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Abstract

Any machine design needs an understanding of the procedures that deter-
mine the operating principles and governing equations of the system. This
understanding is necessary to investigate the behavior of the system and
to draw an estimate of performance. In this paper, a new second-order
numerical model was developed to predict the performance of the Stirling
cycle heat pump. The governing differential equation of the Stirling heat
pump has been developed by coupling the effect of polytropic heat transfer,
shuttle heat loss, and mass leakage to buffer space and into the two work-
ing spaces. The proposed numerical modeling is simulated using MATLAB
software. The model has been experimentally validated by converting the
existing FEMTO-60 engine into a heat pump. In addition, this model is val-
idated by changing the governing equation in an engine model accordingly.
The newly developed numerical model predicted performance COP of 0.9,
1.2, and 1.6 with a relative error of 1.1 %, 9.0 %, and 14.3 % at frequencies
of 12.1 Hz, 9.7 Hz, and 7.3 Hz, respectively, for nitrogen gas at a working
pressure of 17.5 bar.

Keywords: Stirling heat pump, Power loss, Work loss, Heating capacity,
Coefficient of performance

1. Introduction

Researchers and governments are looking for alternative heating and cool-
ing solutions as a result of growing concerns about climate change. Due to
this climate concern, Stirling heat pumps are positioned as a key technology
for the net-zero agenda in the future. Stirling heat pumps are a promising
heating technology for residential and commercial applications because of
their natural working fluids. Beale reported that Stirling cycle devices could
be used as an engine and heat pump [7]. The device used as a refrigerator
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or heat pump, which is the reverse process of the Stirling engine, was first
developed in 1832 [20].

Nomenclature

General
A Area [m2]
C Average molecular speed [m.s−1]
Cp Specific heat at
constant pressure [J.kg−1.K−1]
Cv Specific heat at
constant volume [J.kg−1.K−1]
d Diameter [m]
f Frequency [Hz]
fr Friction factor
G Mass flux [kg.m−2.s−1]
h Convective heat transfer coeffi-
cient [W.m−2.K−1]
K Material Thermal
conductivity [W.m−1.K−1]
L Length [m]
M Mass [Kg]
n Number
NTU Number of Transfer Unit
Nu Nusselt number
P Pressure [Pa]
Pr Prandtl number
p Piston
Q Quantity of heat [J]
R Gas constant [J.kg−1.K−1]
Re Reynolds number
s Stroke [m]
T Temperature [K]
U Piston speed [m.s−1]
V Volume [m3]
W Work [J]

Greek Symbols
∆ Change
γ Ratio of specific heats
µ Gas dynamic

viscosity [kg.m−1.s−1]
ϕ Porosity
ρ Density [kg.m−3]
τ Compression ratio
θ Crank angle [°]
ω Angular frequency [rad.s−1]
ε Effectiveness of regenerator

Subscripts
act Actual
c Compression space
ce Compression-expansion space
interface
ch Compression space-heater
interface
cond Conduction
disp Dissipation
e Expansion space
fs Finite speed
h Heater
hr Heater-regenerator interface
hy Hydraulic
hyst Hysteresis
ke Cooler-expansion space
interface
k Cooler
leak Leakage
m Mesh
mf Mechanical friction
r Regenerator
rk Regenerator-cooler interface
wh Wall of heater
wk Wall of cooler
w Wire
SW Swept volume

The Stirling cycle heat pump device is called a regenerative thermal de-
vice due to the presence of the regenerator. This helps to reduce the energy
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demand in the heating and cooling effect of the device. The detailed tech-
nological development of the Stirling cycle heat pump has been conducted
in the study [26].In the study, the working principles, energy consumption
in residential and commercial buildings, driving mechanisms and configu-
ration of Stirling cycle heat pumps have been studied. Furthermore, the
development of thermodynamic or numerical modeling techniques applied to
Stirling cycle devices has been conducted in the study [27]. In this study,
the authors discuss the existing numerical model and compare each model
with the experimental value of the GPU3 engine.

There are typically three forms of loss in a Stirling machine analysis. The
differential equation took into account gas leakage and shuttle heat loss, and
polytropic heat loss as the first category of losses. To adjust the tempera-
ture of the Stirling machine, second-category losses, including non-ideal heat
transfer, pumping loss, conduction heat loss, and radiation heat loss, were
analysed alongside first-category losses.. The pressure drop or fluid friction
loss, spring hysteresis loss, mechanical friction between the piston and dis-
placer, and pressure loss resulting from the finite speed were all computed
as distinct loss factors for the third category of losses, which had no impact
on temperature distribution and were considered an independent loss [5].
Hence, the effect of the third category losses is considered to correct the
performance of the heat pump (work input, COP, and heating power). The
previous studies [5, 4, 16, 17, 31] for numerical modeling of Stirling machines
consider the thermal and power loss in the energy and mass equations.

To enhance the second-order numerical modeling of Stirling cycle de-
vices, a new polytropic and adiabatic model with a variety of losses has been
developed [4, 5, 31]. The new non-ideal second-order thermal model with
additional loss effects was the best numerical model among the existing nu-
merical models [31]. In this work, a new second-order polytropic numerical
model was developed by modifying the previous thermal models[31] with the
working space considered as a polytropic process. Although this model pre-
dicted a better prediction, it did not consider the radiation loss, pumping
loss, and polytropic heat transfer loss in the working spaces.

Therefore, the new second-order polytropic model has been formulated
by including those losses. The differential energy conservation equation is
changed to include polytropic heat loss, shuttle heat loss, and mass leakage
loss to working space, which leads to modifying the pressure equation. The
new set of differential equations was numerically solved by using 4th order
Runge-Kutta method. The numerical solution’s result was then adjusted
by non-ideal heat transfer in heat exchangers, internal heat conduction loss,
heat dissipation loss, radiation heat loss, and pumping heat loss. Mechanical
friction between the piston and displacer, spring hysteresis loss, pressure
drop work loss in heat exchangers, and the finite speed work loss were all
taken into account in the work input modification. The reverse process of
the FEMTO-60 Stirling engine was used as a case study for the simulation
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and experimental validation of the model. Therefore, the performance of a
Stirling heat pump could be accurately predicted by the newly developed
numerical model.

2. Numerical modeling

2.1. Ideal Adiabatic model
The set of equations that govern the Stirling cycle heat pump for an ideal

adiabatic model is summarized in Table 1. This set of equations is developed
by taking the assumption formulated by [33].

Table 1: Ideal adiabatic set of equations [14].
Parameter Equation
Pressure P = mR

Vc
Tc

+
Vh
Th

+Vr
Tr

+
Vk
Tk

+Ve
Te

Variation of pressure dP =
−Pγ( dVc

Tck
+ dVe

Tke
)

Vc
Tck

+γ(
Vh
Th

+Vr
Tr

+
Vk
Tk

)+ Ve
Tke

Mass mi =
PVi
RTi

, where (i = c, h, r, k, e)
Accumulation of mass dmi =

midP
P = dPi

R
Vi
Ti

, where (i=h, r, k)

dmc =
PdVc+

VcdP
γ

RTch

dme =
PDVe+

VeDP
γ

RTke

Mass flow ṁch = −dmc

ṁke = −dme

ṁhr = ṁch − dmh

ṁrk = ṁke − dmk

Conditional Temperature If ṁch > 0, thenTch = Tc, else, Tch = Th

ṁke > 0, thenTke = Tk, elseTke = Te

Variation of Temperature dTe = Te(
dP
P + dVe

Ve
− dme

me
)

dTc = Tc(
dP
P + dVc

Vc
− dmc

mc
)

Energy power dQh = (VhdPCv)/R− Cp(Tchṁch − Thrṁhr)
dQr = (VrdPCv)/R− Cp(Thrṁhr − Trkṁrk)
dQk = (VkdPCv)/R− Cp(Trkṁrk − Tkeṁke)
dWin = −(dWC + dWe)

where dWC = PdVC , and, dWe = PdVe
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2.2. New second-order polytropic model
The performance predicted by the ideal adiabatic model is far from the

experimental result due to its ideal assumption, and there is no consideration
of power and work loss, which are discussed in Section 2.3.

The polytropic model is a second-order numerical model method in which
the compression and expansion space of the heat pump compartment is con-
sidered a polytropic process instead of the adiabatic process. Similarly as
the ideal adiabatic model, the overall heat pump machine is divided into
five serially connected control volumes. It consists of compression space (c),
heater(h), regenerator(r), cooler (k), and expansion space(e), respectively,
see Fig 1. The properties of the working fluid in the Stirling heat pump are
represented by its mass (m), temperature (T), volume (V), and pressure (p).

The two working spaces are assumed to be polytropic processes, and the
temperatures Tc and Te vary over the cycle. Work is done on the system by
virtue of varying the volume of working spaces Vc and Ve.The heat Qh and Qk

are the heat transfer between the environment and working fluid in the heater
and cooler, respectively, and Qr is the internal heat transfer between the gas
and regenerator matrix. There are four interfaces through which enthalpy
is transported by mass flow ṁ. These are the compression space-heater
(ch), heater-regenerator (hr), regenerator-cooler (rk), and cooler-expansion
space (ke). There is also one additional interface between the compression-
expansion space (ce) due to mass leakage (Fig. 1).

The governing equation of the control volume is based on the state equa-
tion and the principles of conservation of energy and mass. By ignoring
the change in potential and kinetic energy, the energy equation for the con-
trol volume can be written as follows (Fig. 2). The suffix x represents the
polytropic loss, heat dissipation loss, shuttle loss, conduction loss, non-ideal
regenerator loss, and leakage loss.

Qx+Cp(miTi+moTo) = dWideal+dWfs+dWmf+dWpd+dWhys+Cvd(mT )

(1)

Where dWideal, Cp, and Cv are the ideal work loss, ideal work input, and
specific heat capacity at constant pressure and volume, respectively. The
losses dWfs, dWmf ,Wpd, and dWhys are the additional work loss by finite
speed of piston, mechanical friction of the piston and displacer, pressure
drop, and spring hysteresis, respectively.

The total mass of the working fluid in the Stirling heat pump is not
constant because of the leakage of the working fluid into the crankcase. Thus,
using this information as a basis, the following formulas can be used to
calculate the total mass of the working fluid in the heat pump.

mt = M −mleak = mc +mh +mr +mk +me −mleak (2)
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Figure 1: Polytropic model with mass leakage to working space

In addition, the differential form of this total mass equation can be written
as:

dmc + dmh + dmr + dmk + dme − dmleak = 0 (3)

Where dmleak is the mass of the leakage working fluid into the crankcase of
the heat pump, and the rate of this term is expressed as follows [33]:

ṁleak = πdp
P + Pbuffer

4RTg
(UPJ − J3

6µLP
(P − Pbuffer)) (4)

where LP , dP , UP , Tg, µ,R, J, P and Pbuffer are length of piston, diameter
of piston, linear velocity of piston, temperature of the gas, viscosity of the
fluid, gas constant of the fluid, the annular gap between the cylinder wall
and piston, working space pressure, and buffer pressure, respectively.

Applying the energy equation for a compression space control volume
based on equation (1), we obtain:

−dQpoly − dQshut − CpTchdmch − CpTcedmce = dWc + Cvd(mT ) (5)

The expansion and compression spaces are maintained at different tempera-
ture levels, and the displacer moves from the cold space to the hot space or
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Figure 2: Control volume of the heat pump section

vice versa. This displacement motion results in a loss or gain of heat between
the two working spaces. The amount of heat gained or lost by this displacer
is known as shuttle heat loss. This has been determined by [25, 30]:

dQshut =
πs2kgdd
8JLd

(Tc − Te) (6)

Where s, kg, dp, J, Ld, Tc, and Te are the displacer stroke, thermal conductiv-
ity, piston diameter, annular gap between displacer and cylinder wall, piston
length, gas temperature in compression and expansion, respectively.

The polytropic heat transfer loss from the heat pump to the surrounding
area is Qpoly modeled by [35, 5]:

Qpoly = mCn(Ta − T ) (7)

Differentiating equation 7, we obtain

dQpoly = Cn(Ta − T )dm−mCndT (8)

Where m,Cn, Ta, T are mass, polytropic specific heat capacity, ambient, and
working space temperature, respectively. The polytropic specific heat capac-
ity is calculated as follows [24]:

Cn = Cv
n− k

n− 1
(9)

Where n is the polytropic index and calculated by the following equation:

PV n = constant (10)

Differentiating the equation to obtain the polytropic index of the gas in the
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two working spaces.

n =
V dP

PdV
(11)

Where V , dV , p, and dp are the volume, differential volume, pressure, and
differential pressure, respectively. The pressure and differential pressure are
calculated based on an equation in Table 2. Volume and differential volume
are calculated based on the sinusoidal volume variation as a function of the
crank angle [33].

Due to mass leakage by the displacer, there is a drop in enthalpy in the
hot working space, which leads to a gain in enthalpy in the cold working
space. This loss is due to mass leakage to the working space and is modeled
by the equation [15, 22]:

ṁce = πdd
P

4RTce
(UdJ − J3

6µLd
(∆pce)) (12)

Where Ud, Tce, and ∆Pce are the displacer velocity, the temperature of the
leakage fluid, and the pressure difference between the hot and cold working
spaces, respectively.

The conservation of mass has been applied to each control volume for
obtaining the mass flow rate of the working fluid as follows:

dmCh = −dmc − dmce (13)

dmhr = dmCh − dmh (14)

dmrk = dmhr −mr (15)

dmke = dmrk − dmk (16)

dme = dmke +mce (17)

Therefore, by substituting equation (8) in equation (5), we obtain the fol-
lowing equation for two working spaces:

−Cn(Ta−T )dm+mCndT−dQshut−CpTchdmch−CpTcedmce = dW+Cvd(mT )

(18)
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Applying the state equation of an ideal gas in equation 18 and dW = PdVc,
the energy balance equation for the compression space can be written as:

Cn(Tc−Ta)dmc+mcCndTc−dQshut−CpTchdmch−CpTcedmce = dWc+Cvd(mcTc)

(19)

Cn(Tc−Ta)dmc+mcCndTc−dQshut−CpTchdmch−CpTcedmce = PdVc+Cvd(
PVc

R
)

(20)

By simplifying equation 20, the differential mass flow rate for the compression
space can be written as:

dmc =

PdVc+
VcdP

γ

RTch
+ Cn

Cp

mc
Tch

dTc +
dQshut
cpTch

+ Tcedmce
Tch

− dmce

[Cn
Cp

(Tc−Ta
Tch

) + 1]
(21)

Similarly, the differential mass flow rate for the expansion space can be
written as:

dme =

PdVe+
VedP

γ

RTke
+ Cn

Cp

me
Tke

dTe − dQshut
cpTke

− Tcedmce
Tke

+ dmce

[Cn
Cp

(Tc−Ta
Tke

) + 1]
(22)

The equation of state for an ideal gas

PV = mRT (23)

By differentiating equation (23), it can be written as:

dP

P
+

dV

V
=

dm

m
+

dT

T
(24)

For the three heat exchangers (heater, cooler, and regenerator), the term
DV/V = 0, and we assume isothermal conditions, then equation (24) can be
written as:

dP

P
=

dm

m
(25)

Then the change in mass in the three-heat exchanger becomes:

dmi = mi
dP

P
=

VidP

RTi
(where, i = h, r, k) (26)
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Substituting equation (26) into equation (3), we obtain an equation:

dmc + dme − ṁleak +
dP

R
(
Vh

Th
+

Vr

Tr
+

Vk

Tk
) = 0 (27)

Substituting equations (21) and (22) into equation (27), we obtain the fol-
lowing equation: PdVc+

VcdP
γ

RTch
+ Cn

Cp

mc
Tch

dTc +
dQshut
cpTch

+ Tcedmce
Tch

− dmce[
Cn
Cp

(Tc−Ta
Tch

) + 1
]


+

 PdVe+
VedP

γ

RTke
+ Cn

Cp

me
Tke

dTe +
dQshut
cpTke

+ Tcedmce
Tke

− dmce[
Cn
Cp

(Tc−Ta
Tke

) + 1
]


−ṁleak +

dP

R

[
Vh

Th
+

Vr

Tr
+

Vk

Tk

]
= 0

(28)

By simplifying equation 28, the differential pressure dP can be written as:

dP =− γ

 PdVc
Tch

+ RCn
Cp

mc
Tch

dTc +
RQshut
CpTch

+ RTce dmce
Tch

− Rdmce
Tch

Vc
Tch

+ Ve
Tke

A1
A2

+A1γ
[
Vh
Th

+ Vr
Tr

+ Vk
Tk

]


−γ

 PdVe
Tke

+ RCn
Cp

me
Tke

dTe − RQshut
CpTke

− RTce dmce
Tke

+ Rdmce
Tke

A2
A1

Vc
Tch

+ Ve
Tke

+A2γ
[
Vh
Th

+ Vr
Tr

+ Vk
Tk

]


+
Rṁleak

Vc
TchA1

+ Ve
TkeA2

+ γ
[
Vh
Th

+ Vr
Tr

+ Vk
Tk

]
(29)

Where A1=
[
Cn
Cp

Tc−Ta
Tch

+ 1
]

and A2=
[
Cn
Cp

Tc−Ta
Tke

+ 1
]

The temperature change in the two working spaces could be obtained by
using equation (24) as follows:

dTe = Te(
dP

P
+

dVe

Ve
− dme

me
) (30)

dTc = T (
dP

P
+

dVc

Vv
− dmc

mc
) (31)

Working fluid temperatures in compression and hot heat exchangers Tch,
coolers and expansion spaces Tke, compression and expansion Tce interfaces
are conditional temperatures based on the flow direction and are calculated
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as follows [33]:

If, ṁch > 0, then, Tch = Tc, else, Tch = Th (32)

If, ṁke > 0, then, Tke = Tk, else, Tke = Te (33)

If, ṁce > 0, then, Tce = Tk, else, Tce = Te (34)

The heat transfer in the three heat exchangers (heater, regenerator, and
cooler) could be calculated based on equation (1) and calculated as follows:

dQh = Vh
dPCv

R
− Cp(Tchṁch − Thrṁhr) (35)

dQr = Vr
dPCv

R
− Cp(Thrṁhr − Trkṁrk) (36)

dQk = Vk
dPCv

R
− Cp(Trkṁrk − Tkeṁke) (37)
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ṁ

r
k
−
T
k
e
ṁ
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erational parameters

Calculate the initial total
mass by Schmidt analyis

Define initial conditions

Numerical solution of
differential equations

Calculate Vc,Ve,dVc,dVe, and
calculate the polytropic index
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Figure 3: Flow diagram for new polytropic model of Stirling cycle heat pump

2.3. Second and third category loss in heat pump
The new polytropic model developed in this study was enhanced by con-

sidering the second and third-category losses of the heat pump at the end
of each cycle for computational iteration. The third category of losses is
work losses in the Stirling heat pump, which affect the power input for the
heat pump, including mechanical friction loss, piston finite speed work loss,
pressure drop work loss in the heat exchanger, and gas spring hysteresis loss.
The second category of losses is heat losses, used to adjust the temperature
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Figure 4: Experimental setup for model validation

of the working fluid at the end of the cycle, including conduction heat loss,
dissipation heat loss, regenerator imperfection loss, leakage heat loss, pump-
ing heat loss, and radiation heat loss. This section describes the methods
for evaluating the second-category (power or heat loss) and third-category
(work loss) losses in the Stirling heat pump.

2.3.1. Internal heat Conduction heat loss
In Stirling machines, there is a temperature variation across each heat

exchanger compartment. This temperature variation leads to thermal energy
loss through conduction. In particular, a considerable amount of heat is lost
between the heater and cooler heat exchangers. This loss has been modelled
using the following equation:[23, 29]:

Qcond =
kA(Twh − Twk)

Lf
(38)

where k,A, f, L, Twh, and Twk are the thermal conductivity, area, frequency,
length, heater wall temperature, and cooler wall temperature, respectively.

2.3.2. Dissipation heat loss
The thermal boundary layer is created due to the flow of the working

fluid over the surface of the heat exchanger. This leads to dissipation heat
loss, and this loss has been modeled by the equation below:

Qidisp =
mi∆p

ρ
(39)
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Where ρ and ∆p are the density of the working fluid and the pressure change
in the heat exchangers.

2.3.3. Non-ideal (regenerator imperfection) heat loss
A regenerator is designed to absorb heat from the working fluid during

the process of constant-volume heat addition, and ideally release the same
amount of heat to the working fluid during the process of constant-volume
heat rejection. However, it is impossible to recover all the absorbed heat due
to the regenerator’s imperfections, which are evaluated by its effectiveness.
Effectiveness is the ratio of the actual enthalpy of the gas passing through
the regenerator to the theoretical maximum enthalpy change, and its value
is between zero and one [33]. When the working fluid moves from the cooler
to the heater in a Stirling heat pump with an imperfect regenerator, the
temperature of the fluid as it leaves the regenerator will be somewhat lower
than that of the heater. As a result, the heater provides additional heat
to increase the temperature of the working fluid. The imperfection of the
regenerator is defined based on the Number of Transfer Units (NTU) and
expressed as:

ϵ =
NTU

NTU + 1
(40)

The Nusselt number (Nu) of the regenerator matrix is used to express the
NTU, which is expressed as [2]:

NTU =
Lr

dh

4NU

RePr
(41)

Where Lr, dh, Re, Pr are regenerator length, regenerator hydraulic diameter,
Reynolds and Prandtl number, respectively, and the hydraulic diameter is
calculated by:

dh =
4Vvoid

Awetted
(42)

The Nusselt number for oscillating flow in the regenerator was proposed by
Gedeon and Wood [13] as follows:

Nu = ((1 + 0.99(RePr)
0.66))ϕ1.79 (43)

Where ϕ is the porosity of the wire in the regenerator, and it can be calcu-
lated as [1]

ϕ = 1− Πnmdw
4

(44)
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Where nm and dw are the number of meshes per meter and wire diameter of
the regenerator mesh, respectively.

The extra heat supplied by the heater to compensate for the regenerator
imperfection is calculated by

Qnon−ideal,r = dQr(1− ϵ) (45)

To compute the actual heat load of the heater and cooler by adding thermal
loss to the energy balance equation:

Qh,actual = dQh +Qnon−ideal,r −Qcond −Qdisp,total −Qleak (46)

Qk,actual = dQk −Qnon−ideal,r +Qcond +Qdisp,total +Qleak (47)

In the non-ideal heat exchanger, the wall temperature of the heat exchanger
is greater than the fluid temperature, and from Newton’s law of heating and
cooling, the expression could be obtained:

Qh,actual =
hhAh(Twh − Th

f
(48)

Qk,actual =
hkAk(Twk − Tk

f
(49)

Where hk, hh, Twk, Twh, Ah, Tk, Th and f are the cooler and heater heat trans-
fer coefficients, heat exchanger wall temperature of cooler and heater, area
of cooler and heater, cooler and heater temperature, and frequency, respec-
tively. Equations (50) and (51) are used to update the temperature of the
heater and cooler at the end of the cycle by using the equations:

Th = Twh −
fQh,actual

hhAh
(50)

Tk = Twk −
fQk,actual

hkAk
(51)

The cooler and heater heat transfer coefficient could be obtained from the
correlation as [22]

hi =
0.0791µiCpR

0.75
ei

2dhiPri
(52)
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2.3.4. Leakage heat loss to buffer space
There is some heat loss due to the leakage of the mass to the crankcase,

and this loss affects the performance of the heat pump. The heat loss due
to the mass leakage into the crankcase is modeled by the equation:

Qleak = mleakCpTC (53)

2.3.5. Radiation heat loss
The displacer or hot cup of the heat pump is usually hollow. The heat loss

across this space is caused by heat conduction and radiation heat transfer.
The radiation heat transfer is modeled by an equation:

Qr = FaFmFnAσ(T
4
h − T 4

k ) (54)

where Fa, Fm, Fn, A and σ are the area factor, emissivity factor, radiation
shielded factor, area of the displacer, and Stefan-Boltzmann constants, re-
spectively.

2.3.6. Pumping heat loss
The heat can be absorbed in the wall of the cylinder and transferred

to the working fluid in the clearance space due to periodic variations of the
pressure in the cycle. Therefore, this pumping loss is because of the clearance
volume and leads to the cooling of the working fluid in the heat pump. This
heat loss is modeled by an equation [11, 22]:

Qp = ṁCp(Tc − Te)(1− η) (55)

where

ṁ = Pa
2fddLdJ

R(Tc + Te)
, and η = 1−

4ṁ0.6C0.6
p J

3Πk0.6g L0.6
d dd

(56)

2.3.7. Mechanical friction work loss
There is a relative motion between the rotating part of the heat pump and

this motion leads to mechanical friction loss, which increases the power input
requirement of the heat pump. The following equation is used to determine
the power loss in one cycle as a result of mechanical friction [14]:

dWm.f = 2∆Pm.fVswc (57)

Where the pressure loss due to mechanical friction of the component per
cycle is calculated as [9]:

∆Pm.f =
105(0.94 + 0.045sf)

3(1− 1
3τ )

(1− 1

τ
) (58)
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Where s, f , and τ are the stroke, frequency, and compression ratio, respec-
tively.

2.3.8. Piston finite speed work loss
The working spaces are regularly compressed and expanded by the pis-

tons, or piston and piston/displacer, in a regenerative Stirling cycle system.
The instantaneous pressure in compression and expansion regions is differ-
ent from the pressure in the corresponding piston surfaces, according to the
finite speed thermodynamic principle. The product of pressure drops and
piston swept volume is used to calculate the work losses resulting from the
piston’s finite speed in one cycle [9, 16, 21] expressed as:

dWfs = 2∆PfsVSWC (59)

∆Pfs =
aP

2
(
UP,c

cc
+

UP,e

ce
) (60)

Where, P,UP , and C are the instantaneous pressure, piston speed, and av-
erage molecular speed of the piston. The value of a and C obtained by:

a =
√

3γ, c =
√
3RT (61)

2.3.9. Pressure drop work loss in heat exchanger
The internal flow of working fluid in the heater, regenerator, and cooler

has direct contact with the wall of the heat exchangers. This contact leads
to fluid friction loss or a pressure drop loss, which affects the performance
of the heat pump. The pressure drop work loss in the heat exchanger is
calculated as [14, 31]:

dWpdi =

∫ 360

0
(∆p

dv

dθ
)dθi, (i = h, r, k) (62)

∆p =
2fiuiµiVi

Aid2hi

Where f, u, V , and A are the friction factor, flow velocity, volume, and area
of the heat exchanger, respectively. The friction factor (f) could be obtained
from an empirical correlation based on the flow regime of the flowing fluid
in the heat exchanger and the correlation given by [9] as follows:

fh,k =


16, if Re < 2000,

7.343× 10−4 Re1.3142, if 2000 ≤ Re < 4000,

0.0791Re0.75, if Re > 4000.

(63)
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And the friction factor for a regenerator with a woven matrix by Kays
and London [18] is expressed as:

fr = 54 + 1.43Re0.78 (64)

2.3.10. Gas spring hysteresis work loss
It’s possible that the Stirling machine’s internal gas will start to operate

like a spring when it is regularly compressed and expanded by the piston or
displacer. The internal energy of the working fluid may be wasted in the
Stirling machine because of this thermodynamic process, which is not recov-
ered and may cause additional losses. When the working gas is compressed,
it acts like a gas spring, storing energy and releasing it when it is expanded.
This loss of energy is modeled by the following equation [33].

dWshyst = (
Vswd

2Vt
)2
Aw

4

√
1

2
ωγ3(γ − 1)kTwPmean (65)

Where Vswd, Vt, Aw, ω, k, Tw and Pmean are the swept volume of displacer,
average total volume, wetted area of piston, angular velocity of piston, ther-
mal conductivity of the gas, chamber wall temperature and mean pressure
in the, pump respectively.

Therefore, the coefficient of performance of the hat pump has been ob-
tained by adding the work loss from the ideal work input and subtracting
the heat loss from the ideal heat gain in the heater as:

dWactul = dWideal + dWshyst + dWpdi + dWfs + dWm.f (66)

Therefore, the performance of the heat pump is obtained as:

COPhp =
dQh,actual

dWactul
(67)

3. Solution method

The numerical model developed in Table 2 is a set of differential equa-
tions that govern the properties of the heat pump. A numerical algorithm
method was developed for obtaining the solution of a differential equation.
As can be seen from the flow diagram, the first step starts with defining
the geometry and operational parameters of the engine. The specific engine
configuration and geometry define Ve, VC , dVe and dVC a functions of crank
angle θ. The void volumes are Vh, Vr, Vk obtained from the geometry of heat
exchangers. The parameters γ,R,Cp and Cv are determined from the choice
of the working fluid. The value of Th, Tk determined from the operating
parameters of the engine, which are the initial temperature of the working
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Figure 5: Variation of heat output and work input with respect to time

fluid in the hot and cold heat exchangers, respectively. The gas temperature
in the regenerator is determined from the mean effective temperature (Tr)
of the heater and cooler temperatures [13]. The initial mass of the working
fluid in the control volume is determined from the Schmidt analysis by using
the mean operating pressure from the operating condition.

We have seen that, except for the above constant parameters, there are
26 variables and 19 derivatives in the equation set to be solved over a com-
plete cycle, 0 to 360 degrees. The seven derivative parameters Tc, Te, Qh, Qr

Qk,Wc,We solved by the fourth-order Runge-Kuta method. Twelve analyti-
cal and derivative parameters Qshutle,mleak,mce,W, P, Ve, VC ,mc,mh,mh,mh

and mh solved analytically. The other seven parameters Tce, Tch, Tke,mch,mhr

mrk, and mke are conditional temperature and mass flow variables.

4. Model Validation and experimental setup

The model validation for the new numerical model developed for Stirling
heat pumps can be validated experimentally or by previous research. Due to
the lack of previous research on the Stirling heat pump modeling techniques,
the new numerical model developed was validated by the FEMTO-60 engine
that operates as a heat pump device by converting the process.

The experimental setup of the device is shown in Fig.4 and is the same
as [12]. The mean pressure and temperature in the compression and expan-
sion spaces are measured by pressure transducers and K-type thermocouples,
respectively. The geometrical and parametric specification of the Stirling de-
vice, used for validation of the model, is shown in Table 3.

This numerical model was validated at frequencies of 7.3, 9.7, and 12.1
Hz for a series of heating and 17.5 bar charging pressures using nitrogen as
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Figure 6: Variation of polytropic index with respect to crank angle

a working fluid.
Another approach is to adopt the geometry of the GPU-3 Stirling en-

gine and modify the governing equations accordingly, enabling a comparison
between numerical results and experimental data from the GPU-3 engine.
Table 4 presents the validation of the current numerical model( new second-
order polytropic model for the Stirling cycle heat pump) when applied as
an engine model. The results indicate that this model yields the closest
agreement with the experimental performance of GPU-3 engines operating
with helium at a heater temperature of 977 K, cooler temperature of 288 K,
charging pressure of 4.14 MPa, and frequency of 41.67 Hz. This confirms
that the model can accurately predict the heat pump’s performance.

5. Result and discussion

The operating parameters and geometry of the Stirling cycle heat pump,
which is the reverse process of the FEMTO-60 engine, are listed in Table 3.
The effect of polytropic heat transfer, shuttle heat loss, and mass leakage on
the working space in the differential equation is analyzed.

Figure 5 shows how the heat output, work input, and COP of the heat
pump vary over time, at 725 rpm and a working pressure of 17.5 bar, using
nitrogen gas. As shown in the figure, the heat absorber starts to absorb heat,
and the heat pump approaches a steady state after 10 minutes. The work
input increases from 1200 to 1640 W, and the heat output increases from
27 to 1471 W. As a result, the value of the coefficient of performance of the
heat pump increases from 0 to 0.9 for nitrogen gas.
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Figure 7: Validation of the model at different frequencies for heating

Table 3: Specification of FEMTO-60 engine as a heat pump [12]

.

No Operating parameters Value
1 Hot heat exchanger temperature 305K
2 Cold heat exchanger temperature 270K
3 Diameter of piston and displacer 60mm
4 Length of piston 62mm
5 Strokes of piston and displacer 40mm
6 Length of displacer 156mm
7 Length of regenerator 50mm
8 Diameter of regenerator 82mm
9 Wire diameter 112.00 µm
10 Porosity 0.64
11 Swept volume of compression space 108cm3

12 Swept volume of expansion space 113cm3

14 Working gas Nitrogen
15 Frequency 5-13 Hz
16 Charging pressure 15-20 bar
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Table 4: Validation of the current numerical model by engine model for Helium gas at
Th = 977K, Tk = 288K, Pmean = 4.14MPa, fr = 41.67Hz

Model type Output Power (W) Error in power (%) Efficiency Error in efficiency (%)

Schmidt [33] 3455.00 42.77 70.70 230.99
Ideal adiabatic [32] 8300.00 242.97 62.30 193.43
Simple [10] 6700.00 176.86 52.50 146.48
CAF [16] 4107.00 69.71 36.90 69.95
Simple II [3] 3620.00 49.59 28.40 33.33
PSVL [5] 3030.00 25.21 24.40 14.55
PFST [17] 3611.00 49.21 23.30 9.39
CPMS [6] 2582.00 6.69 22.10 3.76
Non-Ideal 2nd order [31] 2659.00 9.88 20.40 5.92
Modified Simple [14] 2754.00 13.80 23.60 10.70
Current 2640.00 9.10 20.24 6.10
Experiment [25] 2420.00 21.30

In this polytropic model, the two working spaces—known as the expan-
sion and compression spaces—undergo polytropic processes. Consequently,
we must determine the polytropic index of the gas in these working spaces
to compute the polytropic heat transfer. Figure 6 shows the polytropic in-
dex as a function of the crank angle in both the compression and expansion
space volumes. This polytropic index tends to be infinite at some points
of crank angle due to simultaneous increases or decreases in pressure and a
quasi-isochoric process when dV → 0 (11). In addition, there is also some
negative polytropic index at some points of the crank angle. This negative
value may be due to the heat transfer and the transition point of the process
from compression to expansion. During compression, the volume decreases
while the pressure increases. However, if there is rapid heat transfer, the
rate of pressure change exceeds the rate of volume change, resulting in a
negative polytropic index. Similarly, during expansion, the volume increases
while the pressure decreases. However, if the gas in the regenerator heats up
rapidly, the increase in pressure as the volume increases leads to a negative
polytropic index.

The developed numerical model is validated by comparing the experi-
mental and numerical results at different frequencies, as shown in Figure
7. The temperature of the input water is about 9◦C with a flow rate of 4
L.min−1. The experimental result shows that the heat output is 1471 W
after 90 minutes of operating time. The comparison of COP between the
experimental conditions at 7.3, 9.7, and 12.1 Hz under 17.5 bar of nitro-
gen gas is shown in Fig.7. The experimental result shows that 0.89, 1.1,
and 1.4 COP under 12.1, 9.7, and 7.3 Hz of frequency, respectively. The
corresponding COP values are 0.9, 1.2, and 1.6 for numerical results. The
relative errors for the experimental and numerical analysis are 1.1%, 9.0%,
and 14.3% for the corresponding frequencies. Therefore, this result shows
that the developed numerical model agrees with the experimental results.
The heat pump’s performance is reduced at higher frequencies, which may
be due to an increase in mechanical friction loss, pressure drop work loss,
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and gas spring hysteresis loss inside the heat pump.
The effect of charging pressure on the performance of the Stirling heat

pump is shown in Fig.8. The performance of the heat pump increases with
the increase in charging pressure. This result is expected due to the increase
in the heat output of the heat pump. As pressure increases, the heat transfer
of the power output from the heat exchanger increases in proportion to the
increase in work input.

The variation of the polytropic heat transfer and shuttle heat loss is
shown in Fig.9. The polytropic loss in the compression space is higher than
the expansion space due to the maximum temperature of the working fluid
inside the compression space.

Fig.10 shows how different working fluids influence the coefficient of per-
formance of the Stirling heat pump as the operating frequency varies. The
coefficients of performance of the Stirling heat pump using hydrogen and
helium are higher than those of nitrogen and air within their operational
frequency range. Compared to nitrogen and air, hydrogen and helium are
lightweight, possess high thermal capacities, and have low molar masses, as
shown in Table 5, which facilitates their flow through the different volumes
of the heat pump (compression and expansion chambers, regenerator, heat
exchangers). But at lower frequencies, nitrogen, air, and helium have almost
the same performance.

Table 5: Thermophysical properties of different gases at 20°C and standard atmospheric
pressure 101325 Pa [8, 19, 28, 34]

Gas
Dynamic
viscosity
µ (Pa·s)

Density
ρ (kg·m−3)

Specific
heat

cp (J·kg−1·K−1)

Thermal
conductivity

λ (W·m−1·K−1)

Adiabatic
index
γ

Molar
mass

M (kg·kmol−1)

Air 1.817 1.203 1015 0.02565 1.400 28.97
Helium 1.973 0.166 5196 0.14929 1.666 4.003
Hydrogen 0.867 0.084 14285 0.17690 1.410 2.016
Nitrogen 1.757 1.164 1040 0.02543 1.400 28.013

The comparison of the work losses at different frequencies in the Stirling
heat pump for Nitrogen gases at a cooler and heater temperature of 270 K,
305 K, and 17.5 bar working pressure is shown in Fig.11. It is found that,
especially at higher operating frequencies, the pressure drop work loss is the
most prevalent of the four assessed loss mechanisms: mechanical friction loss,
spring hysteresis loss, finite speed loss, and pressure drop loss. The increase
in pressure drop work loss occurs because gas flows faster and with more tur-
bulence through the regenerator and heat exchangers at higher frequencies,
resulting in much higher flow resistance and pressure losses.

The comparison of the power losses at different frequencies in the Stirling
heat pump for Nitrogen gases at a cooler and heater temperature of 270 K,
305 K, and 17.5 bar working pressure is shown in Fig.12. It is found that,
especially at higher operating frequencies, the regenerator imperfection loss
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Figure 8: Effect of charging pressure at 725 rpm, 305 K, and 287 K, heater, and cooler
temperature, respectively

is the most dominant loss of the five assessed loss mechanisms: regenerator
imperfection loss, conduction heat loss, leakage heat loss, dissipation heat
loss, and radiation heat loss. This loss increases significantly when the fre-
quency rises because the residence time of the gas inside the regenerator
decreases, which reduces the regenerator’s effectiveness. This reduction in
effectiveness leads to a reduction in regenerator imperfection loss in the heat
pump regenerator. Radiation heat losses are very small and nearly constant,
indicative of the small temperature difference (305–270 K) between heater
and cooler.

25



Figure 9: Variation of polytropic and shuttle heat loss in the cycle

Figure 10: Influence of the frequency on the COP for different working gases at a cooler
and heater temperatures of 270 K and 305 K, and 17.5 bar working pressure
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Figure 11: Influence of the frequency on the work loss for Nitrogen gas at a cooler and
heater temperature of 270 K, 305 K, and 17.5 bar working pressure.

Figure 12: Influence of the frequency on the power loss for Nitrogen gas at a cooler and
heater temperature of 270 K, 305 K, and 17.5 bar working pressure.
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6. Conclusion

In this study, a new polytropic model called the new second-order Poly-
tropic numerical model for the Stirling cycle heat pump has been developed
to predict the performance of the Stirling heat pump. The developed numer-
ical model is validated experimentally by changing the existing FEMTO-60
engine into a heat pump. The coefficient of performance (COP) predicted
by the polytropic, adiabatic, and simple adiabatic thermodynamic models is
compared to experimental results. The experimental result shows that 0.89,
1.1, and 1.4 COP under 12.1, 9.7, and 7.3 Hz of frequency, respectively. The
corresponding COP values are 0.9, 1.2, and 1.6 for numerical results. The
relative errors for the experimental and numerical analysis are 1.1%, 9.0%,
and 14.3% for the corresponding frequencies.This result revealed that the
polytropic model showed the closest agreement with the experimental re-
sults among them, indicating that it is better able to depict the behavior of
Stirling heat pump systems. The error at lower frequencies is larger because
of speed fluctuation.

We analyzed how the polytropic number varies with changes in expansion
and compression space volume. We also examined how charging pressure,
operating frequency, shuttle heat loss, polytropic heat transfer, power out-
put, and work loss affect the heat pump’s performance.

Furthermore, the effect of power and work loss in the Stirling heat pump
has been investigated, and the result demonstrates that the pressure drop
work loss in the heat exchanger and the regenerator imperfection losses are
the two dominant losses in the heat pump. The radiation heat losses are
very small and nearly constant, which is indicative of the very small tem-
perature difference between heater and cooler, especially for heat pump and
refrigeration systems, but in the case of the Stirling engine, this loss may
increase due to a larger temperature difference between heater and cooler
temperatures. Therefore, further optimization methods must be applied to
the geometry of the regenerator to reduce these two dominant losses, and
the numerical model developed must be experimentally validated for differ-
ent working fluids (like Helium and Hydrogen) to improve the reliability of
the model.
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