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Abstract: An electromagnetic vibration energy harvester with a 2:1:2 internal resonance

(IR) is proposed, allowing for the simultaneous activation of two IRs within the system in

order to enhance its performance in terms of bandwidth and harvested power. The device

consists of three magnetically coupled oscillators separated by an adjustable gap to tune the

system eigenfrequencies and achieve a 2:1:2 IR. Numerical investigations are conducted to

predict the behavior of the proposed device, and a multi-objective optimization procedure

is employed to enhance the harvester’s performance by introducing mass perturbations.

The experimental validation of the optimized design is performed while highlighting the

benefits of internal resonance, and the obtained results are in good agreement with the

theoretical findings. The results indicate that incorporating two internal resonances into the

harvester enhances its performance compared to the harvesters reported in the literature.

The harvester achieves an SFoMBW of 7600 kg/m3, reflecting a high average power density

over a broad bandwidth.

Keywords: vibration energy harvesting; magnetically coupled oscillators; internal

resonances; multi-objective optimization

1. Introduction

Modern electronic devices are becoming increasingly smaller, wireless, and have lower

power consumption, enabling longer-term functionality. Conventional electrochemical

batteries used to power these devices face several limitations, such as the need for regular

charging and replacement [1]. The high costs and environmental impacts of battery disposal

further complicate this problem [2]. Energy-harvesting technologies offer a promising

alternative by converting ambient energy sources into electricity [3]. Vibration energy has

attracted great attention due to its ubiquity and abundance in our surroundings. Among

the different transduction mechanisms, electromagnetic transduction, with a long lifespan

and relatively high current output, is a well-established technique [2].

Ambient vibrations exhibit broadband, multi-frequency characteristics. The main

challenge in vibration energy harvesting (VEH) is the frequency mismatch between the

natural frequency of the harvester and the ambient vibrations, which considerably reduces

the efficiency of the harvester [4]. Various techniques have been developed to address

this issue and enhance the harvester’s performance. One technique involves tuning the

harvester’s resonance frequency to align with the dominant vibration frequency. This can

be achieved with mechanical methods, such as adjusting geometric parameters, system

stiffness, and applying an axial preload [5,6], or electrical methods, such as manipulating
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circuit parameters, adding shunt circuits, or using impedance-matching networks [7,8].

Li et al. [9] reported a tunable VEH device that adjusts its resonant frequency by altering the

spring length. Morel et al. [8] demonstrated the impact of electrically induced damping and

stiffness on the frequency response for a piezoelectric harvester. Multimodal techniques are

another approach that can be implemented through a multi-frequency array harvester [10].

Sari et al. [11] proposed an electromagnetic harvester with an array of 40 cantilevers that

generate steady power over a uniform spectrum of natural frequencies. Yu et al. [12]

proposed a multimodal piezoelectric harvester with hinged supports and rotating shafts

that target the first and third resonant frequencies. Zergoune et al. [13] studied energy

localization in a periodic multimodal harvester using mass mistuning to improve the

harvested power density.

Linear harvesters have intrinsic limitations that restrict the potential of these tech-

niques. Incorporating nonlinearities into the harvester design can improve the performance

of the device in terms of the frequency bandwidth and output power. Monostable nonlinear

VEH has been achieved using stretching strain in clamped resonators, nonlinear mag-

netic levitation, and structures with magnetic masses [14,15]. Abed et al. [16] developed

a multimodal VEH using arrays of coupled levitated magnets to broaden the frequency

bandwidth by leveraging nonlinear coupling among three coupled magnets. Kankana

et al. [17] designed a nonlinear wideband harvester with a tapered spring architecture,

displaying a nonlinear restoring force. Several studies have also developed bistable har-

vesters incorporating repulsive magnetic forces [18–20]. Multi-DOF bistable harvesters

with magnetic coupling have been developed to enhance performance in broader frequency

bands [21–25]. Podder et al. [26] proposed a wideband nonlinear VEH that can switch

between tunable bistable-quadratic, monostable-quartic, and bistable-quartic potentials

using induced dynamical nonlinearities.

While nonlinear harvesting devices can enlarge the frequency bandwidth, these ex-

tensions tend to occur in either higher or lower frequencies. The internal resonance phe-

nomenon in nonlinear systems causes the amplitude-frequency response curves to exhibit

bending toward both lower and higher frequencies. This double-bending feature can

significantly increase frequency bandwidth [27]. This phenomenon arises from nonlinear

intermodal interactions when linear natural frequencies of the system are commensurate or

nearly commensurate [28,29]. Nonlinear systems have intermodal coupling where various

modes can be activated independently by varying the external excitation [30]. Intermodal

coupling, necessary for IR, results from the nonlinearities in the system. Nonlinearity

can be introduced in several ways, such as geometric design and magnetic forces. Mag-

netic forces, however, offer the additional advantage of simultaneously tuning the natural

frequencies of the system and introducing nonlinearities [31]. Xie et al. [32] proposed a

magnetically coupled T-shaped VEH with magnetic couplings and axial loading based

on a 1:2:3:4 IR. Aouali et al. [31] investigated the 2:1 IR in a hybrid nonlinear VEH experi-

mentally. Garg and Dwivedy [33], as well as Aravindan and Ali [34], analytically studied

cantilever piezoelectric VEHs with a 1:3 IR. Jiang et al. [35] investigated a piezoelectric

VEH subjected to axial loading through analytical and numerical methods. The amplitude-

frequency response curves exhibited dual jumps, bending to the left and right, indicating a

hardening nonlinearity that contributed to broadband harvesting. The L-shaped cantilever-

based beam structure is another approach to achieve internal resonances by combining

two beams at an angle with smaller support structures and mass [36,37]. Bao et al. [38]

studied a pendulum-based VEH comprising a piezoelectric cantilever with a magnetic

pendulum and base magnet setup. The IR arose from the nonlinear coupling between

the two-dimensional pendulum motion and the beam-bending vibration. Sun et al. [39]

proposed a double pendulum-based VEH to overcome the limitations of ultra-low natural
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frequencies, using the second mode of a double pendulum along with a piezoelectric can-

tilevered beam, achieving an IR ratio of 2:1:2. Yang and Towfighian [40] reported a hybrid

nonlinear VEH combining the concepts of bistability and IR. Despite extensive studies on

modal interactions in nonlinear VEH, to the best of the authors’ knowledge, the explo-

ration of tuning multiple internal resonances to enhance harvester performance has not yet

been investigated.

In this paper, an electromagnetic VEH with a 2:1:2 IR is proposed to activate two

IRs simultaneously, which results in broadband energy harvesting. The proposed device

consists of three coupled magnets mounted at the center of a spiral-shaped spring and

wrapped with copper coils. The behavior of the proposed device is studied numerically. A

multi-objective optimization procedure is performed to maximize the frequency bandwidth

and harvesting efficiency of the VEH. This is achieved through numerical studies involving

the introduction of mass perturbation into the oscillators. Experimental investigations are

then conducted to study the performance in terms of the harvested power and bandwidth.

The experimental results, obtained under harmonic excitation, validate the presence of two

IRs and show good agreement with the theoretical findings.

2. Design and Modeling of 2:1:2 IR-Based VEH

An equivalent spring-mass model of the proposed harvester is illustrated in Figure 1a.

The harvester consists of three coupled spiral springs with magnets as proof masses in

the center. For electromagnetic transduction, the two identical magnets (m1 and m3) are

wrapped with coils. The parameters c1 and c2 represent the total damping coefficients,

which are the sums of the mechanical damping coefficient cm = 2ξmmω0 and the electrical

damping ce. Therefore, the subsystem without a coil exhibits only mechanical damping,

while the two subsystems wrapped with coils experience the combined effects of both

electrical and mechanical damping. d1 denotes the initial distance between the first and

second magnets, and d2 represents the initial distance between the second and third

magnets. kmg,1 and kmg,2 are the nonlinear coupling stiffnesses between the two repulsive

magnets. x1, x2, and x3 are the relative displacements of the corresponding masses. The

springs are magnetically coupled with nonlinear repulsive forces. The distinct stiffnesses

of the springs and the coupling through repulsive magnetic forces allow for tuning the

natural frequencies. In addition to tuning the natural frequency ratio through the magnets’

gap distance, magnetic coupling also introduces quadratic nonlinearities into the system.

The schematic of a single-subsystem electromagnetic VEH, consisting of a spring and a

magnet wrapped with a coil, is shown in Figure 1d.

The governing equations of the nonlinear electromagnetic VEH device under harmonic

base excitation can be expressed as

mn ẍn + cn ẋn + knxn + Fn
mg = −mnẌg, (1)

in(t) =
δem

Rload + Rint
ẋn, n = 1, 2, 3. (2)

where mn represents the equivalent masses of the magnets as the proof masses of the

springs with linear mechanical stiffnesses kn. cn is the corresponding damping coefficient.

The relative displacement of each magnet is denoted as xn. δem is the electromechanical

coupling coefficient. Rload and Rint are the load resistance and internal resistance of the

identical coils, respectively. Ẍg = Xg sin(Ωt) is the acceleration of the harmonic basis

excitation, where Xg is the base excitation amplitude and Ω is the excitation frequency.
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Figure 1. (a) Equivalent spring-mass model of the VEH device consisting of three coupled oscillators

with a 2:1:2 IR, where m1 and m2 are the magnetic masses, and since m3 = m1, m3 is represented

by m1. k1 and k2 are the linear mechanical stiffnesses, and since k3 = k1, k3 is represented by k1.

kmg,1 and kmg,2 are the nonlinear coupling stiffnesses between the two repulsive magnets. c1 and c2

are the corresponding total damping coefficients. x1, x2, and x3 are the relative displacements of the

corresponding masses. (b) The proposed electromagnetic VEH device with three magnetically coupled

oscillators. (c) The spiral-shaped spring. (d) Schematic of a single-subsystem electromagnetic VEH.

The steady-state response of the harmonic excitation is given by xn = Xn sin(ωt − φ).

The electrical power generated at each coil is Pn(t) = ce ẋ2
n, where ce = δ2

em
(Rload+Rint)

is

the electrical damping [41]. The instantaneous harvested power, which represents the

power dissipated by the resistance in each energy-harvesting circuit corresponding to each

subsystem, can be expressed as follows:

Pn(t) = Rloadi2n(t). (3)

The average load power harvested across the load resistances over an oscillation cycle

from t to t + T is

Pload =
N

∑
n=1

Rload

(

ω0δem

(Rload + Rint)

)2

|Xn|
2. (4)
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The nonlinear magnetic force Fn
mg can be written as [42]

Fn
mg =

µ0QMn

4π

(

QMn−1

(dn−1 + xn−1 − xn)2
−

QMn+1

(dn + xn − xn+1)2

)

, n = 1, 2, 3, (5)

where dn is the initial gap between the magnets QMn and QMn+1
, QMn−1

= QMn = QMn+1
=

QM is the magnetization moment of the identical magnets, and µ0 = 4π × 10−7 H.m−1

refers to the permeability of free space. By approximating the nonlinear magnetic forces

using a second-order Taylor series and neglecting higher-order terms [31], Equation (1)

under harmonic base excitation can be rewritten as

ẍ1 + µ1 ẋ1 + ω̃2
1 [(1 + β1)x1 − β1x2]− f 1

mg,nl(x1 − x2)
2 = −Xg sin(Ωt) (6)

ẍ2 + µ2 ẋ2 + ω̃2
2 [(1 + β2 + β3)x2 − β2x1 − β3x3]

+ f 2
mg,nl(x2 − x1)

2 − f 3
mg,nl(x2 − x3)

2 = −Xg sin(Ωt) (7)

ẍ3 + µ3 ẋ3 + ω̃2
3 [(1 + β4)x3 − β4x2] + f 4

mg,nl(x3 − x2)
2 = −Xg sin(Ωt) (8)

where µ1, µ2, and µ3 are the normalized damping coefficients, representing the combined

effect of the mechanical and electrical damping coefficients, and ω̃n is the natural fre-

quency of the uncoupled oscillators. β1, β2, β3, and β4 are the linear coupling coefficients,

where k1
mg,l and k2

mg,l are the linear coupling stiffnesses between the successive magnets,

respectively. k1
mg,nl and k2

mg,nl are the quadratic nonlinear coupling stiffnesses between the

two successive magnets, respectively. f 1
mg,nl , f 2

mg,nl , f 3
mg,nl , and f 4

mg,nl are the normalized

nonlinear stiffnesses. These parameters are defined in the following equations:

µ1 = 2ξmω0 +
δ2

em

m1(Rload + Rint)
, µ2 = 2ξmω0,

µ3 = 2ξmm1ω0 +
δ2

em

m1(Rload + Rint)
, ω̃n =

√

kn

mn
,

β1 =
k1

mg,l

k1
, β2 =

k1
mg,l

k2
, β3 =

k2
mg,l

k2
, β4 =

k2
mg,l

k1
,

k1
mg,l =

Q2
Mµ0

2πd3
1

, k2
mg,l =

Q2
Mµ0

2πd3
2

,

k1
mg,nl =

3Q2
Mµ0

4πd4
1

, k2
mg,nl =

3Q2
Mµ0

4πd4
2

,

f 1
mg,nl =

k1
mg,nl

m1
, f 2

mg,nl =
k1

mg,nl

m2
, f 3

mg,nl =
k2

mg,nl

m2
, f 4

mg,nl =
k2

mg,nl

m1
.

(9)

The three natural frequencies of the system can be obtained by solving the eigenvalue

problem (K − λM)φ = 0, where M is the unit mass matrix and K is the linear stiffness

matrix, given by

K =







ω̃2
1(1 + β1) −ω̃2

1 β1 0

−ω̃2
2 β2 ω̃2

2(1 + β2 + β3) −ω̃2
2 β3

0 −ω̃2
3 β4 ω̃2

3(1 + β4)






(10)

The solutions are distinct real eigenvalues λn = ω2
n. Since the three oscillators are coupled

through linear and quadratic stiffnesses, one can exploit modal interactions [43] and trigger

two IRs by adjusting the harvester design to obtain the desired commensurability of the

natural frequencies 2ω1 = ω2 = 2ω3.
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The proposed harvester is fabricated, as shown in Figure 1b, using the spring illus-

trated in Figure 1c. The spring consists of two spiral-shaped cantilevers that support a

vertically movable central stage. The spring arms are 0.6 mm in width and 0.06 mm in

thickness, with 3.5 turns. This spiral design allows for more length in a compact area, thus

lowering the natural frequency of the spring. A NdFeB magnet is bonded to the circular

stage of 5 mm diameter, suspended by the two spring arms.

The energy is harvested from the first and third oscillators (subsystems 1 and 3).

Therefore, coils couple these two subsystems to load resistances, and the generated voltage

is monitored. The mechanical damping coefficient is proportional to the 3 dB bandwidth

of the resonant peak relative to the peak frequency [44]. An open-loop circuit is used to

measure the vibration of the spring using a laser Doppler vibrometer. The mechanical

damping coefficient ξm is experimentally identified as 0.16%. The electromagnetic coupling

coefficient is δem = 0.14 V.S/m. The design parameters of the proposed harvester are listed

in Table 1. The linear stiffness coefficient is determined using FEM in Ansys 2022 R1 by

simulating the force–deflection relationship and fitting the results to estimate the stiffness.

The mechanical damping coefficient ξm is experimentally identified using the half-power

bandwidth method (−3 dB method), calculated as ξm = ∆ f /2 f0, where ∆ f is the 3 dB

bandwidth and f0 is the resonant frequency. The electromechanical coupling coefficient

δem represents the relationship between mechanical motion and induced voltage in the coil,

given by

δem =
dφ

dx
= 2NπR

∫ B(x, hmag, R)

dx
dh,

where R is the coil radius, B is the magnetic field, and hmag is the height of the magnet.

This coefficient is determined using the FEMM 4.2 software for magnetic field distribution,

influencing the electrical output of the system.

Table 1. Design parameters of the proposed electromagnetic VEH.

Parameter Symbol Value Unit

Linear spring stiffness
k1 105 N/m

k2 720 N/m

Mass
m1 1.3 g

m2 1.8 g

Load resistance Rload 25 Ω

Internal resistance of the coil Rint 17 Ω

Mechanical damping coefficient ξm 0.16% −

Electromagnetic coupling coefficient δem 0.14 V.S/m

Figure 2 illustrates that by adjusting the gap between the successive magnets, the

ratios between the system’s natural frequencies can be tuned. At specific distances of

d∗1 = d∗2 = 9.6 mm, the ratios reach a value of 2.02ω1 = ω2 = 1.99ω3.
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Figure 2. Variation in the ratio of the natural frequencies by adjusting the gap between the magnets d1

and d2: (a) the ratio of the natural frequencies ω1/ω2, (b) the ratio of the natural frequencies ω3/ω2.

3. Solving and Optimization Procedures

3.1. Numerical Solution

The Finite Difference Method (FDM) is a numerical technique used to find approxi-

mate solutions to linear and nonlinear ordinary differential equations [45,46]. It involves

approximating the differential operator by replacing the derivatives with a finite difference

quotient. For the implementation of the FDM on the equations of motion for the proposed

VEH, a Taylor-series expansion is used to extract the fourth-order centered difference

scheme given by

x′n :
−xi+2

n + 8xi+1
n − 8xi+1

n + xi+2
n

12h
(11)

x′′n :
−xi+2

n + 16xi+1
n − 30xi

n + 16xi+1
n − xi+2

n

12h2
(12)

where h must be small enough to provide a good approximation of the derivative of the

quotient. Substituting Equations (11) and (12) into Equations (6)–(8) results in a finite set of

coupled nonlinear algebraic equations, which is solved using the arclength continuation

method [47] with respect to the drive frequency to capture the frequency response of the

system, as shown in Figure 3.

Using the parameters of the energy harvester provided in Table 1, the harvester

exhibits a 2:1:2 IR with ω1 = 50.7 Hz, ω2 = 102.4 Hz, and ω3 = 51.45 Hz. Figure 3

illustrates the frequency response of the harvested power of the two subsystems at an

acceleration of 0.4 g. The response exhibits the double-jumping phenomenon, characterized

by two peaks bending toward higher and lower frequencies. This indicates an exchange of

energy between the three modes. This phenomenon can contribute to broadband vibration

energy harvesting, where the resonance range defines the effective bandwidth. However,

the power peak and the response branches are not symmetric, adversely affecting the

harvester’s efficiency. Adjusting the ratio of natural frequencies can maintain the symmetry

in the frequency responses or shift the response to higher and lower frequencies. This

can be performed by introducing perturbations into the system to tune the bifurcation

topology of the proposed VEH and improve its performance. This opens the way to

investigate the optimal perturbation strategy that maximizes the frequency bandwidth and

the harvested power.
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Figure 3. Numerical frequency response of the harvested power at an acceleration of 0.4 g.

3.2. Multi-Objective Optimization

When designing an energy harvester with a 2:1:2 internal resonance, the accurate

ratio of frequencies that results in a symmetric response must be determined. By shifting

the frequency responses in opposite directions from the center frequency, the resonance

range can be broadened, leading to a significant increase in the harvester’s bandwidth.

Introducing mass perturbations into the two subsystems can create the desired ratio of

natural frequencies. The optimal amount of these mass perturbations has to be determined

through an optimization procedure. Therefore, a multi-objective optimization procedure is

performed to achieve a wider bandwidth and higher power through mass perturbations.

Multi-objective optimization is performed on the system of equations of motion

as follows:

ẍ1 + µ1 ẋ1 + α−1
1 ω̃2

1 [(1 + β1)x1 − β1x2]− α−1
1 f 1

mg,nl(x1 − x2)
2 = −Xg sin(Ωt) (13)

ẍ2 + µ2 ẋ2 + ω̃2
2 [(1 + β2 + β3)x2 − β2x1 − β3x3]

+ f 2
mg,nl(x2 − x1)

2 − f 3
mg,nl(x2 − x3)

2 = −Xg sin(Ωt) (14)

ẍ3 + µ3 ẋ3 + α−1
2 ω̃2

3 [(1 + β4)x3 − β4x2] + α−1
2 f 4

mg,nl(x3 − x2)
2 = −Xg sin(Ωt) (15)

where α1 and α2 are the mass perturbations applied to subsystems 1 and 3, respectively. The

objectives of the optimization problem are to maximize the total bandwidth and the power

harvested from these two subsystems. The optimization problem can be formulated as

f1(α1, α2) = ∑
n

(Bn), (16)

f2(α1, α2) = ∑
n

R2
load(

δem

(Rlaod + Rint)
)2(ω2

n|x
max
n1 |2 + ω2

nxmax
n2 |2) n = 1, 3. (17)

where f1(α1, α2) is the objective function for maximizing the total bandwidth and Bn is the

bandwidth of the nth subsystem. The half-power bandwidth is defined within each branch

considering the bandwidth around each peak, rather than the total range between peaks.

f2(α1, α2) is the function to maximize the power harvested from subsystems 1 and 3. xmax
n1
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and xmax
n2 are the two peaks of power that occur due to the presence of two peaks in the IR

frequency response for each subsystem.

With two objective functions, the problem is called a multi-objective optimization

problem (MOOP), formulated as















min
α1,α2

F( f1(α1, α2), f2(α1, α2)),

subject to

{

0.95 × m1 ≤α1 ≤ m1,

m1 ≤α2 ≤ 1.05 × m1.

(18)

NSGA-II, an extension of the Non-dominated Sorting Genetic Algorithm (NSGA), is

an effective tool for handling MOOPs [48,49]. The MATLAB R2023a function gamultiobj,

which implements a variation of the Non-Sorting Genetic Algorithm (NSGA-II), is used

in this work. Figure 4 shows the Pareto front to maximize the harvested power and the

frequency bandwidth simultaneously.
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Figure 4. Pareto front of the frequency bandwidth and the harvested power for the VEH device with

2:1:2 IR at an acceleration of 0.4 g.

The optimization procedure identified a set of non-dominated solutions where both

power and bandwidth are simultaneously optimized. The best solution on the Pareto

front for maximizing both objective functions is chosen by prioritizing the bandwidth, and

the optimal set of mass perturbations is listed in Table 2. These mass perturbations are

introduced into the system, and the frequency responses of the energy harvested from

the two subsystems are obtained and illustrated in Figure 5. The results show that the

optimized response exhibits nearly symmetrical power peaks for the two subsystems.

Table 2. Optimal mass perturbations on subsystems 1 and 3.

Mass perturbation on subsystem 1 (α1) 1.01 (+1%)
Mass perturbation on subsystem 3 (α2) 0.955 (−4.5%)
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Figure 5. Numerical frequency response of the harvested power around the first primary resonance

at an acceleration of 0.4 g.

4. Experimental Results and Discussion

An electrodynamic shaker was used to generate predefined vibration characteristics.

Electric currents flowing through a coil within the shaker’s magnetic field generated me-

chanical vibrations. The drive current and magnetic field characterizations of the shaker

determine the force generated for acceleration. This drive signal was generated by a

computer-controlled signal generator and subsequently amplified by a power amplifier. A

feedback control loop is required to ensure the stability and accuracy of the vibration accel-

eration and frequency. This feedback loop was established by attaching an accelerometer

to the shaker platform. The excitation signal was produced using the signal generator in

response to the accelerometer’s feedback. The output data, such as voltages, amplitudes,

and accelerations, were recorded by an “m + p VibPilot” computer monitor connected to a

computer for storage. Preliminary experiments were carried out to tune the desired ratio of

the natural frequencies using the experimental setup shown in Figure 6. The harvester in

Figure 1b was mounted on the shaker and subjected to base harmonic excitation produced

by a shaking table and its amplifier. Feedback from an accelerometer mounted on the

base enabled constant base acceleration levels to be maintained. As the magnetic masses

underwent a relative motion toward the coils, current flowed through the load resistance,

and the voltage across them was measured. The materials and geometric parameters of the

magnet and the coil are listed in Table 3.

The proposed design had a 2:1:2 commensurability ratio between the frequencies

of its first three modes of vibration, experimentally determined to be ω1 = 50.7 Hz,

ω2 = 102.4 Hz, and ω3 = 51.25 Hz. This configuration led to the activation of two IRs due

to the quadratic coupling responsible for multimodal interactions. The voltage-frequency

responses of both subsystems were investigated under identical load resistances of 25 Ω.

Figure 7a shows the power-frequency responses of subsystems 1 and 3 before op-

timization. The responses were obtained under an external harmonic base excitation of

0.4 g, with a forward and backward frequency sweep around the first primary resonance.

Although the frequency responses show an M-shaped internal resonance behavior, the

two peaks are not symmetrical. This asymmetry prevents consistent power across the

bandwidth and limits the maximum harvested power.
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Table 3. Material and geometric parameters of the magnet and coil.

Component Parameter Value

Neodymium Magnet

MMagnetization N45

Residual magnetic field 1.37 (T)

Height 6 (mm)

Diameter 3 (mm)

Magnetization moment 0.0465 (A ·m2)

Coil

IInternal resistance 117 (Ω)

Number of turns 73

Diameter 5 (mm)

Figure 6. Vibration test setup for the dynamic characterization of the designed VEH.
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BW subsystem 1

FW subsystem 3
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(a) 0.4g IR Exp:1:2:1 (b) OPT 0.4g IR Exp:1:2:1

Figure 7. Frequency response curves of the harvested power around the first primary resonance at an

acceleration of 0.4 g (a) before the optimization procedure (non-optimized results) and (b) after the

optimization procedure (optimized results).
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The objective was to maximize the harvested power and bandwidth simultaneously.

Mass perturbations were introduced into subsystems 1 and 3 using the values in Table 2,

and the resulting frequency response is shown in Figure 7b. The results illustrate two IRs

that shifted away from the center frequency. The power peaks are nearly symmetrical,

maximizing the bandwidth and power. The bandwidth of each subsystem is around 1.9 Hz.

The total bandwidth ranges from 49.8 to 52.4 Hz, with a total operational bandwidth of

2.6 Hz. Figure 8 shows that the numerical and experimental frequency responses are

globally in good agreement. Future studies could be conducted to calibrate this model so

that it becomes a useful predictive tool during the design phase of new VEH devices using

multiple internal resonances.

(Exp)

(Exp)

(Exp)

(Exp)

(Numerical)

(Numerical)

Figure 8. Comparison between the experimental and numerical frequency responses of the har-

vested power around the first primary resonance at an acceleration of 0.4 g (results obtained

after optimization).

Figure 9a shows the frequency response of the harvested power at an acceleration of

0.6 g. It can be observed that increasing the excitation causes the distance between the two

peaks to become larger. The frequency bandwidth becomes broad, and the peak power

also increases. The bandwidth of subsystems 1 and 3 is almost 2.1 Hz. The total bandwidth

ranges from 49.6 to 52.7 Hz, representing an effective frequency bandwidth of 3.1 Hz.

Figure 9b displays the power frequency response of the harvester at an acceleration of

0.8 g. The frequency bandwidth becomes broad, and the peak power also increases. The

bandwidth of subsystems 1 and 3 is almost 2.3 Hz. The total frequency bandwidth ranges

from 49.4 Hz to 52.8 Hz, with a bandwidth of 3.4 Hz.

Figure 10a,b show the frequency responses of the harvester for the case without an

IR and with a 2:1 IR at an acceleration of 0.6 g, respectively. By inducing multimodal

interactions to generate two IRs, as shown in Figure 9a, the bandwidth of each subsystem

increases by 267% compared to the case without an IR. This matches the improvement

observed with a 2:1 internal resonance. Without an internal resonance, the total frequency

bandwidth is the sum of the individual bandwidths of the two subsystems 2 × 0.6 Hz.

However, when the 2:1:2 IR is tuned, the overall bandwidth increases up to 3.1 Hz. This

represents a 2.6-fold improvement compared to using two separate subsystems without

IRs. Although the 2:1:2 IR reduces the harvested power by 13% compared to the response

without an IR, it represents a significant improvement over the 2:1 internal resonance,

implying a reduction in power of 30%.
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(a) 3DOF 0.6g Exp:1:2:1 (b) 3DOF 0.8g Exp:1:2:1

Figure 9. Frequency response of the harvested power around the first primary resonance, with

optimized results at accelerations of (a) 0.6 g and (b) 0.8 g.

The Systematic Figure of Merit (SFoMBW) proposed by Liu et al. [50] was used to

perform a comparative study of the performance between the designed harvester and

state-of-the-art devices. The SFoMBW takes into account the average power density and the

frequency bandwidth, normalized over the acceleration and size of the harvester, as follows:

SFoMBW =
16πPavB

X2
gVtot

(19)

where Pav is the average power, B is the total frequency bandwidth, Xg is the acceleration,

and Vtot is the volume of the harvester.

Figure 11 compares the SFoMBW of the VEH device with various devices reported

in the literature across a wide range of frequencies. The designed device demonstrates

superior performance compared to existing vibration energy harvesters. The proposed VEH,

which simultaneously activates two IRs, significantly enlarges the operational bandwidth.

This performance can be further enhanced by optimizing the electromechanical coupling

through adjustments to the coil characteristics, which could result in significantly better

performance [51].
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Figure 10. Frequency response curves of the harvested power at an acceleration of 0.6 g (a) without

IR and (b) with a 2:1 IR.
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Figure 11. Comparison of the proposed harvester SFoMBW with current state-of-the-art

devices [31,41,52–61].

5. Conclusions

This work aims to enhance the bandwidth performance of a vibration energy harvester

by simultaneously activating two IRs. An electromagnetic VEH device with a 2:1:2 IR is

designed, consisting of three coupled oscillators in which nonlinear magnetic forces are

used to tune the desired frequency ratio and introduce nonlinearity into the system. The

numerical results predict two IRs with an M-shaped behavior, in which the frequency

responses bend in opposite directions from the center frequency, resulting in a broader

operational bandwidth. A multi-objective optimization procedure is performed to opti-

mize the bandwidth and harvested power, in which adding mass perturbation leads to

symmetrical behavior in the frequency response. A prototype VEH device is fabricated,

and experimental investigations confirm the theoretical findings, demonstrating the si-

multaneous activation of two IRs. The results show that exploiting nonlinear multimodal

interactions enhances the power density and significantly enlarges the bandwidth. At a

base acceleration of 0.6 g, the bandwidth of the harvester is 2.6 times higher than that

of a harvester without an IR. The proposed harvester demonstrates a significantly high

figure of merit compared to previously reported devices in the literature, achieving an

SFoMBW of 7600 kg/m3. This value highlights its high performance in maintaining high

average power output across a wide range of frequencies. Parametric studies show that

when the base excitation is increased from 0.4 g to 0.8 g, the bandwidth rises from 2.6 Hz to

3.4 Hz, which is an increase of approximately 31%. Future research will further develop

this concept by exploring the generalization of multiple internal resonances in large-scale

energy harvesters.

Author Contributions: Conceptualization, S.D., N.K., and N.B.; Data curation, S.D., N.K. and

N.B.; Formal analysis, S.D., N.K. and N.B.; Funding acquisition, N.K. and N.B.; Investigation,

S.D., N.K. and N.B.; Methodology, S.D., N.K. and N.B.; Project administration, N.K. and N.B.;

Resources, N.K. and N.B.; Software, S.D.; Supervision, N.K. and N.B.; Validation, S.D., N.K. and N.B.;

Writing—original draft, S.D.; Writing—review and editing, S.D., N.K. and N.B. All authors have read

and agreed to the published version of the manuscript.

Funding: This research was funded by the EUR EIPHI program (ANR 17-EURE-0002).



Micromachines 2025, 16, 23 15 of 17

Data Availability Statement: The data that support the findings of this study are available within

the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Chalasani, S.; Conrad, J.M. A survey of energy harvesting sources for embedded systems. In Proceedings of the IEEE

SoutheastCon 2008, Huntsville, AL, USA, 3–6 April 2008; pp. 442–447.

2. Li, Z.; Liu, Y.; Yin, P.; Peng, Y.; Luo, J.; Xie, S.; Pu, H. Constituting abrupt magnetic flux density change for power density

improvement in electromagnetic energy harvesting. Int. J. Mech. Sci. 2021, 198, 106363. [CrossRef]

3. Zhang, X.; Zhao, L.D. Thermoelectric materials: Energy conversion between heat and electricity. J. Mater. 2015, 1, 92–105.

[CrossRef]

4. Podder, P.; Constantinou, P.; Mallick, D.; Amann, A.; Roy, S. Magnetic tuning of nonlinear MEMS electromagnetic vibration

energy harvester. J. Microelectromech. Syst. 2017, 26, 539–549. [CrossRef]

5. Dong, L.; Closson, A.B.; Jin, C.; Trase, I.; Chen, Z.; Zhang, J.X. Vibration-energy-harvesting system: Transduction mechanisms,

frequency tuning techniques, and biomechanical applications. Adv. Mater. Technol. 2019, 4, 1900177. [CrossRef]

6. Li, Y.; Zhou, C.; Cao, Q.; Wang, X.; Qiao, D.; Tao, K. Electromagnetic vibration energy harvester with tunable resonance frequency

based on stress modulation of flexible springs. Micromachines 2021, 12, 1130. [CrossRef]

7. Pei, Y.; Liu, Y.; Zuo, L. Multi-resonant electromagnetic shunt in base isolation for vibration damping and energy harvesting.

J. Sound Vib. 2018, 423, 1–17. [CrossRef]

8. Morel, A.; Brenes, A.; Gibus, D.; Lefeuvre, E.; Gasnier, P.; Pillonnet, G.; Badel, A. A comparative study of electrical interfaces for

tunable piezoelectric vibration energy harvesting. Smart Mater. Struct. 2022, 31, 045016. [CrossRef]

9. Li, Y.; Zhou, C.; Wang, X.; Wang, J.; Qiao, D.; Tao, K. A vibration energy harvester with targeted frequency-tuning capability.

IEEE Trans. Instrum. Meas. 2022, 71, 7503010. [CrossRef]

10. Toyabur, R.; Salauddin, M.; Cho, H.; Park, J.Y. A multimodal hybrid energy harvester based on piezoelectric-electromagnetic

mechanisms for low-frequency ambient vibrations. Energy Convers. Manag. 2018, 168, 454–466. [CrossRef]

11. Sari, I.; Balkan, T.; Kulah, H. An electromagnetic micro power generator for wideband environmental vibrations. Sensors Actuators

A: Phys. 2008, 145, 405–413. [CrossRef]

12. Yu, H.; Fan, L.; Shan, X.; Zhang, X.; Zhang, X.; Hou, C.; Xie, T. A novel multimodal piezoelectric energy harvester with

rotating-DOF for low-frequency vibration. Energy Convers. Manag. 2023, 287, 117106. [CrossRef]

13. Zergoune, Z.; Kacem, N.; Bouhaddi, N. On the energy localization in weakly coupled oscillators for electromagnetic vibration

energy harvesting. Smart Mater. Struct. 2019, 28, 07LT02. [CrossRef]

14. Jensen, T.W.; Insinga, A.R.; Ehlers, J.C.; Bjørk, R. The full phase space dynamics of a magnetically levitated electromagnetic

vibration harvester. Sci. Rep. 2021, 11, 16607. [CrossRef] [PubMed]

15. Sun, S.; Dai, X.; Wang, K.; Xiang, X.; Ding, G.; Zhao, X. Nonlinear electromagnetic vibration energy harvester with closed

magnetic circuit. IEEE Magn. Lett. 2018, 9, 6102604. [CrossRef]

16. Abed, I.; Kacem, N.; Bouhaddi, N.; Bouazizi, M.L. Multi-modal vibration energy harvesting approach based on nonlinear

oscillator arrays under magnetic levitation. Smart Mater. Struct. 2016, 25, 025018. [CrossRef]

17. Paul, K.; Amann, A.; Roy, S. Tapered nonlinear vibration energy harvester for powering Internet of Things. Appl. Energy 2021,

283, 116267. [CrossRef]

18. Stanton, S.C.; McGehee, C.C.; Mann, B.P. Nonlinear dynamics for broadband energy harvesting: Investigation of a bistable

piezoelectric inertial generator. Phys. D Nonlinear Phenom. 2010, 239, 640–653. [CrossRef]

19. Noh, J.; Nguyen, M.S.; Kim, P.; Yoon, Y.J. Harmonic balance analysis of magnetically coupled two-degree-of-freedom bistable

energy harvesters. Sci. Rep. 2022, 12, 6221. [CrossRef]

20. Ferrari, M.; Ferrari, V.; Guizzetti, M.; Ando, B.; Baglio, S.; Trigona, C. Improved energy harvesting from wideband vibrations by

nonlinear piezoelectric converters. Sensors Actuators A Phys. 2010, 162, 425–431. [CrossRef]

21. Zhou, S.; Cao, J.; Wang, W.; Liu, S.; Lin, J. Modeling and experimental verification of doubly nonlinear magnet-coupled

piezoelectric energy harvesting from ambient vibration. Smart Mater. Struct. 2015, 24, 055008. [CrossRef]

22. Gao, Y.; Leng, Y.; Fan, S.; Lai, Z. Performance of bistable piezoelectric cantilever vibration energy harvesters with an elastic

support external magnet. Smart Mater. Struct. 2014, 23, 095003. [CrossRef]

23. Leng, Y.; Gao, Y.; Tan, D.; Fan, S.; Lai, Z. An elastic-support model for enhanced bistable piezoelectric energy harvesting from

random vibrations. J. Appl. Phys. 2015, 117, 064901. [CrossRef]

24. Kim, P.; Nguyen, M.S.; Kwon, O.; Kim, Y.J.; Yoon, Y.J. Phase-dependent dynamic potential of magnetically coupled two-degree-

of-freedom bistable energy harvester. Sci. Rep. 2016, 6, 34411. [CrossRef] [PubMed]

http://doi.org/10.1016/j.ijmecsci.2021.106363
http://dx.doi.org/10.1016/j.jmat.2015.01.001
http://dx.doi.org/10.1109/JMEMS.2017.2672638
http://dx.doi.org/10.1002/admt.201900177
http://dx.doi.org/10.3390/mi12091130
http://dx.doi.org/10.1016/j.jsv.2018.02.041
http://dx.doi.org/10.1088/1361-665X/ac54e8
http://dx.doi.org/10.1109/TIM.2022.3175984
http://dx.doi.org/10.1016/j.enconman.2018.05.018
http://dx.doi.org/10.1016/j.sna.2007.11.021
http://dx.doi.org/10.1016/j.enconman.2023.117106
http://dx.doi.org/10.1088/1361-665X/ab05f8
http://dx.doi.org/10.1038/s41598-021-95478-6
http://www.ncbi.nlm.nih.gov/pubmed/34400665
http://dx.doi.org/10.1109/LMAG.2018.2822625
http://dx.doi.org/10.1088/0964-1726/25/2/025018
http://dx.doi.org/10.1016/j.apenergy.2020.116267
http://dx.doi.org/10.1016/j.physd.2010.01.019
http://dx.doi.org/10.1038/s41598-022-10061-x
http://dx.doi.org/10.1016/j.sna.2010.05.022
http://dx.doi.org/10.1088/0964-1726/24/5/055008
http://dx.doi.org/10.1088/0964-1726/23/9/095003
http://dx.doi.org/10.1063/1.4907763
http://dx.doi.org/10.1038/srep34411
http://www.ncbi.nlm.nih.gov/pubmed/27677356


Micromachines 2025, 16, 23 16 of 17

25. Dowlati, S.; Kacem, N.; Bouhaddi, N. Optimal design for vibration energy harvesters based on quasi-periodic structures. Phys.

Scr. 2022, 97, 085212. [CrossRef]

26. Podder, P.; Mallick, D.; Amann, A.; Roy, S. Influence of combined fundamental potentials in a nonlinear vibration energy

harvester. Sci. Rep. 2016, 6, 1–13. [CrossRef]

27. Nayfeh, A.H.; Mook, D.T. Nonlinear Oscillations; John Wiley & Sons: Hoboken, NJ, USA, 2008.

28. Lee, C.L.; Perkins, N.C. Nonlinear oscillations of suspended cables containing a two-to-one internal resonance. Nonlinear Dyn.

1992, 3, 465–490. [CrossRef]

29. Zhao, J.; Sun, R.; Kacem, N.; Lyu, M.; Liu, P. Multi-channel mass sensing based on multiple internal resonances in three

electrostatically coupled resonators. Nonlinear Dyn. 2023, 111, 18861–18884. [CrossRef]

30. Fan, Y.; Ghayesh, M.H.; Lu, T.F. High-efficient internal resonance energy harvesting: Modelling and experimental study. Mech.

Syst. Signal Process. 2022, 180, 109402. [CrossRef]

31. Aouali, K.; Kacem, N.; Bouhaddi, N. Functionalization of Internal Resonance in Magnetically Coupled Resonators for Highly

Efficient and Wideband Hybrid Vibration Energy Harvesting. Sensors 2022, 22, 7657. [CrossRef]

32. Xie, Z.; Huang, B.; Fan, K.; Zhou, S.; Huang, W. A magnetically coupled nonlinear T-shaped piezoelectric energy harvester with

internal resonance. Smart Mater. Struct. 2019, 28, 11LT01. [CrossRef]

33. Garg, A.; Dwivedy, S.K. Nonlinear dynamics of parametrically excited piezoelectric energy harvester with 1: 3 internal resonance.

Int. J. Non-Linear Mech. 2019, 111, 82–94. [CrossRef]

34. Aravindan, M.; Ali, S.F. Exploring 1:3 internal resonance for broadband piezoelectric energy harvesting. Mech. Syst. Signal

Process. 2021, 153, 107493. [CrossRef]

35. Jiang, W.A.; Chen, L.Q.; Ding, H. Internal resonance in axially loaded beam energy harvesters with an oscillator to enhance the

bandwidth. Nonlinear Dyn. 2016, 85, 2507–2520. [CrossRef]

36. Nie, X.; Tan, T.; Yan, Z.; Yan, Z.; Hajj, M.R. Broadband and high-efficient L-shaped piezoelectric energy harvester based on

internal resonance. Int. J. Mech. Sci. 2019, 159, 287–305. [CrossRef]

37. Chen, L.Q.; Jiang, W.A.; Panyam, M.; Daqaq, M.F. A broadband internally resonant vibratory energy harvester. J. Vib. Acoust.

2016, 138, 061007. [CrossRef]

38. Bao, B.; Zhou, S.; Wang, Q. Interplay between internal resonance and nonlinear magnetic interaction for multi-directional energy

harvesting. Energy Convers. Manag. 2021, 244, 114465. [CrossRef]

39. Sun, S.; Zheng, Y.; Wang, Y.; Zhang, X. Investigation of internal resonance on widening the bandwidth of energy harvester based

on a cantilevered double pendulum structure. AIP Adv. 2022, 12, 095108. [CrossRef]

40. Yang, W.; Towfighian, S. A hybrid nonlinear vibration energy harvester. Mech. Syst. Signal Process. 2017, 90, 317–333. [CrossRef]

41. Mann, B.; Owens, B. Investigations of a nonlinear energy harvester with a bistable potential well. J. Sound Vib. 2010, 329,

1215–1226. [CrossRef]

42. Foisal, A.R.M.; Hong, C.; Chung, G.S. Multi-frequency electromagnetic energy harvester using a magnetic spring cantilever.

Sensors Actuators A Phys. 2012, 182, 106–113. [CrossRef]

43. Bitar, D.; Kacem, N.; Bouhaddi, N. Investigation of modal interactions and their effects on the nonlinear dynamics of a periodic

coupled pendulums chain. Int. J. Mech. Sci. 2017, 127, 130–141. [CrossRef]

44. Aouali, K. Quasiperiodic Arrays of Weakly Coupled Nonlinear Oscillators for Vibration Energy Harvesting by Electromagnetic or

Electromagnetic-Piezoelectric Transductions. Ph.D. Thesis, Université Bourgogne Franche-Comté, Besançon, France, Université

de Sfax (Tunisie), Sfax, Tunisie, 2021.

45. Liszka, T.; Orkisz, J. The finite difference method at arbitrary irregular grids and its application in applied mechanics. Comput.

Struct. 1980, 11, 83–95. [CrossRef]

46. Mohanty, R. A fourth-order finite difference method for the general one-dimensional nonlinear biharmonic problems of first kind.

J. Comput. Appl. Math. 2000, 114, 275–290. [CrossRef]

47. Jallouli, A.; Kacem, N.; Najar, F.; Bourbon, G.; Lardies, J. Modeling and experimental characterization of squeeze film effects in

nonlinear capacitive circular microplates. Mech. Syst. Signal Process. 2019, 127, 68–88. [CrossRef]

48. Deb, K.; Pratap, A.; Agarwal, S.; Meyarivan, T. A fast and elitist multiobjective genetic algorithm: NSGA-II. IEEE Trans. Evol.

Comput. 2002, 6, 182–197. [CrossRef]

49. Srinivas, N.; Deb, K. Muiltiobjective optimization using nondominated sorting in genetic algorithms. Evol. Comput. 1994,

2, 221–248. [CrossRef]

50. Liu, W.Q.; Badel, A.; Formosa, F.; Wu, Y.P. A new figure of merit for wideband vibration energy harvesters. Smart Mater. Struct.

2015, 24, 125012. [CrossRef]

51. Hasani, M.; Rahaghi, M.I. The optimization of an electromagnetic vibration energy harvester based on developed electromagnetic

damping models. Energy Convers. Manag. 2022, 254, 115271. [CrossRef]

52. Wu, Z.; Xu, Q. Design of a structure-based bistable piezoelectric energy harvester for scavenging vibration energy in gravity

direction. Mech. Syst. Signal Process. 2022, 162, 108043. [CrossRef]

http://dx.doi.org/10.1088/1402-4896/ac7fc5
http://dx.doi.org/10.1038/srep37292
http://dx.doi.org/10.1007/BF00045648
http://dx.doi.org/10.1007/s11071-023-08829-5
http://dx.doi.org/10.1016/j.ymssp.2022.109402
http://dx.doi.org/10.3390/s22197657
http://dx.doi.org/10.1088/1361-665X/ab4acb
http://dx.doi.org/10.1016/j.ijnonlinmec.2019.02.003
http://dx.doi.org/10.1016/j.ymssp.2020.107493
http://dx.doi.org/10.1007/s11071-016-2841-y
http://dx.doi.org/10.1016/j.ijmecsci.2019.06.009
http://dx.doi.org/10.1115/1.4034253
http://dx.doi.org/10.1016/j.enconman.2021.114465
http://dx.doi.org/10.1063/5.0102817
http://dx.doi.org/10.1016/j.ymssp.2016.12.032
http://dx.doi.org/10.1016/j.jsv.2009.11.034
http://dx.doi.org/10.1016/j.sna.2012.05.009
http://dx.doi.org/10.1016/j.ijmecsci.2016.11.030
http://dx.doi.org/10.1016/0045-7949(80)90149-2
http://dx.doi.org/10.1016/S0377-0427(99)00202-2
http://dx.doi.org/10.1016/j.ymssp.2019.02.060
http://dx.doi.org/10.1109/4235.996017
http://dx.doi.org/10.1162/evco.1994.2.3.221
http://dx.doi.org/10.1088/0964-1726/24/12/125012
http://dx.doi.org/10.1016/j.enconman.2022.115271
http://dx.doi.org/10.1016/j.ymssp.2021.108043


Micromachines 2025, 16, 23 17 of 17

53. Kecik, K.; Mitura, A. Theoretical and experimental investigations of a pseudo-magnetic levitation system for energy harvesting.

Sensors 2020, 20, 1623. [CrossRef]

54. Beato-López, J.J.; Royo-Silvestre, I.; Algueta-Miguel, J.M.; Gomez-Polo, C. A combination of a vibrational electromagnetic energy

harvester and a giant magnetoimpedance (GMI) sensor. Sensors 2020, 20, 1873. [CrossRef] [PubMed]

55. Sebald, G.; Kuwano, H.; Guyomar, D.; Ducharne, B. Simulation of a Duffing oscillator for broadband piezoelectric energy

harvesting. Smart Mater. Struct. 2011, 20, 075022. [CrossRef]

56. Liu, H.; How Koh, K.; Lee, C. Ultra-wide frequency broadening mechanism for micro-scale electromagnetic energy harvester.

Appl. Phys. Lett. 2014, 104, 053901. [CrossRef]

57. Mahmoudi, S.; Kacem, N.; Bouhaddi, N. Enhancement of the performance of a hybrid nonlinear vibration energy harvester based

on piezoelectric and electromagnetic transductions. Smart Mater. Struct. 2014, 23, 075024. [CrossRef]

58. Ashraf, K.; Khir, M.M.; Dennis, J.; Baharudin, Z. A wideband, frequency up-converting bounded vibration energy harvester for a

low-frequency environment. Smart Mater. Struct. 2013, 22, 025018. [CrossRef]

59. Liu, W.; Badel, A.; Formosa, F.; Wu, Y.; Bencheikh, N.; Agbossou, A. A wideband integrated piezoelectric bistable generator:

Experimental performance evaluation and potential for real environmental vibrations. J. Intell. Mater. Syst. Struct. 2015,

26, 872–877. [CrossRef]

60. Liu, W.; Badel, A.; Formosa, F.; Wu, Y.; Agbossou, A. Novel piezoelectric bistable oscillator architecture for wideband vibration

energy harvesting. Smart Mater. Struct. 2013, 22, 035013. [CrossRef]

61. Morel, A.; Pillonnet, G.; Wanderoild, Y.; Badel, A. Dielectric losses considerations for piezoelectric energy harvesting. J. Low

Power Electron. 2018, 14, 244–254. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.3390/s20061623
http://dx.doi.org/10.3390/s20071873
http://www.ncbi.nlm.nih.gov/pubmed/32230989
http://dx.doi.org/10.1088/0964-1726/20/7/075022
http://dx.doi.org/10.1063/1.4863565
http://dx.doi.org/10.1088/0964-1726/23/7/075024
http://dx.doi.org/10.1088/0964-1726/22/2/025018
http://dx.doi.org/10.1177/1045389X14546660
http://dx.doi.org/10.1088/0964-1726/22/3/035013
http://dx.doi.org/10.1166/jolpe.2018.1562

	Introduction
	Design and Modeling of 2:1:2 IR-Based VEH
	Solving and Optimization Procedures
	Numerical Solution
	Multi-Objective Optimization

	Experimental Results and Discussion
	Conclusions
	References

