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Abstract

This paper presents a comprehensive numerical and experimental investigation into the design
optimization of electromagnetic vibration energy harvesting (VEH) devices. By leveraging
periodic and biperiodic structures, the study exploits the energy localization phenomenon to en-
hance energy harvesting efficiency. Introducing optimal mistuning in a periodic structure allows
vibration energy to be concentrated around specific mistuned zones, enabling targeted energy
harvesting from these areas instead of the entire system. An optimization framework is devel-
oped to determine the optimal mistuning parameters, including the total number, magnitude,
and locations of mistuned elements, with the goal of maximizing localized vibration energy.
Initially, the optimization approach is applied to periodic harvesters with numerous subsys-
tems. Building on these results, a biperiodic harvester is proposed to improve harvested power
while effectively covering two distinct frequency bandwidths. The findings reveal that optimiz-
ing mistuning in approximately half of the subsystems can achieve 84% of the harvested power
compared to fully periodic counterparts. To validate the methodology, an electromagnetic VEH
device with eight weakly coupled subsystems is designed and fabricated. Experimental results,
using the optimized mass mistuning derived from the optimization process, show excellent
agreement with numerical predictions, achieving approximately 81% of total harvested power
with only a 3% discrepancy. These results underscore the potential of periodic and biperiodic
harvesters to significantly enhance harvested power and frequency bandwidth while reducing
the number of transduction circuits, as well as the overall size and cost of the harvesters.

Keywords: Vibration energy harvesting, Period & biperiodic structures, Energy localization
phenomenon, Multi-objective optimization

The increasing demand for renewable and sustainable energy sources has led to a significant
interest in energy harvesting technologies. These technologies offer a promising alternative to
conventional energy generation, reducing the environmental impacts of raw materials extraction
for battery production [1]. In addition, the maintenance-free self-powered sensors provide cru-
cial advantages in remote or harsh environments where regular battery replacement is impracti-
cal [2, 3]. Among various ambient energy sources, mechanical vibrations are abundant, reliable,
and sustainable [4, 5]. Vibration energy harvesting (VEH) can be achieved using electromag-
netic [6, 7], piezoelectric [8, 9], or triboelectric mechanisms [10, 11], with electromagnetic
VEH being particularly attractive due to its high current and output power [12].
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Electromagnetic VEH based on linear resonant oscillators has shown efficiency only over a
narrow frequency range, closely aligned with the harvester’s resonant frequency [13, 14]. In-
troducing nonlinearities can make VEH devices more responsive to wider ranges of frequencies
and amplitudes of vibration [15, 16, 17]. Nonlinearities can be introduced through material
and geometric effects, such as those seen in Duffing oscillators, or via dynamic mechanisms
like magnetic interactions [18, 19], magnetic levitation [20, 21], stretching strain in clamped
resonators [22, 23], and impact-based systems [24, 25]. Various nonlinear techniques, such
as frequency tuning [26, 27, 28], frequency up-conversion [29, 30], and multimodal systems
[31, 32, 33, 34], have been explored to extend the operational range and efficiency of VEHs.

Ghasemi et al. [26] developed a comb resonator with adjustable resonant frequencies by
combining mechanically softening and hardening springs, resulting in a wide range of tuning
capabilities. Podder et. al. [35] incorporated repulsive magnetic tuning into a nonlinear MEMS
electromagnetic VEH, enabling the adjustment of the system’s nonlinear frequency response.
Mahmoudi et. al. [36] proposed magnetic levitation for a multi-degree of freedom VEH, which
combined the benefits of both modal interactions and magnetic nonlinearities. Yu et al. [37]
designed a multimodal piezoelectric harvester that employs a beam connected to rotating shafts
at its endpoints. The integration of hinged supports and rotating degrees of freedom lowered
the first and third resonant frequencies.

Periodic structures, consisting of identical substructures arranged in a regular repeating pat-
tern, fall under the category of multimodal systems. Weak structural irregularities in weakly
coupled periodic structures can lead to the localization of free and forced vibrations [38, 39].
The extent of this localization depends on the coupling strength between identical substructures
and the level of disorder. This phenomenon is known as normal mode localization, first dis-
covered by Anderson in solid-state physics [40]. Mistuning, achieved by perturbing geometry,
mass, or coupling stiffness, can significantly enhance energy localization [41, 42]. Several stud-
ies have employed the energy localization phenomenon in periodic multimodal structures for
energy harvesting. Malaji and Ali [43] investigated the energy harvesting from a near-periodic
structure using two mechanically coupled pendulums, showing that even slight mistuning can
significantly increase vibration amplitude. Zergoune et al. [41] studied energy localization in
a linear electromagnetic VEH using mass mistuning, demonstrating improvements in output
power density. Aouali et. al. [44] investigated the energy localization phenomenon in a non-
linear quasi-periodic VEH device. Significant improvements in both frequency bandwidth and
output power were observed compared to the case without mistuning. Biperiodic structures
feature two alternating substructures with distinct properties (e.g., stiffness, mass, geometry),
creating dual-frequency bandwidths [45]. To our knowledge, this concept remains unexplored
for vibration energy harvesting in the literature.

Optimization techniques have become essential in addressing challenges related to struc-
tural design, material selection, and energy harvesting efficiency [46, 47, 48]. Huang et al. [49]
optimized parameters such as wind speed and electromechanical coupling to maximize the volt-
age amplitude of energy harvesters subjected to galloping and base excitation. Gao et. al. [50]
performed an optimization on the size and power output of a magnetic energy harvester. Aouali
et. al. [47] optimized a quasi-periodic VEH with two and five oscillators with tunable nonlin-
earity and mode localization to enhance power output and frequency bandwidth. Dowlati et.
al. [51, 52] performed a numerical design optimization on linear quasi-periodic VEH devices
to enhance the maximum harvested power. However, to the best of the authors’ knowledge, the
optimization of large-scale VEH devices with periodic and biperiodic structures for maximiz-



ing harvested power and expanding frequency bandwidth has not been thoroughly investigated
through both numerical and experimental studies.

In this paper, we propose the optimization of electromagnetic VEH devices based on weakly
coupled periodic and biperiodic structures. The main idea is to maximize the harvested power
while minimizing the number of mistuned subsystems by optimizing mass mistuning in terms
of their number, magnitude, and location. An optimization procedure is developed for both pe-
riodic and biperiodic harvesters, enabling the exploration of mistuning effects through a Pareto
front and establishing the correlation of optimal mistuning for large-scale systems with vary-
ing numbers of mistuned subsystems. Experimental validation of the optimization procedure is
performed using a prototype VEH device with eight weakly coupled subsystems. The results
demonstrate that optimal mistuning enhances harvested power, and for the biperiodic structure,
also increases the bandwidth composed of multiple frequency bands.

1. Design and modeling

Fig. 1a illustrates the electromagnetic VEH device, which consists of N identical spiral-
shaped springs, each coupled with neodymium (NdFeB) cylindrical magnets positioned at the
center. The arrangement of these magnets generates a weak repulsive magnetic force between
them, with the coupling strength adjustable by varying the distance between the magnets. The
oscillators are connected to the electrical circuits via electromagnetic transduction. The relative
motion between the magnet masses and coils induces a variation in the magnetic flux in the coil
turns, generating an electrical current. This electrical energy is subsequently dissipated in load
resistances.
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Figure 1: (a) Schematic diagram of the proposed electromagnetic VEH, consisting of N spiral-shaped springs with
magnet masses at the center, each wrapped by wound copper coils, (b) The equivalent spring-mass-damper model
of the proposed VEH device.



The proposed VEH device consists of repeated substructures, each with identical geometry,
mass, damping, and stiffness coupling. Fig. 1b shows the coupled spring-mass-damper model
of the proposed VEH device, with mass m, stiffness k, and viscous damping c. Each spring-
mass-damper system is considered a subsystem, coupled to neighboring identical subsystems
via coupling stiffness k.. The system is subjected to base harmonic excitation X,, with a constant
amplitude X,.

The governing equations of motion for the j” subsystem, coupled by electromagnetic trans-
duction, can be expressed as:

K+ 2En + EDwoi; + 5 wf [(1+28)x; - Bxjoy - By | = =X,
Vi+ (Ri + R], )ij(1) = 0,

loa

Vj = 6emxja (1)
. 6em .
lj(l) = j—xj,
(Rload + Rint)

where &, is the mechanical damping coefficient, §Z is the electrical damping coefficient of j*
subsystem, «; is the ratio of the j’h mass to the initial mass m, ¢,,, is the electromechanical
coupling coefficient, R;,, and R{w , are the internal resistance of the coil and the load resistance,
respectively, S is the electromagnetic coupling coefficient, wy is the undamped natural frequency
of the system, and V; and i;(¢) are the induced voltage and current in the coils, respectively. Fur-
ther details on the derivation of the governing equations of motion are provided in Appendix A.

The steady-state response of the harmonic excitation is given by x; = X sin(wt — ¢). The
62

(R.Ijaad +Rint)
the electrical damping [15]. The instantaneous harvested power is the power dissipated by the
resistance in each energy harvesting circuit corresponding to each subsystem. Using Ohm’s

law, this power can be expressed as follows.

instantaneous electrical power generated in the coil is P;(t) = ce)'c?, where ¢, =

Pi(t) = R] i3(®). 2)

The average load power harvested across the load resistances in all mistuned subsystems,
over an oscillation cycle from 7 to r + T is

N

2
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1.1. Energy localization in quasi-periodic structures

Fig. 2a presents a periodic structure consisting of four weakly coupled spiral-shaped springs
with proof masses at their centers, chosen as an example to illustrate the behavior of a multi-
subsystem system. The spiral-shaped springs are designed, with their stiffness calculated cal-
culated using ANSYS software [53] by applying a displacement at the center while fixing the
outer boundary, and computing the stiffness as k = F/9, where F is the reaction force and ¢ is
the displacement. The coupling between adjacent springs is achieved through 1D mechanical
springs with weak stiffness, approximately 1.5% of the stiffness of the main spring. These 1D



springs model the magnetic repulsive interaction between successive subsystems. Numerical
simulation is carried out to analyze the first modes of free vibration of the periodic structure
shown in Fig. 2a. The first bending mode shape of the periodic structure is depicted in Fig. 2b,
illustrating a uniform distribution of kinetic energy and consistent vibration amplitudes across
the structure. Fig. 2c depicts the first bending mode shape of the structure subjected to variations
in density. The mistuning is introduced by modifying the mass density of the second subsystem
(counted from the top) by 5%, while leaving the rest of the system unchanged. This mass
mistuning leads to the localization phenomenon, which effectively confines the global vibration
energy to the mistuned subsystem. The subsystem with the mistuned mass density exhibits a
significantly higher vibration amplitude compared to the other subsystems.
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Figure 2: (a) A periodic structure of 4 weakly-coupled spiral-shaped springs with proof masses at the center, (b)
The first bending mode shape of the periodic structure. (c) The first bending mode shape of the quasi-periodic
structure with a variation of 5% in the mass density of the second spring (counted from the top). The color bar on
the left-hand side of Fig. 2b and Fig. 2c corresponds to free vibration amplitudes.

1.2. Biperiodic structure

A biperiodic structure is a specific type of periodic arrangement consisting of two distinct
types of substructures that are coupled together. The pattern of these two substructures repeats,
forming the overall biperiodic structure [45]. A biperiodic structure is constructed from chains
of two coupled substructures, each exhibiting periodicity with weak coupling both inside the
substructures and at the interfaces. The natural frequencies of a biperiodic structure exhibit a
distinctive separation into two distinct sets of natural frequencies.

Fig. 3 shows the equivalent spring-mass-damper model of a biperiodic structure. This struc-
ture consists of two periodic substructures with different masses, m; and m,. Substructures are
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Figure 3: The equivalent spring-mass-damper model of a biperiodic structure.

then coupled together at their interface with a weak coupling stiffness k.; (5; = "7 .

The first four natural frequencies of the system can be obtained by solving the eigenvalue
problem (K — AM)¢ = 0 where M is the unit mass matrix and K is the linear stiffness matrix,
given by

wi(1+B1) —wip 0 0
K = —w(zﬁl w(z)(l +B1+B) _(U(ZyBi 0 (4)
B 0 —wiBi W1 +Bi+B2) —wibs
0 0 W1 +By) —wibs

where wy = |, /mil is the undamped natural frequency of the system, 8, = % and 3, = % are the

coupling stiffnesses inside the substructures and §; = "7 is the coupling stiffness in the interface
between the two substructures. The solutions are distinct real eigenvalues 1, = w? for n =
1,2,3,4. Table. 1 gives the normalized eigenfrequencies corresponding to two sets of closely
spaced modes. The nearness of the normalized eigenfrequencies allows for the exploration of
the energy localization phenomenon.

Table 1: Normalized eigenfrequencies of the biperiodic structure with two substructures.

Normalized eigenfrequencies

1.01 102 125 1.27

As shown in Fig. 4a, the weakly coupled biperiodic configuration generates two distinct sets
of normalized eigenvalues, a direct consequence of its biperiodic architecture. Additionally,
the periodicity of the substructures introduces two sets of near-eigenfrequencies in the system.
Introduction of mass mistuning to each substructure (Fig. 4b) induces characteristic veering
behavior in the eigenfrequency branches, where they approach asymptotically before repelling
without intersection. Crucially, the two veering points enable simultaneous mode localization
across distinct frequency bands, establishing this approach as a novel variant of multimodal
energy harvesting. Furthermore, the concept generalizes to systems comprising p substructures
with n oscillators each, yielding p localized vibration modes with corresponding frequency
bands containing n clustered eigenfrequencies. This scalable architecture suggests promising
potential for broadband vibration energy harvesting applications.
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Figure 4: (a) Eigenvalues of the biperiodic structures with the weak coupling between periodic subsystems, (b)
Mode veering: normal eigenvalues ;_, with mass mistuning in two subsystems in a quasi-biperiodic structure.

2. Formulation of the Optimization problem

The design optimization of the electromagnetic VEH based on periodic and biperiodic struc-
tures, illustrated in Fig. 1b, aims to maximize harvested power by introducing mass mistuning
into various sets and numbers of subsystems. This optimization procedure targets two con-
flicting objectives: maximizing the harvested power while minimizing the number of mistuned
subsystems. The optimization procedure intends to identify the optimal sets of subsystems for
mistuning to obtain an optimal compromise between these two objectives.

The objective functions aim to maximize the harvested power f;(y), and minimize the num-
ber of mistuned subsystems f,(y) which can be expressed as:

N 2
. WO, .
f1 (y) = § i Z./R{oad ((R i ) erjnax|2’

Jj=1 {oad + Ri"t)
N
=1

where y represents all the optimization variables, including Z, @ and R;,,;. A mistuning in-
dicator vector Z = [Z,,...,Zj,...,Zy] with a dimension of 1 X N is defined to represent the
presence or absence of mistuning in each of the N candidate subsystems. This vector assigns
a binary value of 1 to indicate a mistuned subsystem and O for a non-mistuned subsystem. A
vector of load resistance, Rj,,q = [Rlloa e ,R{Od PV ,R;Z .)» 18 defined to identify the optimal
load resistance for each subsystem. Optimizing load resistance is essential to achieve maxi-
mum energy harvesting. The amount of mistuning for each subsystem is represented by a 1 X
N-dimensional vector @ = [a;,...,aj,...,ay]. This magnitude varies within a specified range

to ensure the occurrence of energy localization, where



a; # 1 the corresponding subsystem is mistuned. L
with j=1,...,N.

;=1 the corresponding subsystem is not mistuned.

A kinetic energy criterion Ckg is introduced to quantify the proportion of kinetic energy in
mistuned subsystems relative to the total kinetic energy of the system, as follows:

N 2
Cre = =L 200 )
Zj:]mj-xj

Bounded by a decision maker value E,,;,, this criterion determines the impact of mistuning
on the overall dynamics of kinetic energy.

Based on the defined objective functions and design parameters, this optimization problem
can be formulated as follows:

{myin F(HL(), L)) (6)

subjectto g(y) = —Ckg + Enin <0

where g(y) is a constraint function that ensures that the system operates within the desired range.
y is the design variable to achieve the objective functions, which are defined as follows:

Z:[Zl,...,Zj,...,ZN]
y= a:[al,...,a‘,,...,aN] . (7)

_ 1 J N
le)ﬂd - [Rload’ Tt Rload’ o Rload]

The weighted sum method transforms multiple objective functions into a single objective
function by assigning weights to reflect their relative importance [54]. The weighted-sum ob-
jective function is formulated as min ZnNzl w, fu(y) for n = 1,2. Weights, which must be non-

y

negative and sum to 1, allow the decision-maker to balance conflicting objectives. Different
weight combinations yield various Pareto front solutions, representing trade-offs between ob-
jectives. Normalization, often by the maximum value of each objective function, ensures a
balanced optimization process [55]. This normalization method results in the following formu-
lation of the objective function:

. fi(y) L)
myln(_wl ) A )
o= v ®)
with y= Zj =0 V]
R{oad = Rioad Vj

where w; and (1 —w,) represent the weights in the two objective functions, respectively. The
objective function for maximizing harvested power is normalized by the maximum harvested
power from a perfectly periodic system (100% harvested power), which corresponds to the
peak total average load power. The objective function for minimizing mistuned subsystems is
normalized by the total number of subsystems /.



This optimization problem requires a mixed-integer approach, which effectively optimizes
both continuous variables (e.g., mass mistuning value) and integer variables (e.g., the number
and location of mistuned subsystems) [56]. The well-known GA optimization algorithm is
used in this optimization problem [57]. The GA starts with a population of candidate solutions
encoded as chromosomes representing mistuning presence, value, and load resistance. Chro-
mosomes are evaluated and ranked by fitness, with the fittest selected for the next generation.
Crossover (rate 0.9) and mutation introduce variation, and the iterative process continues until
convergence, yielding the optimal solution.

The design parameters used in this study to implement the optimization procedure are sum-
marized in Table. 2.

Table 2: Constant design parameters of electromagnetic VEH device.

Parameter Symbol  Value unit

Linear stiffness k 105 N/m
Equivalent mass m 0.65 g
Gap between magnets d 22x 1073 m
Magnetic coupling stiffness B 0.012 %
Mechanical damping coefficient én 0.16 %
Internal resistance of the coil R 17 Q
Load resistance Riyua 25 Q

Electromechanical coupling coefficient Oom 0.14 V.s/m

The objective function and optimization design parameters are presented in Table. 3. The
kinetic energy criterion requires that the kinetic energy of all mistuned systems be at least 50%
of the total system’s kinetic energy. The mistuning indicator vector Z identifies which subsys-
tems are mistuned, while small masses (less than 10% of the initial mass) are added to these
subsystems to introduce mistuning. The mistuning vector a specifies the amount of mistuning
for each subsystem. Optimal load resistance, R, ., is crucial for maximizing harvested power.

load?
The Pareto front analysis helps find a balance between the two objective functions, f;(y) and

L.

2.1. Optimal design of quasi-periodic VEH devices

The design optimization of electromagnetic VEH with periodic structures is investigated for a
device with 20 subsystems. The approach is then extended to harvesters with 100 and 1000
subsystems to evaluate its effectiveness for larger systems.

The optimization of a VEH device with 20 subsystems, illustrated in Fig. 5a, reveals a trade-off
between harvested power and the number of mistuned subsystems. The Pareto front shows the
trade-off through the weighting parameter w, where w = 0 prioritizes minimizing mistuned sub-
systems while w = 1 focuses on maximizing harvested power. Mistuning 4 subsystems allows
harvesting 56% of the total energy of a periodic system, increasing to 76% with 8 mistuned
subsystems, and 83% with 50% mistuning. Fig. 5Sb shows that mistuning 25 subsystems among
100 achieves 65% of the total harvested power, while mistuning 40 subsystems enhances power
harvesting to over 77%. When half of the subsystems are optimally mistuned, the device yields



Table 3: Objective function and design parameters with associated constraints.

Objective function
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Design variables with constraints

0.5 < Ckg
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Figure 5: Pareto front of quasi-periodic VEH devices: harvested power ratio versus the number of mistuned
subsystems (a) 20 subsystems (b) 100 subsystems.

84% of the total power. For the 1000-DOF quasi-periodic device, mistuning 315 subsystems
leads to harvesting nearly 70% of the total power.

The results reveal a clear relationship between harvested power and the proportion of mistuned
subsystems. Table. 4 summarizes the optimized output power for different mistuning numbers
in quasi-periodic VEH devices, showing that mistuning 20% of the subsystems can harvest up
to 55% of the total energy, mistuning 40% achieves up to 78%, and mistuning 50% reaches up
to 84% of the system’s total power.

2.2. Optimal design of quasi-biperiodic VEH devices

A biperiodic VEH device is proposed to maximize harvested power over two frequency
bandwidths. It is modeled as a spring-mass-damper system, with a basic unit composed of 8
subsystems arranged into two periodic substructures, each containing 4 subsystems with differ-
ent masses, m; and m,. Weak coupling stiffnesses k.; and k., within each substructure and k,; at
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Table 4: Optimized harvested power ratio for different percentages of mistuned subsystems.

Percentage of mistuned subsystems 20 25 30 35 40 45 50

Percentage of harvested power ratio 56 65 69 73 78 81 84

their interface allow targeting two frequency bandwidths. The unit shown in Fig. 6 is replicated
to form the full biperiodic structure.
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Figure 6: Equivalent spring-mass-damper model of the biperiodic structure’s building block.
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Figure 7: Pareto front of quasi-biperiodic VEH device: harvested power ratio versus the number of mistuned
subsystems (a) 16 subsystems (b) 96 subsystems.

Fig. 7a shows optimal mistuning of 4 subsystems achieves 63% of the total harvested power,
6 mistuned subsystems increase this ratio to 77%, and mistuning half the subsystems reaches
84%. Fig. 7b shows that mistuning 24 subsystems yields nearly 63% of the total power, increas-
ing to 76% with 36 mistuned subsystems. Mass mistuning in half of the subsystems further
increases the harvested power to over 83% of the total power. The results demonstrate that opti-
mal mistuning of quasi-biperiodic structures, when weakly coupled at the interface between the
substructures, offers harvesting performance comparable to optimally mistuned quasi-periodic

counterparts. In addition, it offers the advantage of operating across two distinct frequency
bandwidths.
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3. Experimental validation and discussion

Experimental investigations were conducted to validate the feasibility of the optimization
procedure and the numerical findings. Fig. 8a illustrates the designed electromagnetic VEH
device, which comprises eight subsystems. The schematic of a single subsystem electromag-
netic VEH is shown in Fig. 8b, with a spring and a magnet wrapped by a coil. Each subsystem
consists of a spiral-shaped spring, as shown in Fig. 8c. The spiral design maximizes the spring’s
length within a compact area, etfectively reducing its natural frequency. An NdFeB magnet is
bonded to a circular stage of 5 mm diameter, suspended by two cantilever spring arms.The spi-
ral-shaped springs are anchored to a supporting bar via a frame, with a fixed gap between them
to ensure consistent stiffness coupling across successive subsystems. This configuration enables
the central stage to vibrate vertically in response to external vibrations. The relative motion be-
tween the vibrating magnet stage and the fixed copper coils, also secured to the supporting bar,
induces a varying magnetic flux, generating electrical current. The generated electrical energy
is dissipated across load resistances.

The designed harvesting device is mounted on the shaker platform, illustrated in Fig. 8d, and
subjected to sinusoidal harmonic excitation over a specified frequency range. In a closed-loop
circuit, the current generated in the coils is discharged into load resistances. Post-processing of
the data is performed by “m+p Vibrunner” pilot software. The output voltage across the load
resistances is measured for each coil. Details of the materials and geometric parameters of the
magnet and coil are provided in Table 5.

Table 5: Material and geometric parameters of the magnet and coil.

Component Parameter Value
Magnetization N45
Residual magnetic field 1.37 (T)
Neodymium Magnet
Height 6 (mm)
Diameter 3 (mm)
Internal resistance 17 ()
Coil Number of turns 73
Diameter 5 (mm)

Fig. 9 shows the frequency response of the harvested power from one subsystem in a pe-
riodic VEH with 8 subsystems. The total power of this VEH is the sum of the power of all 8
subsystems. The optimization procedure is applied to the VEH device with 8 subsystems, and
the optimal sets of parameters are obtained. These optimal parameters are used in the experi-
mental tests, and the frequency response of harvested power is obtained and compared with the
optimization process results.

3.1. Quasi-periodic VEH devices

The optimization procedure is first applied to a VEH device based on a periodic structure
with 8 subsystems. For the case with 2 and 4 mistuned subsystems, the optimization process
results in the mistuning indicator vector Z, mistuning coefficients «, and load resistances Rj,.q
shown in Fig. 6. The experimental tests use these optimal parameters, and the corresponding
frequency responses are measured.

12
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Figure 8: (a) Designed electromagnetic VEH device with 8§ subsystems, (b) Schematic of a single-subsystem elec-
tromagnetic VEH, (c) The designed spiral-shaped spring, (c) Vibration test setup for energy harvesting.

Mass mistuning is introduced in subsystems 3 and 7, and the harvested power is measured
only from these subsystems at an acceleration of 0.1 g at the optimal load resistance value.
Fig. 10a shows that the harvested power of these 2 subsystems, exhibits a substantial increase
compared to the maximum harvested power before mistuning. While the maximum harvested
power in a perfectly periodic system occurs at the resonant frequency, the mistuned system
exhibits slight shifts in the resonance peaks due to mode veering and energy localization. For
quasi-periodic systems, therefore, the harvested power is defined as the ratio of their peak total
power at the shifted frequency to that of the periodic system. To quantify this improvement, the
total maximum harvested power from these 2 subsystems is calculated as a percentage of the
total harvested power from all 8 subsystems before mistuning. The ratio of harvested power
from the mistuned subsystems is 62% of the total energy generated by the VEH device with 8
subsystems.

Mass mistuning is then introduced to 4 specific subsystems, and the power frequency re-
sponse of these 4 mistuned subsystems is shown in Fig. 10b. However, due to the localization
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Figure 9: Frequency response of harvested power for one subsystem in the periodic VEH with 8 subsystems at the
acceleration of 0.1 g.

of energy in half of the subsystems, the energy localization level at each subsystem is lower
compared to the cases with 2 and 3 mistuned subsystems. The energy harvested from the 4 mis-
tuned subsystems accounted for almost 81.5% of the total energy harvested by the 8 subsystems
before mistuning.

The harvested power ratio for various numbers of mistuned subsystems is summarized in
Fig. 11a. The experimental results align well with the numerical predictions in Fig. 11b, though
there’s a discrepancy of about 3%. This difference arises due to the system’s inherent mistuning
and lack of perfect periodicity, which affects energy localization. Additionally, achieving the
exact mistuning values from the optimization process is challenging.

3.2. Quasi-biperiodic VEH devices

The optimization process is applied to the VEH device based on a biperiodic structure with
8 subsystems. This is achieved by changing the mass of 4 successive subsystems to 0.8 g. The
results reveal that when 2 subsystems undergo optimal mistuning, 65% of the total power of
the system can be harvested. Applying the mistuning to 3 subsystems enhances the power ratio
to 76%. If half of the harvester’s subsystems are mistuned, 84% of the entire system’s energy
can be harvested. Furthermore, introducing mistuning to 5 subsystems is expected to result
in harvesting 89% of the total energy. The design parameters of the harvesters are obtained
through the optimization process and reproduced in the experiment validation process. Fig. 7
shows the optimal sets of parameters for 2 and 4 mistuned subsystems. The corresponding
frequency of harvested power is measured and shown in Fig. 12a.

Table 6: Optimal design parameters for quasi-periodic VEH device with 2 and 4 mistuned subsystems

Solution for 2 mistuned subsystems Solution for 4 mistuned subsystems

Z*=10,0,1,0,0,0,1,0] Z*=11,0,1,0,1,0,1,0]
a =[1,1,1.015,1,1,1,1.023,1] «a" =[1.034,1,1.013,1,1.05,1,1.02,1]
R;koad = [_’ ) 257 T Ty T 25, _] R}koad = [25’ ) 25’ ) 25’ ) 25, _]
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Figure 10: Power-frequency response of the quasi-periodic VEH with 8 subsystems at the acceleration of 0.1 g
with mistuning in (a) 2 subsystems, (b) 4 subsystems.

Table 7: Optimal design parameters for quasi-biperiodic VEH device with 2 and 4 mistuned subsystems

Solution for 2 mistuned subsystems Solution for 4 mistuned subsystems
Z*=10,1,0,0,0,0,1,0] Z*=11,0,1,0,1,0,1,0]
a =1[1,1.013,1,1,1,1,1.013, 1] a* =1[1.06,1,1.015,1,1.05,1,1.014, 1]
Z,ad = [_5 259 Ty Ty Ty Ty 259 _] ;koad = [259 ) 259 ) 259 ) 259 _]

Fig. 12a shows the frequency response of harvested power with 2 mistuned subsystems and
it is observed that by adding mistuning the maximum power is considerably increased from
the case before mistuning and 62% of the total power before adding mistuning is harvested.
As shown, the harvesting is performed on two frequencies and the bandwidth of the system
is generally (0.454+0.40 = 0.86) Hz. This is almost twice when harvesting from 2 mistuned
subsystems in quasi-periodic harvesters.

To validate the harvested power ratio with the assignment of mistuning to half of the sub-
systems, the mistuning mass is added to 4 selected subsystems using the parameters presented
in Table. 12b. The frequency response of the harvested power is experimentally measured and
depicted in Fig.12b. Mass mistuning is added to 2 subsystems within each substructure, target-
ing the two distinct frequency bandwidths across each substructure. The energy harvested from
half of the subsystems is 82% of the biperiodic counterpart without any mistuning.

The harvested power ratio measured experimentally for different numbers of mistuned sub-
systems is summarized in Fig. 13a. A comparison of the experimental and numerical results
(shown in Fig. 13b) reveals a close agreement. This discrepancy can be explained by the in-
herent imperfections in each subsystem’s periodicity before intentional mistuning. Such imper-
fections can be due to the spiral spring manufacturing process. In the VEH device assembly
process, the spiral spring manufacturing process, the boundary conditions, the magnetic cou-
pling stiffness between the subsystems, and the internal resistances of the coil can break the
symmetry of the periodic substructures. Although the mistuned subsystem and optimal load
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Figure 11: Pareto front of the quasi-periodic VEH device with 8 subsystems: harvested power ratio versus the
number of mistuned subsystems: (a) experimental results, (b) numerical results

resistance can be effectively determined and used, accurately replicating the exact mistuning
magnitudes in experimental settings is challenging due to practical limitations in scale and

precision. Biperiodic structures allow for simultaneous energy harvesting from two frequency
bandwidths.

4. Conclusion

This paper proposes an optimized design framework for electromagnetic vibration energy
harvesting devices, leveraging weakly coupled periodic and biperiodic structures. The proof
of concept based on the optimal design is experimentally validated. This approach permits
the maximization of the harvested power and bandwidth by introducing optimal mistuning in
terms of mass and location. For periodic structures with 20 and 100 subsystems, mistuning
approximately 25% of the subsystems resulted in harvesting 65% of the power compared to
a perfectly periodic structure, increasing to 84% when half of the subsystems were mistuned.
For biperiodic structures with 16 and 96 subsystems, mistuning approximately 24% yielded
63% of the power from a periodic structure, increasing to 83% with half of the subsystems
optimally mistuned. To validate these numerical findings, a proof-of-concept electromagnetic
VEH device with eight weakly coupled subsystems was designed and fabricated. The optimiza-
tion procedure was applied to the device, determining the optimal amount and location of mass
mistuning, as well as the optimal load resistance. The numerical and experimental results for
both periodic and biperiodic VEH devices showed good agreement. The results also prove that
quasi-biperiodic harvesters, which target two distinct frequency bandwidths, enlarge the total
harvested bandwidth. This optimization methodology can be applied beyond electromagnetic
systems to other transduction methods, broadening the potential for future energy harvesting
technologies. Furthermore, the biperiodic concept can be extended to N-periodic structures,
where each substructure targets a specific frequency bandwidth, and mistuning leads to energy
localization, enabling efficient harvesting within each mistuned subsystem.
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Appendix A. Equations of motion of the proposed VEH device

The governing equations of motion for the vibration energy harvester (VEH) system with N
subsystems, subjected to base harmonic excitation X, = X, sin(wt), are derived using Newton’s
2nd law in matrix form:

MX +CX + KX = -M[j, 1iX,, j=1,2,3,..,N, (A.1)

where M = diag(m,m, ...,m) and C = diag(c,c, ..., c) are the mass and damping matrices,
respectively, X = [x;(2), x2(2), ..., xy(£)]" is the displacement vector, and M, j] denotes the di-
agonal elements of the mass matrix. The stiffness matrix K, incorporating the coupling stiffness
k. between neighboring subsystems, is:

[k +2k.  —k. 0 0 0

k.  k+2k. —k. 0 0
' ' 0 | (A.2)
k

S O O
S
| -
S
=
4
[\}
=~
o

where k is the stiffness of each subsystem, and k. is the coupling stiffness due to weak
repulsive magnetic forces between adjacent neodymium magnets. To generalize the equations,
dimensionless parameters are defined as:

m; k. /k
a] = Ej’ ﬁ = Ea Wo = E’ (AS)

where @; quantifies the mistuning via the ratio of the ;" mass to the reference mass m,
is the electromagnetic coupling coefficient, and w, is the undamped natural frequency. Using
these, the dimensionless equation of motion is:

MX +CX+KX =-X,, j=123,..N, (A4)
where M = diag(1, 1, ..., 1) is the dimensionless mass matrix, and C = 2wodiag(éy, &, ..., €n)

is the dimensionless damping matrix, with &; = &, + & combining mechanical and electrical
damping coefficients for the j” subsystem. The dimensionless equation can be expressed as:
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