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Measurement in a basis

|q� = a |0�+ b |1�
|0�

|1�

+1

−1

|a|2

|b|2

|a|2 + |b|2 = 1

encoded by the Pauli matrix Z =

�
1 0
0 −1

�

eigenvalues 1 −1
eigenvectors |0� |1�
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Pauli group

Pauli matrices

I =
�

1 0
0 1

�
X =

�
0 1
1 0

�
Y =

�
0 −i
i 0

�
Z =

�
1 0
0 −1

�

matrix product

. I X Y Z
I I X Y Z
X X I iZ −iY
Y Y −iZ I iX
Z Z iY −iX I

Pauli group P = ({1,−1, i ,−i} × {I,X ,Y ,Z}, .)
commuting pair X .I = I.X
anticommuting pair Y .Z = iX and Z .Y = −iX , so Y .Z = −Z .Y
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Generalized Pauli group
N-qubit Pauli operator G1G2 · · ·GN , with Gi ∈ {I,X ,Y ,Z}

for G1 ⊗ G2 ⊗ · · ·⊗ GN

generalized Pauli group PN = ({1,−1, i ,−i} × {I,X ,Y ,Z}N , .)

commuting pair YX .ZZ = (Y .Z )(X .Z ) = (iX )(−iY ) = XY
ZZ .YX = (Z .Y )(Z .X ) = (−iX )(iY ) = XY

anticommuting pair XY .IZ = (X .I)(Y .Z ) = iXX
IZ .XY = (I.X )(Z .Y ) = −iXX

Mutually commuting multi-qubit Pauli operators are
compatible observables
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Contextuality : The Kochen-Specker theorem

No non-contextual hidden-variable theory can reproduce
the outcomes predicted by quantum physics1

Without loss of generality, a non-contextual hidden-variable
(NCHV) theory admits the existence of a function
v : PN → {−1, 1} that determines (as v(M)) the result of any
measurement with the multi-qubit Pauli observable M (among
its two eigenvalues −1 and 1) independently of former
measurements, even when they are compatible (commuting)

1 × 1 × −1 = −1

XY YZ ZX = −II

1Kochen, Simon and Specker, Ernst. “The Problem of Hidden Variables in Quantum
Mechanics”. Indiana Univ. Math. J.. 1968.
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The Mermin-Peres magic square
Hypergraph with 9 vertices and 6 (signed) hyperedges (represented as straight lines)

� Each vertex is labelled by a 2-qubit observable
� Each hyperedge/line is a measurement context

(1)I ⊗ I

(1)I ⊗ I

(1)I ⊗ I

(1)I ⊗ I (1)I ⊗ I (−1)(I ⊗ I)

− 1 − 1 1

1 1 1

− 1 − 1 ?

X ⊗ Y Y ⊗ X Z ⊗ Z

I ⊗ Y Y ⊗ I Y ⊗ Y

X ⊗ I I ⊗ X X ⊗ X

This signed hypergraph is contextual: no vertex valuation with −1 or +1 satisfies all
context signs
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Linear system of a signed hypergraph

Signed
hypergraph

X ⊗ Y

v7

Y ⊗ X

v8

Z ⊗ Z

v9

I ⊗ Y

v4

Y ⊗ I

v5

Y ⊗ Y

v6

X ⊗ I

v1

I ⊗ X

v2

X ⊗ X

v3

h1

h2

h3

h4 h5 h6

the product of
observables on the
hyperedge hi is
(−1)Ei I ⊗ I
+1 = (−1)0

−1 = (−1)1

Linear
system

v1 v2 v3 v4 v5 v6 v7 v8 v9

H =




1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1
1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1




h1
h2
h3
h4
h5
h6

E =




0
0
0
0
0
1




I ⊗ I
I ⊗ I
I ⊗ I
I ⊗ I
I ⊗ I

−(I ⊗ I)

The signed hypergraph is contextual iff � ∃ x . H x = E
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Contextuality degree

The contextuality degree1 of a linear system H x = E is the
minimal Hamming distance d(H x ,E) between E and a vector
H x , i.e. the minimal number of unsatisfied equations

d







0
1
1
1
0




,




1
1
1
0
0







= 2

Same definition for the associated signed hypergraph (V ,H, s),
with V = {1, 2, . . . , |V |} for the |V | equations and the sign
function s : H → {0, 1} such that s(h) = Eh

1de Boutray, H., Holweck, F., Giorgetti, A., Masson, P.-A., and Saniga, M.
“Contextuality degree of quadrics in multi-qubit symplectic polar spaces”. Journal of
Physics A: Mathematical and Theoretical. 2022.
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Two other associated signed hypergraphs

Linear system H x = E ↔ signed hypergraph (V ,H, s)

V = {1, 2, . . . , |V |} s : H → {0, 1} s(h) = Eh

For any x ∈ F|V |
2 , two sub-hypergraphs:

H(x)sat whose hyperedges correspond to the satisfied
equations in H x = E
H(x)uns whose hyperedges correspond to the unsatisfied
equations in H x = E
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Example 1: Mermin-Peres signed hypergraphs (1/2)

7;XY 8;YZ 9;ZZ

4;IY 5;YI 6;YY

1;XI 2;IX 3;XX

First Mermin-Peres signed hypergraph
(VMP ,HMP , sMP) with VMP = {1, .., 9},
HMP = {{1, 2, 3}, {4, 5, 6}, {7, 8, 9},
{1, 4, 7}, {2, 5, 8}, {3, 6, 9}} and sMP(h) = 1
iff h = {3, 6, 9}

Degree 1

For x =
�
0 0 0 0 0 0 0 0 0

�T , H(x)uns = {{3, 6, 9}}
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Example 1: Mermin-Peres signed hypergraphs (1/2)

7;XY 8;YZ 9;ZZ

4;IY 5;YI 6;YY

1;XI 2;IX 3;XX

First Mermin-Peres signed hypergraph
(VMP ,HMP , sMP) with VMP = {1, .., 9},
HMP = {{1, 2, 3}, {4, 5, 6}, {7, 8, 9},
{1, 4, 7}, {2, 5, 8}, {3, 6, 9}} and sMP(h) = 1
iff h = {3, 6, 9}

Degree 1

For x =
�
0 0 0 0 0 0 0 0 0

�T , H(x)uns = {{3, 6, 9}}

For x � =
�
1 1 0 0 0 0 1 1 1

�T , H(x �)uns = {{7, 8, 9}}
(Q1) degree = number of negative hyperedges?

(Q2) Does [0 · · · 0]T always minimize the number of
unsatisfiable equations?
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Example 1: Mermin-Peres signed hypergraphs (2/2)

7;XY 8;YX 9;ZZ

4;ZX 5;XZ 6;YY

1;YZ 2;ZY 3;XX Second Mermin-Peres signed hypergraph,
with 3 negative hyperedges

Degree 1

For x =
�
0 0 0 0 0 0 0 0 0

�T , |H(x)uns| = 3
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Example 1: Mermin-Peres signed hypergraphs (2/2)

7;XY 8;YX 9;ZZ

4;ZX 5;XZ 6;YY

1;YZ 2;ZY 3;XX Second Mermin-Peres signed hypergraph,
with 3 negative hyperedges

Degree 1

For x =
�
0 0 0 0 0 0 0 0 0

�T , |H(x)uns| = 3

Here, degree < number of negative hyperedges and [0 · · · 0]T
does not minimize the number of unsatisfiable equations

(Q3) ∃? xopt . H(xopt)
uns ⊆ H− = s−1({1})

Here xopt =
�
0 0 0 0 0 0 1 1 0

�T
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Example 2: The doily

1;IY

9;YY

8;YI

3;XI

12;IZ
15;XZ

14;XX

10;ZY

4;YZ

7;ZZ

2;XY

5;YX 11;ZI

13;IX
6;ZX

(V2,H2, s2) where
V2 = {1, . . . , 15}, see H2 and
s2 in the picture

Degree 3: xopt = [0 · · · 0]T

H(xopt)
uns = {{2, 4, 6}{5, 10, 15}{7, 9, 14}}

Can be labelled by all (non-identity) two-qubits observables to
form the doily W (3, 2)
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Example 3: W (5, 2)

� (V3,H3, s3)

� |V3| = 43 − 1 = 63: all the
three-qubits (non-identity)
observables

� |H3| = 315 hyperedges: all
mutually commuting triples
over the vertices

� s3: 90 of them are negative
� H(xopt )

uns form a split
Cayley hexagon of order
two

� |H(xopt )
uns| = 63 < 90
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New heuristic for MaxLin2
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Randomly negate the value of the assignments where the
number of unsatisfied contexts is maximal1

1Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its
four- to six-qubit portrayals. 2024.
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New heuristic for MaxLin2

YXYI
1

XZYY
1

ZYIY
1

ZXZY
1

IXXZ
1

ZIYX
-1

ZIYZ
1

IZZY
1

ZZXX
1

YZIX
1

XIXY
-1

ZZXZ
1

YYXY
1

IXXX
1

YZIZ
-1

Y
X

Y
I

X
ZY

Y

ZY
IY

ZX
ZY

IX
X

Z

ZIY
X

ZIY
Z

IZZY

ZZX
X

Y
ZIX

X
IX

Y

ZZX
Z

Y
Y

X
Y

IX
X

X

Y
ZIZ

D
istance

1 1 1 1 0 2� 0 1 1 0 2� 2 0 1 2� 5
0 1 1 0 0 1 0 0 1 0 1 1 0 1 2� 3

Randomly negate the value of the assignments where the
number of unsatisfied contexts is maximal1

1Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
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New heuristic for MaxLin2
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1 is the lowest possible bound for a two-spread
1Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and

Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its
four- to six-qubit portrayals. 2024.
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Results with the stochastic local search heuristic
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Minimal Hamming distances (y -axis) computed by the heuristic method divided by the total number of contexts, over
number of iterations (x-axis), on an i7-12700H running on 20 threads, with adjusted scales for each number
3 ≤ N ≤ 6 of qubits.
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Conclusion

Summary
� Quantum contextuality linked to solving linear systems

modulo 2
� Unsatisfied equations form sub-hypergraphs with high

symmetry
� Efficient stochastic local search heuristic to estimate the

contextuality degree1

Perspectives
� Take advantage of symmetries
� Provide more (larger) examples

1Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its
four- to six-qubit portrayals. 2024.
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