispersion relations of the considered metamaterial must be computed step by step.

4 Results and Discussions

4.1 Effective Mechanical Properties of the Proposed Metamaterials
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Figure 3. Effective Young’s Modulus and Auxeticity of the proposed metamaterials. a Effective elastic constants of the
metamaterial under small deformations obtained by different methods are compared. b The trend in the effective Poisson’s ratio
is shown as a function of the change in m and n. ¢ The variation of the normalized effective modulus versus the geometric
parameters. other parameters setasa =75 um, t = 10 ym, » = 16 um and t, = 0.5 um.

To explore the influence of the shape of each elliptical ring, described by parameters m and n, on effective elastic constants,
a theoretical model was built based on the theory of beams>’->% (see Materials and Methods Section). Effective elastic constants
of the metamaterial under small deformations obtained by different methods are compared in Fig. 3a. As a note, the effective
elastic constants under small deformation in experimental and numerical results are calculated from the slope of the curves
for compressive strain ranging from 0 to 0.05. This method is different from the method used in the following subsection to
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compute the elastic constants at different steps, since in the latter case the metamaterial is significantly deformed. The results
shown in Fig. 3a validate the theoretical model built in this work, as the results obtained by these three methods match well.
The variations predicted by the theoretical model of the effective Poisson’s ratio and the normalized effective modulus of the
metamaterial with m and n varying in the range from 0.7 to 3 are shown in Fig. 3b and Fig. 3c¢. In general, both m and n
significantly impact the effective constants.

The following points are highlighted. First, only the shape of the elliptical ring in the xy—plane, controlled by parameter m,
determines the auxeticity of the entire structure, i.e., the sign of the effective Poisson’s ratio. As demonstrated by Fig. 3b, if m
is smaller than 1.1 the metamaterial is non-auxetic, and if m > 1.1 it is auxetic. Hence, the shape of the elliptical ring in the
xz—plane, controlled by parameter n, does not influence the sign of the effective Poisson’s ratio. This deformation property is
the reason for the metamaterial undergoes an elastically-stable continuous phase transition of the Poisson’s ratio, as we reported
in another work*. Second, when parameters m and n are in the range [0.7,3], their influences on the normalized effective
modulus are opposite. An increasing value for m and n means a decrease in the aspect ratio of the curved beam in each elliptical
ring. In other words, the curved beam tends toward a straight beam with increasing m and n. The curved beam in the xy-plane
with a smaller aspect ratio (larger m) enhances the constraint of deformation of the whole structure and increases the modulus
of the system. Conversely, the smaller aspect ratio of the curved beam in the xz-plane (larger n) has a negative influence on
the force transmission in the z-direction and thus decreases the modulus of the system. These are fundamental reasons why
parameters m and n have opposite effects on the normalized effective modulus.

More importantly, the theoretical predictions imply that both auxeticity and effective Young’s modulus of the metamaterial
will be enhanced with the lessening of parameter n if the value of parameter m is close to 2, as demonstrated in dark red
dotted lines and arrows in Fig. 3. In other words, it is possible to magnify the aspect ratio (corresponding to the reducing of
parameter n) of the elliptical rings in the xz— and yz— plane to cement the elastic properties of the metamaterial when the shape
of elliptical rings in the xy— plane remains constant. This point can provide fundamental insights into the multi-step behavior
of the metamaterial which will be discussed in detail in the following subsections.

4.2 Multi-step Behavior and Tunable Elastic Constants

This subsection focuses on the experimental and numerical investigation of the multi-step behavior and tunable mechanical
properties of the designed metamaterial under large compressive deformation. The samples studied in this subsection are
fabricated by the two-photon lithography 3D printing (see Materials and Methods section) technology with IP-S resin (with
Young’s modulus 4.0 GPa, Poisson’s ratio 0.3 and density 1.19 g/lcm?), as illustrated in Fig. 1d-f. The geometrical parameters
of the samples have beensetasm =n=197,a =75 um,t =10 um, b = 16 um and ¢, = 0.5 pum, respectively.

Experimental and numerical results are presented in Fig. 4. In both experimental and numerical results, the reaction force
divided by the cross-section of the samples and the deformation between top and bottom boundary surfaces divided by the size
of the samples in the z-direction were used respectively to compute the effective stress (0 ) and effective strain (€;). The lateral
deformation in the central region of the sample is divided by the original size of this region to calculate the effective lateral
strain (€&,). The experimental effective elastic constants, i.e., lateral strain € and compression stress 0, versus compressive
strain &, are shown in Fig. 4a-d. Herein, we resolve the whole compression process into two main steps, called Step-1 and
Step-2. As can be seen in Fig. 4, the lateral strain & and the compressive stress o, exhibit completely different trends in
either step. In order to ascribe effective elastic constants to the metamaterial at each step, the slope of the lateral strain versus
vertical strain and the counterpart of the compressive stress versus compressive strain at each step were used to figure out the
corresponding effective Poisson’s ratio and Young’s modulus. With this definition, the effective elastic constants for each step
are reported in Fig. 4b and d. It is clear that both the effective Poisson’s ratio v, and Young’s modulus E; of the metamaterial
are enhanced when the compression process jumps from Step-1 to Step-2. v, = —0.12 and E, = 1.2 MPa for the first step,
and v, = —0.3 and E, = 2.6 MPa for the second step. Significantly, the numerical results obtained with FEM confirm the
variations of the elastic constants, as Fig. 4h shows.

To reveal the nature of variations of the elastic constants in either step, experimental and numerical compressive deformations
are reported in Fig. 4e and f, respectively. It is worth noting that the outer surface of the curved beams which are in the xz— and
yz—planes contact the counterparts of their neighbors in the z— direction if the compression strain reaches a critical value, equal
to 30% in experiments and to 26% in simulations. This self-contact is the key element that enhances the elastic constants and
marks the separation between steps due to the resulting modification of the effective geometrical parameter of the unit cell. As
a matter of fact, after contact the effective aspect ratios of the curved beams in the xz- and yz-planes increase, as highlighted by
the green curves in Fig. 4f. This increase in the aspect ratio of curved beams enhances the force transmission in the z-direction.
The aspect ratio of the curved beam in the xy-plane, however, remains unchanged at the critical strain (the strain at the onset of
contact) for Step-1 and Step-2. Hence, the contact alters the shape of the curved beams in the vertical direction but does not
modify the configuration of the curved beam in the horizontal direction, as demonstrated in Fig. 4f. More specifically, the
effective value of n decreases whereas m remains unchanged, so that the geometric parameters of the unit cell jump directly
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Figure 4. Multi-step behavior and tunable elastic constants during the compression along the z—direction. a Normalized
strain &, versus normalized strain €,. b Effective Poisson’s ratio for Step-1 and Step-2. ¢ Normalized stress o, versus
normalized strain €;. d Effective Young’s modulus for both steps. e Experimental compression deformation (the scale bar
length is 100 um). f Numerical compressive deformation process of the conventional unit cell under periodic boundary
conditions (PBC) applied in all three main directions. The contour plot shows the magnitude of the displacement. g Normalized
strain & and normalized stress o versus €, obtained by the finite element method (FEM).

from one point to another along the arrow direction with the red dotted line in Fig. 3b and c. As a result, both auxeticity and
Young’s modulus are enhanced, in good agreement with the prediction of the theoretical model in Fig. 3b and ¢, as discussed in
the last paragraph in the previous subsection. It is worth noting that the theoretical prediction of the elastic constants assumes
small deformations. They can hardly, in principle, quantify the variation of the elastic constants of the metamaterial after
contact. Nevertheless, they still provide a qualitative trend. Another essential point is that the whole system remains elastically
stable during the entire compression process, i.e., during both Step-1 and Step-2, without any instability of the structure or
post-buckling of the raw material*®.

There are some differences between experimental and numerical results. For instance, in both experimental &(¢€;) and
o, (&;) curves, short plateaus can be observed. In contrast, they do not appear in the simulation results, since the elastoplasticity
of the raw material is ignored in the computational model. Simulation results merely show the geometric nonlinearity of the
structure, but experimental results further include the geometric and material nonlinearity of the structure and the raw material.
This is one of the reasons why Young’s modulus for Step-2 in experiments is smaller than in simulation. Additionally, the
experimental samples are composed of a limited number of unit cells, so boundary effects can not be absolutely eliminated.
More importantly, friction between the top and bottom surfaces of the samples and the mechanical testing machine limits the
lateral contraction of these surfaces. In this case, the samples are deformed like a re-entrant structure during the compression
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process, that is the area of the cross-section of the central surface is smaller than the counterparts of the top and bottom
surfaces, as shown with the white dashed line in Fig. 4e. This re-entrant deformation further enhances the auxeticity of the
metamaterial in the experimental tests. Conversely, the simulation model assumes periodic boundary conditions in all three
principal directions so that no re-entrant deformation of the unit cell can be observed during the entire compression process,
as shown in Fig. 4f. This is the main reason why the experimental auxeticity for Step-2 surpasses the numerical auxeticity.
Anyway, the predictions of the theoretical model and the experimental and simulation results all imply the same trends for the
multi-step mechanical behaviors of the considered metamaterials.

4.3 Potential Application to Tunable Phononic Band Gap Structures

As discussed in the previous subsections, the proposed metamaterial shows different elastic constants depending on the
compression strain, as if there were two different materials. Here, we want to highlight a potential application to tunable
phononic band gap structures. It may not be immediately apparent, but a varying Poisson’s ratio causes a modulation of the
volume and hence of the relative density of porous structures and materials since the overall mass is conserved. This effect is
especially strong under large compressive or stretching strain. Furthermore, Young’s modulus also varies a lot with the applied
strain, as we discussed above. As a result, both the relative density and the modulus, but also all effective elastic constants
of the metamaterial vary with the applied strain. As a matter of fact, the dispersion of acoustic and elastic waves is highly
dependent on the density and the modulus of materials®®-6%,

Displacement (um ) BT N 18

5 d
4 Step-1 Step-2
g3 6 1
g
E 5|
25 4r
SRR B
! ; P
2 . i N L 2 i i i H
r ZiT 2T Z T Z 0 10 20 30

Pre-displacement(um )

Figure 5. Potential application to the design of structures with a tunable phononic band gap. a A physical concentrated mass
is added at the connecting node of the curved beams. The geometry parameters are setas a = 79.5 um, ¢t =1 um, b = 16 um,
t. =0.5 um, and m = n = 1.87. b The structure undergoes a pre-displacement of 20 ttm in Step-1. ¢ The structure undergoes a
pre-displacement of 30 ym in step-2. d The phononic band structure for elastic waves propagating in the z—direction is shown
for Step-1 (a, B and 7y correspond to the structure subjected to a pre-displacement of 0 um, 10 wm and 20 pm, respectively). e
The phononic band structure for elastic waves propagating in the z—direction is shown for a pre-displacement 30 pm, i.e., for
Step-2. f The frequency range of the first band gap is plotted as a function of the pre-displacement.

10/15



Herein, based on the principle of local resonance*!, physically concentrated masses are added at the nodes connecting
elliptical rings in the z— direction, as shown in Fig. 5a. The essential property of the physically concentrated masses is that
they change the dynamic mechanical properties of the metamaterial without changing its static mechanical properties. This
type of mass can be fabricated with the same raw material as the structure, implying that limited challenges are added to the
manufacturing process. If a pre-displacement of 30 pm is applied in the z—direction, the structure deforms from Step-1 (in Fig.
5b) to Step-2 (in Fig. 5c¢). At the transition between the steps, the outer surfaces of the curved beams in the z— direction contact
with their neighbors as discussed previously.

The phononic band structure for elastic waves propagating along the z— direction is shown in Fig. 5d. As apparent in Fig.
5d-a, the first band gap of the structure appears in the range between 255 kHz and 285 kHz. It does not shift significantly with
the pre-displacement within Step-1, as exemplified by panels Fig. 5d-f and y. The first band gap however shifts to the range
between 885 kHz and 955 kHz when a pre-displacement of 30 um is applied to the structure along the z— direction, i.e. by
more than a factor three, as shown in Fig. Se. To prove that the band gap shift from Fig. 5d to e is introduced by the multi-step
behavior of the metamaterial rather than by the pre-stress of each curved beam, the evolution of the phononic band structure
under different pre-displacements is compared in Fig. 5d. Obviously, within Step-1 the frequency range of the first band gap
does not change significantly with the pre-displacement. The observed changes are attributed mainly to the pre-stress of each
curved beam. In Step-2, however, the variation of the first band gap is introduced by the contact between curved beams. As a
note, it exceeds the mere change of effective velocity at low frequency implied by the static measurement of Young’s modulus
reported in Fig. 4.

The results demonstrated in this subsection suggest potential applications of the studied metamaterials in dynamics. First,
elastic wave dispersion relies on both the added physical concentrated masses and on the mechanical properties of the original
structure (the structure studied in the last subsection), implying a high degree of design flexibility. Second, after fabrication
variable dispersion properties are obtained only via external compression excitation. This feature decreases the requirements
on the operating environment needed to obtain adjustable dispersion behaviors. Finally, during the compression process, the
metamaterial does not occupy any additional space thanks to its auxeticity. Hence this type of metamaterial could be used in
micro/nanosystems or space-limited devices.

4.4 Delocalization of Deformations and Re-usability of the Metamaterial

Structures and materials hardly keep constant mechanical properties and thus remain reusable after undergoing cycles of large
deformations. This is usually due to two essential elements, elastoplasticity and the failure mode of the materials. Localized
deformations of structures and materials lead to downright failure. Examples are the collapse of lightweight porous structures
(or the post-bulking or the instability of their elements), the shear banding in metallic materials, and the propagation of cracks
in ceramics. The aforementioned localized deformations limit applications to small strain scenarios. From the mechanical
point of view, the occurrence of the initial peak or of the first negative stiffness event in a strain-stress curve implies unstable
deformation. Specifically, for periodically porous structures, the localized deformation of the random layer is an indication of a
systemic level instability or failure®>.

To obtain reusable 3D mechanical metamaterials, we fabricated the designed metamaterial with thermoplastic urethane
(TPU) using the selective laser sintering (SLS) 3D printing technology at the centimeter scale, as shown in Fig. 6a. For TPU,
Young’s modulus is 27 MPa, Poisson’s ratio is 0.45, density is 1200 kg/m>, and the elongation of the raw material is 500%.
A cycle of five compressive tests with 60% compression strain was employed to evaluate the reusable mechanical response
of the metamaterial. After the compressive tests, the loss of the metamaterial is limited, as Fig. 6b shows. The responses
and deformations are reported in Fig. 6¢-h. To describe the effective properties precisely, the slope of the curves is averaged
between 0 —40% and 40 — 60% compression strain to compute the effective properties for each step, as reported in Figs. 6d
and f. Although the curves show slight nonlinearity, the initial peak or the first negative stiffness event is never observed.
The effective Poisson’s ratio changes from -0.08 to -0.13 between Step-1 and Step-2, whereas Young’s modulus concurrently
changes from 0.20 MPa to 1.62 MPa.

The metamaterial exhibits stable auxeticity and positive stiffness under large compression deformation, i.e., the corre-
sponding compression strain reaches 60%. These results can be explained based on the delocalization of deformations inside
the metamaterial that occurs thanks to its multi-step behavior. Different mechanism-based multi-step behaviors can lead to
localized®* or delocalized®? response of metamaterials. As a matter of fact, the multi-step behavior presented in this work averts
the occurrence of localized deformations of the metamaterial thanks to the self-contact of the outer surfaces of the elliptical
rings eliminating instabilities of curved beams, which is a property that matte geometries lack*®. Significantly, the variations of
the effective Poisson’s ratio and modulus with TPU show less nonlinearity than their counterparts with the photopolymer of the
previous subsection. This highlights the importance of the choice of raw material. Another important point is that the critical
strain separating Step-1 and Step-2 depends on the length of the connector between each curved beam in the z-direction, i.e., on
the parameter .. If the value of parameter 7. is large enough, the outer surface of the elliptical rings along the z-direction will
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Figure 6. Delocalization of deformations and re-usability under large compressive strain. a The original metamaterial
composed of 4 x 7 unit cells was fabricated by TPU. The geometry parameters are set as a =9 mm, ¢t = 2 mm, b = 3 mm,

t. = 1 mm, and m = n = 1.59. b The metamaterial after five compression tests. ¢ Normalized strain &, versus normalized strain
€;. d Effective Poisson’s ratio. e Normalized stress o; versus normalized strain &;. f Effective Young’s modulus. Ci-L(U),
M=1,2...5, represents the loading (L) or unloading (U) curves of the ith cycle. g-h Deformation of the metamaterial under
different compressive strains and cycles (g for the first cycle and h for the fifth cycle). The length of the scale bar is 20 mm.
The pictures in panel g are output from a commercial Digital Image Correlation (DIC) software and the nephogram indicates
the displacement along the x—direction.

never contact their neighbors during the entire compression process. Under this circumstance, the multi-step behavior will be
eliminated. On the contrary, contact can be accelerated by diminishing parameter 7., which means reducing the critical strain
between Step-1 and Step-2. Adjustment of this parameter leads to the design flexibility of the multi-step behaviors.

Re-usability of auxetic metamaterials is very important, particularly when they work as functional materials. It here highly
relies on the hyperelastic behavior of the raw material TPU. As Figs. 6¢ and d show, the auxeticity of the metamaterial remains
identical during the 5 cycles. In contrast, Young’s modulus in Step-1 of the first cycle is slightly larger than for the subsequent
cycles, as shown in Figs. 6e and f. We think that some initial stress, generated during the fabricating process, is eliminated
by the first compression cycle so that the next 4 cycles show a nearly identical effective Young’s modulus. The analogous
scenario is not observed for auxeticity, since the effective Poisson’s ratio of the metamaterial is independent of the properties
of the raw material. Figs. 6g and h demonstrate the deformation of metamaterials from different viewing angles and under a
different number of cycles. Fig. 6g shows the deformation in the front view during the first cycle while Fig. 6h shows the
deformation of the side view during the fifth cycle. The nephogram in Fig. 6g indicates the displacement along the x-direction.
The red color in the left region and the purple color in the right region of the sample imply the lateral contraction deformation
during compression loading, that is auxeticity of the considered metamaterial. The re-usability of the metamaterial under large
compression makes it potentially attractive for applications in some functional fields. For example, the proposed metamaterial
can be used many times in engineering fields with time-varying requirements for load-bearing capacity but also lateral and

12/15



longitudinal space.

5 Conclusions

In conclusion, we have introduced a 3D mechanical metamaterial with multi-step mechanical properties under variable applied
strain in this paper. The metamaterial has a weaker auxeticity and modulus in Step-1 but stronger counterparts in Step-2.
This concept has been demonstrated using a single constituent material structure. Both the instabilities of the elements and
the post-buckling of the materials are prevented, which means the whole system remains elastically stable states during the
compression process. In addition, the transformation between the two steps solely depends on the applied compressive strain.
The multi-step behaviors of the proposed metamaterial could be used to design periodic structures with tunable phononic
band gaps. Finally, the contact-based multi-step behavior avoids the occurrence of instabilities in the curved beams during the
delocalization deformation of the metamaterial that occurs under large compression strains. Re-usability of the metamaterial
is enabled by the hyper-elastic raw material TPU. This study may spur the development of metamaterial with tunable static
mechanical properties and multi-functional applications. In the future, the following two aspects may be taken into account
when designing metamaterials with tunable mechanical properties. On the one hand, designing metamaterials with identical
expected tunable behavior in all three principal directions could address the anisotropy of the current work. On the other hand,
constructing metamaterials with special adjustable mechanical properties both under compression and tension mechanical
environment is attractive and valuable.
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