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3. Examples of hypergraphs

4. New heuristic for MaxLin2
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Pauli group

Pauli matrices

o] el o] 8o 2o 4

X Y V4
1 X Y V4
matrix product X| X | iz —iY
Y|Y —-iz | iX
zZ\|\zZ iy -—iX |
Pauli group P={1,-1,i,—i} x{,X,Y,Z},.)

commuting pair X.I=1X
anticommuting pair Y.Z=iXandZ.Y=—-iX,soY.Z=-Z2.Y

ﬁﬁ't?-s': Hypergraphs of quantum contextuality proofs | Axel Muller | 26eme JGA, 20/11/2024 5/22



Generalized Pauli group

GGy --- Gy, with Gj € {I,X, Y,Z}
forGi® Go®---® Gn

N-qubit Pauli operator

generalized Pauli group Py = ({1,—=1,i,—i} x {1, X, Y, Z}N,)
commuting pair YX.ZZ = (Y.Z)(X.Z)=(iX)(—iY)= XY
ZZ.YX = (Z.Y)(Z.X) = (—iX)(iY) = XY
anticommuting pair XY.lZ = (X.N)(Y.Z)=iXX

1ZXY = (1.X)(Z.Y) = —iXX

Mutually commuting multi-qubit Pauli operators are
compatible observables
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The Mermin-Peres magic square
Hypergraph with 9 vertices and 6 (signed) hyperedges (represented as straight lines)
> Each vertex is labelled by a 2-qubit observable
> Each hyperedge/line is a measurement context

—1 —1 1

Xl e X X®X Ml

1 1 1

1Y Y®I YRY Ml
—1 —1 ?

X®Y YoX zZ®Z Ml

Y Y (ESN=Y)

This signed hypergraph is contextual: no vertex valuation with —1 or +1 satisfies all
L context signs
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Contextuality : The Kochen-Specker theorem

No non-contextual hidden-variable theory can reproduce
the outcomes predicted by quantum physics'

Without loss of generality, a non-contextual hidden-variable
(NCHV) theory admits the existence of a function

v: Py — {—1,1} that determines (as v(M)) the result of any
measurement with the multi-qubit Pauli observable M (among
its two eigenvalues —1 and 1) independently of former
measurements, even when they are compatible (commuting)

1 x 1 x -1 = —1

—Ixv—{vz{zx] =

I "Kochen, Simon and Specker, Ernst. “The Problem of Hidden Variables in Quantum
Mechanics”. Indiana Univ. Math. J.. 1968.
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2. Linear systems and hypergraphs
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Linear system of a signed hypergraph

V1 V2 V3

Xol—IlgX—XoX h the product of
observables on the

Va Vs Ve

Signed I6Y—Y&I—YoY h hyperedge h; is
3 e
hypergraph (-5 Il
vy Vg Vg —_ (_4\0
XQY—YRX—2)2Z h +1 *( 1)1
—1=(-1)
hy hs he
Vi Vo V3 V4 V5 Vg V7 Vg Vg
. 111 0 0 0 0 0 0\ M 0 I®
Linear 00011100 0| h 0 Il
system H— 00 O0O0OO0OO0OT1T 1 1 hs E— 0 Il
11 0 01 0 0 1 0 0| hg ol Il
01 00 1O0O0T1 0| hs 0 Il
00100100 1) h 1) —(lal)
The signed hypergraph is contextual iff A x. Hx = E
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Two other associated signed hypergraphs

Linear system H x = E < signed hypergraph (V, H, s)
V={1,2...,|V|} s:H—{0,1} s(h) = Ej

Forany x € IB‘|2V|, two sub-hypergraphs:

H(x)%** whose hyperedges correspond to the satisfied
equationsin Hx = E

H(x)** whose hyperedges correspond to the unsatisfied
equationsin Hx = E
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Contextuality degree

The contextuality degree' of a linear system H x = E is the
minimal Hamming distance d(H x, E) between E and a vector
H x, i.e. the minimal number of unsatisfied equations

Q
O = = a4 0O
OO = =

Same definition for the associated signed hypergraph (V, H, s),
with V = {1,2,...,|V|} for the | V| equations and the sign
function s : H — {0, 1} such that s(h) = Ej,

de Boutray, H., Holweck, F., Giorgetti, A., Masson, P.-A., and Saniga, M.
“Contextuality degree of quadrics in multi-qubit symplectic polar spaces”. Journal of
Physics A: Mathematical and Theoretical. 2022.
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3. Examples of hypergraphs
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Example 1: Mermin-Peres signed hypergraphs .

First Mermin-Peres signed hypergraph
(VMP7 HMP; SMP) with VMP = {1 y ey 9},

Hup = {{1 .2, 3}’ {47 3, 6}5 {7’ 8, 9}:
{1,4,7}, {2,5,8}, {3,6,9}} and syp(h) = 1
iff h={3,6,9}

Degree 1

Forx=[0 0 0 0 0 0 0 0 0], H(x)™ = {{3,6,9}}

femto-st

Hypergraphs of quantum contextuality proofs | Axel Muller | 26éme JGA, 20/11/2024 14/22

Example 1: Mermin-Peres sighed hypergraphs (-

1,¥Z —{ 2,2Y —{ 3xx Second Mermin-Peres signed hypergraph,
with 3 negative hyperedges

Degree 1

Forx=[0 0 0 0 0 0 0 0 0], Hx)=|=3

Hypergraphs of quantum contextuality proofs | Axel Muller | 26éme JGA, 20/11/2024 15/22

Example 1: Mermin-Peres sighed hypergraphs (2

First Mermin-Peres signed hypergraph
(V/W::7 HMP7 SMP) with VMP = {1 s ey 9},

Hue = {{1,2,3}, {4,5,6}, {7,8,9},
{1,4,7}, {2,5,8}, {3,6,9}} and syp(h) = 1
iff h={3,6,9}

Degree 1

Forx=[0 0 0 0 0 0 0 0 0], H(x)™ = {{3,6,9}}

Forx=[1 100 0 0 1 1 1], Hx)==={{7,8,9}}
(Qq) degree = number of negative hyperedges?

L (Qy) Does [0---0]T always minimize the number of
unsatisfiable equations?
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Example 1: Mermin-Peres signed hypergraphs (2

1:vZ 22Y }—{3;xx Second Mermin-Peres signed hypergraph,
with 3 negative hyperedges

Degree 1

Forx=[0 0 0 0 0 0 0 0 0], Hx)=|=3
Here, degree < number of negative hyperedges and [0---0]7
does not minimize the number of unsatisfiable equations

L (@) 3 Xopt- H(Xopt)uns CH =s~ 1({1})
Here xo =[0 0 0 0 0 0 1 1 0]"
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Example 2: The doily

(Vg, Hg, 82) where
Vo ={1,...,15}, see H, and
S, in the picture

Degree 3: xgpt = [0 --- 0]T

H(Xopt)™™* = {{2,4,6}{5,10,15}{7,9,14}}

Can be labelled by all (non-identity) two-qubits observables to
form the doily W(3, 2)
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4. New heuristic for MaxLin2
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Example 3: W(5,2)

> (Va, Ha, s3)

> |V3| =43 —1=63:allthe
three-qubits (non-identity)
observables

> |H3| = 315 hyperedges: all
mutually commuting triples
over the vertices

\.,4!5‘
SEELPOA
N =

(=

&
< YAIP
X >

> s3: 90 of them are negative

> H(Xgpt)*™* form a split
Cayley hexagon of order
two

> |H(Xopt)"™*| = 63 < 90
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New heuristic for MaxLin2

IAXA
AAZX
AIAZ
AZXZ
ZXXI
XAlZ
ZAIZ
AZZI
XXZZ
XIZA
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ZX7Z
AXAA
XXXI
ZIZA
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Randomly negate the value of the assignments where the
number of unsatisfied contexts is maximal

"Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its
four- to six-qubit portrayals. 2024.
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New heuristic for MaxLin2

XAIZ
ZAIZ
AZZI
XXZZ
XIZA
AXIX
ZX7Z
AXAA
XXXI
ZIZA

91 souelsig

9
9
9

Randomly negate the value of the assignments where the
number of unsatisfied contexts is maximal’

"Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its

four- to six-qubit portrayals. 2024.
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New heuristic for MaxLin2
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Randomly negate the value of the assignments where the
number of unsatisfied contexts is maximal’

"Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its
four- to six-qubit portrayals. 2024.
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New heuristic for MaxLin2

<IXININI N INIGINI<| X |N[<|<|<]|lo
NN EERINEEEIE
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Randomly negate the value of the assignments where the
number of unsatisfied contexts is maximal
"Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its
four- to six-qubit portrayals. 2024.
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New heuristic for MaxLin2
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Randomly negate the value of the assignments where the
number of unsatisfied contexts is maximal
1 is the lowest possible bound for a two-spread

"Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its

four- to six-qubit portrayals. 2024.
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Results with the stochastic local search heuristic

L 08—
€ 07| —e— 3 qubits (63 <90) |
3 | —o— 4 qubits (1575 < 1908)

5 06 5 qubits: (31479 < 35400)

¥ 05§ 6 qubits (553140 < 615888) ||
(O]

2 04 -
S

o 031 -
©

_8 0.2

E 0.1} g
(0] 0 1 | | o | 1
L 0 20 40 60 80 100 12

number of iterations

Minimal Hamming distances (y-axis) computed by the heuristic method divided by the total number of contexts, over
number of iterations (x-axis), on an i7-12700H running on 20 threads, with adjusted scales for each number
L 3 < N < 6 of qubits.
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Questions?

U

Communications

> Axel Muller et al. (Oct. 2022). “Multi-Qubit Doilies: Enumeration for All Ranks and Classification for Ranks
Four and Five”.

> Axel Muller et al. (2024b). “New and improved bounds on the contextuality degree of multi-qubit
configurations”.

> Axel Muller et al. (2024a). A new heuristic approach for contextuality degree estimates and its four- to
six-qubit portrayals.

> Axel Muller and Alain Giorgetti (2024). An abstract structure determines the contextuality degree of
observable-based Kochen-Specker proofs.
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Conclusion

Summary

» Quantum contextuality linked to solving linear systems
modulo 2

» Unsatisfied equations form sub-hypergraphs with high
symmetry

> Efficient stochastic local search heuristic to estimate the
contextuality degree’

Perspectives

» Take advantage of symmetries
» Provide more (larger) examples

"Muller, Axel, Saniga, Metod, Giorgetti, Alain, Holweck, Frédéric, and
Kelleher, Colm. A new heuristic approach for contextuality degree estimates and its
four- to six-qubit portrayals. 2024.
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