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Abstract

A fractional order constitutive behavior law is proposed in this paper to describe
the viscoelasticity of the nonlinear rod. The fractional governing equation of the
nonlinear viscoelastic rod is established. An effective algorithm based on the shifted
Legendre polynomials is used to solve the governing equation directly in the time
domain. The effectiveness of the proposed numerical algorithm is confirmed by the
convergence analysis. Its accuracy is verified by the comparison with the analytical
solution of a dimensionless equation. The dynamic response of the viscoelastic rod
under various loading conditions is analyzed. The influence of loading parameters
on the dynamic characteristics of the rod is investigated according to the evolution
of displacement and stress.

Keywords: Nonlinear viscoelastic rod, Differential equation, Fractional order

constitutive model, Numerical solution, Dynamic analysis.

1. Introduction

Viscoelastic materials are widely applied in the fields of biology, physics and

engineering [It 2. However, the mechanical behavior of viscoelastic materials is
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significantly affected by various loading conditions. The mechanical behavior of
viscoelastic materials changes with time [3; 4]. The viscoelasticity of the graphene
reinforced polymer nanocomposites was investigated by using coarse-grained molec-
ular dynamics [5]. The interfacial interactions between graphene and polymer
affected the dynamic modulus of the nanocomposites, which improved the un-
derstanding of failure mechanisms of composite in nanoscale. The viscoelastic
behaviors of loaded elastomers were modelling based on their experimental sur-
faces tensions [6]. The developed method permitted a numerical simulation for the
dynamic moduli in filled elastomers.

In recent years, more and more attentions have been paid on the fractional
calculus in the field of mathematic, physics and mechanical engineering [TH9]. The
fractional order operator is an effective tool in describing the viscoelastic behavior,
especially in establishing the time-varying model [I0HI3]. Fractional viscoelastic
model is widely used because they can describe the behavior of viscoelastic ma-
terials with fewer parameters [I4]. Denis et al. [I5] proposed a hysteretic model
using the fractional derivative to describe the mechanical behavior of fiber rein-
forced composites. The results indicated that it predicted more accurately the
residual stress and plastic strain of the composites. Loghman et al. [16] employed
a fractional order Kelvin-Voigt model to describe the viscoelasticity of the micro-
beam. The numerical results showed that the effects of the fractional derivative
were considerable, especially when the amplitude of vibration was high.

Rod is considered to be an essential structure in aerospace, biomechanics and
mechanical engineering [I7HI9]. Its dynamic behavior is considered as a main
scientific issue to improve the accuracy of the numerical modeling. Alp et al. [20]
solved the motion equation of the cycloidal rod in the Laplace domain by using the
complementary function method to study their dynamic response in the damping
and free vibration. Adhikari et al. [2I] obtained the stiffness and mass matrix of
the rod according to the conventional finite element method, and analyzed the free
and forced axial vibration of the damped nonlocal rod. Mazur-Sniady et al. [22]
researched the axial vibration of a finite period composite rod under two various

moving random loads by using the perturbation method. Malara et al. [23] used



the boundary element approach to solve the differential equation, and analyzed
the response statistics of the fractional order rod under random excitation. Du et
al. [24] proposed a unified model to describe the static equilibrium of the elastic
rods with large deformations. A nonlinear optimization algorithm based on the
total potential energy was introduced to effectively solve the equilibrium problem
of the rod with various boundary conditions. Ausas et al. [25] used Cosserat rods
to modelling one-dimensional solid with large deformations in Newtonian fluids.
An active response was obtained for the planar non-shaearable solid according to
the time dependent strain energy. Zhang [26] proposed a new high order finite
difference method based on nonlocal elasticity theory to predict the axial vibration
behavior of variable density elastic nanorods. Shakhlavi [27] used Galerkin and
multi-scale methods to analyse the vibration characteristics of the viscoelastic rod
with thermal environment.

Different from the above methods, fractional models possess memory character-
istics and the advantages of less parameters and high accuracy. They have become
the powerful mathematical modelling tools to describe the material mechanical be-
haviors [28H31]. Patnaik et al. [32] employed a fractional-order nonlocal model to
study the static and dynamic response of plates with different loading and boundary
conditions. Stefanski [33] used fractional order model to describe the wave prop-
agation and discussed the further application in electromagnetic cloaking. Javadi
and Rahmanian [34] applied the fractional Kelvin-Voigt model to describe the vis-
coelastic behaviors of materials. The influence of parameters in the model on the
resonance of the beam was analysed under various excitations. Cao et al. [35] an-
alyzed the dynamic analysis of viscoelastic columns under different external loads
and the stress and strain at different times based on the fractional order model.
Dang and Chen [36] analyzed the dynamic characteristics of viscoelastic arch with
variable cross section based on fractional order model. Sun et al. [37] numerically
analyzed fractional order viscoelastic plates in the time domain, and also analyzed
the effect of damping coefficient on their vibration amplitude.

Development of an effective numerical algorithme for obtaining the approximate

solutions of fractional differential governing equations has become a main research



issue. Ibraheem et al. [38] proposed an optimal variational iteration method to
solve partial and ordinary fractional differential equations. Usman et al. [39)
employed linearized sepctral and semi descrete methods to solve the fractional
nonliear differential equation. The proposed method converted the highly nonlinear
problems into a set of linear equations.

Orthogonal polynomials play an important role in solving fractional differential
equations. Heydari et al. [40] used a numerical algorithm based on the Chebyshev
polynomials to sovel the time fractional system. The proposed method transformed
the fractional system into an algebraic system to approximate the unknown solu-
tion. Heydari et al. [41] solved a variable fractional order nonlinear coupled system
based on shifted Legendre polynomials. Cao et al. [42] calculated the numerical
solution of PMMA viscoelastic beam by using the shifted Legendre algorithm.
Hesameddini and Shahbazi [43] solved the two-dimensional fractional integral e-
quation using shifted Legendre polynomials. Hosseininia et al. [44] solved the
extended Fisher Kolmogorov equation by using the shifted Legendre polynomial
and the collocation method. The efficiency and accuracy of the shifted Legendre
method are confirmed in the literature. In this paper, the shifted Legendre poly-
nomials is employed to solve the fractional governing equations of the viscoelastic
rod.

In this paper, a numerical algorithm based on shifted Legendre polynomials is
used to obtain the approximate solutions of the fractional governing equation of
nonlinear viscoelastic rod. The solutions are obtained directly in the time domain.
Convergence analysis is performed to verify the effectiveness of the proposed al-
gorithm. The evolution of the displacement of the viscoelastic rod under different
loading conditions is analysed. The influence of loading parameters on its dynamic
characteristics is investigated.

Section [2] introduces the definitions and characters of Caputo derivative and
fractional order derivative. In section [3| the fractional order constitutive equation
is used to establish the differential equation for the fractional order nonlinear vis-
coelastic rod. Section [4] presents the definition of shifted Legendre polynomials

and deduces the differential operator matrix. In section [5] the convergence anal-



ysis is given, the numerical solution of a dimensionless equation is obtained, and
compared with the analytical solution. In section [6} the dynamic characteristics
of viscoelastic rod are studied and discussed. Section [d is the conclusion of the

research work.

2. Caputo fractional order derivative

In the section, the definition and some properties of Caputo fractional order
derivative are given.

Definition 1: Caputo fractional order derivative [15]

dzf(w) a=meNT

Da _ z’ﬂl b)

=/(2) L[ W) gy 0<m—1<a<m
T(m—a) Jo (@=yyo-m1Y;

(1)

where « is fractional order derivative, 0 < a < 1, the function f(z) is continuous,

I (*) is the Gamma function

o0
T'(2) :/ e T e (2)
0
By this definition, the following formula is obtained

Mm”*a n=12,..
DS = F<n+(1)—a> o (3)
b n =

The properties of Caputo fractional order derivative are

DEC =0 (4)

Dg{uf(x) + &g(x)] = nD3 f(x) + D g(x) ()

where C, p and & are constants.

3. Equation of motion

The fractional order model is applied to describe the stress-strain relationship

of the viscoelastic rod [45]:

o(x,t) = Ere(x,t) + EoDye(x,t) (6)



E; and E, are instant and prolonged elasticity modulus, respectively, Dy is «
fractional order operator defined by Caputo, o(x,t) and (x, t) are stress and strain
respectively.

The relationship between strain and axial displacement is

ow(x,t
cla,) = 2420 )
The viscoelastic rod under external load is shown in Fig. Where [ is the
length of the rod, f(x,t) is the external load, and w(z,t) is the axial displace-
ment. Based on Ref. [23], the differential equation of fractional order nonlinear
viscoelastic rod under excitation load is obtained

0?w(x,t)
ot?

0%w(x,t)
Ox?

82w (z, t)

D s copu(a, ) +erput (e, t) = f(2,) (9)

14 7E1 7E2Dta

p is volumetric mass density, ¢y and ¢; are the characteristic parameters of Winkler-

kind loads.
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Fig. 1. Viscoelastic rod under external load.

Boundary conditions

w(0,t) =w(l,t)=0 9)
Initial conditions
w(z,0) = w =0 (10)

4. Numerical algorithm

In this part, the numerical solution to the fractional differential equation is ob-
tained using the shifted Legendre polynomials algorithm. The differential operators

of polynomials with integral and fractional orders are represented.



4.1. Polynomials definition
Definition 2: The shifted Legendre polynomials of n-order on [0, 1] is [40]

K . I'(n+k+1)
@) = 2 D e D e 1D

where £ =0,1,2,...,n.
Let ¢(x) represent a matrix consisting of a series of shifted Legendre polyno-

mials, which can be expressed as

$(2) = [ln0(2), Ln1 (2), el (@) = AH () (12)
where H(z) = [1,x,...,2"]",
)itk DUtkED) s g
A= [a’jk}?k:O Qg = ) TG—k+D(T G027 = (13)
’ 0, j<k

By extending the shifted Legendre polynomials from the interval [0,1] to the

interval [0, S], and the expression is

_ Y n L (ntkt1) z
Lo () = kz_:o (=1)"** T(n—k+1)(T(k+1))2 ()" (14
n n T(ntk+1
= l;o (=t r(n—k(+1)(r(k)+1))2 (3)*a*
where £ =0,1,2,...,n.
Therefore, ¢(x) can be converted to
¢(z) = UH (z) (15)
_1)itk L(j+k+1) 1yj s
where U = [ujk]r}k—o y Ujke = (=1 D(j—k+1)(T(j+1))? (S)j] 2k
P 0, j<k
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Loa(t) = X (=)™ st ()
“n 16
_ _1)ntk (ntk+1) 1 kg (16)
= Afo( ) T(n—k+1) (T (k+1))2 (%)
where k£ =0,1,2,...,n.
o(t) = VH(t) (17)
where ¢ € [0,K], H(t) = [1,t,...,t"]"
_Vi+k_ LUk  1y5 S
V= (o] g i = (D rg=mmraroe (R) 7 2 k (18)

0, i<k



4.2. Displacement function approximation

The displacement function w(t) is continuous in [0, K], the approximation of

w(t) by shifted Legendre polynomials is
w(t) ® wn(t) =Y bpLnk(t) = B o(t) (19)
k=0

where BT = [bg, b1, ..., b,]. That

Let
Q= (o), 9" (1)) = [08]] 1o (21)
T =k

0, J#k

order n + 1 with positive diagonal elements, So @ is reversible. Therefore

where 0, = fOK L, ;(t)Ly, x(t)dt = . @ is a diagonal matrix of
BT = (w(t),¢" (1)) Q7' (22)

Similarly, the continuous function w(t) in the domain [0, S] can be approximated

as

w(z) = wy,(x) = Z ixLn k(1) = IT¢(2) (23)
k=0

where I'T = [ig, i1, ...,4n]. SO

I (¢ (), 0" (2)) = (w (t),¢" (2)) (24)
Let
P=(¢(x),0" (2)) = [A]} ;g (25)
where 0 = [ Ln j(x)Lnx(2z)dz = Hk+ . P is a diagonal matrix of
0, J#k

order n + 1 with positive diagonal elements, So P is reversible. Therefore

I =(w(t),¢" (x)) P! (26)



Two dimensional continuous function w(z,t) € L*([0, S] x [0, K]) is written as
n n
w(z,t) ~ Z chkLn,j(x)Ln,k(t) = ¢T(z)Co(t) (27)
§=0 k=0

where C' = [Cjk]?kzo is the matrix coefficient to be solved.

4.8. Derivation of operator matrizx
4.3.1. Integer order operator matrix

The expression of the first-order derivative of ¢ (z) with respect to x is [41} [42].
¢'(r) = (UH(x)) = UH'(z) = UPH(z) = UPU ™" ¢(x) = Ny ¢(z) (28)

Gi=k+1

0,j #k+1
Therefore, the polynomial’s first-order differential operator matrix is deter-

where P = [pjk]?kzo, Pik = ,and N, = UPU!.

mined to be N,.
The second-order derivative of ¢ (z) with relation to z is denoted by [47 [48].

¢"(x) = (UH(2))" = U(H'(z))" = (UPU'¢(x))’

(20)
= UPU~'¢/(2) = (UPU")24(x) = N26(x)

where N? = (U PU ’1)2 is the polynomial’s second-order differential operator ma-
trix.
An array of integer order operators is derived from the obtained first-order and

second-order operator matrices

o™ (z) = (UPU )" ¢(x) = NI"p(x)

(30)
o™ (1) = (VPV- 1) e(t) = N"o(t)
The differential term in Eq. is written as
wa,tN6¢TzC¢t 78¢Tz
8(x ) g O (81: ®) _ 6)I( )C¢(t) 1)
= ¢ (x)(UPU)C¢(t)
2w z, 2 T T 2., T T
550 o K" pioae) = 20y )
= ¢T(z)(UPU1)*C(t)
Pw(a,t) . 02T (2)Coh(1) _ %9(t)
gt;t ~ 89;2 - (bT(:L-)C ot2 (33)

= ¢T (z)C(VPV~1)%(t)



4.3.2. Fractional order

If the matrix N, satisfying D¢ (t), the following expression is obtained from

415 42

Dy¢o(t) =D¥(VH(t)) =VDyH(t) = VFH(t) (34)

rG) 4—a +_ 1. 4
where F = [fjk]j,k:o ,fik = L(i+1) |
0, otherwise.

Due to H(t) = V71¢(t), D&o(t) can get be expressed
DPo(t) = Neo(t) = VEV ™ o(1) (35)

The fractional order term in the Eq. is

Dp P55t ~ D [¢7 (x)(UPU~1)2C(1)]
= ¢T(x)(UPU')?C Dy (1) (36)
= ¢T(z)(UPUY)2CVEV~1¢(t)
4.4. Transformation of the governing equation
The governing equation of the rod can be expressed by using the differential
operator matrix defined previously
pdT (2)C(VPV—124(t) — E1¢T (2)(UPUY)2Co(t) — By (2)(UPUY)2CVEV~1¢(t)
+eopd” (2)Co(t) + c1p(¢” (2)Co(1))* = f(,1)

(37)
Convert boundary conditions to
¥ (0)Co (t) =0
o7 (0)Co (1) .
T () Co(t)=0
Convert initial conditions to
T(2)Cp(0) =0
67 (@)Co(0) )

¢ (x)C(VPV~1)$(0) =0

Eq. can be transformed into algebraic equations, in which the coefficient

matrix are identified by using the least square method.
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5. Convergence analysis and dimensionless equation

5.1. Convergence analysis

w(t) is a sufficiently smooth function on [0, K], ¢, (¢) is the interpolation poly-
nomial of w at t;, t; (n =0, 1, ...,n) is the root of n+1 degree Chebyshev polynomial
at [0, K], then there is

W@+ (£)
wi) —an ) =" O, K] (40

Therefore, it can be obtained

An(K)TL—‘rl

0 (t) = g ()] < 55

(g 1) (41)

whereA,, = maxo<;<k |w(”+1) (t)|
Theorem 1. Suppose w(t) is a continuous differentiable function,w,, (t) =
DT (t) is the shifted Legendre polynomials expansion of the exact solution w(t),

D = [dO»dla~--dn]v¢( ) [(ZSO (t)’¢1 (t)7¢n (t)}

Let wy, (t) = Z a;¢; (t) be an approximate solution, there are real numbers A
=0
and p, such that

B An(K)nJrl N
e (8) = 0n Oll> < Az +#I2 — Dl (42)

The norm on the right is the Euclidean norm of a vector.
Proof. R|t] is a space of real-valued polynomials of order < n, w, (¢) and

Wy, (t) are in space R[t], Wy, (t) is the best approximation of w(t).

[w (&) = wn ()] < [Jw (t) = wn @) + [[wn (8) = o0 (@) (43)

According to Eq. , we can get

[N

I 0) = Ol = (o €)= e ()
(foK zé‘nfn’ff)rdt>2 (44)
\/E A, (K)mt!

2n+1 n+1)l
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Then

=

n _ 2 2
l|wn (t) — @ ()], = <foK {Z (di — d;) ¢ (t)] dt)

=0
< (W [G-ar] [Seora])
= [2 |di - dzf] ) (2 Jo 1 <t>|2dt> ’

=0, (K £ 55)

So/\:\/F,,u:MK(i 21“)
1=0

The above theorem is proved.

5.2. Dimensionless equation

The structure of the dimensionless equation is consistent with the governing
equation of nonlinear viscoelastic rod (Eq. (8)). The shifted Legendre polynomials
algorithm is used to determine the numerical solution. The coefficients in the
equation are dimensionless. Its analytical solution is known and it is used to verify
the accuracy of the proposed algorithm.

The dimensionless equation is expressed as

Pw(x,t)  Pw(w,t)
600 oz a2

0w (w,t)

50 +100000w(z, t) +w(x,t) = f(x,t) (46)

- DY
These are the boundary conditions
w(0,t) =w(l,t)=0 (47)

where a = 0.35, the exact solution of Eq. is w(x,t) = 23(1 — )32
Substitute the exact solution into Eq. , and we get

fla,t) = 120023(1 — )% — 6[23(1 — x) — 32%(1 — 2)? + (1 — z)3]¢?
— 6?1 - 2) = 322(1 = 2) + 2(1 — 0)°] gy 2 (48)
+10000023(1 — )32 + [23(1 — z)3¢?]

The shifted Legendre polynomials algorithm is applied to solve the differential

governing equation at n = 6, the exact solution and numerical solution are denoted

12



by w(x,t) and w,(z,t), respectively. The numerical solution is essentially consis-
tent with the analytical solution, as illustrated in Fig. The absolute error is

en = |wp(z,t) — w(z,t)|.

0.02 0.02
Zoo Z 001
2 =
0 0
1 1

(a) exact solution (b) numerical solution

Fig. 2. n = 6, numerical solution and exact solution at different points.

As can be clearly seen from Fig. [3] an increase in the number of terms n leads
to a gradual decrease in absolute error and a higher accuracy of the numerical solu-
tion. The validity and accuracy of the shifted Legendre polynomial algorithm are
proved. It is further demonstrated that the algorithm is an effective algorithm for
analyzing the dynamic characteristics of fractional order viscoelastic rod. There-

fore, the following dynamic analysis of a viscoelastic material rod retains n = 6 for

calculation.

x10°°

e (x1)

(a) n=4 b)yn=>5 (c)n=6

Fig. 3. Absolute error when n is different.
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6. Dynamic analysis

In this part, the dynamic characteristics of nonlinear viscoelastic rod are exam-
ined using the shifted Legendre algorithm.

The geometrical characteristics and material properties of viscoelastic rod are
shown in the following Tab. [1| [23], calculation by assumption ¢y = 1.34 x 10~4s~2

and ¢ = 1.34 x 10~*m—2s72.

Table 1: Geometrical characteristics and material properties of viscoelastic rod.

Physical quantity Symbol  Value Unit
Length l 1 m
Cross-sectional area A 1 m?
Density p 7500 kg/m?3
Instant elasticity modulus E; 2 x 101! Pa

Prolonged elasticity modulus E, 2 x 1011 Pas®

6.1. The effect of uniformly distributed axial load

The fractional order viscoelastic rod differential equation is directly derived in
the time domain using the shifted Legendre algorithm. The numerical solutions
of displacement for various uniformly distributed axial load, at different times and
locations, are shown in Fig.

As shown in Fig. 4] when uniformly distributed axial load of different magni-
tudes are applied to the viscoelastic rod, the displacement at both ends of the rod
is always zero, independent of time, and conforms to the boundary conditions. The
displacement of the viscoelastic rod is the largest at 0.5 m, and the displacement
change is symmetric about x = 0.5 m. The displacement of the rod increases with
applied uniform load. When the same uniform load is applied, the displacement

will increase with loading time.

6.2. The effect of linearly distributed load
Apply linear loads to the viscoelastic rod, such as f = ax + b. Fig. [5| shows

the numerical displacement solutions at the time of ¢ = 0.5 s and ¢t = 1 s when the

14
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Fig. 4. The displacement change of the rod under different uniformly distributed

axial load.

viscoelastic rod is subjected to the various linear loads.

3 x10°®
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Fig. 5. Displacement of the rod under different linearly distributed load.

Fig. [5| clearly shows that the evolution of the displacement of viscoelastic rod

under linear load is consistent, which is symmetrical in the middle, and reaches the

maximum value at x = 0.5 m. The displacement of viscoelastic rod is related to a

and b in the linear loads. In Fig. b is fixed as constant 1, and when a rises,
the displacement increases as well.; in Fig. [5(b)l a is fixed as constant 0.2, and

the displacement also increases with the increase of b. The numerical calculation

results are in good agreement with the actual observation results, which verifies

the efficiency of the algorithm.
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6.3. The effect of harmonic load

The viscoelastic rod is subjected to a harmonic load in the form of f =
Acos(Bt), A and B are amplitude and frequency respectively. The displacement
changes of the viscoelastic rod under different harmonic loads and different times

are shown in Fig. [6]
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Fig. 6. Displacement of the rod under different simple harmonic loads.

It can be clearly seen from Fig. [6]that harmonic load is applied to the viscoelas-
tic rod, and the change of displacement is basically zero at both ends of the rod
and reaches the maximum value in the middle of the rod. When the viscoelastic
rod is subjected to the same load, as the amount of time increases, the rod’s dis-

placement will also rise. When the viscoelastic rod is exposed to various harmonic
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loads, the displacement of the rod will rise with an increase in A when B is fixed,

and decrease with an increase in B when A is fixed.

6.4. The evolution of stress under uniformly distributed azial load

Eq. @ states that by using the algorithm, the numerical solution of stress
can be obtained. The stress values of viscoelastic rods under uniformly distributed

axial load are shown in Fig. [7]
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Fig. 7. Stress of the rod under different values of uniformly distributed load.

The stress variation diagram of viscoelastic rod subjected to different uniformly
distributed axial load can be clearly seen in Fig. [} The stress value is also

symmetrical about x = 0.5 m. The stress value is zero when the loading time is 0.

17



At the same loading time, the rod has the highest stress value at both ends. The
displacement of the rod increases with value of uniformly distributed load. The
value of stress in the middle of the rod is smallest, which is consistent with the

evolution of the displacement.

7. Conclusions

The fractional differential governing equation of the nonlinear viscoelastic rod is
established by using the fractional order constitutive model. An effective numerical
algorithm based on the shifted Legendre polynomials is proposed to solve directly
the fractional governing equation in the time domain. The convergence analysis
is performed to validate the proposed method and confirm its efficiency. The
numerical solution of the displacement of the viscoelastic rod is obtained under
various external loading conditions.

1. The fractional order behavior law is successfully implemented in the gov-
erning equation of the nonlinear rod to take into account the viscoelasticity of the
material.

2. When the uniformly distributed axial load and linearly distributed axial load
are applied on the rod, the displacement increases with the value of the load and
time.

3. The displacement of the rod increases with time, when the simple harmonic
load is applied. The displacement increases with the amplitude of the load and
decreases with the frequency.

4. The stress of the viscoelastic rod under different values of uniformly dis-
tributed axial load is calculated. The maximum value of stress is at the ends of

rod and the minimum value is in the middle of the rod.
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