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Abstract

Crystal plasticity models establish connections between macroscopic observa-
tions and microscopic plasticity mechanisms. However, the scale disparity be-
tween observables and underlying plasticity mechanisms complicates the es-
timation of certain material parameters, particularly slip system interaction
coefficients. To bridge the gap between observations and plastic deformation
mechanisms, Berkovich nanoindentation residual topographies can be used as
observables for identifying crystal plasticity parameters. This study focuses on
simultaneously identifying slip system interaction coefficients through an inverse
approach using Berkovich nanoindentation topographies. We first establish an
experimental database of residual topographies. Then, guided by a local a pri-
ori identifiability analysis, we select optimal experiments to identify all work-
hardening parameters. The parametric identification employs the finite element
model updating (FEMU) method, followed by a posteriori validation to assess
solution stability and experimental-numerical correspondence. The results re-
veal a distinct hierarchy of interaction coefficients, characterized by stronger
sessile and weaker glissile interactions.

Keywords: Slip system interactions, Berkovich nanoindentation, Crystal
plasticity, Inverse method

Introduction

Single crystal behavior laws are nowadays well established [1–4] and widely
implemented in various finite element software, such as Zébulon, Cast3M, Cal-
culiX and others [5–7]. Some implementations of the behavior laws have also
been proposed as user material routines (UMAT) [8, 9], which can be used within
structural mechanics software. An alternative is to use MFront [10], a numerical
tool that allows to generate UMAT for different finite element software. How-
ever, using such constitutive laws requires a quantification of numerous material
parameters [11–15]. Among these crystal plasticity parameters, quantifying the
interactions between the different slip systems remains challenging [16–24].
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In early models of crystal plasticity, latent hardening was defined as being
equivalent to self hardening [25]. The first experimental characterization of in-
teraction coefficients between slip systems was conducted by Franciosi et al.
[26]. Two tensile tests were performed to sequentially activate selected slip sys-
tems. The interaction coefficients were estimated from the macroscopic tensile
curves by calculating the ratio of the critical resolved shear stresses. However,
ensuring that only the intended slip systems were activated remained difficult.
This approach was applied to both compression and tensile tests, leading to dif-
ferent sets of values for the interaction coefficients [26–31]. In the early 2000s,
discrete dislocation dynamics (DDD) enabled the simulation of the interaction
between individual dislocations, allowing for the quantification of interaction
coefficients [32, 33]. Nevertheless, the validation of these coefficients through a
direct comparison of experimental and numerical dislocation structures presents
considerable difficulty. Alternatively, the coefficients can be quantified by com-
paring the experimental and simulated responses of polycrystals under stress
as in the works of Gérard et al. [34] or Guery et al. [20]. However, in stud-
ies involving polycrystalline samples, grain boundary behavior and slip transfer
across grain boundaries must also be considered, which significantly complicates
the identification and increases the number of parameters to be identified. In
this context, given the diversity of interaction coefficient values reported in the
literature, consensus sets of interaction coefficients are widely used [25, 35, 36].

In the early 2010s, the pile-up distribution around a residual imprint of in-
dentation was found to be strongly dependent on the indented crystallographic
orientation [37–40]. This has been confirmed for very distinct materials [41, 42].
Afterwards, several studies revealed the potential of single crystal indentation
tests to extract not only hardness and elasticity, but also crystal plasticity pa-
rameters [37–39]. Renner et al. [21] showed that the residual imprint of a
Berkovich indentation on a nickel single crystal is sensitive to all interaction
coefficients. It suggests that the inverse analysis of nanoindentation imprints,
using a crystal plasticity finite element model (FEM), can provide a precise
quantification of crystal plasticity parameters, including the interaction coef-
ficients. A significant advantage of nanoindentation tests is their ability to
be performed within a single grain, even in polycrystalline samples. However,
the existing literature on the application of the finite element model updating
(FEMU) method to nanoindentation tests emphasizes the importance of care-
fully formulating the inverse problem, as different sets of parameters can yield
identical responses [43–47]. To address this issue, an identifiability analysis must
be conducted prior to the FEMU process to assess stability with respect to the
chosen initial set of parameters (starting point) and the considered observables.
The stability of the obtained solution of the inverse problem should also be eval-
uated after the FEMU process [48]. Renner et al. [22] showed that combining
the Berkovich nanoindentation residual topographies from three representative
orientations would be sufficient to identify 9 crystal plasticity parameters, in-
cluding 6 interaction coefficients. Finite element simulations of the indentation
of a single grain using a Berkovich tip require not only the crystallographic
orientation of the grain but also the in-plane crystallographic orientation with
respect to the tip [49]. Indeed, using such an indenter enhances the information
contain in the residual imprints [21, 22], compared to the use of a self-similar
axisymmetrical indenter [50]. However, this enhancement complicates the mod-
eling process, which explains the scarcity of studies comparing experimental and
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numerical Berkovich indentation on the same crystallographic orientations [14].
The present study focuses on the simultaneous identification of 10 crystal

plasticity parameters, including 7 interaction coefficients between slip systems,
in FCC crystal. The first part presents the chosen material, polycrystalline
nickel, and the experimental tests and measurements, including EBSD char-
acterization of the indented grains, AFM topography measurements, nanoin-
dentation tests, and tensile tests. The second part introduces the FEM of
the Berkovich nanoindentation and tensile tests, including the size-independent
crystal plasticity framework [51]. The model calibration method is also intro-
duced in the second part. The third part presents the identifiability analysis
used to carefully design the optimal experiments from the database established
previously and also the methodology implemented for the identification of the
targeted parameters. The starting point detailed in the third part comprises
seven interaction coefficients obtained from the literature, and the remaining
three work-hardening parameters are identified using the FEMU method on a
tensile test curve of our nickel sample. The fourth part presents the identifica-
tion process of these 10 crystal plasticity parameters. The obtained interaction
coefficients are validated in the fifth part and compared with literature values.

1. Experimental tests and measurements

The material used in this study is a nickel polycrystal sourced from a cast
ingot of 99.9% pure nickel, supplied by Goodfellow Cambridge Ltd. To promote
the growth of larger grains (with diameters exceeding 100 µm) and reduce dis-
location density, the sample is annealed at 870°C for 3 hours. The materials
were supplied as a cylindrical bar with a diameter of 20.6 mm. A cylindrical
sample is cut from the bar for nanoindentation experiments (1 cm in height and
2.6 cm in radius), and the tensile test specimen is machined from the same bar
(specimen illustrated in fig. I.1a). Nanoindentation tests are performed within
individual grains of the sample, with a maximum indentation depth of 900 nm,
while the second specimen undergoes tensile testing up to 15% strain. Details of
the tensile test procedure and specimen geometry are provided in [21, 52], and
are also summarized in appendix I. EBSD measurements are then performed
to characterize the microstructure of the sample. Grains are selected from the
characterized microstructure, and nanoindentation tests are subsequently per-
formed within these grains. Finally, the residual topographies are measured by
AFM.

1.1. EBSD measurements

EBSD measurements are conducted to map a 1 mm2 area of the sample top
surface. The surface is polished using colloidal silica to improve the quality
of the EBSD measurements and nanoindentation tests. The measurement is
performed using a JEOL JSM 7600F scanning electron microscope coupled with
an Ametek EDAX DigiView 5 for texture characterization.

The EBSD map was reconstructed using MTEX software [53, 54]. Grains
were distinguished by applying a misorientation threshold of 5o between adjacent
pixels. Based on the microstructure shown in fig. 1a, 11 grains are selected for
nanoindentation. These grains are selected according to two criteria: their area,
which is chosen to be as large as possible to minimize boundary effects during
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indentation, and their orientation heterogeneity, which is maximized to ensure
a diverse and representative database. In fig. 1a, the selected grains are colored
according to their mean orientation [55], while the remaining grains are displayed
in grey. The mean radius of the selected grains, approximated by a spherical
shape, is Rmean = 131.8 µm, with a minimum radius of Rmin = 80.7 µm (grain
5) and a maximum radius of Rmax = 186.3 µm (grain 11). A cube-shaped
graphic is overlaid on each selected grain to represent its mean orientation.

In fig. 1b, the colored dots represent all the pixels within the selected grains,
while the black dot indicates the mean orientation calculated for each grain. A
significant dispersion in orientation, reaching up to 14°, is observed for the grain
11, despite the small misorientation threshold used to define grain boundaries.

Table 1: Mean orientations of selected grains and azimuth angle from EBSD measurements.
Euler’s angles (ϕ1, ψ, ϕ2) in Bunge’s convention (ZXZ) and Miller indices (hkl) [uvw], are
obtained from EBSD measurements for the mean orientations of the grains. The (hkl) indices
represent the orientation of the indented plane in the crystal reference frame, while [uvw]
corresponds to the in-plane orientation. The azimuth angle α defines the relative orientation
between the crystal and a non-axisymmetric indenter. It is measured as the angle between the

projection of the
−→
XCrystal axis of the crystal coordinate system onto the indentation plane

and one of the symmetry axes of the indenter. This angle is illustrated in the central column
of fig. 2, fig. 3, and fig. 4.

Grains α (o)
Euler’s Angles Miller indices

ϕ1 (o) ψ (o) ϕ2 (o) (hkl) [uvw]
1 164.35 148.36 48.66 245.28 -11 -5 11 12 -11 7
2 322.94 321.71 16.40 75.81 3 1 11 9 -7 -2
3 272.04 8.06 45.95 329.81 -5 9 10 9 4 1
4 96.76 80.76 40.92 310.58 -6 5 9 11 -6 11
5 163.10 147.14 34.32 195.39 1 -4 6 9 2 3
6 12.20 65.42 1.59 290.78 0 0 1 12 1 0
7 8.08 352.08 38.36 5.12 1 8 10 12 0 -1
8 129.01 293.01 16.04 89.57 2 0 7 7 -3 -2
9 165.29 345.77 5.81 343.60 0 1 10 12 7 0
10 164.84 219.54 28.04 111.65 5 -2 10 8 5 -3
11 291.84 3.83 30.14 2.32 0 7 12 10 -1 0

The mean orientations, expressed as Euler’s angles and computed using
MTEX, are presented in table 1 following Bunge’s convention. The table 1
also includes the Miller indices of each grain. In the crystal reference frame, the
(hkl) direction corresponds to the axis perpendicular to the indentation plane,
while the [uvw] direction represents the in-plane axis of each grain. Table 1
also provides the azimuth angle α, defined by Renner et al. [22]. This angle
quantifies the relative orientation between the crystal and a non-axisymmetric
indenter. It is defined as the angle between the projection of

−→
XCrystal axis of the

crystal coordinate system onto the indentation plane, and one of the symmetry
axes of the indenter. Two of these axes,

−→
XCrystal and

−→
Y Crystal, are represented

on top of the experimental topographies, along with the indenter, in the middle
column of the fig. 2, fig. 3, and fig. 4.

1.2. Nanoindentation tests

The nanoindentation tests are conducted using an Anton Paar ultra nano
hardness tester (UNHT). All tests are performed at room temperature and hu-
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midity, using a diamond Berkovich tip with a tip radius of about 110 nm. Dis-
placement controlled tests are carried out to a maximum depth of 900 nm.
The resulting indentation curves obtained for the selected grains are given in
appendix II.

1.3. AFM measurements

The AFM measurements are performed using a Park PSIA XE-150. The
dimensions of the AFM maps in the indentation plane are set to 20 × 20 µm2,
ensuring that the edge length of the scanned area is more than twenty times the
maximum indentation depth. The measurements are processed using WSxM
software [56]. The topography data processing involves a global plane interpo-
lation, which is applied uniformly to each measured topography, followed by a
flatten, performed from the topography edges. This WSxM processing corrects
the non-flatness of the sample’s top surface, and the same treatment is applied
to all topographies. Artifacts, such as surface debris, are removed during post-
treatment using MATLAB. The resulting experimental imprints are illustrated
in fig. 2, fig. 3, and fig. 4, as shown in the central column. As expected, the pile-
up distribution shows strong dependence on the crystallographic orientation of
the indented grains.

2. Numerical modeling and calibration

2.1. Single crystal plasticity framework

A general framework for finite strain elasto-viscoplastic behavior is employed
to describe the crystal plasticity behavior. The deformation gradient is split into
its elastic part F e and viscoplastic part F vp, following the approach introduced
by Lee [57]:

F = F e · F vp. (1)

The Green-Lagrange strain E is obtained from the elastic part F e of the
deformation gradient:

E =
1

2

[

F
T

e · F e − I

]

. (2)

Given the high stacking fault energy of the nickel (125 mJ · m−2 for our
specimen [52]), its tendency to produce twinning defects during hardening is
low. Therefore, it is assumed that the plastic deformation occurs solely on
the 12 FCC slip systems {111}⟨110⟩. The evolution of plastic deformation is
described by a cumulative shear strain rate across all slip systems [58]:

˙
F vp·F vp

−1
=

12
∑

s=1

γ̇sN
s
, with N

s
=

−→
l s ⊗−→n s, (3)

where ls is the slip direction, ns is the normal of the slip plane, and γ̇s is the shear

strain rate. N
s

denotes the Schmid tensor on the s-th given slip system [59].
The shear strain rate is defined based on a size-independent crystal plasticity
laws following a Norton flow rule with threshold [60]:
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γ̇s =

〈 |τ s| − τ0 −Rs

K

〉n
τ s

|τ s| , (4)

where τ s is the resolved shear stress on the s-th given slip system and τ0 repre-
sents the critical resolved shear stress. The term Rs accounts for the isotropic
hardening on each slip system, while K and n govern the viscosity response of
the material. The resolved shear stress τ s is a scalar variable defined as:

τ s =M : N
s
, with M = F

T

e · F e ·
(

C : E

)

, (5)

where M denotes the Mandel stress tensor, projected onto each slip systems

through the Schmid tensor N
s
. The stiffness tensor is denoted by C. The

Mandel stress M is related to the Cauchy stress σ as follows:

σ =
1

Je
F

−T

e ·M · F
T

e , (6)

where Je denotes the determinant of the elastic part F e of the deformation
gradient.

Hysteresis loops during unloading/reloading cycles indicate the presence of
kinematic hardening [61]. However, such hysteresis loops are not observed in the
present study for any crystallographic orientation. Based on this observation,
it is assumed that each slip system undergoes purely isotropic hardening. The
isotropic hardening of each slip system is described by a Voce law, incorporating
the interaction matrix as proposed by Méric et al. [51]:

Rs = Q
∑

r

hsr
(

1− e−b|γr|
)

, (7)

where Q drives the hardening saturation and b drives the rate of saturation, and
[h] the interaction matrix. For the nickel FCC sample under consideration, [h] is
a 12×12 matrix that defines the hardening interactions between the slip systems.
The interaction matrix used in this study is presented in table 2, incorporating 7
interaction coefficients, as proposed by Madec and Kubin [62]. The interaction
coefficients are listed in table 3, along with the geometric relationships between
the normal vectors of the slip planes and slip directions of the two interacting
slip systems corresponding to each interaction.

The anisotropic elastic behavior is described by 3 parameters (c11, c12, and
c44), which are the independent components of the stiffness tensor in eq. (5)
for FCC material. The viscosity is described through 2 parameters (K and n)
in eq. (4). The present study focuses on identifying the interactions between
slip systems, which are part of isotropic hardening and cannot be identified
independently from the other parameters controlling hardening. Therefore, the
10 parameters targeted for identification in this study are listed below:

{θ} = {Q, b, τ0, h1, h2, h3, h4, h5, h6, h7} (8)

Consequently, the single crystal plasticity hardening behavior is governed by 10
plastic parameters (Q, b, τ0, and hi=1,..,7) in eqs. (4) and (7).
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Table 2: Interaction matrix in the Schmid and Boas convention [59], as defined by Franciosi
[63], and adapted following Madec and Kubin [62, 64].

s\r B2 B4 B5 C1 C3 C5 A2 A3 A6 D1 D4 D6

[h] =

B2 h1 h2 h2 h3 h6 h5 h4 h7 h7 h3 h5 h6
B4 h2 h1 h2 h6 h3 h5 h5 h3 h6 h7 h4 h7
B5 h2 h2 h1 h7 h7 h4 h5 h6 h3 h6 h5 h3
C1 h3 h6 h5 h1 h2 h2 h3 h5 h6 h4 h7 h7
C3 h6 h3 h5 h2 h1 h2 h7 h4 h7 h5 h3 h6
C5 h7 h7 h4 h2 h2 h1 h6 h5 h3 h5 h6 h3
A2 h4 h7 h7 h3 h5 h6 h1 h2 h2 h3 h6 h5
A3 h5 h3 h6 h7 h4 h7 h2 h1 h2 h6 h3 h5
A6 h5 h6 h3 h6 h5 h3 h2 h2 h1 h7 h7 h4
D1 h3 h5 h6 h4 h7 h7 h3 h6 h5 h1 h2 h2
D4 h7 h4 h7 h5 h3 h6 h6 h3 h5 h2 h1 h2
D6 h6 h5 h3 h5 h6 h3 h7 h7 h4 h2 h2 h1

2.2. Finite element modeling of nanoindentation and tensile tests

The implementation of the behavior law in a FEM, as defined by eqs. (3)
to (5) and (7), is detailed in [65] and [66]. The MFront numerical tool (version
3.3.3) is used to generate a UMAT for Ansys software (version 2022R1), which
is subsequently used to simulate both nanoindentation and tensile tests.

The 3D FEM of the nanoindentation test is illustrated in fig. 5a. The model
contains 23286 quadratic elements (C3D20R): 15000 elements representing the
indented part of the grain, 7000 for the Berkovich tip and 1282 for the contact
between the tip and the sample. Reduced integration is employed, resulting in
each quadratic element having eight integration points. The contact problem
is addressed using the Lagrange multipliers method for computing the normal
force and the penalty method for the tangential force [67, 68]. The diamond
tip is isotropic and elastic (Young’s modulus E = 1141 GPa and Poisson’s
ratio ν = 0.07). The experimental indentation depth as a function of time is
then used to impose the top of the tip displacement in the nanoindentation
simulations. Friction tip/sample is modeled according to the Coulomb’s law,
with a coefficient µ = 0.2.

The dimensions of the cylindrical domain describing the sample and the
indenter tip are chosen to prevent boundary effects. The dimensions are pa-
rameterized relative to the maximum indented depth hmax. The radius of the
cylinder modeling the nickel sample is equal to its height R = h = 60hmax, while
the height of the indenter tip is similarly parameterized as hind = 60hmax. For
the indentation depth in this study, the radius of the cylinder, its height and
that of the indenter ones are R = h = hind = 54 µm. Regarding the sam-
ple boundary conditions, the lower surface of the cylinder is clamped while its
lateral surface is free. The experimental displacement is applied to the upper
surface, which is colored in blue in fig. 5a and defined as

−→
h = −hexp

−→
Y Ansys. Fi-

nally, the model consists of 282156 degrees of freedom, and one nanoindentation
simulation requires approximately 6.3 hours on our computational facility using
INTELMPI parallelization (2 Intel Xeon 2.70 GHz processors, each comprising
28 cores).

The FEM corresponding to the macroscopic tensile test is shown in fig. 5b.
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Table 3: Slip system interactions and their geometric relationships between slip plane normal
vectors and slip directions. The geometric relationship between the normal vectors to the slip
planes and slip directions, which defined the interaction coefficients carried out in this study,
is described as follows. s and r correspond to the slip system under consideration and the

interacting slip systems, respectively. −→n s and
−→
l s refer to the normal vector of the slip plane

and the slip direction, respectively.
−→
lj defines the interaction direction of the two interacting

slip systems. Sessile interactions correspond to (h3, h6), and glissile ones to (h1, h2, h4, h5, h7)

Name Parameter Geometric relations

Self-hardening h1
−→n s = −→n r and

−→
l s =

−→
l r

Coplanar h2
−→n s = −→n r and

−→
l s ̸= −→

l r

Hirth lock h3
−→n s = −→n r and

−→
l s · −→l r = 0

Colinear h4
−→n s ̸= −→n r and

−→
l s =

−→
l r

Glissile junction G60◦ h5

−→n s ̸= −→n r and
−→
l s ̸= −→

l r,

cos−1

(

−→
lj ·

−→
l s

∥

∥

∥

−→
lj

∥

∥

∥
·
∥

∥

∥

−→
l s

∥

∥

∥

)

= π
3 ,

−→
l s · −→l r ̸= 0,

−→
l s ∧ −→

l r =







±−→n s

or
±−→n r

Lomer lock h6

−→n s ̸= −→n r,
−→
l s ̸= −→

l r,
−→
l s · −→l r ̸= 0,

−→
l s ∧ −→

l r =







±−→n s

and
±−→n r

Glissile junction G0◦ h7

−→n s ̸= −→n r and
−→
l s ̸= −→

l r,

cos−1

(

−→
lj ·

−→
l s

∥

∥

∥

−→
lj

∥

∥

∥
·
∥

∥

∥

−→
l s

∥

∥

∥

)

= 0,

−→
l s · −→l r ̸= 0,

−→
l s ∧ −→

l r =







±−→n s

or
±−→n r

The model consists of 8000 linear elements (C3D8), following the approach used
by Fivel and Forest [69]. According to Kraska et al. [70], quadratic elements are
not necessary to accurately capturing the tensile curve. Each element is assigned
a randomly chosen crystallographic orientation, allowing it to be treated as
an individual grain. Regarding boundary conditions, the node at the origin
is fixed, while all nodes on the surface Sb are constrained along the x axis.
Additionally, the node at (0, 0, zmax) is constrained in y axis to prevent the

rigid body rotation. Finally, the displacement
−→
U = (Ux, 0, 0) is applied to the

surface SI . The displacement expression Ux, calculated from the experimental
strain, is detailed by Renner et al. [71].

2.3. Model calibration

Parametric quantification can be achieved through finite element model up-
dating method (FEMU) [72]. The parameter estimation is obtained by mini-
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mizing a cost function ω that quantifies the experiment-simulation gap through
adjustment of the target parameter set {θ}. To guarantee that the cost func-
tion remains convex within the observable space, it is commonly formulated in
a quadratic form [4, 13, 17, 73, 74]. In this study, the cost function is defined
as:

ω ({θ}) = 1

2N

M
∑

j=1

N
∑

i=1





{Z̃num ({θ})}ji − {Z̃exp}ji
max

i
{Z̃exp}j





2

, (9)

where M is the number of considered topographies, and N is the number of
acquisition points for each topography. Z represents the out-of-plane coordi-
nates of the deformed surface in the indentation direction corresponding to the−→
Y Ansys direction in fig. 5a. The cost function is normalized by both the number
of points N and the maximal height of the topography. j denotes the index of
the topographies, and i represents the i-th pixel of each topography. The nu-
merical response {Z̃num ({θ})}j of the j-th topography is compared to the cor-
responding experimental topography {Z̃exp}j . The experimental and numerical
topographies are made dimensionless through the following expression:

Z̃ =
hmax + Z

hmax
. (10)

This definition of height allow for greater weighting to be assigned to the
pile-up in the identification process, as values greater than one correspond to
points above the zero level of the topographies. All numerical topographies are
interpolated onto the experimental measurement grid, ensuring they contain the
same number of points N . The experimental topographies are described by a
regular grid of 512 × 512 pixel . These pixels are then reshaped into a vector,
following the path illustrated in fig. 6a, with indices i ∈ {1, ..., N}.

During the FEMU process, the sensitivity of observables to parameters
guides their evolution, as detailed in appendix III. The dimensionless sensitivity
of the jth dimensionless topography Z̃num to the kth parameter θk is calculated
as follows:

S̄
j
ik =

θk

max
i

{Z̃num ({θ})}j
√
N

∂{Z̃num ({θ})}ji
∂θk

, (11)

with k ∈ {1, ..., Nθ}, where Nθ = 10 is the total number of parameters in
this study, as reported in eq. (8). To incorporate multiple topographies in the
identifiability analysis, their sensitivity matrices are concatenated, as shown in
eq. (C.1).

The FEMU process is carried out using a toolchain consisting of 3 soft-
ware products: MIC2M [75], MFront [10] and Ansys [6]. MIC2M pilots the
minimization process of the cost function defined in eq. (9) using the selected
topographies, as detailed in section 2.3 and appendix III. It governs the evolu-
tion of the parameters through iterations of a modified Levenberg-Marquardt
algorithm [76], from the starting point to the solution, named {θ̂}. At each iter-
ation, MIC2M passes the current material parameters {θ}(k) to MFront, which
implements the behaviour law for the given parameter set {θ}(k). MIC2M also
provides MFront with the crystallographic orientation of the grain under con-
sideration. The implementation of the behavior law using MFront is linked
to Ansys, allowing the computation of the required variables at each integra-
tion point. Nanoindentation tests are then simulated for the parameter set
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{θ}(k), generating the indentation curves and topographies. This procedure
is repeated Nθ times for each topography to calculate the dimensionless local
sensitivities (using eqs. (10), (11), (C.1) and (C.2)) of the topographies with
respect to the parameter set {θ}(k). Each parameter is perturbed by a fixed
value of ε = 5 × 10−3 for the sensitivity evaluation. If the j-th parameter is
perturbed, then the perturbed value of the parameter is defined as θj (1 + ε).
Using these sensitivities, MIC2M calculates the updated parameter set {θ}(k+1)

for the next iteration by eq. (C.3). Having introduced the numerical modeling
and FEMU method, the following section presents the methodology used for
parameter identification.

3. Methodology

Identification of material parameters relies on resolving a well-posed inverse
problem. Solving the inverse problem using the FEMU method involves refor-
mulating it as a minimization problem. This can be expressed as follows:

{θ̂} = argmin
{θ}∈Rn

ω ({θ}) , (12)

where {θ} is the vector of the targeted parameters, and {θ̂} is the solution of
the minimization process. The methodology for constructing a well-posed in-
verse problem is based on an a priori optimal experimental design. This involves
selecting observable(s) that enable material parameter identification while en-
suring maximum stability of the starting point for identification in section 2.3.

This selection of observables is made for two reasons. The first is computa-
tional time. On our computation facility, a single iteration of the cost function
minimization algorithm would take approximately 32 days if all 11 grain observ-
ables were used (11 days × 11 parameters ×6.3 hours). Limiting the number
of simulations in the FEMU process is therefore essential. Each additional ob-
servable increases the computation time by approximately 3 days per iteration.
The second, and more critical, reason is the conditioning of the inverse problem.
Adding more observables does not necessarily improve the conditioning and may
even degrade it, as highlighted in prior studies [22, 74, 77]. For instance, Bolzon
et al. [74] illustrates that incorporating an indentation curve into the imprint
profile leads to poor conditioning of the inverse problem. Similar results are
reported in the context of crystal plasticity, where the coupling between the in-
dentation curve and residual topographies is investigated [22, 66]. Consequently,
the present identifiability study and FEMU process focus exclusively on residual
topographies, excluding indentation curves.

The algorithm used to solve the inverse problem [76, 78, 79] is capable of
locating a local minimum near the specified starting point. However, it is crucial
to ensure that the starting point is sufficiently close to the solution. To achieve
this, the macroscopic plastic parameters {Q, b, τ0} are determined from a ten-
sile test, while the interaction coefficients hi,i∈{1,..,7} are obtained from DDD
simulations for nickel, as reported in the literature [62]. The elastic constants,
c11 = 248 GPa, c12 = 153 GPa, and c44 = 116 GPa, are adopted from [80], and
the viscosity parameters, K = 8 MPa.s1/n and n = 7, are taken from [21]. An a
priori identifiability analysis is subsequently conducted using the complete ex-
perimental database described in section 1. The identifiability analysis is based
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on the I-index, which evaluate the stability of a given point in the parameter
space. Guided by the I-index, this section focuses on selecting the most relevant
topography(ies) in conjunction with the predefined starting point. This section
first introduces the identifiability analysis employed in this study, then defines
the starting point for parameter identification. Finally, it presents the optimal
experiment design obtained from this identifiability analysis.

3.1. Local identifiability analysis

When using indentation curves, the non-uniqueness of the solution [81] has
been linked to extreme sensitivity to the experimental errors [82]. Therefore, an
identifiability analysis is conducted to ensure that the inverse problem defined
in eq. (12) is locally not very sensitive to errors on the topographies used in the
cost function. The identifiability analysis is then performed on the

[

Ḡ
]

matrix,
which is calculated from the concatenated sensitivity matrix of the topographies,
as shown in eq. (C.2).

The conducted identifiability analysis evaluates both the sensitivity of the
topographies to the parameters and the multicollinearity between their sensi-
tivity vectors. This study utilizes the identifiability index (I-index) originally
introduced by Richard et al. [83], which is defined as:

IK = log10

(

λmax

([

Ḡ
])

λmin

([

Ḡ
])

)

, (13)

where λmax and λmin refers to the maximal and the minimal eigenvalue of
[

Ḡ
]

, respectively. The common logarithm is later introduced to facilitate the
interpretation of this identifiability index [84]. K denotes the set of parame-
ters considered in the evaluation of the I-index, which is calculated from the
sensitivity matrix truncated to retain only the columns corresponding to these
parameters. The inverse problem is considered to be well-conditioned when the
I-index is less than 2, and ill-conditioned when the I-index is greater than 3, as
reported in the literature [85]. Between these values, the conditioning is mod-
erate and requires further investigation. These values are associated with the
shape of the cost function [21, 22, 48, 66, 76]. The I-index can be calculated
a priori to FEMU process, allowing for the selection of an optimal set of ex-
periments based on a defined starting point. Additionally, the I-index can also
be calculated a posteriori to the FEMU process to assess the stability of the
obtained solution.

The following section will undertake an a priori investigation of the condi-
tioning of the inverse problem as a function of the selected observables and their
combinations.

3.2. Definition of a starting point for the parameters

Based on the experimental macroscopic tensile behaviour of the sample illus-
trated in fig. I.1, 3 parameters {Q, b, τ0} are calibrated to establish the starting
point for the FEMU process, i.e., the initial values of the material parameters.
The remaining 7 parameters from the targeted set {θ} in eq. (8) are fixed based
on the literature [62, 64] and are summarized in table 4. The FEMU process
is carried out using a numerical polycrystal, as described in section 2.2 and
illustrated in fig. 5b. The FEMU approach is the same for the tensile curve
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as it is for the topographies. With Z replaced by stress σ in eqs. (9) to (11),
the cost function and sensitivity are expressed in terms of the observable tensile
curve. The evolution of the parameters is also calculated using eq. (C.4). Fi-
nally, the red line in fig. I.1b represents the simulated curve using the identified
parameters {θ̂MK}, which shows good agreement with the experimental results.

Table 4: Starting point definition from identified and literature-based parameters. It is estab-
lished by the identification of 3 plastic parameters using a tensile test curve, while 7 interaction
coefficients are fixed based on values from the literature [62, 64], calculated using DDD simu-
lations. A comparison between the experimental curve and numerical curves is illustrated in
fig. I.1.

Parameters
Identified Literature-based

Q b τ0 h1 h2 h3 h4 h5 h6 h7
(MPa) (-) (MPa) (-) (-) (-) (-) (-) (-) (-)

{θ̂MK} 140.7 8.0 27.0 0.35 0.35 0.21 0.82 0.30 0.41 0.32

3.3. Selection of the imprints based on a priori identifiability analysis

The aim is to select from the experimental database the optimal balance
between the a priori identifiability of the given starting point with respect to the
selected topography(ies) and the computational time of the FEMU process. To
achieve this, the experimental database is explored using the I-index defined in
eq. (13) as a decision-making tool to select the most relevant data. The database
comprises residual topographies obtained after Berkovich nanoindentation tests,
as illustrated in the central columns of figs. 2 to 4. Corresponding simulations
of these topographies, generated using the starting point {θ̂MK} (assumed to
be close to the solution {θ̂}), are presented in the right columns of figs. 2 to 4.

As a function of the spatial steps, the selected portion of the topography Z̃
follows a square spiral path from point B to point C, as shown in fig. 6. The
considered part is shown in color in fig. 6a and in blue in fig. 6b, while the
remaining portion of topography is depicted in black, white, and grey, respec-
tively. The contact zone between the sample and the indenter, spanning from
point A to point B in fig. 6, is excluded from the identifiability analysis and
the FEMU process. This exclusion is due to inaccuracies in AFM experimental
measurements within the imprint and possible numerical errors associated with
contact modeling. The size of the square truncation in the center of the topog-
raphy, as previously discussed by Renner et al. [22]. In this study, a similar
central square truncation of 230× 230 pixel is employed. In addition, the edge
of the topography, between points C and D, is also excluded due to an observed
dilution of relevant information, characterized by an increase in the I-index in
the majority of the grains. The edge truncation removes half of the remaining
pixel after the center truncation. The size of the edge truncation is carefully
chosen to eliminate regions with increase in the I-index values while retaining
most of the pile-ups, as shown in figs. 6 and 9. The combined truncations result
in the exclusion of an area equivalent to a 320× 320 pixel square. Finally, 39%
of each topography is retained for analysis. This selected part contains the most
relevant information, particularly the regions where the pile-ups are.
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3.3.1. Identifiability analysis using a single topography

The study examines whether the material parameters can be identified from
a single topography. Three cases are analyzed: the identifiability of only the
3 hardening parameters {Q, b, τ0}, the identifiability of only the 7 interaction
coefficients hi,i∈{1,...,7}, and the identifiability of all 10 targeted plastic param-
eters. The identifiability results are presented in table 5 for all the indented
grains, with mean orientations listed in table 1, using the starting point {θ̂MK}
defined in table 4. The evolution of the I-index is shown as a function of the
spatial steps k, normalized by the number of the pixels N between point B and
C, as illustrated in fig. 7.

Table 5: Identifiability outcomes using a single topography. The I-index is calculated for the
3 parameter sets K under consideration. The identifiability analysis is conducted using the
starting point, {θ̂MK}, defined in section 3.2. For the inverse problem, the color green denotes
good conditioning, orange indicates average conditioning, and red signifies ill conditioning.

Grains
IK

K = {Q, b, τ0} K = {hi,i∈{1,...,7}} K = {θ̂MK}
1 2.2 1.8 4.0
2 1.9 2.2 2.8
3 2.2 1.7 3.9
4 1.9 1.6 3.4
5 1.6 2.4 3.2
6 2.3 1.6 2.9
7 2.4 3.5 3.8
8 2.2 1.3 2.9
9 2.3 3.0 2.9
10 1.6 1.4 3.0
11 2.2 1.6 3.7

For the triplet {Q, b, τ0}, all identifiability indices I{Q,b,τ0} in table 5 are less
than 2.5, ranging from 1.6 for grains 5 and 10, to 2.4 for grain 7. For grains 2, 4,
5 and 10, the I-index values are less than 2, indicating a well-conditioned inverse
problem when identifying only the 3 hardening parameters {Q, b, τ0} using one
of these topographies.

For the 7 interaction coefficients, I{hi,i∈{1,...,7}} values range from 1.3 (grain
8) to 3.5 (grain 7). These results indicate a significant disparity in the relevant
information contained in the different topographies regarding the interaction
coefficients. 7 out of the 11 topographies have I{hi,i∈{1,...,7}} values less than
2. Therefore, provided the triplet {Q, b, τ0} is known, it is possible to identify
all the interaction coefficients from a single topography by choosing a suitable
crystal orientation.

Notably, only one topography is required to identify either the triplet {Q, b, τ0}
or the septuplet {hi,i∈{1,...,7}}. However, the I-index for the 3 hardening pa-
rameters are higher than for the 7 interaction coefficients (grains 1, 3, 4, 6, 8, 10
and 11). These results confirm the high relevance of the information contained
in these topographies for identifying the interaction coefficients.

The difficulty arises in simultaneously identifying all 10 parameters, as the
I-index values are superior to 2.5 for all the selected grains. A single topography
is not sufficient to identify all the 10 targeted parameters simultaneously, in
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agreement with the results of Renner et al. [22]. Consequently, the following
section explores the combination of topographies.

3.3.2. Identifiability analysis using multiple topographies

The combinations of 2 and 3 topographies are investigated to improve the
conditioning of the inverse problem. When combining 2 and 3 topographies, 55
pairs and 165 triplets, respectively, can be generated from the 11 topographies.
It is important to note that permutations of topographies yield the same final
I-index value. The results for the combinations of 2 topographies are presented
in table 6, showing the I-index values calculated for all the 10 targeted param-
eters, as well as for the 7 interaction coefficients only. In table 6, two cases are
analyzed: the identifiability of only the 7 interaction coefficients hi,i∈{1,...,7},
and the identifiability of all 10 targeted plastic parameters. For 3 topographies,
the results are provided in tables IV.1 and IV.2 of appendix IV, only for the 10
targeted parameters.

Table 6: Identifiability outcomes using combinations of 2 topographies. The I-index is com-
puted for 2 parameter sets, K, using combinations of 2 topographies. The values in the lower
triangular portion of the table correspond to parameter set K = {hi,i∈{1,..,7}}, while the

upper triangular portion contains values for the 10 targeted plastic parameters K = {θ̂MK}.
For the inverse problem, the color green denotes good conditioning, orange indicates average
conditioning, and red signifies ill conditioning.

⋃

{Z̃}1{Z̃}2{Z̃}3{Z̃}4{Z̃}5{Z̃}6{Z̃}7{Z̃}8{Z̃}9{Z̃}10{Z̃}11

{Z̃}1 2.7 3.7 3.4 3 2.9 3.3 3.2 2.9 3.0 3.7

{Z̃}2 1.8 2.8 2.6 2.7 2.7 3.1 2.6 2.8 2.5 2.7

{Z̃}3 1.6 1.7 3.3 2.8 2.8 3.3 3.2 2.9 3.0 3.7
{Z̃}4 1.6 1.7 1.6 2.7 2.8 3.3 3.0 2.8 2.8 3.2
{Z̃}5 2.1 2 1.9 1.9 2.7 3.1 2.6 2.6 2.7 2.9
{Z̃}6 1.5 1.5 1.5 1.4 1.6 3.0 2.7 2.7 2.6 2.8
{Z̃}7 2.9 2.7 2.8 2.8 2.8 2.6 3.1 3.3 3.1 3.2
{Z̃}8 1.4 1.6 1.2 1.2 1.7 1.4 2.7 2.7 2.7 3.2
{Z̃}9 2.5 2.4 2.4 2.4 2.3 2.2 2.8 2.3 2.6 2.8
{Z̃}10 1.5 1.7 1.4 1.4 1.8 1.4 2.7 1.2 2.4 3.1
{Z̃}11 1.6 1.6 1.4 1.5 1.9 1.4 2.7 1.2 2.2 1.3

In agreement with Renner et al. [22], all I-index values decrease when two
topographies are coupled, across all three parameter sets under consideration.
While only two parameter sets are reported in table 6, this trend is also observed
for the parameter set limited to {Q, b, τ0} [66]. All the identifiability indices
I{hi,i∈{1,..,7}} computed for the interaction coefficients are less than the critical
value of 3, with most being less than 2. For the identifiability of the 10 plastic
parameters, the best pair of topographies reduces the index from I{θ̂MK} = 2.8

for the single topography {Z̃}2 to I{θ̂MK} = 2.5 for the optimal combination of

the topographies {Z̃}2⋃{Z̃}10. This decrease indicates strong complementarity
between these two topographies. Nevertheless, none of the coupling combina-
tions results in an I-index less than 2. While the use of combined topographies
improves the conditioning of the inverse problem compared to using a single
topography, only moderate conditioning of the inverse problem is obtained. We
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therefore investigate all possible combinations of three topographies.
While the I-index for all parameters consistently decreases when coupling of

2 topographies compared to using a single topography, this trend does not ex-
tend to the coupling of 3 topographies. In 27 of 165 combinations, the I-index in-

creases when a third topography is added. For example, I{θ̂MK}

(

{Z̃}1
⋃

{Z̃}2
)

is less than I{θ̂MK}

(

{Z̃}1
⋃

{Z̃}2
⋃

{Z̃}3
)

. Additionally, it is observed that

when the third topography added is either {Z̃}7 or {Z̃}11, the I-index often
increases. As shown in table 5, these topographies have high I{θ̂MK} values of
3.8 and 3.7, respectively.

From table 5 and table 6, the topographies with the highest I{θ̂MK} and
the poorest complementarity correspond to grains 1, 3, 7 and 11, which are the
closest to [101] orientation. This suggests that topographies from this region
of the inverse pole figure are not suitable for identifying FCC crystal plastic-
ity parameters. In contrast, the topographies with the lowest values of I{θ̂MK}

are associated with grains 2, 6 and 9, which are located near the [100] orien-
tation. This indicates that topographies from this region of orientations in the
inverse pole figure are more appropriate for identifying FCC crystal plasticity
parameters. However, combining these topographies does not further improve
the conditioning of the inverse problem.

The increase in the I-index value when a third topography is added suggests
that using a greater number of topography combinations provides no additional
benefits in this study. Based on the analysis, the next section focuses on opti-
mally selecting topographies to use in the FEMU process.

3.4. Selection of the optimal combination of topographies

In this section, an optimal design for the FEMU process is developed based
on the identifiability analysis conducted in section 3.3, using the starting point
{θ̂MK} established in section 3.2. The best I-index values, evaluated for single
topographies as well as combinations of 2 and 3 topographies, are reported in
table 7.

Table 7: Summary of the optimal a priori I-index using a single topography, and combining
2 and 3 topographies. For the inverse problem, the color green denotes good conditioning,
orange indicates average conditioning, and red signifies ill conditioning.

IK {Z̃}2 {Z̃}2
⋃

{Z̃}10 {Z̃}2
⋃

{Z̃}4
⋃

{Z̃}10

K = {θ̂MK} 2.8 2.5 2.4

For a single topography, the best I-index value for identifying all the tar-
geted parameters is 2.8, achieved with the topography from grain 2. For a pair
of topographies, the best I-index value is 2.5, achieved with the combination
of topographies from grains 2 and 10. Finally, for triplets of topographies, the
best I-index value is 2.4, achieved with the combination of topographies from
grains 2, 4, and 10. The results indicate that adding a second topography re-
duces the I-index value by 0.3 in the best case, while adding a third topography
only slightly reduces the I-index value by 0.1. However, incorporating a third
topography significantly increases computational cost, adding 3 days per itera-
tion to the FEMU process. Therefore, due to the marginal improvement in the
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conditioning of the inverse problem with a third topography, we conclude that
the topographies of the grains 2 and 10 represent the optimal choice for the
FEMU process. The identifiability analysis enables the design of experiments,
within the constraints of the database, to ensure an acceptable conditioning of
the inverse problem at the starting point of the FEMU process. The follow-
ing section discusses the identification of the 10 material parameters obtained
through the FEMU method. This identification is performed using the optimal
combination of topographies from grains 2 and 10.

4. Identification results

The results of the simultaneous identification of the 10 plastic parameters,
based on the optimal design of experiments defined in section 3, are discussed
in this section. The a priori I-index at the starting point for the optimal set of
experiments obtained in section 3.4 is 2.5. This value results from combining
the topographies of grains 2 and 10. While this indicates that parameter iden-
tification is feasible, the question arises whether the inverse problem sufficiently
well-conditioned to ensure a unique solution starting from {θ̂MK}. The ap-
pendix V addresses this question through a numerical validation of the FEMU
process using synthetic topographies, confirming the well-posed inverse problem
from the starting point {θ̂MK} using the topographies of the grains 2 and 10.
The experimental topographies of grains 2 and 10 are thus used in the FEMU
process. The starting point of the FEMU process, {θ̂MK}, is summarized in
table 8, along with the identified parameter values {θ̂} and their associated un-
certainties {∆θ̄}. The uncertainty is defined in eq. (C.5). Using the identified
parameters {θ̂}, the topographies for all grains are simulated and presented in
figs. 2 to 4 (left column).

Table 8: Starting point of the FEMU process {θ̂MK} and the identified parameters {θ̂} are
reported, along with the parametric uncertainty {∆θ̄}i using eq. (C.5).

Parameters
Q b τ0 h1 h2 h3 h4 h5 h6 h7

(MPa) (−) (MPa) (−) (−) (−) (−) (−) (−) (−)

{θ̂MK} 140.65 7.96 26.98 0.35 0.35 0.21 0.82 0.30 0.41 0.32

{θ̂} 152.20 29.40 69.13 0.21 0.46 0.69 0.28 0.15 1.05 0.10

{∆θ̄}i (%) 32.4 65.8 36.7 104.1 79.2 89.9 72.8 76.9 41.0 89.3

The evolution of the topographies during the FEMU process is illustrated
in fig. 9. For grain 10, the pile-up initially located under the left edge of the
indenter shifts and spreads along the face of the indenter tip. This pile-up aligns
closely with the experimental ones. However, the two pile-ups observed on the
lower right of the topography of grain 10 remain convolved even after the FEMU
process. The shape of the highest pile-up also differs from the experimental one,
appearing less rounded. For grain 2, the shapes of the pile-ups generally agree
well with the experimental ones. The FEMU process significantly reduces the
pile-up beneath the left edge of the indenter, bringing it closer to the exper-
imental observation, albeit with a slight offset. The relative height between
the pile-ups is initially inaccurate, and the FEMU process does not resolve this
discrepancy, as shown in fig. 2.
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The evolution of the cost function ω ({θ}) quantifies these discrepancies dur-
ing the FEMU process. Its evolution, computed using the experimental topogra-
phies of grains 2 and 10, is shown in fig. 8a. Additionally, the evolution of the
error δ ({θ}), computed subsequently to the FEMU process for the indentation
curves of grains 2 and 10, is reported in fig. 8a. The FEMU process converges
in only 3 iterations. The cost function ω ({θ}), based on the experimental-
simulation gap between the topographies, decreases slightly from 1.3 × 10−4

to 4.3 × 10−5 in the final iteration. This decrease occurs mainly during the
first iteration, after which the cost function ω ({θ}) remains nearly constant
for the following two iterations. In agreement with the validations presented
in appendix V and [66], the error calculated from the indentation curves also
decreases, even though these data are not incorporated into the cost function.

The relative evolution of the parameters {θ}(k) at iteration k, compared to
the starting point {θ̂MK}, is shown in fig. 8b. Among these, the parameter b
exhibits the most significant change, followed by h3, h6, and τ0. Despite a slight
decrease in the model-experiment discrepancy, fig. 8b shows a significant evolu-
tion of the parameters during the minimization process. In contrast, parameter
Q evolves slightly (8%), suggesting that it could be considered fixed, thereby
greatly facilitating the identification. Given its limited evolution during the
identification process, the identifiability of the remaining parameters is assessed
by considering Q as known. In this case, the best I-index for the remaining
plastic parameters is 2.5, computed solely from the topography of grain 10. In
comparison, when all ten parameters are considered, the I-index for the topog-
raphy of grain 10 is 3.0, as reported in table 5. This indicates a reduction of
0.5 when Q is excluded in this case. Given the limited evolution of Q and its
strong coupling with the interaction coefficients, the simultaneous identification
of these parameters complicates the establishment of a well-conditioned inverse
problem. The following section evaluates the validity of the identification results
using the remaining topographies for validation, as well as the stability of the
final solution.

5. Validation

Given the parametric uncertainties reported in table 8, this section further
investigates and discusses the identified parameters to validate them. It is essen-
tial to note that the parametric uncertainties computed from eq. (C.5) neglect
parametric correlations. This results in an overestimation of the uncertainty
values, providing an upper bound for the actual parametric uncertainties. The
initial values of the parameters h1, h2, and h3 fall within the limits defined
by the parametric uncertainties, validating their consistency with the initial
set evaluated by DDD. Nevertheless, the uncertainties remain significant, even
considering the low I-index value obtained at the solution point, as illustrated
in fig. 10b. The parametric uncertainties in eq. (C.5) depend on the value of
the cost function ω ({θ}) and the matrix

[

Ḡ−1
]

. Therefore, the experimental-
simulation discrepancy leading to high parametric uncertainties can potentially
be reduced by refining the constitutive model.

As a preliminary validation of the identified behavior, all topographies ex-
cluded from the FEMU process are simulated using the identified parameters
{θ̂}. The experimental-simulation discrepancy, calculated from eq. (9) for each
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topography using both the initial and identified parameter values, is illustrated
in fig. 10a. Significantly, for all topographies except grain 1, the experimental-
simulation gap with the {θ̂} set of parameters is reduced. For grain 1, the error
slightly increases, with a factor close to 1. The highest reduction factor, ob-
served for the topography of grain 9, is 3.6. For the topographies used in the
FEMU process for grain 2 and 10, the reduction factors are slightly lower, at
3.2 and 2.8, respectively. The reduction factors for the gaps associated with the
topographies of grains 15 and 9 are 2.6 and 2.5, respectively. For the remaining
topographies, the reduction factors are below 2.

A secondary investigation of the identified parameter set focuses on the a
posteriori I-index, as illustrated in fig. 10b. The I-index of all plastic parame-
ters decreases from 2.4 to 2.1, indicating improved convexity of the cost func-
tion near the FEMU solution. This validation of the result is significant and
further supports the identification results presented in this section. The I-index
of the interaction coefficients, considering a known triplet {Q, b, τ0}, increases
marginally from 1.8 to 1.9 when evaluated at the starting point and the opti-
mized point, respectively. This increase is primarily attributed to the rise in the
I-index value of the topography of grain 2, which increases for the interaction
coefficients and the set of all targeted parameters. Overall, the FEMU pro-
cess significantly enhances the complementarity of the two topographies used
for identification. This results in an improved a posteriori I-index, decreas-
ing from 2.5 prior to the FEMU process to 2.1 afterwards. These validations
show that the stability of the FEMU solution is significantly improved compared
to the starting point, as is the predictive capability of the model using these
parameters. After validating the identification results within the same deforma-
tion regime and demonstrating improved solution stability relative to the initial
starting point, the final section discusses the identified parameters.

6. Discussion

Table 9 presents a comparison of interaction coefficients identified in this
study with a selection of interaction coefficients from the literature. All in-
teraction coefficients hi,i ̸=1 and αi,i ̸=1 are normalized by their respective self-
hardening coefficients h1 and α1. This ratio normalization is essential for rig-
orously comparing interaction coefficients, as it eliminates dependence on their
original work-hardening formulations. Since self-hardening involves dislocations
moving over large areas within the grain, it is computationally expensive to
evaluate with accuracy. In DDD, simulation volumes are often insufficient to
reliably quantify this effect. Similarly, the present identification relies on 20×20
µm2 experimental topographies, which correspond to a subsurface volume that
may not fully capture the self-hardening behavior. In our results, the highest
parametric uncertainty pertains to the self-hardening coefficient. Nonetheless,
the self-hardening coefficient identified in this study aligns closely with the value
reported by Tabourot et al. [86], based on Franciosi study [27], and with the
value obtained by Gérard et al. [19].

Latent hardening is initially estimated to be equal to or greater than self-
hardening [27, 28, 30, 86, 87]. However, this contrasts with more recent DDD
evaluations of the coefficients [33, 62, 64], which evaluate lower values for some
latent hardening coefficients. The coplanar interaction coefficient h2 is often
assumed to be equal to the self-hardening coefficient in table 9, as it is similarly
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Table 9: Comparison of the ratios of interaction coefficients with respect to self-hardening
from this study and the literature. In studies with fewer than 7 interaction coefficients, h7
is thus equal to h5 for the glissile junction (see table 3). The footnote of the table specifies
the method and equations used to obtain the values: TT refers to tensile tests, CP to crystal
plasticity, and DDD refers to discrete dislocation dynamics. Values of αsr =

√
asr are used

in the case of DDD simulations and crystal plasticity models that account for the evolution of
the dislocation density. As a reminder, h1 correspond to self-hardening, h2 coplanar, h3 Hirth
lock, h4 collinear, h5 glissile G60◦ , h6 Lomer lock, and h7 glissile G0◦ interaction. Sessile
interactions correspond to (h3, h6), and glissile ones to (h1, h2, h4, h5, h7).

Literature Material α1
α2

α1

α3

α1

α4

α1

α5

α1

α6

α1

α7

α1

Devincre et al. [35]1 Copper 0.35 1.00 0.76 2.26 1.06 1.02 1.06
Gérard et al. [19]2 Copper 0.16 0.63 1.27 23.92 4.90 4.47 4.90
Madec and Kubin[62]1

Nickel 0.35 1.00 0.60 2.34 0.86 1.17 0.91
Madec et al. [64]

h1
h2

h1

h3

h1

h4

h1

h5

h1

h6

h1

h7

h1

Kocks [87]3 CFC 1.00 1.40 1.40 1.40 1.40 1.40 1.40
Franciosi [27]3

Copper 0.20 1.50 1.50 1.50 2.00 5.00 2.00
Tabourot et al. [86]
Bassani and Wu [28]3 Copper 8.00 1.00 1.00 1.00 1.88 2.50 1.88
Méric et al. [30]4 Copper 1.00 4.40 4.75 4.75 4.75 5.00 4.75
Gérard et al. [34]4 Copper 1.00 1.00 0.20 90.00 3.00 2.50 3.00
Guery et al. [20]4 316LN 1.00 1.64 0.10 12.50 0.87 2.60 0.87

Present study {θ̂}4 Nickel 0.21 2.19 3.29 1.33 0.71 5.00 0.48

1: DDD, τs
c = µb

√

∑

r
(αsr)2 ρr

2: CP, γ̇s = γ̇0
s
(

τs

τs
c

) 1
m , τs

c = qµb

√

∑

r
(αsr)2 ρr , ρ̇s = 1

bK

(

√

∑

r
(αsr)2 ρr − 2ycKρs

)

|γ̇s|

3: TT, hsr = τr

τs

4: CP, γ̇s =

〈

|τs|−τs
c

K

〉n
, τs

c = τ0 + Q
∑

r
hsrβs, β̇s = b

(

1 − βs) |γ̇s|

difficult to evaluate through DDD simulations due to the same limitations as
self-hardening. When estimating the parameters using tensile tests on single
crystals, the coplanar interaction coefficient is typically slightly higher than or
equal to self-hardening [27, 28]. In this study, the coplanar interaction ratio
relative to self-hardening lies at the upper end of the values reported in table 9,
closely aligning with those reported by Franciosi [27] and Guery et al. [20].
Notably, both the present study and the work of Guery et al. [20] initially as-
sumed the coplanar interaction coefficient equals the self-hardening coefficient at
the start of the FEMU process. However, both studies ultimately determined a
slightly higher coplanar interaction coefficient, with the resulting ratios between
the two coefficients comparable across the two studies.

The Hirth lock h3 is evaluated in DDD simulations as the weakest interaction
[33, 35]. However, tensile tests on single crystals classify it as a strong interaction
[28, 30, 87]. Initially, within the parameter set {θMK}, the Hirth lock is the
weakest interaction, but after the identification, it ranks as the second strongest.
Its ratio to self-hardening remains within the range of values in the literature
but is higher than most of the values in table 9.

Conversely, the collinear interaction h4 is evaluated in DDD simulations as
the strongest interaction as reported by Madec et al. [32] and Devincre et
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al. [88]. However, when estimating through tensile tests on single crystals, it
does not rank as the strongest interaction, though it remains among the higher-
ranked coefficients. Within the initial parameter set {θ̂MK}, h4 is originally
the strongest interaction but ultimately ranks fourth. Its ratio to self-hardening
aligns closely with the value obtained by Franciosi [27].

According to Madec et Kubin [62], the glissile interaction is split into two,
h5 and h7, while other studies in table 9 treat them as equal. When evaluated
via DDD, the glissile interaction coefficients exhibit low ratios relative to self-
hardening [62, 88] and rank second when estimated through tensile tests on
single crystals. The G60◦ glissile coefficient h5 ratio to self-hardening remains
close to its initial value after the FEMU process and aligns with the values
identified by Guery et al. [20], while the G0◦ coefficient h7 exhibits a slightly
lower ratio. These ratios are among the lowest in table 9.

When parameters are estimated using tensile tests on single crystals, the
Lomer lock h6 is identified as the strongest interaction. In contrast, DDD eval-
uations rank it as a second or third strongest interaction in table 9. In this
study, the Lomer lock lock’s ratio relative to self-hardening aligns with values
reported by Méric et al. [30] and Franciosi [27], and it is identified as the
strongest interaction.

In this investigation, the coefficients h6 and h3, corresponding to the Lomer
lock and Hirth locks, respectively, are identified as the most significant inter-
action coefficients. These are followed by the coplanar interaction (h2), the
collinear interaction (h4, initially postulated as the strongest interaction), the
self-hardening (h1), the G60◦ glissile junction (h5), and the G0◦ glissile junction
(h7). Based on the results of this study, the ranking of the interactions is as
follows:

h7 < h5 < h1 < h4 < h2 < h3 < h6. (14)

A key observation from this ranking is that lock interactions (h3 and h6) are
identified as the strongest interactions, suggesting their dominant role over the
glissile interaction.

Conclusion

In this study, an inverse method was employed to identify crystal plasticity
parameters using residual topographies obtained from nanoindentation tests.
An a priori identifiability analysis was conducted to carefully select topogra-
phies, ensuring optimal conditioning by leveraging the strengths of the exper-
imental database. Following this analysis, an optimal set of experiments was
selected for the FEMU method. 10 crystal plasticity parameters were identified,
leading to the following conclusions:

(1) The identifiability analysis revealed that incorporating three topographies
only slightly improved the conditioning of the inverse problem within the
fixed database of eleven orientations. As a result, two topographies were
used to identify the 10 crystal plasticity parameters.

(2) In both the test and the identification process, the inverse problem success-
fully reduced the indentation curve error, despite not being considered in
the analysis.
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(3) The parameters identified in this study significantly reduced the discrepancy
between experimental and simulation results across the entire database, in-
cluding topographies excluded from the FEMU process.

(4) The stability of the solution was enhanced through the FEMU process by
increasing the complementarity of the selected topographies.

(5) The values of the interaction coefficients fell within the range reported in
the literature, aligning more closely with experimentally determined values
for copper than those obtained from DDD simulations for nickel.

(6) The ranking of the interaction coefficients indicated that the sessile interac-
tions were stronger than the glissile ones.

Finally, the identifiability analysis highlighted the importance of carefully se-
lecting the observables to identify the targeted parameters. However, with the
current experimental database, the optimal design of experiments only achieved
a moderate identifiability index, indicating the potential for further improve-
ment. To enhance the initial conditioning of the inverse problem, a key approach
is to incorporate all possible crystal orientations into the a priori identifiability
analysis. Additionally, Berkovich azimuth angles should be considered. Such
an analysis would provide a priori guidance for designing experiments. Fur-
thermore, a complementary approach to enhance identifiability could involve
incorporating additional observables, such as lattice rotation [89], and/or resid-
ual stresses [90].
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(a) (b)

Figure 1: (a) EBSD mapping and (b) inverse pole figure of the nickel sample. In (a), the
EBSD map is overlaid with oriented crystal shapes, defined by the mean orientation of each
grain. In (b), the inverse pole figure displays black dots representing the mean orientation of
each grain. All pixels within the selected grains are colored according to their crystallographic
orientations.
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Figure 2: Representation of the experimental and numerical topographies for the grains 1 to
4. Each row corresponds to a grain, with the left column showing the topographies simulated
using the identified parameters, the central column displaying the experimental topographies,
and the right column showing the topography simulated using the starting point. In each

topography, the indenter is depicted along with the crystal axis
−→
XCrystal and

−→
Y Crystal pro-

jected onto the indentation plane. Additionally, a white line indicates the zero level of the
topography, and an oriented crystal shape corresponds to the crystallographic orientation.
For the experimental topographies, azimuth angles are shown, while the reference frame ori-
entation of the finite element model is displayed on the numerical topographies. All the
topographies are squares of 20× 20 µm2, with a scale bar provided on experimental topogra-
phies.
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Figure 3: Representation of the experimental and numerical topographies for the grains 5 to
8. Each row corresponds to a grain, with the left column showing the topographies simulated
using the identified parameters, the central column displaying the experimental topographies,
and the right column showing the topography simulated using the starting point. In each

topography, the indenter is depicted along with the crystal axis
−→
XCrystal and

−→
Y Crystal pro-

jected onto the indentation plane. Additionally, a white line indicates the zero level of the
topography, and an oriented crystal shape corresponds to the crystallographic orientation.
For the experimental topographies, azimuth angles are shown, while the reference frame ori-
entation of the finite element model is displayed on the numerical topographies. All the
topographies are squares of 20× 20 µm2, with a scale bar provided on experimental topogra-
phies.
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Figure 4: Representation of the experimental and numerical topographies for the grains 9
to 11. Each row corresponds to a grain, with the left column showing the topographies
simulated using the identified parameters, the central column displaying the experimental
topographies, and the right column showing the topography simulated using the starting

point. In each topography, the indenter is depicted along with the crystal axis
−→
XCrystal

and
−→
Y Crystal projected onto the indentation plane. Additionally, a white line indicates the

zero level of the topography, and an oriented crystal shape corresponds to the crystallographic
orientation. For the experimental topographies, azimuth angles are shown, while the reference
frame orientation of the finite element model is displayed on the numerical topographies. All
the topographies are squares of 20 × 20 µm2, with a scale bar provided on experimental
topographies.
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(a) (b)

Figure 5: (a) Finite element model of the nanoindentation test. The central, finer meshed
area is shown on the left, the entire mesh in the middle, and the contact area on the right.
(b) The tensile test geometry. On both images, blue color on faces represent the imposed
displacement face corresponding to the experiments.

(a) (b)

Figure 6: Data reshaping of the topographies in vectors along a path illustrated on the
topography of grain 2. (a) Representation of the red path along the normalized topography
Z̃ from the point A to the point D. The part of the topography selected (from the point B
to the point C) is colored, and the part of the topography neglected is in black and white.
(b) Normalized topography Z̃ as a function of the spatial steps, normalize by total number of
points in the topography (512× 512 pixels, 262144 points in total). In (b), the selected part
of the topography is colored in blue.
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Figure 7: Evolution of the identifiability index for all the 10 targeted parameters as a function
of the normalized spatial steps along the red path illustrated in fig. 6a between point B and
C.
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(a) (b)

Figure 8: (a) Evolution of the cost function ω
(

{θ}(k)
)

and the error on the P − h curves

δ
(

{θ}(k)
)

as a function of the iterations. (b) Evolution of the parameter values relative to
their initial values as a function of the iterations.

31



G
ra

in
Number 2 Number 10

N
um

er
ic

al
to

p
og

ra
ph

ie
s
{θ̂

M
K
}

N
um

er
ic

al
to

p
og

ra
ph

ie
s
{θ
}(

1
)

N
um

er
ic

al
to

p
og

ra
ph

ie
s
{θ
}(

2
)

N
um

er
ic

al
to

p
og

ra
ph

ie
s
{θ̂
}

E
xp

er
im

en
ta

l
to

p
og

ra
ph

ie
s

Figure 9: Evolution of the topographies across iterations. Each column represents a grain, each
row corresponds to a specific iteration, and the last row shows the experimental topographies.
Only the part of the topographies taken into account for the identification is colored, while
the rest of the topographies is displayed in black and white.
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(a) (b)

Figure 10: Identified parameters validations. (a) Deviation from experimental results across

the entire topography database, using the initial parameters {θ̂MK} and the identified pa-

rameters {θ̂}. (b) Comparison of the I-index evolution before (dashed line) and after (solid
line) parameters identification.
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I. Starting point identified from tensile test curve

On a section of the polycrystalline annealed nickel sample, the longitudinal
strain is measured using a strain gauge extensometer, while a constant strain
rate of 4× 10−4 s−1 is applied. The dimension of the sample cylindrical geom-
etry is illustrated in fig. I.1a, obtained from [52]. The true stress-true strain
tensile curve of the sample, represented by blue circles, is shown in fig. I.1b.
The tensile test is carried out up to 15%, revealing a very short elastic region
followed by plastic flow. The simulation of the tensile test is carried out using a
representative elementary volume (REV) of 1 mm3 that is illustrated in fig. 5b.

(a) Tensile test cylindrical speci-
men geometry in millimeters [52].

(b) The experimental true stress-strain curve for annealed
polycrystalline nickel (blue circles) is obtained from [21].
The simulated tensile curve, using the identified parameter

set {θ̂MK}, is shown as a red line.

Figure I.1: Starting point identification results obtained from tensile test.The identification
concerns {Q, b, τ0}, while the interaction coefficients are taken from [62]. The values of {θ̂MK}
are provided in table 4.
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II. Experimental indentation curves within grains

On a section of the sample, following surface polishing and EBSD measure-
ments, nanoindentation tests are performed, and the corresponding indentation
curves are shown in fig. II.2.

Figure II.2: Experimental indentation curves for all the selected grains are presented, with
colors corresponding to the grain numbers in table 1 and fig. 1. The indentations are displace-
ment controlled, with indentation depths reaching up to 900 nm.

Despite the heterogeneity of the crystal orientations among the selected
grains fig. 1b, the indentation curves appear notably similar. A slight vari-
ation differentiates the curves, which follow consistent loading and unloading
paths. These tests are analyzed in detailed in [66].
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III. Sensitivity matrix concatenation and parametric uncertainty

The estimated parameters {θ̂} are obtained using the Levenberg-Marquardt
algorithm [78, 79], implemented in the MIC2M software [76]. This appendix
outline the assembly of sensitivity matrices for multiple topographies

[

S̄
]

, the
computation of the matrix

[

Ḡ
]

, its relation to the Levenberg-Marquardt algo-
rithm matrix [G], and the parametric uncertainty evaluation {∆θ̄ ({θ})}. The
local sensitivity matrix

[

S̄j
]

of the j-th topography, computed for each topogra-
phies using eqs. (10) and (11), is assembled as follows:
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. (C.1)

The evaluation of the sensitivity matrix is incorporated into the identifiabil-
ity analysis through the matrix

[

Ḡ
]

, defined as follows:

[

Ḡ
]

=
[

S̄
]T [

S̄
]

. (C.2)

Similarly, the estimates of the parameters at each iteration are calculated
using [79]:

{θ}(k+1) = {θ}(k) −
(

[G]
(k)

+ λ(k) [I]
)−1

· {g}(k) (C.3)

In this equation, [G] corresponds to an approximation of the hessian of the
cost function ω ({θ}), as expressed in eq. (9), and {g} represents its gradient.
The parameter λk perturbs the quasi-hessian matrix [G], being large far from
the solution and diminishing as the parameters approach the solution. A re-
lationship between the matrices, used for the calculation of the identifiability
index eq. (C.2), and the approximated hessian used eq. (C.3), is expressed as
follows (no summation):

Ḡij = θiθj
√

GiiGjjGij . (C.4)

From the computation of the cost function ω{θ} and the evaluation of the
matrix

[

Ḡ
]

, the parametric uncertainty can be expressed as a rectangular :

{∆θ̄ ({θ})}i =

√

2ω ({θ})
[

Ḡ−1
]

ii

M
(C.5)

Graphical representations and details regarding the parametric uncertainty
{∆θ̄}i are available in literature [66, 71, 76].
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IV. I-index with combinations of three topographies

In the tables IV.1 and IV.2, the identifiability index for combinations of
three topographies from the entire database is presented.

Table IV.1: The identifiability index for all targeted parameters using combinations of three
topographies. Indices are computed for all possible topography triplets in the experimental
database, with the lowest identifiability index for the full set of 10 parameters circled in blue.
Combinations are organized in the table such that the first column lists the first topography
of the combination, the first row lists the second topography, and the second column lists the
third topography. For the inverse problem, the color green denotes good conditioning, orange
indicates average conditioning, and red signifies ill conditioning.

⋃ {Z̃}2{Z̃}3{Z̃}4{Z̃}5{Z̃}6{Z̃}7{Z̃}8{Z̃}9{Z̃}10

{Z̃}1

{Z̃}3 2.8*
{Z̃}4 2.6 3.4

{Z̃}5 2.7 2.8 2.8

{Z̃}6 2.6 2.9 2.9 2.7

{Z̃}7 2.9* 3.1 3.0 3.0 2.9

{Z̃}8 2.6 3.3 3.1 2.7 2.8 2.9

{Z̃}9 2.7 2.9 2.8 2.6 2.7 3.1 2.6

{Z̃}10 2.6 3.0 2.9 2.7 2.7 2.9 2.8 2.6

{Z̃}11 2.7 3.7 3.3 2.9 2.9 3.0 3.3* 2.8 3.1*

{Z̃}2

{Z̃}4 2.7

{Z̃}5 2.6 2.5

{Z̃}6 2.6 2.5 2.5

{Z̃}7 2.9* 2.9* 2.9* 2.7*
{Z̃}8 2.5 2.4 2.4 2.6 2.8

{Z̃}9 2.7 2.6* 2.6 2.6 2.7 2.6

{Z̃}10 2.5 2.4 2.5 2.5 2.9 2.5 2.5

{Z̃}11 2.7 2.6 2.6 2.6 2.8 2.6 2.6 2.6

{Z̃}3

{Z̃}5 2.7

{Z̃}6 2.9 2.6

{Z̃}7 3.1 3.0* 2.8*
{Z̃}8 3.1 2.6 2.7 2.8

{Z̃}9 2.8 2.5 2.7 3.1 2.7

{Z̃}10 2.9 2.7 2.6 2.9 2.8 2.6

{Z̃}11 3.3 2.8 2.9* 3.0 3.3* 2.8 3.1*

* highlight an increase of the I-index by adding a third to-
pography.
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Table IV.2: The identifiability index for all targeted parameters using combinations of three
topographies. Indices are computed for all possible topography triplets in the experimental
database, with the lowest identifiability index for the full set of 10 parameters circled in blue.
Combinations are organized in the table such that the first column lists the first topography
of the combination, the first row lists the second topography, and the second column lists the
third topography. For the inverse problem, the color green denotes good conditioning, orange
indicates average conditioning, and red signifies ill conditioning.

⋃ {Z̃}5{Z̃}6{Z̃}7{Z̃}8{Z̃}9{Z̃}10

{Z̃}4

{Z̃}6 2.6

{Z̃}7 2.9 *2.8
{Z̃}8 2.6 2.7 2.8

{Z̃}9 2.5 2.6 3.0 2.6

{Z̃}10 2.6 2.6 2.9 2.7 2.5

{Z̃}11 2.7 *2.8 *3.0 3.1 *2.7 2.9 *

{Z̃}5

{Z̃}7 2.7

{Z̃}8 2.6 2.7

{Z̃}9 2.6 2.9 2.5

{Z̃}10 2.6 2.9 2.6 2.5

{Z̃}11 2.7 *2.8 2.7 *2.6 *2.8 *

{Z̃}6
{Z̃}8 2.8

{Z̃}9 2.9 2.6

{Z̃}10 2.7 2.5 2.5

{Z̃}11 2.8 2.7 *2.7 *2.6 *

{Z̃}7
{Z̃}9 2.9

{Z̃}10 2.8 2.9

{Z̃}11 2.8 2.8 2.8

{Z̃}8 {Z̃}10 2.5

{Z̃}11 2.7 2.8 *

{Z̃}9 {Z̃}11 2.6

* highlight an increase of the I-index by adding
a third topography.
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V. Numerical validation test

A numerical validation test is conducted, it aims to recover a known solu-
tion for the 10 parameters through the FEMU process. A pseudo-experimental
dataset of simulated topographies for grains 2 and 10 is generated using the
starting point {θ̂INI}. This dataset is obtained by perturbing {θ̂MK} by ±20%,
and the parameter values are listed in table V.3. This perturbation magnitude
is commonly used to validate FEMU processes [20, 48, 74].

(a) (b)

Figure V.3: (a) Evolution of the cost function ω
(

{θ}(k)
)

and the error on the P − h curves

δ
(

{θ}(k)
)

as a function of the iterations. (b) Evolution of the relative error on the evaluation
of the parameters as a function of the iteration.

Using the optimal experimental design obtained in section 3, the FEMU
process required 250 finite element calculations and took 1.5 months to complete.
The evolutions of the cost function and the parameters are illustrated in the
fig. V.3. The estimated parameters {θ̂test} are reported in table V.3, along with
the relative error er.

Table V.3: Numerical validation test results. The starting point {θINI} is generated by

applying a ± 20% perturbation to the reference parameter set {θ̂MK}, listed in table 4. The

identified parameters {θ̂test} and their relative error er =
{θ̂test}−{θ̂MK}

{θ̂MK}
are reported.

Parameters
Q b τ0 h1 h2 h3 h4 h5 h6 h7

(MPa) (−) (MPa) (−) (−) (−) (−) (−) (−) (−)

{θ̂MK} 140.65 7.96 27.00 0.35 0.35 0.21 0.82 0.30 0.41 0.32

{θINI} 168.78 6.37 32.40 0.28 0.42 0.17 0.98 0.24 0.49 0.26

{θ̂test} 141.58 7.96 27.00 0.35 0.35 0.21 0.82 0.30 0.41 0.32

er (%) 0.66 −0.03 −0.01 −0.58−0.59−0.61−0.59−0.65−0.70−0.68

The cost function ω({θ}), computed using eqs. (9) and (10), decreases from
1.1 × 10−6 to 6.1 × 10−12 during the minimization, as illustrated in fig. V.3a.
This numerical validation test demonstrates a reduction in the gap between the
perturbed and reference observables by six orders of magnitude. Additionally,
fig. V.3a shows the error δ ({θ}) calculated for the indentation curves. A de-
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crease in δ ({θ}) is observed during the optimization process, even through it is
not included in the cost function.

The evolution of the parameters during the FEMU process is shown in
fig. V.3b. The parameters b and τ0 are rapidly identified by the third itera-
tion, undergoing only minor adjustments thereafter until the FEMU process
concludes. Parameter Q stabilizes by the fourth iteration, and the interaction
coefficients stabilize two iterations later. By the eighth iteration, all parame-
ters reach a stable state. As shown in table V.3 and fig. V.3b, the computed
error er is nearly zero for b and τ0, indicating that their identification is more
straightforward compared to the other parameters.

The relative error in table V.3 is slightly larger for the parameter Q and
the interaction coefficients, despite their absolute values being nearly equal.
Similar results were observed in another test case [66]. The parameter Q is
estimated with a relative error of +0.66%, while the interaction coefficients
exhibit a mean error of -0.62%. The interaction coefficients appear to offset one
other with respect to Q. One possible explanation is related to strain hardening
saturation, which can be expressed using eq. (7) for infinite slip on each slip
system, as follows:

lim
γr→∞

Rs = Q
∑

r

hsr. (E.1)

When strain hardening reaches saturation, it converges to a scalar value
that can be balanced across slip system through the interaction coefficients and
the parameter Q. Finally, all parameters exhibit errors of less than 1%, which
validate the FEMU process along with the observables selected in the section 3.
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