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Abstract: This work introduces a port Hamiltonian system approach for an optical fiber
actuated in two perpendicular directions using a piezoelectric tube, achieving desired periodic
trajectories in both directions. The dynamics of the piezo tube actuator are represented by a
finite-dimensional system, while the optical fiber is represented by an infinite-dimensional one.
Additionally, the actuator and optical fiber are interconnected in a power-preserving manner.
A control method for output regulation is proposed for the interconnected system, utilizing the
internal model principle. The stability analysis of the closed-loop systems is also investigated.
The proposed control method is validated through numerical simulations, demonstrating its

effectiveness.
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1. INTRODUCTION

This paper aims to deal with the output regulation prob-
lem of the piezo tube-actuated optical fiber for the poten-
tial scanning application. Considering the multi-physical
character of the scanning optical fiber and the large de-
formation, high flexibility and nonlinear characteristics
of the motion of the optical fiber, the modelling of such
kind of system is quite challenging. The port Hamiltonian
(PH) formalism is particularly well-adapted for the mod-
elling and the control of multi-physical systems (Duindam
et al., 2009). The PH approach is based on the principle
of conservation of energy and provides a clear physical
interpretation of control design strategies. This approach,
initially proposed in the context of finite-dimensional sys-
tems, was generalized to infinite-dimensional systems de-
scribed by partial differential equations (PDEs) in (van der
Schaft and Maschke, 2002). Moreover, the distributed PH
formalism has been proven to be a powerful tool for
the modelling, analyzing and control design for flexible
structures, and several control techniques have been devel-
oped, see (Macchelli and Melchiorri, 2004). In Ayala et al.
(2022), the Cosserat’s rod model has been employed,the
port Hamiltonian formulation for modelling the optical
fiber and also established an interconnection and damping
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assignment passivity-based control. However, in this work,
only the stabilization problem is addressed and the output
tracking problem is not considered.

Over the past two decades, pioneering work has been con-
ducted on the output regulation for infinite-dimensional
systems (Rebarber and Weiss, 2003), including 1-D heat
equations (Deutscher, 2015), beam equations (Jin and
Guo, 2019), and wave equations (Guo et al., 2018). More
recently, (Paunonen et al., 2021) investigated robust out-
put tracking and disturbance rejection for a class of linear
port Hamiltonian systems equipped with boundary con-
trol where the controller design is based on the internal
model principle. In this paper, we present the first attempt
to implement an output tracking controller on a finite-
dimensional approximation of the nonlinear distributed
port Hamiltonian system.

The paper is organized as follows. The representation of
the optical fiber with the Cosserat rod model and its
discretization is presented, together with the the inter-
connected system with the piezo tube actuator is given
in Section 2. In Section 3, an output regulation control
scheme to achieve trajectory tracking of an external pe-
riodical signal of the interconnected system is proposed
and the stability proof of the closed-loop system is given
using the Lyapunov method. Section 4 shows the numerical
simulation results with real-world parameters to illustrate



the effectiveness of the proposed controller. Finally, the
conclusion and perspective of this work are presented in 5.

2. PORT HAMILTONIAN MODELING OF
PIEZO-TUBE ACTUATED OPTIC FIBER

In this section, we present the PH model of an optical
fiber actuated by a piezo tube. At first, the optical fiber is
described by a Cosserat rod model (Till et al., 2019) within
the PH framework. Additionally, the piezo-tube actuator
is modeled as a finite-dimensional PH system which is
interconnected to the optical fiber in a power-conserving
way.

2.1 PH representation for the optical fiber

In this work, the optical fiber is considered as a slender
rod which is approximated as a one dimensional beam
under classical Cosserat’s elastic assumption, (Rucker and
III, 2011). The rod of length L is characterized by its
centerline curve p(s,t) € R? and its material orientation
®(s,t) € SO(3) as functions of the arc length s € [0 ]
and time ¢. The complete set of PDEs describing the
dynamic behavior of the Cosserat rod and the way they
are derived can be found in (Till et al., 2019), (Rucker
and III, 2011). We summarize and adopt the Cosserat rod
model by equations (1) -2

ps = Pv; P, = Pu

ns = pA®(wq+qt) — f

ms = pP(WZw + Zw) — psn — 1 (1)
gs = vt — uq + wv

Wy = Up — UW.

The partial derivative of p with respect to the arc length
s in the local frame is denoted by v, that is v = ®7p,.
In the same way, the local frame curvature is denoted by
u = (®T®,)" where the operator (-)¥ maps from so(3) to
R? (Murray et al., 1994). The internal force and internal
momentum are noted as n and m. The operator (-)" or *
maps from R? to s0(3), e.g.:

0 —Uus U2
u= us 0 —Uu

—Ug U7 0

)

while ¢ = ®Tp; and w = (®T®;)V are the velocity and
angular velocity in the local frame. The terms f and !
are the distributed force and moment acting on the rod.
The physical parameters are the material density p, the
cross sectional area A, the second mass moment of inertia
tensor Z. The linear elastic laws with material damping
are chosen as the material constitutive laws:

n = [Ke(v—v*)+ Bsevy], @)

m = O [Kpt(u — u™) + Bpruy)
where the “se” subscript stands for shear and extension
and “bt” stands for bending and torsion. Besides, v* stands
for the initial state of the shear and axial elongation, and
u* represents the initial bending and torsion (curvature).
In this work, we suppose that the initial position of the
optical fiber is a straight rod, which implies that v* =
(0,0,)T and u* = (0,0,0)T. The matrices K., Ky €
R3%3 are the stiffness matrix for shear and extension,

L For the sake of simplicity, the spatial and time variables (s, t) are
omitted over the paper unless it causes confusion.

2 ps and p; stand for the partial derivative of p with respect to the
arc length % and with respect to time %, respectively.

and for bending and twisting, respectively, while B,
By € R3*3 are the Kelvin-Voigt type viscous damping
matrices which depend on the material properties and
cross-sectional geometry. More details can be found in
(Linn et al., 2013).

Now, the goal is to derive a PH formulation of the optical
fiber rod based on the Cosserat’s rod dynamics (1) and
on a proper definition of the energy. For that purpose
we choose as state variables, the energy variables i.e. the
extensive variables of Thermodynamics. The first energy
variable is the difference of shear and axial elongation
between the original and deformed states as in (3), while
the second one is the internal translational momentum of
the rod that depends on the cross-sectional area A and the
linear velocity ¢ of the material as in (4):
xy = v—0¥, (3)
wy = pApy = pAq. (4)
The third state variable is the difference in bending and
torsion (curvature) between the original and deformed
states of the rod as in (5). Finally, the fourth energy
variable is the internal rotational momentum of the rod

that is related to the inertia Z and the angular velocity w

as in (6): 23 = u—u" (5)

x4 = pIP; = pIw. (6)
The total energy is the sum of the potential elastic energy
and kinetic energy of the rod. The potential elastic energy
relates (3) with the shear and extension stiffness matrix
K, and (5) with the bending and torsion stiffness matrix
K. The kinetic energy, which includes the internal trans-
lational and rotational momentum of the rod, depends on
(4) and (6). Thus, the total energy (Hamiltonian function)
is expressed as: L

1
H(x) = 3 /xTﬁx ds (7)
. T 0 . 1 1
with = (21, 22, 23,24)" and £ = diag [Kse oA Ky, ﬁ].

The co-energy variables e are defined by the variational
derivative of the Hamiltonian with respect to x, namely
e = 6, H(xz) = Lx. The first co-energy variable is related
to the shear and the elongation of the rod z; and is the
force on the local frame (8). The second co-energy variable
is related to the internal translational momentum x, and
is the local velocity, as shown in (9):

€1 :Ksezl = Kse(va*% (8)
1 1
€2 pAIZ pAP q=4q (9)

The third co-energy variable (10) is related with the bend-
ing and torsion. In the same way, the last co-energy vari-
able in (11) is related to the internal rotational momentum:

(10)

(11)

The Cosserat’s rod model with distributed input can be

written in the PH framework as in van der Schaft (2020):
&= (J —R)o;H(z) + gug
ya =g 0. H(x)

e3 = Kz = Kpp(u —u”),
eq = (pI) "ty = (pI) " pIw = w.

(12)

where z is the state variable and 6, H(z) = Lz is the

co-energy variable. The input ug = [f Z]T collects the



distributed force and momentum, and J = Jp;, + Jp i
a formally skew-symmetric operator

2%00 0 @ 0 %
20 0 0 @ —pAL 0 0
— | 0s
T=15 0020 0 0 a (13)
0020 v 0 4 —plc
—_— ——m—————
sjlin Jnl

In fact, the operator [Jj;, is skew-symmetric when the
boundary variables are chosen such as in (Le Gorrec et al.,
2005), while the matrix J,,; is skew-symmetric since @, ® €
50(3) are skew-symmetric and p, A and Z are constant.
The dissipation matrix R = R” > 0 and the input map ¢
are defined as

0000 0 0

0B.. 0 0 zm o
R=1g 0 00| 9]0 o (14)

0 0 0By 0 7

Finally, the output yg = g7 d,H (x) is the power conjugate
variable of the input ugy, i.e., yg = [ITq ITw}T.

The boundary port variables of the PH model (12) are the
co-energy variables evaluated in s = 0 and s = L. In this
paper, the optical fiber rod is clamped to the piezo tube
which leads to a clamped-free boundary condition with
the velocity input on the clamped side in s = 0. From the
boundary conditions, one can define the boundary input
of the rod as

up = [ea(0), e4(0), er (L), es(L)]" (15)
i.e. velocity and angular velocity at the clamped side
(s = 0) and the force and moment at the free side (s = L).
The boundary output are chosen as the power conjugated
boundary port variables, i.e.:

yo = [e1(0), —e3(0), —ea(L), ea(L)]". (16)
For more details on the parametrization of the boundary
variables, the readers can refer to Le Gorrec et al. (2005).
In this work, the optical fiber is controlled through the
piezo tube motion acting on its boundary conditions. In
this case, the distributed force and moment acting on the
rod are equal to zero, i.e. uqg = 0.

2.2 Structure preserving discretization

In this paper, we consider the output-tracking control
design based on the discretized version of PH Cosserat
rod model (12). To this end, we employ the discretization
method presented in (Trenchant et al., 2018) which pre-
serves the PH structure.

In the discretized model, the state variables are collected
into the z4 = [z} 22 23 2z4]T € RUX3IX" where the
discrete energy variables are defined as z%, = [z ...z%]T,
with i = 1,2, 3,4. Here, the x}v with £k = 1,...,n, are the
approximations of the i-th state variable evaluated at each
difference finite grid with length h. Similarly, €2, eg, eX 11
and €3, denote the boundary conditions at the clamped
base and at the free tip of the rod. The vector of discretized

co-energy variables is defined as eq = L4x4. This leads to
the finite-dimensional PM system

@l 0 D 0 O 0 a4 0 b
& _||-DT 0o 0 o0 L@ —pA@ O 0
:1:% - 0 0 0 D 0 0 0 4
@ 0 0 —-DT 0] o 0 4 —pIw
v (17)
0 0 0 -eé a1 le?)
_ 0 Bse 0 O eg L1 g2 eni—l :
0000 e 93| | €
0 0 O By _e§ 94] l€ni1
N— ——
Ry €d 9d u
1
Y1 €q
Y2 :gTaH _ 1 [gT gb T gT] eé
Y3 oxr — p WL U €
Ya €,
with
-1 0 -1 0
0 0 0 0
=1 92 = |. 93 =1 - ga=|.1>
0 1 0 1

and D the discretised version of the partial derivative
operator, i.e.:

(18)

S

—-11
To conclude, the discretized energy function of the rod is
1
Hd(ﬂfd) = il‘gﬁd’l}d. (19)

The discretization scheme has been presented in (Ayala
et al., 2022) where the readers can find further details.

2.3 Port Hamiltonian formulation of the piezo tube

For control design purposes and simplicity, the piezo tube
actuator described by a spring-mass-damper system. A
voltage-dependent force F,.,(V) is applied to generate a
displacement of the mass M of the actuator that is also
subject to the restoring force from the rod F,,;, = e(l).
A stiffness K and a damper B are employed to cope with
the piezo tube dynamics. Similarly to the the optical fiber,
the model is written within the PH framework. The energy
variables are the relative position p,., of the actuator and
the momentum my,,45,¢, defined in (20):

xpl = ppzt7 xp2 = mpzt' (20)

The Hamiltonian function is the sum of the potential and
kinetic energies, i.e.:
17 1 1 1
szt = 5 K'T;[z)l + Mx1272:| = 5 |:Kp§zl + Mm;?zz:| . (21)

and co-energy variables are

T K 0
0] = T Hyer (o) [o ] [””}
i M




Remark 1. In this work, we consider the piezo tube actu-
ation on the x— and y— axes are independent. Hence, the
piezo tube dynamics can be modeled by two spring-mass-
damper systems and the energy variables of the piezo tube
are denoted by z,1,xps € R?.

The piezo tube actuator PH model reads

i’pzt = (Jpzt - szt) epzt + gpztupzt + gpzturod (23)
Ypzt = ggztepzt
with
0 I 00 0
Jpzt = |:_I 0:| szt = |:O b:| Gpzt = |:I:| ) (24)

and where b € R?*2 is the damper matrix and I is the 2x 2
identity matrix. The input u,,; = F(V) € R? collects the
forces generated by the applied voltage on the piezo tube
in z— and y— direction, while u,.q are the restoring forces
exerted by the rod at the clamped point (s = 0) in the
two directions. The output of the system are the velocities
of the piezo tube, which are also the boundary inputs of
the optical fiber, i.e., €3. The interconnection between the
piezo tube (23) and the discretized optical fiber rod (17)
is described by

e | |0 I|]e
Urod T |-10 Yrod '

Finally, because of the above interconnection law, the
finite-dimensional model of the overall system reads:

&y = (Jp — R)Quxy + Buy

(25)

(26)

Lrod

where z; = Uy = Upzt, and the interconnection and
T ) pzty

pzt
damping matrices are defined as
(Ja — Ra)| Z

c ‘ (Jpzt - szt)

Je— Ry =

with
1 oo 1 T
_ 00 _1l=g1 000
Z=7 100 C—h[o 000]'
00
The Hamiltonian function is

1 * *
Hi(x) = 3 Koe(v —v")? 4 pAg® 4+ Ky (u — u*)?
1 (27)
+ ,OI(.U2 + sz%zt + Mmiztil = ixZtht

and the input vectoris B=[00000 1]T.

3. OUTPUT REGULATION CONTROL DESIGN

The control objective is to control the end tip of the optical
fiber in the x— and y— directions by acting on the piezo
tube. It is noticed that the position of interest is on the free
boundary of the rod, which is different from the boundary
condition where the piezo-tube and the rod are linked. As
shown in Fig. 1, the variable y,, represents the output
variable that we want to regulate. We define the desired
trajectory of the end tip of optical fiber as yg4, so yq is a

Y,

Y—>

Fig. 1. Non-collocated output y,.

vector that groups the desired output for rod and piezo
tube. We assume that yg4 is a periodical signal in the form
a
Ya = ap + Z [, cos(wit) + aj, sin(wyt)]
k=1

(28)

where wy, are the known signal frequency, {a},}, {a7} C R?
are the unknown amplitudes. For this case y,,(t) € R? is
the end tip displacement of the optical fiber in both z—
and y— directions which are known as the non collocated
outputs and can be seen as

Ym (t) = BZ;tht-

The error dynamics is defined as the difference between
the desired trajectory and end tip position of the optical
fiber e = y4 — ym. We aim to find a control law such that

Tim[[ya — g (1)]| = 0 (30)

(20)

3.1 Controller structure

To achieve the control objective, we adopt the same
structure of the controller presented in (Paunonen et al.,
2021) and developed for linear distributed-parameter port
Hamiltonian systems. Here, the plant (26) is a nonlinear
discretized port Hamiltonian system, where the nonlinear-
ity appears in the J; term. To apply the controller pro-
posed in (Paunonen et al., 2021), we separate the system
(26) into linear and nonlinear parts, namely J; = Ji+ J,, ..
The controller takes the following form:

{ic = J.x. + 0.B.e

Ye = 5CBZxC + D.e (31)
where e = yg — ym is the error, J. is a tuning parameter
and D. > 0 is a constant that modifies the coupling
between input and output. Note that, in a similar way
as in (Paunonen et al., 2021), we let D, = 0. The terms in
the controller are defined as

J. = diagbloc [JO J} - J.] (32)
0 __ k 0 wkIQ
JO=[00 JF= {_wk Lo ] (33)
BO
B;
B.=|.| Bl=I B= [102] (34)
B

If the controller is interconnected to the plant (26) so that
Ut = Yo and € = Yq — Ym = Yqg — Bm @iz, the closed-loop
system turns out to be

| _ [ Je— B 6eBBI| [Qua 0
L”] B [—&BcBﬁ Je } { v | Tls|va  (35)

At

Thus, based on (Paunonen et al., 2021, Theorem IV.2), if
the closed loop system (35) is stable, then it achieves the



output regulation objective (30) and the controller ensures
that the output follows the desired reference (28).

3.2 Stability analysis

The closed-loop system (35) shares similarities with the
one analyzed in (Paunonen et al., 2021). However, since the
tracked output is not power-conjugated to the input, the
closed-loop system does not arise from a power-conserving
interconnection between the plant and the controller, and
therefore, it does not exhibit a port-Hamiltonian (PH)
structure. Consequently, the stability results established
n (Paunonen et al., 2021) cannot be directly applied.
Thus, the stability of the closed loop system (35) should
be analyzed. To do so, we first consider the stability of
linear part of closed loop system. Moreover, the nonlinear
term J,p is treated as a perturbation of the linear part in
(35), whose stability is analyzed in the next Proposition.

Proposition 1. Let 0 = wy < wy < ... < wy and assume
that the linear part of (26) is exponentially stable. Then,
the closed-loop system (35) in which the controller (31) is
such that JE = —J., D, =0 and J. > 0 sufficient small is
exponentially stable. Besides, the regulation error satisfies

T [~y (1) = 0 (36)

Proof. Due to the fact that the linear part of open-
loop system (26) is exponentially stable, there exists a
Lyapunov function Vi (x:) such that
malx, < Vi (x) < Mal 2y (37)
174 () < f’yxtht

with v > 0 and M > m > 0. To prove the stability in
closed-loop, we propose the following Lyapunov function:

1
V(zg,w.) = nVy (z¢) + 233 z.+xf PBB z, (38)

Va(ze,ze)

with P = PT. It is easy to show that there exists My >
my > 0 such that my < V (24, x.) < My, and this implies
that V is a Lyapunov function candidate. Without loss of
genearality, to simplify the computations, we let Q; = I.
This can be always obtained by coordinate transformation
since Q; is positive defined and full rank. Besides, we let
= J; — R;. The time derivative of Va(zy, z.) is
Vy = :cTw + a:tTPBBCT:'cC + 2T B.BT Pi;
= —6.B.BT T+, xc)
+a: PBBY (=6.B:BLzy + J.x.)
+a:TB BTP (ftx + 6. BBT 72
= ZJ T — 0.2, B BTxt (5 w1 PBBTB.BL x,
+a:fPBBC J Ze+ 0.l B.BT PBBY z.
+"E?BCBTPFt.’£t

(39)

Since J. = —JI and by applying the Young’s inequality
fg < 20[f2 + C‘g with a > 0, we obtain
Vp < 210 B Bl 1, + 3o-a] B BTz,
+2:020T JTB. BT Jox. + w2l PBBT Px,
+%0T BB 3, + ;o FTPPBBT PFra,
+8.2'B.BTPBBY x, — 5C$;*FPBBZBCB£L$¢

(40)

Then we group all the terms containing z. (i.e., the 1st,
3rd, 5th, and 7th terms) together and similarly collect

the remaining terms involving x;. The inequality (40)
becomes:

Vo < ol (6.B.BTPBBY + %1 B, BT

e ez JTB BT J. + %B BT) z.

+al ( 2= B,, B, + iPBBTP
+3- FT PBBTPF] +§.PBB” BCB},;) .

(41)

If we choose P = PT <0, a; >0, ag >0, ag > 0 and a,
ag, azare sufficient small, then we can get the first term
containing x. in the last inequality is bounded by

VQ (IC

c) < _legwxc (42)

with 1 > 0. If we choose ¢, sufficient small and n spfﬁcient
large, then we can bound the second term of Vs (x) of
inequality (41) by nV; (x) such that

nVi (@) + Va (w¢) < *72I$50t (43)
with 2 > 0.
Then we have
V(z,xz.) = nVi () + Vo (z) + Vo (x,) (44)

T T T
< =M T — T, Te < V3T T

T

where 73 = min{y;,72} and z = . Then we can

get the closed loop system (35) is exponentially stable.
Furthermore, by applying (Paunonen et al., 2021, Theorem
IV.2), if the closed loop system (35), we can get that the
regulation error satisfies

Jm [lya = ym(1)[] = 0 (45)

which completes the proof.

Remark 1. To analyze the stability of the overall closed
loop system (35), we consider the nonlinear term J,;, as
a perturbation of the linear part of (35) and it is skew-
symmetric. Since the parameter n in Lyapunov function
(38) can be chosen sufficient large, then the nonlinear term
[|JnL|| can be vanished as a perturbation (Khalil, 2002)
which implies the closed loop stability.

4. SIMULATION VALIDATIONS

In this section, we will demonstrate the effectiveness of
the proposed controller by numerical simulations. The
parameters used to carry the simulation is given by the
Table. 1, which is obtained from the experimental setup
in FEMTO-ST.

Parameter Value Units

Fiber length (L) 0.03 m
Young’s modulus of fiber(E) 9 GPa

Radius of fiber (r) 126 pm
Density of fiber (p) 1930 kg/m3
Piezo tube stiffness (K) 27.5713 N/m
Piezo tube damping (b) 0.2821 Ns/m
Input force factor 0.7557 V/N

Table 1.

To carry out the simulation, we define the desired refer-
ences on X — and Y —direction are defined as
Ydr = 2 X 107 sin (wy + 1),

Yay = 1 X 107° sin (w2 + g) . (46)



The above two figures of Figure 2 show the tracking results
for the output tracking control for X — and Y —direction,
respectively. The bottom figure in Figure 2 show the
tracking error for two direction. We can find that the end
tip position of the fiber converges to the desired references
and the tracking errors go to zero around 6 second. where
wy = 47 and wo = 8w. We can observe that the Figure 3

%10
,

=X position <10°

;
il LUViVIVALL il
|

Tip position on Y [m] Tip position on X [m]

I I I I I
0 2 4 6 8 10 12 14 16 18 20

I I I I I I I I =Error on X|
\ [=Erroron Y]

Error [m]
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Fig. 2. Tip position tracking on X and Y

illustrates the tracking results in two dimensions and over
time yielding the same outcome as the previous figure.

3D plot of output tracking 20

—Ouput position
- Reference

Y direction [m] 3 -3

X direction [m]

Fig. 3. Tip position tracking on 2D direction

5. CONCLUSION

In this paper, we address the output tracking problem
for an optical fiber actuated by a piezoelectric tube in
two perpendicular directions. The dynamics are modeled
as a nonlinear distributed port Hamiltonian systemtrans-
forming the control problem into a non-collocated output
tracking problem. The resulting nonlinear distributed sys-
tem is discretized in a structure preserving manner, and
a control method for collocated output tracking in linear
distributed port-Hamiltonian systems is adapted for this
case. The exponential stability of the closed-loop system,
along with the output tracking problem, is established
using the Lyapunov approach. Numerical simulations with
real-world parameters are conducted to demonstrate the
effectiveness of the proposed controller.

For future work, further investigation into the well-
posedness and stability proof of the closed-loop system
for the nonlinear distributed port-Hamiltonian system is
necessary. Additionally, experimental validation of the
proposed control method should be pursued.
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