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Giant band gaps in a phononic crystal with touching solid inclusions
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We present a two-dimensional phononic crystal structure that exhibits exceptionally large complete
band gaps, akin to those typically associated with bubble crystals. Our analysis begins with numerical sim-
ulations of a phononic crystal characterized by material parameters that are continuous functions of spatial
coordinates, arriving at a sawtooth material parameter function, whose band structure can be replicated by
a surprisingly simple configuration with inclusions touching at a single point, effectively functioning as a
broadband filter. This allows us to perform acoustic frequency response measurements on a real system
that confirm the sound isolation capabilities of our design, thereby underscoring its practical potential.

DOI: 10.1103/PhysRevApplied.23.054055

I. INTRODUCTION

Periodically arranged air bubbles in water are heralded
as the prototype for achieving ultrawide sonic band gaps.
They possess the largest complete band gaps ever reported
among all known sonic and phononic crystals, both for
two-dimensional [1] and for three-dimensional [2] config-
urations. Such a sonic crystal theoretically possesses the
capability to inhibit the propagation of sound across an
exceptionally wide and remarkably low frequency range.

More than two decades ago, Kushwaha et al. [1] illus-
trated this phenomenon for two-dimensional bubble sonic
crystals, revealing that the widest band gaps are achieved at
the lowest filling fractions. This observation naturally sug-
gests that the extent of sonic band gaps in bubble crystals
results from the hybridization of the propagating mode in
the embedding water matrix with the collective Minnaert
resonances of the air bubbles [3,4]. Discerning the exact
mechanism of band formation from the band structures is
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challenging, as these structures predominantly exhibit very
flat bands corresponding to the resonant modes intrinsic to
the air bubble system [2,5]. The very low frequency ranges,
which do not fall within the domain of conventional Bragg
gaps, are of particular interest. The potential for a sub-
wavelength band gap to emerge in bubble phononic crys-
tals has been analytically and numerically demonstrated
[6], revealing the potential for wave localization through
the introduction of point defects [7] or line defects [8].

Although the theoretical framework for these structures
is well developed, the practical realization of bubble crys-
tals presents considerable challenges [9]. Leroy et al. [4]
stated: “Generating stable equally sized bubbles arranged
on a crystal lattice in water is not an easy, if not impossible,
task.”

To circumvent fabrication difficulties, alternative matrix
materials have frequently been explored. Specifically,
transmission measurements were conducted on systems
comprising air cavities of various shapes within a poly-
meric matrix, in contrast to the conventional spherical
bubbles in water [4,10,11]. They revealed the presence
a Bragg gap that is quite sensitive to positional disorder
and a hybridization gap that survives it [4]. Addition-
ally, triangular and square air cavities in polymers have
been successfully three-dimensionally printed [12]. Huang
et al. [13] succeeded in approximating a bubble crystal
using a pillar-structured substrate to trap air bubbles and

2331-7019/25/23(5)/054055(8) 054055-1 Published by the American Physical Society

https://orcid.org/0000-0002-6902-1104
https://orcid.org/0000-0002-4944-0029
https://ror.org/00a208s56
https://orcid.org/0000-0001-8930-8797
https://ror.org/02dn7x778
https://orcid.org/0000-0003-2955-5336
https://ror.org/02h12bg79
https://ror.org/00a208s56
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.23.054055&domain=pdf&date_stamp=2025-05-21
http://dx.doi.org/10.1103/PhysRevApplied.23.054055
https://creativecommons.org/licenses/by/4.0/


RÖHLIG, LAUDE, THRÄNHARDT, and BLAUDECK PHYS. REV. APPLIED 23, 054055 (2025)

form patterned single-layer and multilayer arrays. While
the resulting structure does not exhibit an exception-
ally wide band gap, it indeed possesses the anticipated
low-frequency range. Nevertheless, it remains obvious
that, despite amazing theoretical predictions indicating the
presence of extensive band gaps, bubble crystals remain
largely idealized constructs. This observation is particu-
larly relevant to locally resonant crystals: while band gaps
hold considerable promise in theory, they frequently turn
out to be relatively narrow in practical scenarios [14–16].

Recently, a new type of phononic crystal has been
proposed, featuring a spatial distribution of material prop-
erties, which are described by continuous parameter func-
tions [17]. Remarkably, these structures exhibit broad
complete band gaps similar to those that are typically asso-
ciated with air bubbles in water. In this context, achieving
significant sound isolation is not confined to the sensi-
tive bubble system that is nearly impossible to fabricate.
Instead, such band gaps could be effectively realized with
functionally graded materials or gradient-index materials,
which are already known for being capable of broadband
absorption [18].

In this article, we elucidate the origins of such exten-
sive band gaps and demonstrate that similar results can
be achieved with an alternative, easily fabricated struc-
ture. Specifically, we used well-drawn wax candles, which
exhibit a highly homogeneous density and minimal surface
roughness. Owing to their widespread market availability
and the ease with which they can be arranged adjacently
on a flat surface, the candle structure provides—in opposi-
tion to bubble crystals—a convenient means of fabrication.
We introduce an approach incorporating a theoretically
infinitesimally thin wall. Despite its fundamental nature,
this and similar structures have, to our knowledge, not
been addressed in the existing literature. With this, we
present an experimental realization of a two-dimensional
phononic crystal, showcasing exceptionally large low-
frequency band gaps, akin to those observed in bubble
crystals.

II. NUMERICAL METHODS

A. Acoustic wave propagation

The propagation of acoustic waves in fluids—including
liquids and gases—can be described by the following cou-
pled first-order differential equations, which contain the
pressure and velocity fields p and v:

− 1
ρ(r)

∇p(r, t) = ∂v(r, t)
∂t

, (1)

1
B(r)

∂p(r, t)
∂t

= −∇ · v(r, t), (2)

where ρ denotes the mass density and B the bulk mod-
ulus [19]. These equations hold true for purely longitu-
dinal displacements, ignoring viscoelasticity and external
forces. Because of the sufficiently high material contrasts
between the solid scatterers and the air matrix considered
in this work, the transverse modes within the solids can
be regarded as negligible—they remain localized and do
not propagate [20]. Consequently, waves inside the solid
scatterers are modeled in the following as pressure waves
for all analyzed geometries, with the use of Eqs. (1) and
(2). Apart from the case of complex band structures, it is
common to simplify the governing equations by convert-
ing them into a scalar second-order differential equation,
solely defined for pressure.

Given that all numerical methods considered in this
work are based on the finite-element method (FEM), it is
imperative to take account of the variational formulation.
By multiplying the second-order pressure equation by the
complex conjugate of the test function q, integrating over
the different material domains �i within the unit cell, and
applying the divergence theorem, we derive the following
expression:

0 =
∫

�i

q∗ 1
B

∂2p
∂t2

dr +
∫

�i

∇q ·
(

1
ρ

∇p
)

dr

−
∫

σi

q
(

1
ρ

∇p
)

· n ds for all q. (3)

The final term represents a surface integral along the
boundaries σi, incorporating the normal vector n.

B. Real band structures

For the computation of the band structure, we start with
Eq. (3) and simply apply periodic boundary conditions on
each pair of external boundaries, thus eliminating the need
for the integral over the boundaries σi. As we are interested
only in Bloch wave propagation within an infinite peri-
odic structure, we can specify our formulation by inserting
monochromatic Bloch solutions u(r, t) = ũ(r) exp(iωt −
ik · r) for both the pressure and the test function. This
results in

ω2
∫

�i

q̃∗ 1
B

p̃ dr

=
∫

�i

(∇q̃ − ikq̃)† 1
ρ

(∇p̃ − ikp̃) dr for all q̃. (4)

If the material parameters are piecewise-defined func-
tions with discontinuities at the boundaries between the
inclusion and the matrix, the integrals can be decomposed
over individual subdomains �i. By varying the wave vec-
tor along a path in k space, we can now compute a set of
eigenfrequencies.
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C. Complex band structures

A method for deducing a complex eigenvalue prob-
lem in the form k(ω) involves initially reducing the wave
vector k to an eigenvalue k with just a single degree of
freedom [21–23]. This is achieved by one fixing it to a
specific direction, delineated by a unit vector α̂, which is
selected on the basis of the path in k space. After sub-
stituting k = kα̂ into Eqs. (1) and (2) and labeling the
acceleration in the propagation direction by � = iωα̂ · ṽ,
we represent the solutions as a vector (p̃ , �). Considering
Bloch solutions once again, the variational form for the test
functions (q̃, �) can be derived, resulting in

∫
A(�, p̃; �, q̃) dr

= (ik)
∫

B(�, p̃; �, q̃) dr for all (�, q̃), (5)

with

A(�, p̃; �, q̃) = �∗� + �∗ 1
ρ

(α̂ · ∇p̃)

+ ω2q̃∗ 1
B

p̃ − (∇q̃)† 1
ρ

∇p̃ , (6)

B(�, p̃; �, q̃) = �∗ 1
ρ

p̃

− (α̂ · ∇q̃)∗
1
ρ

p̃ − q̃∗�. (7)

Unlike with Eq. (4), we now encounter a generalized
eigenvalue problem that is not Hermitian anymore.

D. Transmission

To investigate the transmission properties of our system,
we revert to the variational formulation (3), with the addi-
tion of a source term. Therefore, the left-hand side of the
equation is no longer zero but is instead

∫
σ1

q
(

1
ρ

∇p
)

· n ds. (8)

This integral describes the normal acceleration of the
fluid. By assigning a specific value at the boundary σ1, as
labeled in Fig. 5, we can introduce a source. For a plane
wave where ∇p = −ik p , we can rewrite the integrand as
follows:

q
(

1
ρ

∇p
)

· n = − iqp
ρ

k · n. (9)

We desire the waves to freely exit the simulation cell.
An effective way to achieve this is by applying radiation

boundary conditions. Thus, we set

k · n = ω

c
, (10)

with the sound velocity c = √
B/ρ inside the medium. The

expression in Eq. (10) is used within the integrals over
the boundaries σ1 and σ2. We define this condition for the
propagation direction x, while we apply periodic bound-
ary conditions for the y direction. To finally obtain the
transmission for specific frequencies, we integrate over the
external cell boundary σ2, which is drawn on the right side
in Fig. 5:

T = 1
a p0

∫
σ2

p ds, (11)

with p0 the initial pressure generated by the source, and a
the length of the cell in the y direction—equivalent to a
lattice constant.

For a more comprehensive understanding of the theo-
retical foundations outlined in this section, the reader is
encouraged to consult Ref. [21].

III. SIMULATION RESULTS

To elucidate the origin of ultrawide complete band gaps
in bubble-type phononic crystals, we begin by comparing
three distinct unit cells of size a × a and their correspond-
ing band structures for the square lattice. These three
configurations are illustrated in Fig. 1.

We commence with a classical unit cell, featuring a
circle with radius R = a/4. In this setting, the shape func-
tion f (r) is defined as a piecewise-defined step function.
The second configuration comprises the recently published

0

a

0 a
x

0

1

f 
(x

,η
) 

(a)

0 a
x

(b)

0 a
x

(c)

FIG. 1. The shape functions f (x, η) in one dimension and
f (

√
x2 + y2, η) in two dimensions are depicted for three distinct

crystal unit cells with area a × a: (a) a sharp-edged circle with
radius R = a/4 for η → 0; (b) a crystal with a linear material
transition; (c) another sharp-edged circle, this time with radius
R = a/2 for η → 0, making contact with the domain wall.
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FIG. 2. Complex band structure for the system depicted in Fig. 1(a), comprising steel circles of radius R = a/4 embedded in air. The
real solutions, situated at the center, are enclosed by the negative imaginary components of k. Additionally, for comparative purposes,
the purely real band structure is superimposed in the real section, highlighted in orange.

function crystal, characterized by a seamless fusion of con-
stituent material properties within the crystal lattice [17].
For this case, the structural function corresponds to

f (r, η) =
tanh

(
R−r
η

)
− tanh

(
R−a/2

η

)

tanh
(

R
η

)
− tanh

(
R−a/2

η

) , (12)

with η being the broadening parameter. Within the range
r =

√
x2 − y2 ∈ R ∈ [0, a/2], this function varies between

f (a/2, η) = 0 and f (0, η) = 1, as depicted in Fig. 1(b).
This formulation not only encompasses the scenario of
a linear material transition as η → ∞ [as depicted in
Fig. 1(b)] but also approximates conventional sharp-edged
material transitions when η → 0 [see Figs. 1(a) and 1(b)].
The material parameters ρ and B are simultaneously mod-
ulated by the shape function. For the density, this takes the
form ρ(r, η) = ρM + f (r, η)(ρS − ρM), where ρS denotes

the value of the scatterer and ρM that of the matrix material;
the same definition applies to the bulk modulus.

Lastly, we juxtapose these structures with a unit cell fea-
turing a circle of radius R = a/2, as visualized in Fig. 1(c).
Note that the circle touches the cell boundary at a sin-
gle point, thereby creating a cavity of the matrix material,
enclosed by the lattice inclusions. Representing this struc-
ture on a finite-element mesh poses challenges. Remark-
ably, despite the fundamental character of this issue, there
appears to be no published work addressing a similar lat-
tice where inclusions extend to make contact with the
external boundary of the unit cell. To address the prob-
lem of constructing an appropriate mesh, the following
procedure is proposed: The external boundaries must be
subdivided precisely at the points where the inclusions
intersect them. Furthermore, it is essential to delineate new
domains accordingly. In the case illustrated in Fig. 1(c),
this results in the creation of five distinct domains. Each
one should be enclosed by a distinct boundary.
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FIG. 3. Complex band structure, analogous to Fig. 2, for the system characterized by the function f (r, η → ∞), as depicted in
Fig. 1(b). The material parameters undergo a linear transition between the values representative of steel and air.
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FIG. 4. Complex band structure, analogous to Fig. 2, for the system illustrated in Fig. 1(c). This configuration consists of contiguous
steel circles with radius R = a/2 embedded in air.

A. Band structures

We now present the relationships between the band
structures of the three distinct unit cells. Figures 2–4 show
the complex band structures, which are the solutions of
Eq. (5). These were computed with the use of a mesh
composed of elements defined by second-degree polyno-
mials, with a resolution of 30 triangular nodes per lattice
constant a. Regarding material parameters, we used rigid
circles made of steel with density ρS = 7860 kg/m3 and
bulk modulus BS = 160 GPa. These are embedded within
an air matrix, which has density ρA = 1.2 kg/m3 and
bulk modulus BA = 142 kPa. Centrally in Figs. 2–4, the
real part of k is displayed along the paths from 
 to X
and 
 to M including the symmetry points 
 = (0, 0)T,
X = (π/a, 0)T, and M = (π/a, π/a)T. For a more com-
prehensive analysis, we also show the solutions of Eq.
(4), representing the purely real band structure. The real
solutions (in the center in Figs. 2–4) are enclosed by the
negative imaginary part of k for the same two paths in
reciprocal space—on the left and right sides in Figs. 2–4.

We start our analysis with the case illustrated in Fig. 1(a)
of circles with radius R = a/4, depicted in Fig. 2, where
no complete band gap is observed. However, some par-
tial band gaps become apparent, particularly through
evanescent arclike branches that continuously connect
bands with their foldings at the symmetry points. These
features are typical indicators of Bragg gaps [21]. Addi-
tionally, numerous purely evanescent branches are visi-
ble—each with a distinct frequency cutoff. One example
is the first band (starting from zero) in the imaginary part
corresponding to the M point. This band has its cutoff at
a frequency of approximately 200 m/s. The vertical blue
lines at the high-symmetry points within the center panel in
Fig. 2 exclusively represent the real part of complex Bloch
wave numbers whose imaginary part is varying.

When using the linear function f (r, η → ∞), we
witness a profoundly altered band structure, as seen in

Fig. 3. In the real part, the bands are significantly flat-
ter, resulting in exceptionally wide complete band gaps.
In the imaginary part, the purely evanescent branches
become arc circles, with their midpoints located where
the frequency cutoffs were previously observed. Interest-
ingly, the distribution of eigenvalues—particularly in the
real part—exhibits a striking resemblance to distribution
associated with the well-known bubble crystal.

We now arrive at a particularly intriguing scenario: Con-
sider a circle with radius R = a/2, in contact with the
domain wall. Surprisingly, the band structure calculated for
this case, as shown in Fig. 4, remains almost identical to
the previous result, characterized by complete frequency
gaps. A comparison with Fig. 3 reveals that as we increase
the broadening parameter η in Eq. (12), we effectively
achieve convergence toward the band structure of the sim-
ple touching-cylinder system. This is evident for the real
part and nearly so for the imaginary part.

Even though the structures corresponding to Figs. 1(b)
and 1(c) differ from the two-dimensional bubble crystal in
their material configuration, the flat-band characteristics
paired with ultrawide frequency gaps render them com-
parable. In the bubble crystal, flat bands are attributed to
the resonant behavior of the bubbles [3,4]. By contrast,
the band structures corresponding to the cases in Figs. 1(b)
and 1(c) exhibit no clear indications of resonance effects;
instead, they suggest the predominance of the Bragg mech-
anism. When one compares the cases in Figs. 1(b) and
1(c), it becomes apparent that the pronounced similarity
between these configurations is primarily attributable not
to the circles themselves but rather to their contact points.

Figure 5 illustrates a simulation cell, for the transmission
calculation, which will be detailed shortly. It showcases
both the pressure field and the Poynting vector for the
mode at a reduced frequency of 405 m/s (situated on
the third band in Fig. 4). It is evident that the pressure
reaches its maximum values at the touching points between
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FIG. 5. Distribution of both the normalized pressure (top) and the Poynting vector (bottom) for a reduced frequency of 405 m/s,
corresponding to the third band of the real part presented in Fig. 4. This was calculated for the arrangement of adjacent cylinders
pictured in Fig. 1(c), with periodic boundary conditions applied in the y direction. This simulation cell was conceived to compute the
one-dimensional transmission curves presented in Fig. 7. The source is defined at the boundary σ1 (at x = 0), while the transmission
is determined at σ2 (at x = 6a).

the rigid circles. Additionally, the Poynting vector asso-
ciated with this mode is predominantly and consistently
concentrated at these contact points along the propagation
direction. Such an energy pattern is not only characteristic
of this specific mode but is observed across all analyzed
cases. Additional calculations involving slightly overlap-
ping circles, nearly touching circles, and alternative lattice
configurations confirm that the system remains robust even
under perturbations.

Overall, the numerical predictions suggest that the
touching-circle system—owing to its giant band gaps—
could be a viable candidate for effective sound isolation.
Moreover, the flat-band characteristics imply that within
the structure the group velocity is significantly reduced
compared with the speed of sound in air. The highest
velocity occurs at frequencies for which the crystal appears
as a homogeneous medium—in the homogenization limit
[24]. While for the conventional system as illustrated in
Fig. 1(a), the effective velocity remains at around 315
m/s, it is drastically reduced to around 73 m/s for the
case depicted in Fig. 1(b) and around 77 m/s for the case
visualized in Fig. 1(c).

IV. EXPERIMENTAL RESULTS

For the experimental verification of the acoustic proper-
ties of the proposed structure, a simple setup comprising
a model scatterer, a sound source, and a detector posi-
tioned on a table was conceived. To approximate the
two-dimensional circular case, we chose elongated cylin-
ders with a spherical base as solid inclusions of the crystal,
which is commonly treated as a two-dimensional crystal
in the literature [25]. Specifically, we selected wax can-
dles (type Stumpenkerze, Gala, Ansbach, Germany), made

from pure paraffin with density ρS = 893 kg/m3. The can-
dles, each with a height of 29 cm and radius R = 4 cm,
were arranged in a 7 × 7 array, as pictured in Fig. 6. The
form-fitting properties of the paraffin allowed the forma-
tion of a straight contact line for adjacent cylinders when
they are touching one another, corresponding to a lattice
constant a = 2R. Acoustic measurements were performed
in a sound-attenuated room under ambient conditions. As
a sound source, we used a loudspeaker (model Road-
Buddy 10, LD Systems, Neu-Anspach, Germany) which
we subjected to the emission of pulses defined as

g(t) = e− (t−t0)2

2σ2 cos(ωct), (13)

where σ = 1/20 000 s, ωc = 2π × 4500 Hz, and t0 =
0.05 s, in accordance with the short-pulse excitation

FIG. 6. Photograph of an experimental realization of a two-
dimensional phononic crystal structure, consisting of a 7 × 7
array of touching paraffin wax candles with radius R = 4 cm.
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FIG. 7. Real band structure for the system depicted in Fig. 1(c) and pictured in Fig. 6, comprising touching paraffin circles of radius
R = 4 cm embedded in air, on the left, compared with the frequency response measurement (blue curve) and the FEM transmission
calculation (highlighted in orange), performed under radiation boundary conditions and periodic boundary conditions in the y direction.

method. A microphone as a point detector built in a cell
phone (model iPhone 13, Apple Inc., Cupertino, USA)
was positioned directly behind the structure, with both
the source and the detector placed at a distance of 1 cm
from the candle arrangement. The frequency response in
terms of a sound spectrum was determined by means of
the Fourier transformation of the recorded audio track
that consists of 50 pulses. To normalize the spectrum,
a reference measurement was performed under identical
conditions but without the presence of the candle structure.

The results shown in Fig. 7, spanning the frequency
range from 0 to 8000 Hz, reveal that the phenomena
observed for touching cylinders are not limited to systems
with high material contrasts. In the numerical simula-
tion, we used a Poisson’s ratio νS of 0.37 and an elastic
modulus ES of 116.3 MPa for the paraffin candles. From
these parameters the bulk modulus BS was calculated
[see Eq. (4)]. As described in Sec. II A, we proceeded
on the premise that pressure waves propagating in air do
not impart substantial transverse motion within the solid
medium.

Notably, even for wax candles embedded in air, flat
bands emerge in the real band structure alongside wide
frequency gaps. As a consequence, sound propagation
within the candle structure is drastically slowed down,
with an effective velocity of merely 13 m/s in the low-
frequency limit. A comparison with frequency response
measurements in the 
-X direction confirms the numeri-
cal predictions: the amplitude decreases markedly within
the band gap regions, while distinct maxima are observed
near the bands.

Moreover, the one-dimensional FEM computations of
transmission curves under radiation boundary conditions,
depicted in Fig. 7, align closely with the experimental

results. As previously mentioned, the simulation cell
was based on the configuration in Fig. 5, adjusted to a
resolution of 20 points per lattice constant, and extended
to include seven rows to match the experimental scenario.
Since the simulation assumes periodic boundary condi-
tions in the y direction and is evaluated along the boundary
σ2, whereas the experiment involves a finite structure and
a pointlike sensor, the amplitudes differ accordingly. Apart
from this deviation, the results not only exhibit excel-
lent agreement with the band structure but also support
the experimental data. These findings underscore that the
system acts as a highly effective frequency filter within the
investigated range, consistent with the expected behavior
of a bubble crystal.

V. CONCLUDING REMARKS

In summary, through both numerical analysis and
experimental validation we have demonstrated that giant
complete band gaps are indeed attainable from phononic
crystals with a by far simpler system than the largely
idealized construct of bubble crystals.

The investigation of a shape function, which manipu-
lates material parameters, intriguingly converged upon a
configuration consisting of mutually touching cylinders.
This system is capable of concentrating states within nar-
row frequency bands characterized by notably low group
velocities, thereby giving rise to remarkably large com-
plete band gaps. Fortunately, this outcome is not restricted
to complex geometries; rather, it can be replicated with a
simple arrangement of wax candles touching each other
linearly at their outer surfaces. Through acoustic measure-
ments, we have demonstrated the practical efficacy of the
system as a reliable frequency filter.
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