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Abstract

In high performance computing, scheduling and allocating tasks to machines has long been a critical
challenge, especially when dealing with heterogeneous execution costs. To design efficient algorithms and
then assess their performance, many approaches have been proposed, among which simulations, which
can be performed on a large variety of environments and application models. However, this technique
is known to be sensitive to bias when it relies on random instances with an uncontrolled distribution.
In this article, instead of designing a new optimization method, we focus on generating cost matrices
to improve the empirical evaluation methodology. In particular, we use methods from the literature to
provide formal guarantee on how costs matrices are distributed: we ensure a uniform distribution among
the cost matrices with given task and machine heterogeneities. Although the use of randomly generated
matrices has often been criticized, this new generation procedure is the first that is proven to prevent
biased generation by ensuring a uniform generation with given properties. This method is relevant to
assess the performance of scheduling heuristics, in particular when characterizing for which parameter
values a given approach performs better than others. When applied to a makespan minimization problem,
the methodology reveals when each of three efficient heuristics performs better depending on the instance
heterogeneity.

1 Introduction

Empirical assessment is critical to determine the best scheduling heuristics on any parallel platform. However,
the performance of any heuristic may be specific to a given parallel computer. In addition to experimentation
on real platforms, simulation is an effective tool to quantify the quality of scheduling heuristics. Even though
simulations provide weaker evidence, they can be performed on a large variety of environments and application
models, resulting in broader conclusions. However, this technique is sensitive to bias when it relies on random
instances with an uncontrolled or irrelevant distribution. For instance, in uniformly distributed random
graphs, the probability that the diameter is 2 tends exponentially to 1 as the size of the graph tends to
infinity [1]. Even though such instances may be sometimes of interest, they prove useless in most practical
contexts. We propose a method that generates instances with a known distribution for a set of classical
problems where tasks must be scheduled on machines (or processors) with heterogeneous execution costs.
This is critical to the empirical validation of many new heuristics like BalSuff [2] for the problem R||Cmax

and PEFT [3] for R|prec|Cmax in Graham’s notation [4].
In this context, an instance consists of a n×m cost matrix, M , where the element of row i and column j,

M(i, j), represents the execution cost of task i on machine j. Like the diameter for graphs, multiple criteria
characterize cost matrices. First, the heterogeneity can be determined globally with the variance of all costs,
but also relatively to the rows or columns. For instance, the dispersion of the means for each row, which
corresponds to the varying costs for each task, impacts the performance of some scheduling heuristics [2].
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Figure 1: Cost variance and mean row and column correlations at each iteration of the shuffling method [2]
when generating a 100 × 30 cost matrix. The shuffling method arbitrarily stops after 3 000 iterations
(represented by the black vertical line).

The correlation between the rows and columns also plays an important role as it corresponds to the machines
being either related or specialized (i.e. with some affinity between the tasks and the machines [5]).

Among existing methods, the shuffling one [2] starts by an initial matrix in which rows are proportional
to each other (leading to unitary row and column correlations). Then, it proceeds to mix the values in
the matrix such as to keep the same sum on each row and column. This ensures that the row and column
heterogeneity remains stable, while the correlation decreases. However, this ad hoc approach provides no
formal guarantee on the distribution of the instances. In addition, when the number of shuffles increases, the
variance of all costs increases, which leads to non-interpretable results (see Figure 1).

While other methods exist, it remains an open problem to ensure a uniform distribution among the
instances that have a given task and machine heterogeneity. Our contribution is to control the row and
column heterogeneity while limiting the overall variance and ensuring a uniform distribution among the set of
possible instances. The approach is based on a Markov Chain Monte Carlo (MCMC) process and relies on
contingency tables1. More precisely, the proposed random generation process is based on two steps. For a
given n (number of tasks), m (number of machines) and N (sum of all task costs):

1. Randomly generate the average cost of each task and the average cycle time of each machine. This random
generation is performed uniformly using classical recursive algori-
thms [6]. To control the heterogeneity, we show how to restrict this uniform random generation
to interesting classes of vectors. This step is described in Section 3.

2. Next, use a classical MCMC approach to generate the cost matrices: from an initial matrix, a random
walk in the graph of contingency tables is performed. It is known (see for instance [7]) that if the Markov
Chain associated with this walk is ergodic and symmetric, then the unique stationary distribution
exists and is uniform. Thus, walking enough steps in the graph leads to any state with the same
probability. Section 4 provides several symmetric and ergodic Markov Chains for this problem. The
main contribution of this section is to extend known results for contingency tables to contingency tables
with min/max constraints.

In Section 5, we use our random generation process to evaluate scheduling algorithms. The algorithms are
implemented in R and Python and the related code, data and analysis are available online 2. This article
extends our previous initial work [8] mainly with a new generation method for the average costs in Section 3
and various resulting adaptations and improvements.

1A contingency table is a positive matrix with the sum of each row (resp. column) displayed in an additional total row (resp.
column). They are usually used to show the distribution of two variables.

2https://github.com/lccanon/artifact-mcmc2024
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The article’s primary contribution lies in the enhanced generation method detailed in Section 3. Unlike
the previous approach, our method enables control over task and machine heterogeneity, key parameters
often defining the application context and influencing heuristic performance, as illustrated in Section 5 (see
also Table 1). Additionally, the article offers streamlined, comprehensive proofs of the theoretical results and
introduces new experiments tailored to the improved generation method, presented in Section 5.

2 Related Work

Two main methods have been used in the literature: RB (range-based) and CVB (Coefficient-of-Variation-
Based) [9, 10]. Both methods follow the same principle: n vectors of m values are first generated using a
uniform distribution for RB and a gamma distribution for CVB; then, each row is multiplied by a random
value using the same distribution for each method. A third optional step consists in sorting each row in a
submatrix, which increases the correlation of the cost matrix. However, these methods are difficult to use
when generating a matrix with given heterogeneity and low correlation [5, 2].

More recently, two additional methods have been proposed for a better control of the heterogeneity: SB
(shuffling-based) and NB (noise-based) [2]. In the first step of SB, one column of size n and one row of size m
are generated using a gamma distribution. These two vectors are then multiplied to obtain a n×m cost
matrix with a strong correlation. To reduce it, values are shuffled without changing the sum on any row or
column as it is done is Section 4: selecting four elements on two distinct rows and columns (a submatrix
of size 2 × 2); and, removing/adding the maximum quantity to two elements on the same diagonal while
adding/removing the same quantity to the last two elements on the other diagonal. While NB shares the
same first step, instead of shuffling the elements, it introduces randomness in the matrix by multiplying each
element by a random variable with expected value one. When the size of the matrix is large, SB and NB
provide some control on the heterogeneity but the distribution of the generated instances is unknown.

Finally, CB (combination-based) and CNB (correlation noise-based) have been proposed to control the
correlation [5]. The correlation property, first mentioned with the introduction of RB and CVB, characterizes
how each row (or column) relates to each other. With highly correlated matrices, the cost of a task is
almost proportional to both its cost and the cycle time of its allocated machine. Inversely, matrices with low
correlation are specialized (or unrelated) and each task has an affinity for a distinct machine. This correlation
is computed both on the rows and the columns, leading to 2 measures. CB combines correlated matrices with
an uncorrelated one to obtain the desired correlation. CNB is a variation of the previous NB (noised-based),
which takes as input the target correlation. As for SB and NB, both methods have asymptotic guarantees
on the heterogeneity and correlation of generated cost matrices, but no guarantee on how instances are
distributed.

The present work relies on contingency tables, which are important data structures used in statistics
for displaying the multivariate frequency distribution of variables, introduced in 1904 by K. Pearson [11].
The MCMC (Markov Chain Monte Carlo) approach is the most common way used in the literature for the
uniform random generation of contingency tables (see for instance [12, 13]). Mixing time results have been
provided for the particular case of 2× n sized tables in [14] and later using a coupling argument in [15]. In
this restricted context, a divide-and-conquer algorithm has also been pointed out [16]. In practice, there are
MCMC dedicated packages for most common programming languages: pymc3 for Python, mcmc4 for R, . . .

More generally, random generation is a natural way for performance evaluation used, for instance, in
SAT-solver competitions5. In a distributed computing context, it has been used for the random generation of
DAG modelling task graph for parallel environments [17, 18].

3https://pypi.python.org/pypi/pymc/
4https://cran.r-project.org/web/packages/mcmc/index.html
5http://www.satcompetition.org/
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3 Contingency vectors initialization

Considering n tasks and m machines, the first step to generate instances is to fix the average cost of each
task and the average cycle time of each machine. Since n and m are fixed, instead of generating averages, we
generate the sum of the costs/times on each row and column, which is equivalent. Given n,m and N (total
cost), the problem becomes to generate randomly (and uniformly) two vectors µ ∈ Nn and ν ∈ Nm satisfying:

n∑
i=1

µ(i) =

m∑
j=1

ν(j) = N, (1)

where for any vector v = (v1, . . . , vℓ) ∈ Nℓ, vi is denoted v(i). To ensure a minimum or maximum cost/time,
we may also want to control the range of the v(i) by imposing that for each i, α ≤ v(i) ≤ β, where α and β
are fixed. Note that choosing α = 0 and β = N corresponds to the unconstrained case.

To control the heterogeneity of the tasks and machines, we ensure that vectors µ ∈ Nn and ν ∈ Nm have
each a given CV6. Even though the description is only given for µ, we will use the same algorithm for both
vectors. Using Equation (1), one has

Var[µ] =
1

n

n∑
i=1

µ(i)2 −
(
N

n

)2

.

By setting S =
∑n

i=1 µ(i)
2 and CV (µ) =

√
Var[µ]

N/n , we further have that

CV (µ) =

√
n

N2
S − 1, (2)

or equivalently

S =
N2

n
(CV (µ)2 + 1). (3)

It follows that when N and n are fixed, the value of CV (µ) depends only on the value of S.
Before describing the random generation algorithms, we proceed to a simplification to avoid handling the α

constraint using a translation. Considering a vector µ such that µ(i) ≥ α for each i, we set µ′ = µ−(α, α, . . . , α),
N ′ = N − nα and S′ =

∑n
i=1 µ

′(i)2. Since Var[µ] = Var[µ′] and using (2) and (3), one has

S′ =
N ′2

n
(CV (µ′)2 + 1)

=
N ′2

n

(
Var[µ′]

(N ′/n)2
+ 1

)
=

N ′2

n

(
Var[µ]

(N ′/n)2
+ 1

)
=

N ′2

n

(
(CV (µ)N/n)2

(N ′/n)2
+ 1

)
=

N ′2

n

(
(CV (µ)N)2

N ′2 + 1

)
=

1

n

(
CV (µ)2N2 +N ′2) .

It follows there is a bijection (which is a translation) from the set of vectors µ satisfying
∑n

i=1 µ(i) = N ,
CV (µ) = c and for each i, α ≤ µ(i) ≤ β, and the set of vectors µ′ satisfying

∑n
i=1 µ

′(i) = N − nα,
CV (µ′) = N

(N−nα)c and for each i, 0 ≤ µ′(i) ≤ β − α.

6Coefficient-of-Variation, the ratio of standard deviation to the mean, a relative measure of statistical dispersion.
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Algorithm 1: Generate sequences with a fixed CV (up to ε)

Input: Integers N , n, α, β; Rational CV , ε
Output: µ ∈ Nn such that α ≤ µ(i) ≤ β and (1− ε)CV ≤ CV (µ) ≤ (1 + ε)CV and

∑
i µ(i) = N if it

is possible, ⊥ otherwise.
1 begin
2 N ′ = N − nα

3 Smin =
⌈
1
n ((1− ε)2CV 2N2 +N ′2)

⌉
4 Smax =

⌊
1
n ((1 + ε)2CV 2N2 +N ′2)

⌋
5 for 1 ≤ i ≤ n and 0 ≤ j ≤ N ′ and 0 ≤ s ≤ Smax do

6 compute gβ−α
j,i,s using (4) and (5)

7 if N < nα or nβ < N or
∑s=Smax

s=Smin
gβ−α
N ′,n,s = 0 then

8 return ⊥

9 pick at random S ∈ [Smin, Smax] with P(S = σ) =
gβ−α
N ′,n,σ∑s=Smax

s=Smin
gβ−α
N ′,n,s

10 µ = Algorithm 2(N ′, n, S, β − α, gβ−α
j,i,s )

11 return µ+ (α, α, . . . , α)

Algorithm 2: Generate sequences with a fixed sum of squares

Input: Integers N , n, S, β, gβk,i,s for k ≤ N , i ≤ n, s ≤ S

Output: µ ∈ Nn such that µ(i) ≤ β and
∑

i µ(i)
2 = S and

∑
i µ(i) = N if it is possible, ⊥ otherwise.

1 begin

2 if nβ < N or gβN,n,S = 0 then

3 return ⊥
4 t = 0
5 s = 0
6 for i ∈ [1, . . . , n− 1] do

7 pick at random µ(i) ∈ [0, β] with P(µ(i) = k) =
gβN−t−k,n−i,S−s−k2

gβN−t,n−i+1,S−s

8 t = t+ µ(i)
9 s = s+ µ(i)2

10 µ(n) = N − t
11 return µ
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Figure 2: Number of vectors µ for each CV with n = 10, N = 100, α = 0 and β = N . The smoothed line is
obtained by using a rolling median with 15 values (each value is set to the median of the 7 values on the left,
the current one and the 7 on the right). The ribbon represents the rolling minimum and maximum with 15
values.

Based on the above results, Algorithm 1 performs the random generation of an integer vector µ satisfying
the sum constraint, the α and β constraints, and a CV constraint (up to ε). This is done using a uniform
random generator (Algorithm 2) of a vector satisfying the same kind of constraints except on the CV, which
is replaced by an equivalent constraint on the sum of squares.

Algorithm 2 relies on the following constraints: let n, N and S be positive integers and Gβ
N,n,S be the

subset of elements µ of Nn such that N =
∑n

i=1 µ(i) and S =
∑n

i=1 µ(i)
2 and for all 1 ≤ i ≤ n, 0 ≤ µ(i) ≤ β

(i.e. the set of all possible vectors with values between 0 and β). Algorithm 2 uniformly generates a random

vector over Gβ
N,n,S by using the pre-computed gβk,i,s for k ≤ N , i ≤ n, s ≤ S, where gβN,n,S is the cardinal of

Gβ
N,n,S . By decomposition, one has

gβN,n,S =

min(β,N)∑
k=0

gβN−k,n−1,S−k2 . (4)

Moreover,

gβN,n,S = 0 if nβ < N and,

gβN,1,N2 = 1 if N ≤ β and,

gβN,1,S = 0 if N ≤ β and S ̸= N2.

(5)

Figure 2 shows the number of vectors µ for each CV. Note there may not always exist a vector µ for any
value of S, especially for large values. For instance, all values of S for which there exists at least one vector
are even when N is even and odd otherwise (see Proposition 1).

Proposition 1. For any vector µ, the total cost N and the sum of the square of all costs S share the same
parity.

Proof. Recall that N =
∑n

i=1 µ(i) and S =
∑n

i=1 µ(i)
2. Then N2 = S + 2

∑
i<j µ(i)µ(j). We have both that

N and N2 share the same parity and the second operand of the sum is even, which concludes the proof.

Therefore, there is at least one value with no possible vector µ for each pair of consecutive S. This
motivates using a flexible CV constraint up to ε.

The narrowness of the ribbon indicates that the rolling median is relevant to characterize how the numbers
of possible vectors µ are distributed. We observe that with n = 10 and N = 100, 96.7% of the vectors have a
CV between 0.5 and 1.5. Moreover, there are really few possible values for CVs greater than 2 (less than 0.06%).

Finally, by construction, the maximum CV for a vector of size n = 10 is

√
1/n×N2−N2/n2

N/n =
√
n− 1 = 3 (one

vector value to N , the others to 0).
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Figure 3: Minimal CV distance to the closest vector with larger CV, the same N , n = 10, α = 0 and β = N .

Figure 3 depicts the minimal CV difference between vectors with the same total cost N . For instance,
when N = 50, vectors with close but distinct CVs will differ from at least 0.001 and at most 0.01 when their
CVs are close to 1. For N = 25, the minimal CV difference is between 0.01 and 0.1 in the same situation.
Hence, the CVs of possible vectors cover a range with a better resolution with N = 50 than with N = 25.

Therefore, even though the proposed method is likely to produce a vector in most situations, one must
be careful to provide a sufficiently large margin ε when the total cost N is low and the target CV is either
low or high. This is further corroborated by Proposition 2, which states that the bound on the minimum
difference between two CVs decreases as N increases.

Proposition 2. Let n ≥ 2, N and S be such that gβN,n,S ̸= 0 and nβ > N . There exists S′ ̸= S such that

gβN,n,S′ ̸= 0 and |CV 2 − CV ′2| ≤ 2n/N where CV and CV ′ are the CVs of the vectors with S and S′,
respectively.

Proof. The proof relies on the following proposition.

Proposition 3. Let n ≥ 2, N and S be such that gβN,n,S ̸= 0 and nβ > N . There exists S′ ̸= S such that

gβN,n,S′ ̸= 0 and |S − S′| ≤ 2(β − 1).

Proof. Let x = (x1, . . . , xn) ∈ Gβ
N,n,S . Let xi = maxk xk and xj = mink xk.

Set x′ = (x′
1, . . . , x

′
n), where x′

i = xi − 1, x′
j = xj + 1 and x′

k = xk for k ̸= i, j.
Assume first xi > xj . Since xj < xi ≤ β, then xj + 1 ≤ β.
Assume now that xi = xj = N/n. Since nβ > N , then xj + 1 ≤ β.

In both cases, x′ ∈ Gβ
N,n,S′ , with S′ =

∑
k=1 x

′2
k . Now |S − S′| = |x2

i + x2
j − x′2

i − x′2
j | = |x2

i − (xi − 1)2 +

x2
j − (xj + 1)2| = 2|xj − xi − 1| ≤ 2(β + 1).

The proof of Proposition 2 is done by applying Equation (2) and Proposition 3 with β = N .
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Figure 4: Distribution of values with n = 10, N = 100, ε = 0, α = 1 and β = N for 3 vectors.

Finally, Figure 4 depicts the distribution of the vector values when varying the CV for n = 10 and N = 100.
The lower the CV, the narrower the distribution. An extreme case occurs when the variance is zero with all
values being equal (assuming n divides N). When the CV increases, the values spread over the valid interval,
until 2 modes can be identified. For the largest CV, all values except one take either the min value α or the
max value β.

4 Symmetric Ergodic Markov Chains for the Random Generation

We can now generate two random vectors µ and ν containing the sum of each row and column with Algorithm 1.
To obtain an actual matrix of costs, we use Markov Chains to generate the corresponding contingency table.
Random generation using finite discrete Markov Chains can easily be explained using random walk on finite
graphs. Let Ω be the finite set of all possible cost matrices (also called states) with given row and column
sums: we want to sample uniformly one of its elements. However, Ω is too large to be built explicitly. The
approach consists in building a directed graph whose set of vertices is Ω and whose set of edges represent all
the possible transitions between any pair of states. Each edge of the graph is weighted by a probability with
a classical normalization: for each vertex, the sum of the probabilities on outgoing edges is equal to 1. One
can now consider random walks on this graph. A classical Markov Chain result claims that for some families
of probabilistic graphs/Markov Chains, walking long enough in the graph, we have the same probability to
be in each state, whatever the starting vertex of the walk [7, Theorem 4.9].

This is the case for symmetric ergodic Markov Chains [7, page 37]. Symmetric means that if there is an
edge (x, y) with probability p, then the graph has an edge (y, x) with the same probability. A Markov Chain
is ergodic if it is aperiodic (the greatest common divisor of the lengths of loops of the graph is 1) and if the
graph is strongly connected. When there is a loop of length 1, the ergodicity issue reduces to the strongly
connected problem. In general, the graph is not explicitly built and neighborhood relation is defined by a
function, called a random mapping, on each state. For a general reference on finite Markov Chains, see [7].

An illustrative example is depicted on Figure 5. Starting arbitrarily from the central vertex, after one
step, we are in any other vertex with probability 1

6 (and with probability 0 in the central vertex since there is
no self-loop on it). After two steps, we are in the central vertex with probability 1

6 and in any other with
probability 5

36 . In this simple example, one can show that after n+1 step, the probability to be in the central

node is pn+1 = 1
7 (1−

(−1
6

)n
) and is 1−pn+1

6 for all the other nodes. All probabilities tends to 1
7 when n grows.

This section is dedicated to building symmetric and ergodic Markov Chains for our problem. In Section 4.1,
we define the set Ω that is interesting for cost matrices (3 subsets of interest are also provided). In Section 4.2,
Markov Chains are proposed using a dedicated random mapping and are proved to be symmetric and ergodic.
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Figure 5: Example of the underlying graph of a Markov Chain when the sum of each row is three and the
sum of column is two. Unless otherwise stated, each transition probability is 1

6 .

Finally, in Section 4.3, we improve the Markov Chains to reduce the mixing time (i.e. the number of steps
required to be close to the uniform distribution is smaller).

Recall that N,n,m are positive integers and that µ ∈ Nn and ν ∈ Nm satisfy Equation (1).

4.1 Contingency Tables

In this section, we define the state space of the Markov Chains. We consider contingency tables with fixed
sums on rows and columns. We also introduce min/max constraints to control the variance of the costs. We
denote by ΩN

n,m(µ, ν) the set of positive n×m matrices M of integers such that for every i ∈ {1, . . . , n} and
every j ∈ {1, . . . ,m},

m∑
k=1

M(i, k) = µ(i) and

n∑
k=1

M(k, j) = ν(j) (6)

For example, the matrix

Mexa =

(
3 2 5
1 0 10

)
is in Ω2,3(µexa, νexa), where µexa = (10, 11) and νexa = (4, 2, 15).

The first restriction consists in having a global minimal value α and a maximal global value β on the
considered matrices. Let α, β be positive integers such that α ≤ β. We denote by ΩN

n,m(µ, ν)[α, β] the subset

of ΩN
n,m(µ, ν) of matrices M such that for all 1 ≤ i ≤ n and 1 ≤ j ≤ m, α ≤ M(i, j) ≤ β. For example,

Mexa ∈ Ω2,3(µexa, νexa)[0, 12]. Moreover, according to Equation (6), one has

ΩN
n,m(µ, ν) = ΩN

n,m(µ, ν)[0, N ]
= ΩN

n,m(µ, ν)[0,min(max1≤k≤m µ(k),
max1≤k≤n ν(k))].

(7)

Now we consider min/max constraints on each row and each line. Let αr, βr ∈ Nn and αc, βc ∈ Nm, such
that for all 1 ≤ i ≤ n and 1 ≤ j ≤ m, αr(i) ≤ βr(i) and αc(j) ≤ βc(j). We denote by ΩN

n,m(µ, ν)[αr, βr, αc, βc]

the subset of ΩN
n,m(µ, ν) of matrices M satisfying: for all 1 ≤ i ≤ n and 1 ≤ j ≤ m, αr(i) ≤ M(i, j) ≤ βr(i)

9



and αc(j) ≤ M(i, j) ≤ βc(j). For instance, Mexa ∈ Ω2,3(µexa, νexa)[(2, 0), (5, 10), (1, 0, 5), (3, 2, 10)]. Using
Equation (6), one has for every α, β ∈ N,

ΩN
n,m(µ, ν)[α, β] = ΩN

n,m(µ, ν)[(α, . . . , α), (β, . . . , β),
(α, . . . , α), (β, . . . , β)].

(8)

To finish, the more general constrained case, where min/max are defined for each element of the matrices.
Let Amin and Bmax be two n×m matrices of positive integers such that for all 1 ≤ i ≤ n and 1 ≤ j ≤ m,
Amin(i, j) ≤ Bmax(i, j). We denote by ΩN

n,m(µ, ν)[Amin, Bmax] the subset of ΩN
n,m(µ, ν) of matrices M

such that for all 1 ≤ i ≤ n and 1 ≤ j ≤ m, Amin(i, j) ≤ M(i, j) ≤ Bmax(i, j). For instance, one has
Mexa ∈ ΩN

n,m(µ, ν)[Aexa, Bexa], with

Aexa =

(
3 2 4
0 0 5

)
and Bexa =

(
5 4 6
1 3 12

)
.

For every αr, βr ∈ Nn and αc, βc ∈ Nm, one has

ΩN
n,m(µ, ν)[αr, βr, αc, βc] = ΩN

n,m(µ, ν)[A,B], (9)

where A(i, j) = max{αr(i), αc(j)} and B(i, j) = min{βr(i), βc(j)}.

4.2 Markov Chains

As explained before, the random generation process is based on symmetric ergodic Markov Chains.
This section is dedicated to define such chains on state spaces of the form ΩN

n,m(µ, ν), ΩN
n,m(µ, ν)[α, β],

ΩN
n,m(µ, ν)[αc, βc, αr, βr] and ΩN

n,m(µ, ν)[Amin, Bmax]. According to Equations (7), (8) and (9), work-

ing on ΩN
n,m(µ, ν)[Amin, Bmax] is sufficient. To simplify the notation, let us denote by Ω the set

ΩN
n,m(µ, ν)[Amin, Bmax].
For any 1 ≤ i0, i1 ≤ n and any 1 ≤ j0, j1,≤ m, such that i0 ̸= i1 and j0 ̸= j1, we denote by ∆i0,j0,i1,j1 the

n×m matrix defined by ∆(i0, j0) = ∆(i1, j1) = 1, ∆(i0, j1) = ∆(i1, j0) = −1, and ∆(i, j) = 0 otherwise. For
instance, for n = 3 and m = 4 one has

∆1,1,2,3 =

 1 0 -1 0
-1 0 1 0
0 0 0 0

 .

Tuple (i0, j0, i1, j1) is used as follows to shuffle a cost matrix and to transit from one state to another
in the markov chain: ∆i0,i1,j0,j1 is added to the current matrix, which preserves the row and column sums.
Formally, let K = {(i0, j0, i1, j1) | i0 ̸= i1, j0 ̸= j1, 1 ≤ i0, i1 ≤ n, 1 ≤ j0, j1 ≤ m} be the set of all possible
tuples. Let f be the mapping function from Ω×K to Ω defined by f(M, (i0, j0, i1, j1)) = M +∆(i0,j0,i1,j1) if
M +∆(i0,j0,i1,j1) ∈ Ω and M otherwise. The mapping is called at each iteration, changing the instance until
it is sufficiently shuffled.

We consider the Markov chain M defined on Ω by the random mapping f(·, UK), where UK is a uniform
random variable on K.

The following result gives the properties of the markov chain and is an extension of a similar result [12]
on ΩN

n,m(µ, ν). The difficulty is to prove that the underlying graph is strongly connected since the constraints
are hindering the moves.

Theorem 4. The Markov Chain M is symmetric and ergodic with Amin and Bmax such that for all 1 ≤ i ≤ n
and 1 ≤ j ≤ m, Amin(i, j) < Bmax(i, j).

The proof of Theorem 4 is based on Lemmas 6 and 7, which are first presented below.

Definition 5. Let A and B be two elements of Ω. A finite sequence u1 = (i1, j1), . . . , ur = (ir, jr) of pairs of
indices in {1, . . . , n} × {1, . . . ,m} is called a stair sequence for A and B if it satisfies the following properties:
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1. r ≥ 4,

2. for any k ̸= ℓ, then uk ̸= uℓ (all pairs are distinct),

3. for any odd k such that 1 ≤ k < r, then ik = ik+1 and A(ik, jk) > B(ik, jk),

4. for any even k such that 1 ≤ k < r, then jk = jk+1 and A(ik, jk) < B(ik, jk),

5. r is even and jr = j1,

Consider, for instance, the matrices

A1 =


3 0 0 0 7
7 4 0 0 0
0 7 5 0 0
0 0 7 6 0
0 0 0 7 5

B1 =


2 1 0 0 7
7 3 1 0 0
0 7 4 1 0
0 0 7 5 1
1 0 0 7 4

 .

The sequence (1, 1), (1, 2), (2, 2), (2, 3), (3, 3), (3, 4), (4, 4), (4, 5), (5, 5), (5, 1) is a stair sequence for A1 and
B1.

Lemma 6. Let A and B be two distinct elements of Ω. There exists a stair sequence for A and B.

Proof. The proof is by construction. Since A and B are distinct, using the constraints on the sums of rows
and columns, there exists a pair of indices u1 = (i1, j1) such that A(i1, j1) > B(i1, j1). Now using the sum
constraint on row i1, there exists j2 ̸= j1 such that B(i1, j2) < A(i1, j2). Set u2 = (i1, j2). Similarly, using the
sum constraint on column j2, there exists i3 ̸= i1 such that A(i3, j2) > B(i3, j2). Set u3 = (i3, j2). Similarly,
by the constraint on row i3, there exists j4 ̸= j2 such that A(i3, j4) < B(i3, j4). Set u4 = (i3, j4). At this
step, u1, u2, u3, u4 are pairwise distinct.

If j4 = j1, then u1, u2, u3, u4 is a stair sequence for A and B. Otherwise, by the j4-column constraint,
there exists i5 ̸= i3 such that B(i5, j4) > A(i5, j4). Now, one can continue the construction until the first step
r we get either ir = is or jr = js with s < r (this step exists since the set of possible indexes is finite). Note
that we consider the smallest s for which this is case.

• If ir = is, s < r, the sequence u1, u2, . . . , ur satisfies Conditions 2., 3. and 4. of Definition 5. Moreover
both r and s are odd because the indices of i are always off by construction. The sequence us, . . . , ur

satisfies Conditions 2. to 5. of Definition 5. Since r > s and by construction, r − s > 4. If follows
that the sequence ur, us+1, . . . , ur−1 is a stair sequence for A and B (we shift the sequence to satisfy
Condition 3: ir = is+1 and A(ir, jr−1) > B(is, js+1)).

• If jr = js, then both r and s are even. The sequence us+1, . . . , ur satisfies Conditions 1. to 5. of
Definition 5 and is therefore a stair sequence for A and B.

Given two n×m matrices A and B, the distance from A to B, denoted d(A,B), is defined by:

d(A,B) =

n∑
i=1

m∑
j=1

|A(i, j)−B(i, j)|.

Lemma 7. Let A and B be two distinct elements of Ω with Amin and Bmax such that for all 1 ≤ i ≤ n and
1 ≤ j ≤ m, Amin(i, j) < Bmax(i, j). There exists C ∈ Ω such that d(C,B) < d(A,B) and tuples t1, . . . , tk
such that C = f(. . . f(f(A, t1), t2) . . . , tk) and for every ℓ ≤ k, f(. . . f(f(A, t1), t2) . . . , tℓ) ∈ Ω.
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Proof. By Lemma 6, there exists a stair sequence u1, . . . , ur for A and B. Without loss of generality (using a
permutation of rows and columns), we may assume that u2k+1 = (k, k) and u2k = (k, k + 1) for k < r

2 , and
ur = ( r2 , 1).

To illustrate the proof, we introduce some
r

2
× r

2
matrix M over {+,−,min,max}, called difference matrices,

such that: if M(i, j) = +, then A(i, j) > B(i, j); if M(i, j) = −, then A(i, j) < B(i, j); if M(i, j) = min,
then A(i, j) = Amin(i, j); and if M(i, j) = max, then A(i, j) = Bmax(i, j). There may be multiple difference
matrices for the same pair of matrices A and B.

Considering for instance the matrices A1 and B1 defined before, with a global minimum equal to 0 and
global maximum equal to 7, a difference matrix is

+ − min min max
max + − min min
min max + − min
min min max + −
− min min max +

 .

Note that there may exist several difference matrices since, for instance, some + might be replaced by a
max.

The proof investigates several cases:

Case 0: If r = 4, then k = 1 and t1 = (2, 1, 1, 2) works. Indeed, since Bmax(i, j) ≥ A(1, 1) > B(1, 1) ≥
Amin(i, j), one has Amin(1, 1) ≤ A(1, 1)−1 < Bmax(1, 1). Similarly, Amin(2, 1) < A(2, 1)+1 ≤ Bmax(2, 1),
Amin(1, 2) < A(1, 2) + 1 ≤ Bmax(1, 2) and Amin(2, 2) ≤ A(2, 2) − 1 < Bmax(2, 2). It follows that
C = f(A, (2, 1, 1, 2)) ∈ Ω and d(C,B) = d(A,B)− 4 < d(A,B). In this case, the following matrix is a
difference matrix: (

+ −
− +

)
.

Case 1: If Case 0 does not hold (r > 4) and if A(1, r
2 ) < Bmax(1,

r
2 ), then, k = 1 and t1 = (1, r

2 ,
r
2 , 1) works.

One has d(f(A, t1), B) = d(A,B)− 4 if A(1, r
2 ) < B(1, r

2 ), and d(f(A, t1), B) = d(A,B)− 2 otherwise.
In this case, the following matrix is a difference matrix:

+ − A(1, r
2 )

+ −
+ −

+
.. .

. . . −
+ −

− +


.

Case 2: If Cases 0 to 1 do not hold, r > 4 and A(1, r
2 ) = Bmax(1,

r
2 ). Thus, i0 = max{i | 1 ≤ i ≤

r
2 − 2 and A(i, r

2 ) > Amin(i,
r
2 )} exists (it is at least the case for i = 1 because A(1, r

2 ) = Bmax(1,
r
2 ) >

Amin(1,
r
2 )). In this case, t1 = (i0, i0 + 1, i0 + 1, r

2 ), t2 = (i0 + 1, i0 + 2, i0 + 2, r
2 ), . . . , t r

2−1−i0 =
( r2 − 2, r

2 − 1, r
2 − 1, r

2 ) works because A(i, r
2 ) = Amin(i,

r
2 ) < Bmax(i,

r
2 ) for i0 < i ≤ r

2 − 2. With
C = f(. . . f(f(A, t1), t2) . . . , t r

2−1−i0), one has d(C,B) = d(A,B)− 2× ( r2 − i0 − 1)− 2 if A(i0,
r
2 ) >

B(i0,
r
2 ), and d(C,B) = d(A,B) − 2 × ( r2 − i0 − 1) otherwise. Moreover, for every ℓ ≤ r

2 − 2 − i0,
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f(. . . f(f(A, t1), t2) . . . , tℓ) ∈ Ω. In this case, the following matrix is a difference matrix:

+ − max
+ −

+ − A(i0,
r
2 )

+
. . .

. . . −
+ −

− +


.

One can now prove Theorem 4.

Proof. If A = f(B, (i0, j0, i1, j1)), then B = f(A, (i1, j1, i0, j0)), proving that the Markov Chain is symmetric.
Let A0 ∈ Ω. We define the sequence (Ak)k≥0 by Ak+1 = f(Ak, (1, 1, 2, 2)). The sequence Ak(1, 2) is

decreasing and positive. Therefore, one can define the smallest index k0 such that Ak0
(1, 2) = Ak0+1(1, 2).

By construction, one also has Ak0
= Ak0+1. It follows that the Markov Chain is aperiodic.

Since d is a distance, irreducibility is a direct consequence of Lemma 7.

Consider the two matrices A1 and B1 defined previously with Bmax containing only the value 7. Case 4 of
the proof can be applied. One has t1 = (1, 2, 2, 5) and

f(A1, t1) = A2 =


3 1 0 0 6
7 3 0 0 1
0 7 5 0 0
0 0 7 6 0
0 0 0 7 5

 .

Next, t2 = (2, 3, 3, 5) and

f(A2, t2) = A3 =


3 1 0 0 6
7 3 1 0 0
0 7 4 0 1
0 0 7 6 0
0 0 0 7 5

 .

We have t3 = (3, 4, 4, 5) and

f(A3, t3) = A4 =


3 1 0 0 6
7 3 1 0 0
0 7 4 1 0
0 0 7 5 1
0 0 0 7 5

 .

Finally, f(A4, (5, 1, 1, 5)) = B1 (Case 0): there is a path from A1 to B1 and, since the chain is symmetric,
from B1 to A1.

4.3 Rapidly Mixing Chains

The chain M can be classically modified to mix faster: once an element of K is picked up, rather than
changing each element by +1 or −1, each one is modified by +a or −a, where a is picked uniformly to respect
the constraints of the matrix. This approach, used for instance in [15], allows moving faster, particularly for
large N ’s.
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Moving in ΩN
n,m(µ, ν), from matrix M , while (i0, j0, i1, j1) has been picked in K, a is uniformly chosen

such that a ≤ min{M(i0, j1),M(i1, j0)} to keep positive elements in the matrix. It can be generalized for
constrained Markov Chains. For instance, in ΩN

n,m(µ, ν)[α, β], one has

a ≤ min{α−M(i0, j0), α−M(i1, j1),

M(i0, j1)− β,M(i1, j0)− β}.

This approach is used in the experiments described in Section 5. Before covering them, we can determine
the time complexities of the overall proposed solution to generate multiple instances.

4.4 Time Complexity

Generating the vectors involves a pre-computed table, the gβN,n,S , that must be computed only once for all

instances. It requires O(ε2N4) steps where N is the sum of the vector values and ε the allowed margin for
the CV constraint. Even though this step should only be performed once, it limits the sum of elements in
the vector N to a few hundreds in practice. In the experiments, we multiply each obtained value by 10 to
overcome this limitation by choosing a lower N . Since the Markov Chain will shuffle the values, the final
costs will not be significantly impacted by this approach.

Then, for each instance, two vectors must be computed, which takes O(ε2N2 + nN) steps. Converting
the two vectors into an initial matrix for the Markov Chain takes O(nm) steps. Then, each iteration takes
a constant time because only four elements of the matrix are changed each time. Therefore, it takes O(P )
operations where P is the number of iterations.

Overall, the time complexity for generating the table with pre-computed values is O(ε2N4) and the time
complexity for then generating each cost matrix is O(ε2N2 + (n+m)N + nm+ P ).

5 Performance Evaluation of Scheduling Algorithms

This section studies the effect of the constraints on the matrix properties (Section 5.1) and on the performance
of some scheduling heuristics from the literature (Section 5.2).

We use matrices of size 20 × 10 with non-zero cost by using α ≥ m for µ, α ≥ n for ν and a matrix
Amin containing only ones. Even though this size might appear small, there are often tasks and machines of
similar type. This size corresponds to a platform with 20 categories of task and 10 categories of machines.
We rely on previous estimations [8] for the convergence time of the Markov Chain depending on the size of
the cost matrix in the absence of constraints on the vectors (α and β) and on the matrix (Amin and Bmax).
We assume that the convergence time does not strongly depend on the constraints. Moreover, we inflate the
number of iterations, i.e. to 50 000, for safety, starting from the proportional matrix7.

5.1 Constraints Effect on Cost Matrix Properties

Figure 6 show how the CV set for µ and ν influences the matrix properties. On the left of the plot, only ν is
constrained, in the center only µ and in the right, both µ and ν. Each row is dedicated to a property from
the CV to the column correlation, with the inclusion of the µ and ν CV, which also serve as the parameters.

The heterogeneity of a cost matrix can be defined in two ways [2]: using either the CV of µ and ν, or
using the mean of the row and column CVs (third and fourth row). For instance, a cost matrix has a low
heterogeneity on the task costs either if the CV of µ or the mean of the column CVs is low. Although
constraining µ and ν (by setting low CV) controls perfectly the former kind of heterogeneity, the latter only
changes marginally. Moreover, considering the former kind again (the CV of µ and ν), we see a relative
independence between the row and column heterogeneity: controlling one has no effect on the other.

Figure 7 shows the impact of constraining both µ and ν with distinct values. As expected, the cost CV
increases as both parameters increase. Moreover, the mean column (resp. row) CV increases as CVµ (resp.

7In a proportional matrix, rows (and columns) are proportional to each other.
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Figure 6: Matrix properties after 50 000 iterations with a proportional 20 × 10 matrix. The base vectors
(µ and ν) of the matrix are generated with a CV set for either one or both of them, and with N = 400,
ε = 0.01, α = 1 for the row sums (µ) and α = 2 for the column sums (ν). The base vectors are multiplied by
10 thereafter (giving N = 4 000 for instance). Each matrix contains non-zero costs. Each boxplot corresponds
to 30 matrices, each based on distinct row and column sums.
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CVν) increases, which indicates an association between both kinds of heterogeneity. Note that when increasing
either of the heterogeneity parameters (µ or ν but not both), row or column correlations tend to increase.

5.2 Constraints Effect on Scheduling Algorithms

Generating random matrices with parameterized constraints allows the assessment of existing scheduling
algorithms in different contexts. In this section, we focus on the impact of cost matrix properties on the
performance of three heuristics for the problem denoted R||Cmax. This problem consists in assigning a set of
independent tasks to machines such that the makespan (i.e. maximum completion time on any machine) is
minimized. The cost of any task on any machine is provided by the cost matrix and the completion time on
any machine is the sum of the costs of all tasks assigned to it.

The heuristics we consider constitute a diversified selection in terms of principle and cost among the
numerous heuristics that have been proposed for this problem:

• BalSuff, an efficient heuristic [2] that balances the load by migrating iteratively each task.

• HLPT, Heterogeneous-Longest-Processing-Time, iteratively assigns the longest task to the machine
with minimum completion time in O(nm+ n log(n)) steps. This is a natural extension of LPT [19] and
variant of HEFT [20] in which the considered cost for each task is its minimal one.

• EFT, Earliest-Finish-Time, (or MinMin) is a classic principle, which iteratively assigns each task by
selecting the task that finishes the earliest on any machine. Its time complexity is O(n2m).

To limit the heterogeneity according to both definitions proposed in [2], we constraint the matrix with
Amin and Bmax to limit how much the cost matrix can deviate from an ideal fractional proportional matrix.
The constraint on the matrix is performed with a parameter λ ∈ (0, 1). With this constraint, the matrix is

similar to a matrix M with M(i, j) = µ(i)×ν(j)
N (a proportional fractional matrix) when this parameter is one.

Note that when λ = 1, Amin = Bmax and Theorem 4 does not guarantee the convergence of the MCMC. This
is however not an issue because there is a single possible cost matrix in each of these cases.

We selected three scenarios that represent some extremes in terms of parameters: CV = 1.5 and λ = 0 for
a large cost heterogeneity; CV = 0 and λ = 0.75 for a matrix with low cost heterogeneity that is close to the
proportional one; a proportional matrix (λ = 1) with no constraint on the heterogeneity. Figure 8 depicts the
results: for each scenario and matrix, the makespan for each heuristic was divided by the best one among
the three. Table 1 provides additional statistics. All heuristics exhibit different behaviors depending on the
scenario. BalSuff outperforms its competitors except in the last case, where it is outperformed by HLPT.
Finally, EFT performs poorly except when CV = 0 and λ = 0.75. In this case, tasks are similar and it relates
to the problem Q|pi = 1|Cmax. These instances, for which the row correlation is high and column correlation
is low, have been shown to be the easiest for EFT [5].

CV λ Heuristic Min Max Median Mean Std. dev. Coeff. of var.

0 0.75 BalSuff 1.00 1.09 1.00 1.01 0.03 0.03
0 0.75 HLPT 1.00 1.42 1.21 1.22 0.13 0.11
0 0.75 EFT 1.00 1.25 1.06 1.09 0.09 0.08
1.5 0 BalSuff 1.00 1.33 1.00 1.02 0.07 0.07
1.5 0 HLPT 1.00 1.40 1.25 1.19 0.16 0.13
1.5 0 EFT 1.00 1.80 1.33 1.25 0.20 0.16
NA 1 BalSuff 1.00 1.36 1.07 1.10 0.11 0.10
NA 1 HLPT 1.00 1.38 1.00 1.06 0.10 0.09
NA 1 EFT 1.00 1.83 1.36 1.37 0.21 0.15

Table 1: Descriptive statistics for each heuristic.
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Figure 7: Matrix properties after 50 000 iterations starting with a proportional 20× 10 matrix with different
constraints on µ and ν, and with N = 20×n×m = 4000. Each matrix contains non-zero costs. Each boxplot
corresponds to 30 matrices, each based on distinct row and column sums.
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Figure 8: Ratios of makespan to the best among BalSuff, HLPT and EFT (lower is better). µ and ν are
constrained with the same parameter CV . The constraint on the matrix is parameterized by a coefficient λ

such that Amin = ⌊λM⌋ and Bmax = ⌈M/λ⌉ with M(i, j) = µ(i)×ν(j)
N . The cost matrices were generated as in

Figure 7. Each boxplot corresponds to 100 cost matrices, each based on distinct row and column sums.

6 Conclusion

Random instance generation allows broader experimental campaigns but can be hindered by bias in the
absence of guarantee on the distribution of the instances. This work focuses on the generation of cost matrices,
which can be used in a wide range of scheduling problems to assess the performance of any proposed solution.
We propose a Markov Chain Monte Carlo approach to draw random cost matrices from a uniform distribution:
at each iteration, some costs in the matrix are shuffled such that the sum of the costs on each row and column
remains unchanged. By proving its ergodicity and symmetry, we ensure that its stationary distribution is
uniform over the set of feasible instances. Moreover, the result holds when restricting the set of feasible
instances to limit their heterogeneity. Finally, experiments were consistent with previous studies in the
literature.

As a future direction, this work would benefit from experimental data on the actual characteristics of
existing cost matrices in various contexts (from different applications and computing platforms). We could
then generate matrices with heterogeneity values focused around relevant ones instead of covering a more
widespread range. Having such practical data would constitute a significant contribution but involving work.

Another more formal future direction would be to apply the current methodology on the generation of
other types of instances such as task graphs.
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A Notation

Table 2 provides a list of the most used notations in this report.
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Symbol Definition

n Number of rows (tasks)
m Number of columns (machines)

M(i, j) Element on the ith row and jth column of matrix M
N Sum of elements in a matrix (

∑
i,j M(i, j))

µ Vector of size n. µ(i)
m is the mean cost of the ith task.

ν Vector of size m. ν(j)
n is the mean cost on the jth machine.

Var[µ] Variance of vector µ.
S Sum of element squares in a vector.

CV (µ) Coefficient-of-Variation of vector µ.

Hα,β
N,n Elements v ∈ Nn s.t. α ≤ v(i) ≤ β and

∑n
i=1 v(i) = N .

hα,β
N,n Cardinal of Hα,β

N,n.

d(A,B) Distance between matrices A and B.

ΩN
n,m(µ, ν)

Set of contingency tables of sum N and sums of rows and columns
µ and ν.

α, β
Scalar constraints on minimal/maximal values for generated ma-
trices.

α, β
Vector constraints on minimal/maximal values for generated ma-
trices.

Amin, Bmax
Matrix constraints on minimal/maximal values for generated ma-
trices.

ΩN
n,m(µ, ν)[...] Subset of ΩN

n,m(µ, ν) min/max-constrained by [...].
f(·, ·) Random mapping for the Markov Chains.

Table 2: List of notations.
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