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ABSTRACT. We find that the whole set of known baryons of spin parity
JP = %+ (the ground state) and J* = %+ (the first excited state) is or-
ganized in multiplets which may efficiently be encoded by the multiplets
of conjugacy classes in the small finite group G = (192, 187). A subset of
the theory is the small group (48, 29) = GL(2, 3) whose conjugacy classes
are in correspondence with the baryons families of Gell-Mann’s octet and
decuplet. G has many of its irreducible characters that are minimal and
informationally complete quantum measurements that we assign to the
baryon families. Since G is isomorphic to the group of braiding matrices
of SU(2)2 Ising anyons, we explore the view that baryonic matter has
a topological origin. We are interested in the holographic gravity dual
AdS3/QFT; of the Ising model. This dual corresponds to a strongly
coupled pure Einstein gravity with central charge ¢ = 1/2 and AdS ra-
dius of the order of the Planck scale. Some physical issues related to
our approach are discussed.

Keywords: Representation theory; quantum information, topological quan-
tum field theory; Ising anyons; AdSs/QFT, holography;

It can scarcely be denied that the supreme goal of all theory is to make the
wrreducible basic elements as simple and as few as possible without having to
surrender the adequate representation of a single datum of experience. [1].

I consider it quite possible that physics cannot be based on the field concept,
i.e., continuous structure. In that case, nothing remains of my entire castle
in the air, gravitation theory included, ,(and of) the rest of modern physics.

[2].

1. INTRODUCTION

Baryons are a family of subatomic particles made up of three quarks
bound together by the strong nuclear force. They are one of the two main
categories of hadrons, the other being mesons (which are made of one quark
and one antiquark).

The name ‘baryon’ comes from a Greek word meaning ‘heavy’, as baryons
were originally thought to be heavier than other particles like electrons or
neutrinos. A baryon is composed of three quarks. These quarks come in six
‘flavors’ — up, down, charm, strange, top, and bottom — and the type of
quarks determines the baryon properties, such as charge, mass, and stability.
The quarks inside a baryon are held together by the strong nuclear force,
mediated by particles called gluons.
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The most familiar baryons are the proton (p) and neutron (n), which make
up the nucleus of atoms as identified in the early 20th century. Over time,
more baryons were discovered, including those containing heavier quarks like
charm, strange, and bottom quarks. In 1964, physicists Murray Gell-Mann
and George Zweig proposed the quark model, suggesting that baryons are
composed of three quarks [3]. Currently, baryons are described by quan-
tum chromodynamics, the theory of the strong interaction. QCD explains
how quarks interact via gluons and why baryons are bound states of three
quarks. Baryons are the primary constituents of visible matter in the uni-
verse, forming stars, planets, and all living beings.

The groups SU(2) and SU(3) are crucial in the theoretical description of
baryons because they provide the mathematical framework to describe the
symmetries and dynamics of quarks within baryons.

In the context of baryons, SU(2) corresponds to isospin symmetry, a
concept introduced by Werner Heisenberg in 1932. Isospin is an approximate
symmetry of the strong nuclear force, treating the proton and neutron as
two states of the same particle (nucleons). The quarks up (u) and down
(d) are the building blocks of protons and neutrons, they form a doublet

(Z) . Protons and neutrons are also organized into an isospin doublet under

SU(2), with isospin projections I3 = % (proton) and I3 = —3 (neutron).
The concept of isospin helps classify baryons like nucleons (p,n). Isospin
symmetry is approximate because it neglects differences in the masses of
the up and down quarks and the effects of the electromagnetic force.

In particle physics, SU(3) represents the flavour symmetry of the up (u),
down (d) and strange (s) quarks. The u, d and s quarks form the basis of

U
the fundamental representation | d | of SU(3). The baryons are built by
S
combining three quarks, and SU(3) flavor symmetry organizes them into
multiplets based on their quark content.

Isospin symmetry with SU(2) and flavour symmetry with SU(3) are es-
sential ingredients of the classification of baryons made of u, d and s into
octets (8 baryons) and decuplets (10 baryons) in an approach called the
‘Eightfold way’ [3, 4], see Figure 1. But heavier baryons containing ¢ and b
quarks need higher groups like SU(4) and SU(5) providing an imperfect de-
scription, firstly because their symmetries are strongly broken and because
they predict non observed baryons.

In the present paper, we offer an alternative description of the symmetries
of baryon multiplets based on a finite group. There already exists an efficient
approach of the mixing patterns for the three generations of quarks and
leptons through the irreducible characters of an appropriate finite group.
The efforts in this direction could be summarized in a paper by the author
and coauthors [5]. According to the approach, the character table of an
appropriate finite group should contain both two- and three-dimensional
representations being minimal and informationally complete in the sense of
POVMs (positive operator valued measures). A similar approach of using
the irreducible characters of an appropriate finite group was taken in the
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context of the genetic code [6]. The goal of the present paper is to discover
an optimal discrete group whose irreducible characters fit the multiplets of
baryons while preserving, as much as possible, the minimal and complete
quantum informational aspect of the characters.

We are successfull in this quest by discovering a series of small groups
fitting in a good way the baryon families. The first member of the series,
the group GL(2,3), has character table with eight characters that can be
assigned to the 8 multiplets of the octet + decuplet of Gell-Mann’s model of
flavour symmetry. Then, it is shown that the group Zs x GL(2,3), with 24
characters, contains the baryon families with u, d, s or ¢ quarks. Finally the
small group G = (192,87) = Z12 x Py, with P; = (16, 13) the single qubit
Pauli group, adds known baryons containing the bottom quark b.

Most remarkably, we show that the group G is isomorphic to the group
of braids underlying Ising anyons [7]. It means that the Ising anyons can
be used to encode baryonic matter. There exists a gravity dual to the Ising
anyons through the minimal model with central charge ¢ = % as described
through the AdSs/QFTs correspondence. The correspondence means that
‘Ising baryons’ have a three-dimensional gravitational dual in a strongly
coupled quantum regime at the Planck scale.

The structure of the paper is as follows. Section 2 recalls how the irre-
ducible characters of a finite group with d conjugacy classes may be seen
as a collection of minimal, possibly quantum informationally complete, pos-
itive operator valued measures (POVMs). This approach is described in
papers [8, 9]. Section 3 briefly describes the classification of baryon families
according to their quark content.

Diagrams of the baryon octet and decuplet describing flavour symmetry
are given in Figure 1. SU(4)-plets for ¢- and b- baryons are shown in Figures
2 and 3 of the Appendix to serve as a reference to our own finite group based
description.

Such a new description is developed step by step in Section 4. Character
table for the group GL(2,3) is shown to fit the baryon octet and decuplet
by assigning the eight conjugacy classes to the eight multiplets of flavour
symmetry. The small group G = (192, 187) is shown to fit appropriately all
the known baryon multiplets with spin parity J* = %Jr or %Jr in its character
table, leaving no room to unobserved baryons. In Section 5, we use the fact
that G is isomorphic the group of braid matrices for Ising anyons. We explore
the AdSs/CFTy correspondence at central charge ¢ = % corresponding to
the minimal Ising model. Finally, Section 6 discusses the strengths and
limits of this new approach of coupling baryonic matter to quantum gravity,
opening new challenges for future work.

2. REPRESENTATION THEORY OF FINITE GROUPS AND MINIMAL
INFORMATIONALLY COMPLETE POVMS

Let H4 be a d-dimensional complex Hilbert space and {Ey, ..., E,} be a
collection of positive semi-definite operators (POVM) that sum to the iden-
tity. Taking the unknown quantum state as a rank 1 projector p = |¢) (¢
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(with p?> = p and tr(p) = 1), the i-th outcome is obtained with a prob-
ability given by the Born rule p(i) = tr(pE;). A minimal and informa-
tionally complete POVM (or MIC) requires d? one-dimensional projectors
IT; = |¢;) (¥i], with II; = dE;, such that the rank of the Gram matrix with
elements tr(IL;I1;), is precisely d.

With a MIC, the complete recovery of a state p is possible at a minimal
cost from the probabilities p(7). In the best case, the MIC is symmetric and
called a SIC with a further relation |<wi|¢j>|2 = tr(ILIL;) = d‘z;f{l so that
the density matrix p can be made explicit [8].

In our earlier references [9], a large collection of MICs are derived. They
correspond to Hermitian angles [(¢[¢;);,; € A = {a1,...,a;} belonging to
a discrete set of values of small cardinality . They arise from the action of
a Pauli group Py [10] on an appropriate magic state pertaining to the coset
structure of subgroups of index d of a free group with relations.

An entirely new class of MICs in the Hilbert space H,4, relevant for the lep-
ton and quark mixing patterns, is obtained by taking fiducial/magic states
as characters of a finite group G possessing d conjugacy classes and using the
action of a Pauli group Py on them [5]. The same approach was followed for
recovering the genetic code [6]. Here, we go back to the context of particle
physics by searching finite groups whose characters may be associated to
the multiplets of baryons: singlets, doublets and quadruplets.

As already mentioned, in the standard model approach, such multiplets
are shown in the octet spin—% and decuplet spin—% representation of baryons
under (continuous) SU(2) isospin group and SU(3) flavour group [3]. And
SU (4)-plets complete the standard description adding baryons containing
charm and bottom quarks.

3. A PRIMER ON BARYON FAMILIES

In this section, we provide a brief account of the known baryon families
as updated in [11, p. 92-111]. The baryon octet and decuplet of flavour
symmetry is shown in Figure 1. For observed and expected symmetries of
baryon multiplets containing the charm (¢) and bottom (b) quarks, figures
found in papers by Imran Khan are appropriate [Figure 2 based on SU(4)
symmetry for ¢ quarks [12, 13| and Figure 3 based on SU(4) symmetry for
b quarks [14]].

3.1. N-baryons. N-baryons (also called nucleons) include the proton (p)
and neutron (n). Protons were identified as the building blocks of nuclei,
and neutrons were discovered by James Chadwick in 1932. Together, pro-
tons and neutrons form the nucleus of atoms, known as nucleons. The
development of the quark model by Gell-Mann and Zweig in 1964 explained
nucleons as composite particles made of three quarks. The proton (uud)
and neutron (udd) were recognized as the lightest baryons, forming part of
the baryon octet in SU(3) flavor symmetry [3]. In the late 20-th century,
nucleon resonances (excited states of protons and neutrons) were experi-
mentally observed in scattering experiments, leading to the identification of
N-baryon resonances. The N-baryons are held together by gluons via the
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strong nuclear force. Quantum chromodynamics (QCD) is the theory of the
strong interaction.

The proton has charge Q = 41, spin-parity J& = %Jr, mass 938.272
MeV and is considered to be stable (infinite life time). The neutron is
electrically neutral of charge Q@ = 0, JX = %Jr, mass 939.565 MeV and life
time about 880 s (decaying via weak interaction). Excited states of protons
and neutrons, are typically observed in pion-nucleon scattering experiments.
They are short-lived (about 10723 s) and their masses are in the range from

1 GeV to several GeV.

Ficure 1. Up: Combinations of three u, d or s-quarks with
a spin—% form the baryon octet. Down: Combinations of
three u, d or s-quarks with a total spin of % form the so-
called baryon decuplet. S is for strangeness and @ is for
charge.

3.2. Delta baryons. The Delta baryons (A) are the first known excited
states of nucleons (protons and neutrons) [15]. Their discovery and study
were pivotal in understanding baryon resonances and the quark model. The
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discovery of the A-baryon family in experiments confirmed the existence of
isospin quartets, aligned with Gell-Mann’s and Zweig’s quark model predic-
tions. Delta baryons have been extensively studied as part of the baryon
decuplet in SU(3) flavor symmetry. A baryons are combinations of u and d
quarks in a quadruplet {wuu, vud, udd, ddd}. Their spin is J = % (unlike the

one J = % of nucleons). They have positive parity J P— %Jr. The isospin
quartet is I = % and I3 = (—i—%,—i—%’ —%7 _%)

Delta baryons were first observed in pion-nucleon scattering experiments.
Their mass is about 1232 MeV. Delta baryons decay predominantly via the
strong interaction.

3.3. Lambda baryons. The Lambda baryons (A) were among the first
strange particles discovered and played a key role in the development of the
quark model and the understanding of the strong and weak interactions. In
1947, the A° baryon was discovered in cosmic ray experiments by Rochester
and Butler [16], marking the first identification of a particle containing a
strange quark. The quark model by Gell-Mann and Zweig classified A° as
a baryon with one strange quark (s) and two light quarks (u,d) forming
an isoscalar (I = 0) state. The quark content of A? is uds, with spin-

parity J = %Jr in the ground state, mass 1115.683 MeV and life time
about 2.6 x 10710 s, long for a baryon, as it decays via the weak interaction,
predominantly to a proton or a neutron with a pion. Numerous excited
states A* have been observed with masses ranging from 1405 MeV to over
2500 MeV. Excited A* decays via strong Interaction.

3.4. Sigma baryons. The Sigma baryons (X) were among the first strange
baryons discovered, playing a central role in understanding the strong and
weak interactions [17]. The discovery of ¥ particles, along with A, marked
the first experimental evidence of strange quarks in cosmic ray experiments.
The quark model classified ¥ baryons as baryons containing one strange
quark (s) and two light quarks (u,d), fitting within the baryon octet of
SU(3) flavor symmetry. In the ground state, there is triplet (1,30 37)
with masses (1189.37,1192.64,1197.45) MeV and life times about (0.8 x
1071910729, 1.5x 1071%) 5. Baryons ¥ and ¥~ decay via strong interaction
to a neutron and a pion and X0 decays via strong interaction to Ay and a
photon. Many excited states X* with various decay modes are also observed.

3.5. Xi baryons. The Xi baryons (Z), also known as cascade baryons, were
discovered in the mid-20th century [18] and provided critical insight into
the nature of strange quarks and the quark model. Xi baryons contain
two strange quarks (s) and one light quark (u or d). They form doublets
(uss, dss), where J¥' = %+ for the ground state and J¥ = %+ for the first
excited state Z*. The masses for the ground state are 1314.86 MeV for =
and 1321.71 Mev for -, with life times 2.90 x 1071 s and 1.64 x 1010
s, respectively. They decay via weak interaction to a A and a pion. The
excited states Z* decays via strong interaction.

3.6. Omega baryons. The Omega baryons {2 are unique among baryons
due to their quark content involving strange quarks (s). They played a
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pivotal role in confirming the quark model. The Q= baryon (sss) was dis-
covered at Brookhaven National Laboratory in 1964 [19], marking a major
success for Gell-Mann’s SU(3) flavor symmetry predictions. Its observation
solidified the quark model. In the modern era, experiments have identified
excited 2~ baryon states and extended studies to charm and bottom coun-
terparts. Omega baryons are baryons with two or three strange quarks (s),
or their charm or bottom analogs, Q0 with quark content ssc and Q, with

quark content ssb. For the ground state the spin-parity is J* = %+. The
fully strange baryon Q= has mass 1672.45 MeV, life time 0.82 x 10719 s,
decaying weakly into A and a kaon or =0 and a pion.

3.7. Charmed baryons. Charmed baryons contain at least one charm
quark (c) along with light quarks (u, d, s) and are crucial for studying quan-
tum chromodynamics (QCD) in systems with heavy quarks. Following its
prediction in the 1970s, the A baryon was observed in 1975 in electron-
positron collisions [20], marking the first discovery of a charmed baryon.
Charmed baryons are baryons containing at least one charm quark (c),
alongside light (u,d, s) quarks.

Ground states of singly charmed baryons form isoscalar singlets with
I = 0: Af(udec) with mass 2286.46 MeV and QY(ssc) with mass 2695.2
MeV, the isodoublet Z.(usc, dsc) with I = } and masses (2467.71, 2470.44)
MeV and the isotriplet .(uuc,udc,dde) with I = 1 and masses (2453.97,
2452.55,2453.75) MeV. Higher-spin or radially excited states have been ob-
served for all ground-state families. Charmed baryons decay primarily via
the weak interaction but can also undergo strong and electromagnetic de-
cays, especially for excited states.

Doubly charmed baryons consist of two charm quarks (¢) and a light quark
(u,d, s). They theoretically consist of an isoscalar Q. = scc with I =0 (not
yet observed) and a doublet (2,7, %)= (ucc,dcc), with I = £, spin-parity
J = %+ and masses of the order 3621 MeV as predicted by QCD. No excited
doubly charmed baryons have been conclusively observed yet.

3.8. Bottom baryons. Bottom baryons contain at least one bottom quark
(b) along with light quarks (u,d,s), and their discovery has been a key
milestone in exploring heavy quark systems. The bottom quark (b) was
discovered in 1977 [21], leading to predictions of bottom baryons. In the
years 1980s to 1990s, ground states of bottom baryons, such as Ag and
=~ were observed.. In 2007, an international collaboration announced the
discovery of €. Since then, many excited states have been observed.

In the ground state, the spin-parity is J¥ = %Jr with A(udb), a sin-
glet, the lightest bottom baryon of mass 5619.60 MeV. Another singlet
is €, (ssb) of mass 6045.0 MeV. The doublet (Z),Z;) = (usb,dsb) has
masses (5791.40,5797.00) MeV. The triplet (3,7, X0, %,") = (uub, udb, ddb)

has masses (5810.56,5813.43, 5815.64) MeV.

The following expected excited states with spin-parity JZ = are the
singlet €2 (ssb) with predicted mass 6080 MeV (not yet observed), the dou-
blets (E;°, Z57) = (usb, dsb) of masses (5935,5935) MeV (not yet observed)
and the triplet (X7, 2%, %57) = (uub, udb, ddb) of masses about 5830 MeV.

_l’_

—No|w
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4. FINITE GROUP CLASSIFICATION OF BARYON MULTIPLETS

In this section, we show that irreducible characters, some of them in-
formationally complete (IC), of appropriate finite groups may be made in
correspondence with baryon families.

baryon type quarks I(JT) mass (MeV)
N nud, udd LA™Y p(938), n(939)
A wun,uud,udd,ddd - 3(37) At(1232), A*(1232), A°(1232), A= (1232)
5 uus,uds,dds 1(17) 2+(1189), £0(1192), £ (1197)
. 1(37) 2 (1385), 2*0(1384), £ (1387)
= uss,dss 11"y =°(1315),2(1322)
. : 13Ty =9(1530), =% (1532)
A uds 0(27) A%(1115)
Q ss8 03" Q (1672)
A uuu,uud,udd,ddd %(%+) A(1620)
. A(1920)
317y A(1910)

TABLE 1. Upper box: The list of eight baryon families (the
18 baryons forming the standard baryon octet and decuplet
shown on Figure 1). Column 1 is for the baryon type; column
2 provides the quark triplets; in column 3, I is the isospin
quantum number and J¥ is spin-parity; column 4 provides
the measured baryon masses. The star * means an excited
state with J¥' = %Jr. Data are available in [11, p. 92-97].
The character table of the group GL(2,3) described in Table
2 can be considered as a discrete alternative to the ground
state baryon octet and decuplet of with flavor symmetry as
shown in Figure 1. Lower box: Higher A resonances. These
resonances cannot be accounted by the octet 4+ decuplet di-
agram neither by the corresponding character table of the
finite group GL(2, 3) but by higher order finite groups as de-
scribed below in this section.

Let us start with the 18 = 8+ 10 baryon families forming the baryon octet
and decuplet shown in Figure 1 and listed in Table 1. The finite groups of
smaller size able to support the baryon multiplets are groups (48,28) = 20,
where 20 is the binary octahedral group, and (48,29) = GL(2,3). Both
groups were already used in [6] for assigning their character table to codons.
Looking at [6, Table 6], it is clear that the latter group is more appropriate
in the context of N-baryons since its characters are MIC or almost MIC.
The assignement of N-baryons to the character table of GL(2,3) is shown in
Table 2. Thus we already have a discrete option based on GL(2,3) against
the continuous groups SU(2) and SU(3) to capture the symmetries of some
baryon families.

Let us go ahead. Our discussion below is summarized in Table 3.
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Class 1 2 3 4 5 6 7 8 Class
Size 1 1 12 8 6 8 6 6 Size
Order 1 2 2 3 4 6 8 8 Order
Char dim Gram quarks baryons
K1 1 11 1 1 1 1 1 56 uds AV
K9 1 1 -1 1 1 -1 -1 58 Sss Q-
K3 2 2 0 -1 2 -1 0 0 59 uud,udd DM
K4 2 20 -1 0 1 —-Iv2 IV2 & uss,dss =0 =-
ks 2 20 -1 0 1 IvV2 —-IV2 & . =0 =
ke 3 31 0 -1 0 -1 -1 63 uus,uds,dds PRSI M
K7 3 3 -1 0 -1 0 1 1 63 . PILRID MUD Vi
kg 4 -4 0 1 0 -1 0 0 61 uuu,uud,udd,dsd A+TT AT A0 A~

TABLE 2. The character table for group G = GL(2,3) =
(48,29). There are eight conjugacy classes of elements of
multiplicities 1(x2), 2(x3), 3(x2) and 4. The size and the
order of an element in the class is as shown. The last eight
rows of the table are the irreducible characters x;, i =1---8,
of G. To each of them is associated the rank of the Gram
matrix defined in section 2, the identification of characters
to multiplets of baryons. Characters associated to doublets

and containing the pure imaginary number I, I? = —1, are
informationally complete with rank of the Gram matrix d? =
8% = 64.

The smallest finite groups able to assign their characters to IN-baryons
and most non strange singly charmed baryons are groups (96, 66) = Zy x 20
and (96,67) = P x Zg, where Py = (16, 13) rules the commutation relations
of a single qubit. The latter group is more appropriate than the first one
because its characters are MICs or almost MICS, as shown in Table 4. The
table adds to the GL(2,3) table non strange singly charmed baryons when
they exist or should exist (we use the bold notation for them). The row for
character k1 is not compatible to baryon families allowed by the Standard
Model (SM) of particles. The quadruplet (uwuu,uuc,uce, cce) is not an SM
multiplet under any known flavor or isospin symmetry.

Note that the first order resonance A(1620 of A quadruplet has room in
the character table of group (96, 67).

In a further step, Table 6 adds the excited baryon Qf, of quark content
scc and baryons containing charmed and strange quarks when they exist or
should exist (we use the bold notation for them). The table corresponds to
the group G = (144, 122) = Z3x GL(2, 3) which together with the group G =
(144,121) is the smallest group able to produce the necessary assignments
to the aforementioned baryon families. The latter group is less appropriate
than the former one because it is less efficient in terms of MICs. There are
undermined multiplets (one doublet and two triplets) whose corresponding
characters have entries that are relative integers (not complex numbers).
These not assigned characters could potentially correspond to neutral non-
baryonic matter under a beyond standard model (BSM model).
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baryon type quarks I(JT) mass (MeV)
uuc,udc,ddc 5 , ,
D de,dde  1(17) BF+(2454), £ (2454), 20(2454
. 1(37) mrtH(2520), 25 (2520), 320(2520)
= usc,dsc 117y =4(2468), 20(2470)
. 13T E.(2645)", E.(2645)°
A ude 02"y AF(2286)
Q sce 01" 04(39167)
Q ssc 03 Q9(2695)
= ucc,dcc %(é:) =11(3621),21.(36107)
(2 AT () =X (7
. . 2(2) —cc (‘)7“00(')
A udb 0(37) AY(5619)
Q ssb 0(2") Q; (6045)
= usb,dsb LA™y =9(5791), 5, (5797)
. . %(%D 2(5945)°0, 25 (5955)
5 uub, udb, ddb  1(17) ¥ (5811), £9(5813), %, (5815)
1(37)  %5(5830)F, 25 (5833)0, 55 (5835)

TABLE 3. Upper box: The list of six charmed baryon fam-
ilies having room in Table 4 representing the irreducible
characters of the group G = (96,67) = P, x Zg. Mid-
dle box: the list of three charmed baryon families having
room in Table 4 representing the irreducible characters of
the group G = (144,122) = Z3 x GL(2,3). Lower box:
The list of six bottom baryon families having room in Ta-
ble 8 representing the irreducible characters of the group
G = (192,187) = Zj2 x P;. As in Table 1, column 1 is
for the baryon type; column 2 provides the quark triplets; in
column 3, I is the isospin and J* is spin-parity; column 4
provides the measured baryon masses. As before, the star *
means an excited state with J© = %Jr. The question mark ?
indicates a lack of experimental evidence. Data are available
in [11, p. 92-111].

Our final discrete group is in Table 8. Compared to Table 6, the present
table adds the baryons containing bottom quarks when they exist or should
exist as well as higher A resonances listed in the lower box of Table 1 (we
use the bold notation for them). Table 8 is the character table for the group
G = (192,187) = Zji2 x P;, where P; = (16,13) is the single qubit Pauli
group. Group (192, 183) = Z4 x 20 would be an alternative but it does not
have characters that are MICs. Thus group G = (192,187) is optimal for
assigning its characters to the known ground states and excited states of
baryon families with J* = %Jr or JP = %+ that include higher resonances
of A quadruplet. Compared to the standard view of using representations
of continuous groups SU(2) and SU(3) for baryonic matter, the series of
discrete groups we considered that are GL(2,3), (96,67), (144,122) and
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(192,187) and that carry (almost) complete quantum information in their
irreducible representations offer a new perspective to the understanding of
baryonic matter. The assignment problem remains unsoved for four irre-
ducible characters, the doublets kg and k19 as well as the triplets k27 and
koo whose enties are relative integers.

In the next section, we comment about the new perspective of encoding
group (192,187) by Ising anyons. This ‘neutral’ characters could perhaps
correspond to non baryonic matter yet to be defined.

Char dim Gram quarks baryons
kK1 1. 1 1 1 1 1 1 1 1 16 uds A°
Ky 1o -1 -1 -1 1 -1 -1 1 1 208 ssS Q-
ky 1o I I 1 1 I -I -1 -1 238 udc AT
kg 1o 1 11 1 -1 I -1 -1 238 scc Qf,
K5 2.+ 0 0 2 -1 0 0 -1 -1 244 uud,udd p,n
ke 2--- 0 0 2 -1 0 0 1 1 240 dcc,ucc 2L, =L
k7 2+ 11 1-I 0 1 0 0 I -1 ¢ uss,dss =0 ="
kg 2--- 1-1 11 0 1 0 0 -I I d? ) =0 =
kg 2.~ 141 141 0O 1 0 0 I -1 4 usc,dsc PIRE o
Kip 2+ 141 14T O 0 O 0 -I I 4 . vt a0
k11 30 1 1 -1 0 -1 -1 0 0 248 uus,uds,dds DRSS
K12 3o -1 -1 -1 0 1 1 0 0 244 ) P FellD D
K1z 3. -l I -1 0 -I T 0 o0 & uuc,udc,ddec =, 3F 20
kia 3o 1 1 -1 0 I -I o o0 4 . DOMLED YAl (]
kis 4 0 0 0 -1 0 0 I -1 244 uuu,uud,udd,ddd AT AT A% A~
ki 4-- 0 0 0 -1 0 0 -1 I 244 A(1620)

TABLE 4. The character table for the group G = (96,67) =
Py xZg where Py 22 (16, 13) is isomorphic to the single qubit
Pauli group. There are sixteen conjugacy classes of elements
of multiplicities 1(x4), 2(x6), 3(x4) and 4x2). Compared to
Table 1, the present table adds some charmed baryons when
they exist or should exist and the first higher order resonance
A(1620) (we use the bold notation for them). Characters
associated to doublets and triplets and containing the pure
imaginary number I, I? = —1, are informationally complete
with rank of the Gram matrix d? = 162 = 256.

5. BARYONIC MATTER AND ISING ANYONS

A possible relationship between baryonic families and Ising anyons was
not proposed before in the literature. In this section, we explore this cor-
respondence based on the fact that the discrete group G = (192,187) that
we described above in the context of baryon symmetries also describes the
braiding matrices of the Ising anyons [7, Section 3.3]. It is challenging to
discover the physical meaning of the character table of G in the context of
Ising anyons.

The SU(2)2 Ising anyons, are quasiparticles in a (2+1)-dimensional topo-
logical quantum field theory (TQFT). They are associated with the confor-
mal Ising model, which is linked to a central charge ¢ = % conformal field
theory. It is also compelling to explore the ‘holographic’ correspondence
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Char dim Gram quarks baryons

K1 1-- 1 1 1 1 1 1 1 1 24 uds AP

Ko 1-- -1 11 1 -1 -1 -1 -1 515 sss Q-

K3 1-- -1 1) -1-J 147 1+J  -J -J 553 udc AF

Ka 1-- 1 1 J -1-J -1-J -1-J J J 547 ssc QE’

ks Llooo -1 -1 -1 J -J -l 14d 1+J 553 scc Qr,

ke 1 1 1 -1 J J J -1 -1-J 547 . Qrr

K7 2. 0 0 2 2 0 0 0 0 553 ? unknown

ks 2. 0 0 2] 22 0 0 0 0 d? uud,udd p,n

Kg  2--- 0 0 227 2] 0 0 o0 0 d? dec, ucc Er, =5

K10 2. z1 —z1 0 0 z1 —z1 —z1 21 573 uss,dss =

K11 2-- —ZzZ1 zZ1 0 0 —ZzZ1 zZ1 zZ1 —Z1 573 .

K12 2- - z1 —z1 O 0 Zo —2zo  Za —Zs 42 ucc,dcc EZ'C'" s Ej’c

K13 2-- —z1 z1 0 0 ) Z2 —Z Z2 d? . DI s
K14 2. 21 —z1 O 0 —Zs Zo —2z2 22 42 usc,dsc E:r7 :2

K15 2- - —21 z1 0 0 Z2 —Z2 2 —2z9 d2 . '_‘:+, E:O

K16 3 -1 -1 -1 -1 -1 -1 -1 -1 562 ? unknown

K17 3 1 1 -1 -1 1 1 1 1 564 ? unknown

Kis = 3+ -1 1 147 -J -J J14d 1+4J 574 uus,uds,dds >t 20 n-
K19  3-- 1 1 14+J -J J J -1-J -1-J 574 . DORuND YLD dhi
Koo 3 -1 B . | 1+J 143 143 -J -J 574 uuc,udc,ddc DIRID Y 35
ko1 3. 1 12 143 -1-3 -1-3 7 J 574 . DIumea i 351}
K29 4.. 1 1 0 -4 -4 -1 -1 -1--- 563 ? unkwown
Kog  4-- 1 -1-J 0 -4J  4+44J - -1 14J .- d? uuu,uud,udd,ddd ATT AT A A~
Kog 4 1 J 0 4443 -4] 1+J -1 -J d? . A(1620)

TABLE 5. The character table for the group G =
(144,122) = Zs3 x GL(2,3). There are 24 conjugacy classes
of elements of multiplicities 1(x6), 2(x9), 3(x6) and 4(x3).
Compared to Table 4, the present table adds further charmed
baryons when they exist or should exist (we use the bold
notation for them). In some of their entries, many charac-
ters contain the complex number number J = exp(2in/3).
For four of the extra multiplets no such an imaginary num-
ber is present in the corresponding character (bold nota-
tion: undetermined is used). In the table z; = —Iv/2 and
29 = (V3 + I/2)/2. Characters associated to doublets and
containing the complex numbers z; or z2, are informationally
complete with rank of the Gram matrix d> = 24> = 576. The
not assigned characters only have relative integers in their
entries.

of the type AdS3/QFT» between Ising anyons — encoding baryon families—
and three-dimensional quantum gravity. The key idea is that the AdSs
‘bulk’ world has gravity while the boundary two-dimensional world QF7T5

has (baryonic) matter with no gravity.

Let us introduce this set of ideas step by step.

5.1. Ising CFT and Ising anyons. The Ising conformal field theory (CFT)
is a ‘minimal model CFT’ of central charge ¢ = % [22]. The primary fields in
the Ising CFT are the identity (1) which represents the vacuum state, the
spin (o) which corresponds to the anyon type with non-Abelian statistics
and the fermion (¢) which effectively represents a Majorana fermion.

The fusion rules for Ising anyons are

oRo=14+¢Y, oY =0, YR =1.
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Char dim Gram quarks baryons
! 1 1 1 1 1 24 uds A°
Ko 1--- 1 1 -1 -1 -1 -1 515 Sss Q-
kg 1o J -1-J 0 1+J 143 -J -J 553 udc A
kg 1o ] S 15 S [ % A | J 547 ssc QY
ks 1o -1-J J -J -J 14J 14J 553 sce Qf
kg 1o -1-J J J J -1-J -1-J 547 . Qrr
Ky 2.+ 2 2 0 0 O 0 553 ? unknown
kg 2o 2] -2-2]J 0 0 0 0 d? uud,udd p,n
kg 2.+ 2227 2] 0 0 0 0 d? dece, uce =L, B4
Kig 2--- 0 0 21 —z1 —21 z1 573 uss,dss =0 =-
K11 2.+ 0 0 —21 21 21 —21 573 . E*O, i
Kig 2--- 0 0 2 —29 % —% d? ucc,dcc it ut
K13 2--- 0 0 —29 29 D) 29 d? . EZJJF, Ezj
Kia 2--- 0 0 —% 2y —29 29 d? usc,dsc =+, =9
ki 2--- 0 0 22 ) —2Z9 d? . Ez+, EzO
Kig 3+ -1 -1 -1 -1 -1 -1 562 ? unknown
K1y 3 -1 -1 1 1 1 1 564 ? unknown
Kig 3 14J Jo-d -J 14 1+J 574 uus,uds,dds )R TN Y
Kig 3 14J JoJ J -1-J -1-J 574 . DIRD JulD Vi
Kog 3o+ -J 1+J 147 14J -J -J 574 uuc,udc,ddc 0
Ko1 3+ -J 1+J -1-J -1-J J J 574 . DI Vulal Wil
Koo 4--- 0 -4 4 -1 -1 -1--- 563 ? unkwown
Kog 4+ 0 -4 4+4) -J -1 1+J - d? uuu,uud,udd,ddd ATT At A0
Koa 4o 0 444) -4 14T -1 ) P : A(1620)

TABLE 6. The character table for the group G =
(144,122) = Zs x GL(2,3). There are 24 conjugacy classes
of elements of multiplicities 1(x6), 2(x9), 3(x6) and 4(x3).
Compared to Table 4, the present table adds further charmed
baryons when they exist or should exist (we use the bold
notation for them). In some of their entries, many charac-
ters contain the complex number number J = exp(2in/3).
For four of the extra multiplets no such an imaginary num-
ber is present in the corresponding character (bold nota-
tion: undetermined is used). In the table z; = —Iv/2 and
29 = (V34 I/2)/2. Characters associated to doublets and
containing the complex numbers z1 or 29, are informationally
complete with rank of the Gram matrix d? = 242 = 576. The
not assigned characters only have relative integers in their
entries.

The boundary fermion v can be identified with the boundary limit of
a bulk Majorana fermion or, in terms of the Chern-Simons (CS) theory, a
specific holonomy condition in the gauge field.

As for any anyon class, the associativity of anyon fusion is captured by
a F—matrix and the exchange of anyons, with the phase factor added, is
captured by a R-matrix. Contrarily to the phase factor £1 for bosons and
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Char dim Gram quarks baryons
k1 1 1 1 1 1 1 1 1 1 32 uds AD
K2 1-- 1 -1 -1 -1 1 1 1 1 834 sss Q-
K3 1-- 1 -I 1 -I -1 -1 -1 -1 985 udc AF
Ka 1-- -1 -1 -1 I -1 -1 -1 -1 985 ssc Q§'
K5 1-- Tu —u —Iu u -1 I -1 I 993 scc Qjc
ke 1o —u Iu u —Iu I a1 -1 993 . Qrr
K7 1-- Tu —u  Tu —u -1 I -1 I 993 udb A
K8 1-- u —Iu —u Tu I -1 I -1 993 ssb Q
K9 2-- 0 0 0 0 1 -1 -1 -1 1003 ? unknown
K10 2. 0 0 0 0 1 1 1 1 1003 ? unknown
K11 2. - 0 0 0 0 -1 I -1 I 1023 uud,udd P,
K1z 2--- 0 0 0 0o I a1 -1 1023 dec,ucc =F ., =0
K13 2. v v Iv —Iv Iv —Iv —v —0 - d? uss,dss =0 ="
K14 2. Iv Iv -7 T —v v —Iv —Iv- d? . =40 = -
K15 2- - v v Iv —Iv  Iv —Iv —v —v - d? ucc,dcc E;*'C"',Ej'c
K16 2. —Iv —Iv v —v D —v  Iv Iv - d? . EZ:FJF,Z::r
K17 2+ —v v —1Iv Iv —1Iv v v v .- d? usc,dsc =r,=0
K18 2. - —Iv —Iv @ —0 v —v Iv Iv 42 . E:+,Ezo
K19 2. —v —v —Iv Iv —Iv Iv v v d? usb,dsb Eg,E;
K20 2. Iv Iv —v v -0 v —Iv —Iv - d? . 520,527
K21 3 -1 -1 -1 -1 0 0 0 0 1008 ? unknown
K22 3-- 1 1 1 1 0 0 0 0 1006 ? unknown
K23 3 -1 I -1 0 0 0 0 1004 uub, udb, ddb E;, Eg, =,
koa B0 1 S -0 0 0 0 1004 . IS L
Kos 3 w - w 0 0 0 0 d? uus,uds,dds >+, 20 n-
Kog  3-- —w @ w —@w 0 0 0 0 d? . DO YAl D
Ko7 3 —D w W —w 0 0 0 0 d? uuc,ude,dde DIRIED YD 35
Kag 3+ w - —w @ 0 0 0 0 d? . DoNuina M 3idi]
Koo 4-- 0 0 0 0 - —w W w 1023 uuu,uud,udd,ddd ATT AT A9 A
K30 4. - 0 0 0 0 w w w —w 1023 . A(1620)
K31 4. 0 0 0 0 w w —w —w 1023 A(1910)
K32 4 0 0 0 0 —w —w  w w 1023 A(1920)

TABLE 7. The character table for the group G
(192, 187) = Z12 x Py, where P; = (16, 13) is the single qubit
Pauli group. There are 32 conjugacy classes of elements of
multiplicities 1(x8), 2(x12), 3(x8) and 4(x4). Compared to
Table 6, the present table adds the baryons containing bot-
tom quarks when they exist or should exist as well as A(1910)
and A(1920) resonances. (we use the bold notation for them).
In some of their entries, many characters contain the pure

—1, J = exp(2in/3), u = Y2(1 + 1),

V1—%2 4+ I\/1+¥2 and w = %2(1 + I). Characters
associated to doublets and containing the complex numbers v
are informationally complete (MICs) with rank of the Gram
matrix d?> = 322 = 1024. The four triplets containing the
complex numbers w are also MICs. The not assigned char-
acters only have relative integers 0, +1, £2 or £3 in their
entries.

imaginary I, I?

v =

fermions, the phase factor for anyons is an arbitrary complex number. The
F-matrix is the anyonic version of the Wigner’s 6j-symbols, it is associated
to a pentagon diagram. The combined action of F- and R-matrices satisfies
the hexagon equations [23]. Explicit constructions for F- and R-matrices
can be found in [24],[25, Appendix BJ,[26, Appendix B].

The entries of the R-matrix have the simple form [27]

(1)

Rgb(q) _ (_1)(a+b+c)/2q—[a(a+2)+b(b+2)—c(c+2)}/2

)
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—2m

where ¢ is the Kauffman variable. For the Ising model below ¢ = 4 exp (=5

The S-matrix takes the form

e V2 1
S1si = 5 V2 0 V2
1 V2 1

The F- and R-matrices are

R <R(1)(1)(Q) R;(q)) — oxp (—im/8) <(1) ?) Fro — \2 G _11>

Braiding matrices for the Ising anyons are obtained as

_ exp (—4im/8) (1 4
(2) 01 = Ry, 02 = (FRF ™)1y = (\/i/) <Z 1) :
Both matrices o1 and oy together generate the finite group (192,187)
isomorphic to the group Zia x Py [7].

5.2. The AdS3/QFT, correspondence with (Ising) baryons. In Ref-
erence [22], it is shown that the gravity dual of the Ising model is such that
the partition function for this dual is the same that the partition function
for the Ising model itself corresponding to pure Einstein gravity providing
evidence that the two theories are dual. This supports the idea that most
baryonic matter, encoded by Ising anyons, maps directly onto the gravity
dual as a strongly quantum bulk system.

The critical observation of Brown & Henneaux [28] is that the symmetry
group relevant for gravity in AdSs is the two dimensional conformal group
with central charge

where [ is the AdS radius and G is the dimensionless Newton’s constant.

The critical Ising model is but the first of an infinite family of exactly
solvable CFTs, the Virasoro minimal models with ¢ < 1 [29]. Virasoro
minimal models are labeled by two coprime integers p < p’, with central
charge

6 —p)?
72
The simplest case (p,p’) = (3,4) is the Ising mode.

There are strengths in our approach. The equivalence between the Ising
model and pure AdS3 gravity implies that the bulk theory is minimal, with
no need for additional fields or symmetries. With [ at the Planck scale,
space-time becomes strongly quantum, and the bulk theory is dominated
by topological or non-local effects, consistent with the anyonic nature of
baryons. Both the algebraic structure of Ising anyons and the modular prop-
erties of the Ising CFT partition function are naturally encoded in Einstein
gravity. This provides a unified framework for describing baryonic matter
and its quantum gravity dual.

c(p,p) =1

).



16 MICHEL PLANATY}

6. DISCUSSION

We developed a fully new approach of the symmetries underlying baryonic
matter.

The representations of the continuous groups SU(2) and SU(3) in the
Standard Model of particle physics play crucial roles in organizing and de-
scribing the properties of baryons within the framework of gauge symmetries
and flavor symmetries. By combining weak isospin SU(2) and flavor SU(3),
the Standard Model provides a complete description of the symmetries rele-
vant to strange baryon families, showing how they emerge from fundamental
quark interactions and their organizing principles. For charmed baryons, the
addition of the ¢ quark to the light quarks extends the flavour symmetry to
the group SU(4), see the expected families in Figures 2 and 3. Since the ¢
quark has large mass, this symmetry is expected to be more strongly broken
than the SU(3) symmetry of the three light quarks u, d and s [11, Section
15]. The same SU (4) multiplets may be constructed for the bottom baryons
by replacing the ¢ quark by the b (bottom) quark, see Figure 3.

In contrast with the continuous theory, we used the characters of appro-
priate discrete groups to account for the organization of baryon families.
Our approach does not leave room to some of the baryon families expected
but the SU(4) model (but not observed) which are shown in Figures 2 and 3
giving credit to the thesis that such baryon families may not exist. But the
character tables of small groups (96,67) (Table 4), (144,122) (Table 6) and
(192,187) (Table 8) reveal irreducible characters that cannot be assigned to
such putative baryon families. The meaning of such gaps in the assignments
is not known. Either it means that the claimed Ising symmetry is broken
or that a type of non baryonic matter is expected. This resonates with the
topic of dark matter.

Challenges for future works are as follows.

1. Generalizing to higher dimensions: the argument is specific to AdS3/C FTb.
Extending it to 3+ 1-dimensional space-time (where baryons exist in the real
universe) is non-trivial. The dynamics of pure Einstein gravity in AdSs; may
not generalize straightforwardly to higher dimensions.

2. Incorporating dark matter: How does this framework account for dark
matter or other non-baryonic components of the universe?

3. Explicit baryon/Ising Equivalence: more details about the corre-
spondence are needed. For example, what are the braids associated with
the baryon octet and decuplet of N-baryons corresponding to the GL(2,3)
group?

4. Exploring the connection between other anyon classes and quantum
gravity as in [30].

Works of other authors explored the possibility of using finite groups in
the context of particle physics. In addition to the many papers written to
account for the symmetries of mixing matrices of quarks and leptons that
are quoted in [5], we mention the work of Robert Wilson [31]. For recent
work relating the AdS/CFT correspondence and quantum information, we
recommend [32]. Dark matter problem at the Planck scale is related to
string theory in [33].
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7. APPENDIX

FIGURE 2. Up: SU(4) 20-plet of baryons (J¥ = %Jr) made
of u,d,s and ¢ quarks with the SU(3) octet in the bottom
layer [12, Figure 1 (a)]. Down: SU(4) 20-plet of baryons
(JP = %Jr) made of u,d,s and ¢ quarks with the SU(3)
decuplet in the bottom layer [13, Fig. 1].
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FIGURE 3. Up: SU(4) 20-plet of baryons (J = %+) made of
u,d, s and b quarks with the SU(3) octet in the bottom layer
[14, Fig. 2]. Down: SU(4) 20-plet of baryons (JF = 37)
made of u,d,s and b quarks with the SU(3) octet in the

bottom layer [14, Fig. 3].
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Char dim Gram quarks baryons
k1o Lo 1 11 1 1 1 32 uds A
K2 1--- -1 -1 01 1 1 1 834 Sss Q-
K3 1. 1 -I-1 -1 -1 -1 985 udc A;"
kg 1o I I -1 -1 -1 -1 985 ssc QY
ks 1o —Tu u -I I I I 993 sce Qf,
ke 1o+ w —Iu 1 101 -1 993 . QEr
ky 1o Tu  —u I I I I 993 udb AY
kg 1--- —u Tu 1 01 -1 993 ssb Qy
kg 2--- 0 0 1 -1 -1 -1 1003 ? unknown
Kig 2--- 0 0 1 1 1 1 1003 ? unknowr
ki1 2--- 0 0 -I I -1 I 1023 uud,udd p,n
k12 2+ 0 0 I 11 -1 1023 dee,uce Et, BT
Kig 2--- Tv —Iv v —Iv —v —0 - d? uss,dss =0 =-
Kiga 2-++ —0 0] —v v —Iv —Tv - d? . =0 =
ks 2+ Tv  —Iv Tv —Iv —0 —v - d? ucc,dcc DI I
Kig 2.+ v —v v —v Iv Iv .- d? . DRI
kig 20+ —Iv ITv —Iv v ¥ v d? usc,dsc =5, =0
Kig 2--- D -0 W —v  Iv Iv--- d? . Zt, =0
Kig 2--- —=Iv ITv —-Iv Iv v v d? usb,dsb :2>Eb_
Kog 2+ W -0 v —Iv —1Iv- d? . EZO,EZ_
Ko1 3+ -1 -1 0 0 0 0 1008 ? unknown
Koo 3+ 0 0 O 0 1006 ? unknown
Koz 3. -l I 0 0 0 0 1004 uub, udb, ddb X}, X0 %,
Kog 3o+ 1 Q00 0 0 0 1004 . o, ep0,
kos 3+ —w w0 0 0 0 d? uus,uds,dds DIRD LN 3}
Kog 3+ w —w 0 0 0 0 d? . Yt a0
Kor 3+ W —w 0 0 0 0 d? uuc,ude,ddc DI Yaal
Kog 3+ —w w0 0 0 0 d? : DVLRI
Kog 4--- 0 0 —-w —-w w w 1023 uuu,uud,udd,ddd AT AT,
ksg 4--- 0 0 w w W —w 1023 A(1620)
k31 4.+ 0 0 w W —w —W 1023 A(1910)
ksy 4--- 0 0 —w —-w w w 1023 A(1920)

TABLE 8. The character table for the group G =
(192,187) = Z12 x Py, where P; = (16, 13) is the single qubit
Pauli group. There are 32 conjugacy classes of elements of
multiplicities 1(x8), 2(x12), 3(x8) and 4(x4). Compared to
Table 6, the present table adds the baryons containing bot-
tom quarks when they exist or should exist as well as A(1910)
and A(1920) resonances. (we use the bold notation for them).
In some of their entries, many characters contain the pure

imaginary I, I = —1, J = exp(2ir/3), u = L2(1 + 1),

v = \/1—@ +I\/1—|—§ and w = @(1—#]). Characters
associated to doublets and containing the complex numbers v
are informationally complete (MICs) with rank of the Gram
matrix d?> = 322 = 1024. The four triplets containing the
complex numbers w are also MICs. The not assigned char-
acters only have relative integers 0, +1, £2 or £3 in their
entries.



