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Abstract. The aim of the study is to give a summary of the research
that is conducted on the thermodynamic modeling methods for Stir-
ling heat pumps.The various modeling thermodynamic techniques used
for this heat pump are adapted from the Stirling engine model. The
present study provides an extensive analysis of the Stirling heat pump
performance using thermodynamic techniques such as isothermal, ideal
adiabatic, simple adiabatic, combined adiabatic finite speed(CAFS), sim-
ple II adiabatic, polytropic with various Loss(PSVL), Polytropic finite
speed thermodynamics(PFST), compressive polytropic model(CPMS)
and non-ideal second order thermal model with additional loss effect.
This study compared previous thermodynamic models of GPU3 Stirling
engine. The review findings demonstrated that the new Non-Ideal sec-
ond order model was preferable to the other thermodynamic modeling
techniques due to some parameters.

Keywords: Modeling,Isothermal,Adiabatic,and Polytropic.

1 Introduction

The rapid increase in global temperature that has been observed in recent years
is mostly the result of increased emissions from fossil fuels and the working fluids
in the refrigeration and air-conditioning systems [15].

Heating and cooling are essential for our day-to-day activities, and most of
them uses the environmentally hazardous working fluids (CFC and HCFC).Therefore,
the Montreal and Kyoto Protocol were signed in 1987 and in 1997, respectively,
for restricting the usage of CFC, HCFCs, Halon, PFCs, HFCs, and SF6 [9]. For
that reason, it will be crucial to design a heat pump system in the future without
the need of those working fluids.

Regenerative thermal machines are alternative energy conversion machines
for heating and cooling at near ambient temperature. The target temperature
(170-400K) and many applications between this temperature common in air-
conditioning, household and commercial refrigeration, vending machines, space
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and water heating systems and high temperature heat pump system for industrial
applications [14].

Among this regenerative thermal machines, Stirling heat pump is one alter-
native that can utilize existing energy more efficiently. A Stirling heat pump
is operating on Stirling cycle which consists of four thermodynamic process:
isothermal compression, constant volume heat rejection, isothermal expansion,
and constant volume heat addition [20]. During the isothermal compression pro-
cess, the refrigerant is compressed and releases heat to the high temperature
region.The constant heat rejection process follows, during which refrigerant ex-
pands further, cools down, and heat is rejected to the regenerator.During the
isothermal expansion process, the refrigerant in the cycle absorbs heat from the
low temperature source and expands. Finally, in the constant volume heat addi-
tion process, heat is added to the refrigerant through the regenerator, and the
refrigerant is heated up.

The Researchers are currently looking for alternatives to improve the per-
formance of Stirling heat pumps and the performance prediction techniques of
Stirling heat pump by thermodynamic modeling.

2 Objective of review

As compared to the Stirling engine and cryocoolers, there has been a little study
done on Stirling heat pumps. Nowadays, the demand for developing thermal
models for Stirling cycle devices increases in order to precisely forecast their
performances. The Stirling heat pump design parameters are also being opti-
mized in the meantime in order to enhance its performance for efficient and
practical operation. Therefore, the objective of this review is to study the vari-
ous thermodynamic modeling techniques of the Stirling heat pump and compare
the results of each model with the experimental results.

3 Methodology

In order to perform this review, articles on the modeling and optimization of the
Stirling cycle machines from peer-reviewed journals and conference proceedings
were gathered and carefully examined. Zero-fourth-order analyses were used to
categorize the modeling of the Stirling heat pump.

4 Thermodynamic modeling

The model reviewed was grouped based on the basic assumptions of the cyclic
process.Martini [17] proposed the following thermodynamic modeling for the
Stirling heat engine, and the modeling of the Stirling heat pump is adapted
from this engine model.



Title Suppressed Due to Excessive Length 3

Fig. 1. Thermodynamics modeling of Stirling cycle heat pump [17]

4.1 Zero order modeling

The primary goal of this model is to create a mathematical correlation and
simple computations to evaluate the power output, and performance of Stirling
cycle machines. The mathematical formulation to determine the engine’s power
output was initially set out by William Beal:

W = kVSCfPmean (1)

Where VSC = the compression space swept volume, f =frequency and Pmean =
the average pressure of the engine.

West [21] verified the validity of Beal’s expression and suggested a modified
version as:

W = 0.25VSCfPmean (2)

This modeling approach provides a rapid overview of the performance, but can-
not be utilized to develop new machines or calculate their power output and
work input.

4.2 First order modeling

This model is based on isothermal assessment, and Schmidt theory was proposed
by Gustave Schmidt [20].The main assumption in this study is that the gas in
the compression area and heater is at a constant sink temperature, while the
gas in the expansion space and cooler is at a constant source temperature. In
Isothermal analysis, the following assumptions are assumed:

– Working fluid’s mass is constant (there is no mass leakage),
– Applying the ideal gas equation of state,
– Considering that the machine’s speed is constant, a steady state process,
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– The potential and kinetic energy are neglected,
– There is no change in pressure in the system,
– The three heat exchangers (hot, cold and regenerator) are perfect.

The heat pump is configured as five component namely compression space(c),
heater(h), regenerator(r), cooler(c) and expansion space(e) respectively see Fig
2.The terms w,T,V,m p represents the work, temperature of the working gas,
volume of the space,mass of working gas and pressure of the working gas respec-
tively.

Fig. 2. Isothermal analysis of Stirling heat pump

This analysis provides a quick way to estimate the relationship between the
overall size and its power output and work input, but it is not very useful as a
detailed design tool for Stirling cycle machines. The calculation of power input
starts with an ideal loss free analysis (no thermal and power loss) and simple
correlation factor is used to find the break power input. Hence, due to the analy-
sis was conducted under ideal conditions, the efficiency values estimated by this
model varies extremely from the experimental value.
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Table 1. Ideal isothermal set of equations [20].

Parameter Equation
Pressure P=MR/[Vc/Tk + Vc/Tc + (Vrln(Tc/Tk))/(Tc − Tk) + Vk/Tk + Ve/Te]

−1
Heat transfer QC = WC=

∮
PdVCdθ

Heat transfer Qe=We =
∮
PdVedθ

Work input Win=−(We +WC)
Coefficient of performance COPhp=QC/Win

4.3 Second Order Model

This model is a modification of the first-order analysis, with the compression
and expansion space being either adiabatic or polytropic rather than isothermal
and including the thermal and power losses depending on the type of second
order model. This model can be classified as:
4.3.1.Ideal adiabatic Analysis(model)l:An ideal adiabatic analysis is a mod-
ification of an isothermal analysis in which the compression space and expansion
spaces are adiabatic rather than isothermal, there is no power or thermal loss,
and also assumed a perfect heat exchangers[7].The heat pump is configured by
five components serially connected and the working gas in the heater/hot heat
exchanger, and cooler/cold heat exchanger is kept under isothermal conditions
see Fig 4.Enthalpy flows across the cells through four interfaces as a result of
mass flow being respectively compression space/heater, heater/regenerator, re-
generator/cooler and cooler/expansion space.

Fig. 3. Classification of second order analysis



6 Temesgen. Author et al.

Fig. 4. Ideal adiabatic model of Stirling heat pump

The assumptions for the ideal adiabatic model analysis are:

– heater and cooler temperature is constant,
– property of the working gas is constant,
– perfect regenerator,there is no gas, leakage and pressure drop,
– the process is steady state,
– adiabatic compression and expansion space,
– linear temperature variation in the regenerator,
– The machine has constant angular velocity,
– The kinetic and potential energies of gas streams are negligible,
– Heat is transferred to the working fluid only in the hot and cold heat ex-

changer,
– Heat transfer to the environment is negligible.

4.3.2.Simple adiabatic model (quasi steady flow model): This model is a
modification of an ideal adiabatic analysis, in which non ideal heat exchangers
are applied for the heat pump analysis (see Fig 5).The heat exchanger wall
temperature and gas temperature are considered to be the same in the ideal
adiabatic analysis.Thus,the interface temperature of the regenerator calculated
as follows:

Trh = (3Tr1 − Tr2)/2 (3)
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Table 2. Ideal Adiabatic set of equations [9].

where D is the derivative factor with respect to time [20],D =dX/dT

Parameter Equation
Pressure(P) Pi= MR/(Vc/Tc + Vh/Th + Vir/Tir + Vk/Tk + Ve/Te)

−1
Pressure change(∆P ) dP=(−Pγ(DVc/TCk +DVe/The))/(Vc/Tck + (Vh/Th + Vr/Tr + Vk/Tk) + Ve/The)
Mass(m) mi=(PVi)/RTi ,where, i =c,h,r,k,e
Change of mass(∆m) Dmi=(miDP )/P = (DPi/R)(Vi/Ti) ,where, i=h,r,k

Dmc=(PDVc + (VcDP )/γ)/(RTch)
Dme=(PDVe + (VeDP )/γ)/(RTke)

Flow of mass ṁch = (dmc)/dt
ṁke = (dme)/dt
ṁhr = ṁch − (dmh)/dt
ṁrk = ṁke − (dmk)/dt

Conditional Temperature If ṁch > 0, thenTch = Tc, else, Tch = Th

ṁke > 0, thenTke = Tk, elseTke = Te

Temperature change(∆T ) dTie = Te(dP/P ) + (dVe/Ve)− (dme/me)
dTic = Tc(dP/P ) + (dVc/Vc)− (dmc/mc)

Energy power DQh,ideal = (VhDPCv)/R− Cp(Tchṁch − Thrṁhr)
DQr,ideal = (VrDPCv)/R− Cp(Thrṁhr − Trkṁrk)
DQk,ideal = (VkDPCv)/R− Cp(Trkṁrk − Tkeṁke)
DWin,ideal = −(DWiC +DWie)

where DWiC = PDVC , and,DWie = PDVe

Trr = (Tr1 + Tr2)/2 (4)

Trk = (3Tr2 − Tr1)/2 (5)

The heat transfer to the refrigerant or working gas through forced convection
and this convective heat transfer is given by the basic equation:

DQi = hAwg(Tw − T ) (6)

Where h is the convective heat transfer coefficient, Tw is the wall temperature
and T is the gas temperature.

Applying the equation (6) to the four heat exchanger cells, the heat transfer
equation for the four heat exchanger cells as follows [20]:

DQh = hhAwgh(Twh − Th) (7)

DQr1 = hr1Awgr1(Twr1 − Tr1) (8)

DQr2 = hr2Awgr2(Twr2 − Tr2) (9)

DQk = hkAwgk(Twk − Tk) (10)

The hot and cold heat exchanger wall temperature keept isothermally with
the sink and source temperatures, respectively. The regenerator matrix temper-
ature is given by [20]:

DTwr1 = DQr1/Cmr (11)
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DTwr2 = DQr2/Cmr (12)
Where Cmr is heat capacity of each cell.

Fig. 5. Simple adiabatic model of Stirling heat pump

The energy equation for simple ideal analysis is the same with ideal analysis,
except including the dissipation flow loss in the energy equation:

DQ−Diss+ (dmiCpTi − dmoCpTo) = −dW + Cvd(mT ) (13)

Where flow dissipation Diss = the internal heat generation which occurs when
the frictional drag force forces the gas to flow [20] and is given by:

Dissi = ∆ρṁ/ρ (14)

where ρ and ṁ are the density and mass flow rate of the gas respectively.

4.3.3. Simple II Adiabatic model: The simple adiabatic analysis is that
simple and deviates from the realistic model because it only considers the im-
perfect or non ideal heat exchanger and ignores the thermal and power loss see
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Fig.6.Thus,to solve this problem, Abaelahi and Sayyaadi [4] studies on Stirling
engine incorporates the shuttle effect and mass leakage loss in the ordinary dif-
ferential equation of simple analysis.

Fig. 6. various energy losses in the system [10]

The basic energy equation for simple II is given by [4]:

dQ+ (miCpTi −moCpTo)−DQshuttle = −dW + Cvd(mT ) (15)

Where DQshuttle is the heat loss resulting from the displacer’s shuttle effect,
which can be determined as [20]:

DQshuttle = (πS2kgDd)/8JLd(TC − Te) (16)

where Kg, S, Ld, J,Dd, Tc, and, Te are working fluid thermal conductivity , stroke
of the displacer , length of displacer, gap between displacer, and wall of the
cylinder , and displacer diameter, compression space working fluid temperature
and expansion space working fluid temperature respectively. The working fluid’s
net mass is assumed to be constant in the adiabatic model and is calculated by
[20]:

M = (mc +mh +mr +mk +me)−mleak (17)

Where mleak is the leakage of working gas to the crankcase is given by [20]

mleak = ΠD(P + Pbuffer)/(4RTg)(uPJ − J3/6µ(P − Pbuffer)/L) (18)

Where Tg, u, J, µ, L, P, Pbuffer, and,D are temperature of working fluid, piston
linear velocity , piston-cylinder circular gap , viscosity of working fluid , length
of piston , pressure working space , pressure in the buffer space and piston diam-
eter respectively. The shuttle and gas leakage loss added to the basic differential
equations in the simple adiabatic analysis, and obtains a new basic differen-
tial equations. The set equation considers the effects of pressure loss in heat
exchangers, pressure loss due to the piston’s finite speed, power loss from me-
chanical friction, conduction heat loss from the regenerator wall, and non-ideal
heat transfer in the heat exchangers. The input power requirement (WII)) for
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Table 3. Simple II adiabatic set of equation [4].

Parameter Equation
Pressure P = R(M −mleak)/(Vc/Tc + Vh/Th + Vr/Tr + Vk/Tk + V/Te)
pressure variation dP = (−Pγ(DVc/TCh +DVe/Tke) + γR(DQshut)/Cp((TCh − Tke)/(TChTke))−

2γRDmleak)/(Vc/Tch + γ(Vh/Th + Vr/Tr + Vk/Tk) + Ve/Tke)
Mass mi = (PVi)/RTi ,where, i =c,h,r,k,e
Change of mass Dmi = (miDP )/P = (DPi/R)(Vi/Ti),where, i=h,r,k

Dmc = (PDVc + (VcDP )/γ)/(RTch) + (DQshut)/(CpTch) +Dmleak

Dme = (PDVe + (VeDP )/γ)/(RThe)− (DQshut)/(CpThe).
Mass flow ṁch = (Dmc −DQshut/(CpTch)−Dmleak

ṁhr = ṁhr −Dmh, ṁrk = ṁke +DmK

ṁke = Dṁe − (DQshut)/(CpTkc)

Conditional temperature If ṁch > 0, thenTch = Tc, else, Tch = Th

ṁke > 0, thenTke = Tk, elseTke = Te

Temperature variation dTe = Te(dP/P ) + (dVe/Ve)− (dme/me)
dTc = Tc(dP/P ) + (dVc/Vc)− (dmc/mc)

Energy power DQh,IIl = (VhDPCv)/R− Cp(Tchṁch − Thrṁhr)
DQr,IIl = (VrDPCv)/R− Cp(Thrṁhr − Trkṁrk)
DQk,II = (VkDPCv)/R− Cp(Trkṁrk − Tkeṁke)
DWin,II = −(DWC +DWe)

where ,DWC = PDVC , and,DWe = PDVe

the heat pump is evaluated as the sum of actual work input in the simple analysis
and all the losses and calculated as:

WII = DWin +Wmec,f +WFST +∆Ptrott(dV ) (19)

Where Wmech,f , Ptrott(dV ), andWFST are work loss by mechanical friction , work
loss by pressure loss in the heat exchanger ,and work loss by finite speed of the
piston respectively.

The heat losses cause the heater to reject less heat and the heating power
decreases due to power losses. Then, the heating power produced from the heat
pump system QII is calculated based on difference between simple adiabatic
analysis heating power and the heat power losses from the system [4]:

Qa,II = DQin − (DQshutt +Qrl +Qcond) (20)

Where Qrl, Qcond, andQshutt are regenerator imperfection loss, conduction loss,
and shuttle loss, respectively.

COPhp = QII/WII (21)

4.3.3. Combined Adiabatic Finite speed (CAF) model: This approach
relies on the combination of finite speed thermodynamics and adiabatic anal-
ysis [11].This model incorporates pressure drop in the the three heat exchang-
ers(heater, regenerator, and cooler) into the simple adiabatic analysis of Urieli,
the impact of the piston’s finite speed mechanical rubbing between the cylinder
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and piston. The influence of finite speed of the piston and mechanical rubbing
incorporated in to the equation of simple adiabatic analysis equation [11]:

Wa,CAF = DWin +Wmec,f +WFST +∆Ptrott(dV ) (22)

∆Ptrott = ∆Ph +∆Pr +∆pk

The performance of the heat pump is calculated based on the equation (21)
by including the mechanical rubbing between the cylinder and piston and finite
speed loss in the actual work input, and it does not include the shuttle loss and
leakage in the ordinary differential equation of (20) and the working flow dia-
gram of this model is shown in Fig 7.

Fig. 7. Working flow diagram of CAFS mo[11]
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4.4. Polytropic analysis: On the basis of the modification of the adiabatic
analysis model, the polytropic analysis was proposed and initially Babaelahi
and Sayyaadi [5] recommended the polytropic analysis of Stirling engine with
various loss mechanisms (PSVL). In the adiabatic analysis, the compression and
exanision process is assumed to be adiabatic but in the polytropic analysis,the
compression and expansion space is replaced by polytropic process. In this anal-
ysis the basic differential equation of adiabatic analysis adjusted to include the
polytropic compression and expansion process in order to forecast the perfor-
mance of Stirling heat pump.

The entire engine’s volume is divided into five cells similar to the adiabatic
analysis that is compression space(c), heater (h), regenerator(r), cooler (k) and
expansion space (e) and the four interfaces that is compression space/heater(ch),
heater/regenerator(hr),regenerator/cooler(rk) and cooler/expansion space(ke) see
in Fig.4. The basic differential equation changed to include the effect of shuttle
loss and polytropic heat transfer given by [2]

DQ−DQPolytropic −DQShuttle + (dmiCpTi − dmoCpTo) = −dW + Cvd(mT )
(23)

where DPolytropic is the polytropic heat loss in the compression , and expansion
space and is given by [22].

DQpolytropic = Cn(Ta − T )dm−mCndT (24)

Where T and Ta are the section temperature and ambient temperature, corre-
spondingly. Cn stands is the specific heat capacity of the polytropic and is given
by [16]:

Cn = Cv(γ − k/n− 1) (25)

where n is the polytropic index and is obtained by [5]

n = −V dp/pdV : (26)

4.4.1.Polytropic with Various Loss (PSVL):This modeling is based on the
polytropic expanision and compression space of the engine.The following losses
are considered in this thermodynamics model to enhance its accuracy of the
analysis:

– Impact of mass leakage from the working space to buffer space,
– Heat loss(shuttle heat transfer effect),
– Non ideal regenerator,
– Heat exchangers pressure drop,
– Mechanical friction,
– Heat exchangers longitudinal heat conduction loss.

The governing differential equations of this model is same as equation (23).
The resulting model was applied to the GPU-3 Stirling engine prototype, and
the results were compared to those of other developed models and experimental
findings. It was found that 24.44% thermal efficiency and helium gas as a refrig-
erant at heater temperature of 977K and cooler temperatures of 286K [5].
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4.4.2.Polytropic Finite Speed Thermodynamics (PFST):This model has
been developed through an integration of finite speed thermodynamics and poly-
tropic analysis. The work input for this model includes:

– The pressure drop in the heat exchangers,
– Mechanical friction,
– Finite speed of the piston.

The governing differential equation of this model is a modification of equa-
tion(23) which don,t include the shuttele heatloss:

DQ−DPolytropic + (dmiCpTi − dmoCpTo) = −dW + Cvd(mT ) (27)

The resulting model was applied to the GPU-3 Stirling engine prototype, and
the results were compared to those of other developed models and experimen-
tal findings. It was found that 23.3% thermal efficiency and helium gas as a
refrigerant at heater temperature of 977K and cooler temperatures of 286K[12].
4.4.2.Compressive Polytropic model (CPMS):This modeling technique is
a modification of polytropic with Various Loss (PSVL) analysis.The heater and
cooler is considered as non isothermal instead of isothermal process see Fig 8.

4.5.New Non ideal second order thermal model:An enhanced non ideal
thermodynamic model of the Stirling heat pump with a variety of losses has
been created in order to improve the previous second order models used for the
thermodynamic analysis of Stirling devices.In this model, the basic differential
equations for the heater and parts of the devices have been coupled with the
shuttle heat loss[20]. In addition, the mass leakage into the crankcase and the
cooler part were added into the conservation of mass equations [39],by taking
into account the mass leakages across the system’s boundaries.Generally, the
following losses are considered in this non-ideal second order model [19, 8]:

– Dissipation losses,
– Conduction losses,
– Buffer space heat leakage,
– Non ideal heat exchanger losses,
– Pressure drop work loss,
– Loss of frictional work,
– Gas spring hysteresis Work loss.

Therefore, governing differential equation for this model is given by [19]:

DQ-DQshuttle−DQdisp−DQcond−DQr,nonideal−DQleak+(dmiCpTi−dmoCpTo)
=−DWideal −DWmech,frc −DWFST −DWhys −DWp,drop + Cvd(mT )(28)
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The resulting model was applied to the GPU-3 Stirling engine prototype,
and the results were compared to those of other developed models and experi-
mental findings. It was found that 20.4% thermal efficiency and helium gas as
a refrigerant at heater temperatures of 977K and cooler temperatures of 288K
[19]. .

Fig. 8. CPMS model of Stirling heat pump

4.4 Third and Fourth order model

Based on the mass, momentum, and energy balances of the various control
volumes, third order modeling involves developing partial differential equations
which govern the functioning of the devices.Feurer [6] had previously developed
a Stirling engine using the third-order concept.To create an effective regenerator
for the Stirling engine, Anderson [3] extensively examined the impact of regen-
erator matrix temperature oscillations using the third order model.

Toghyani [18]developed a third order analysis to evaluate the GPU-3 Stir-
ling’s suitable heat source temperature, frequency, engine stroke, and effective
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mean pressure in to obtain the best output power and performance.However,
this model did not produce results that were superior compared to those of the
adiabatic models already in use due to simplification of the process in order to
increase the computational speed.

The fourth order analysis use three dimensional computational fluid dynam-
ics to solving complex flow equations at each node of the created mesh of the
modeling. [19].This model is very useful for analyzing the flow field and heat
transfer of the working fluid inside the heat pump.Ahmed et al. [1] conducted an
extensive investigation to assess the energy effectiveness of the different types of
Stirling engines .

Marek and Jan [13] study shows that in three-dimensional computational
fluid dynamics modeling, ,a dynamic mesh was used to map the Stirling engine’s
different volumes.The researchers compared the adiabatic model findings with
the results produced using a fourth order modeling strategy. According to their
findings, second-order analysis is better for design and optimization due to the
shorter computational time.

5 Model Validation

The thermal methods have been studied with a standard Stirling engine that
has been implemented as a subject of investigation for several studies.A General
Power Unit-3 (GPU-3) Stirling engine is used in order to validate each thermo-
dynamic analysis of a Stirling engine, heat pump, and refrigerator. Comparisons
between the thermal efficiency of Stirling engines with different thermal ap-
proaches are illustrated through Fig 9 .
The efficiency of various second-order thermodynamic modeling techniques of
the Stirling engine is shown in Fig. 9. Therefore, it can be concluded that the
non-ideal second order model is more accurate than all current second-order
thermal models to forecast the performance of the GPU-3 engine at the design
average effective pressure of 4.14 MPa, heater temperature of 977 K, and cooler
temperature of 288 K.

6 Conclusion

In this paper, the thermodynamic analysis of the Stirling heat pump, which is
adapted from the Stirling engine model, are extensively reviewed and compared
with the experimental value of GPU-3 Stirling engine. Those models start from
the simple zero-order model up to the fourth-order model.The zero order models
are empirical approaches that use experimental parameters for predicting the
performance of the engine, whereas the first-order models concentrate on closed-
form mathematical models.On the other hand, the second, third, and fourth-
order models are numerical models with increasing degrees of accuracy.
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Fig. 9. Comparison of various second order engine models

The distribution of losses and the flow fields in the engine had been enhanced
by the fourth-order model compared to the other numerical models; however, the
outcomes of this method were not considerably superior to those of second order
models.Furthermore, compared to second order numerical analyses, fourth order
studies need a lot of computing time.

As a result, the review highlights considerable value in the second-order
model, which is better than the other model for thermal analysis of Stirling
heat pumps in terms of predicting precise and consistent findings in less compu-
tational time. A comparison between the thermal efficiency of each second-order
model and the experimental approaches is illustrated.The result of this compar-
ison showed that the non-ideal second order with additional loss effects is better
than the other methods.
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