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Despite intense studies focused on graphene-based
systems, several facets of their behavior remain
unexplored. One such aspect is the effect that some
forms of mechanical deformation have on the thermal
conductivity of a multilayer graphene. To address
this aspect, we investigate the thermal conductivity of
bilayer graphene subjected to uniform biaxial strain
and interlayer twist using non-equilibrium molecular
dynamics methods. A pronounced local minimum in
thermal conductivity is identified at a characteristic
strain (S ≈ 0.019) and twist angle (θ≈ 1.1°), which
we term the thermal magic strain and thermal magic
angle, respectively. The persistence of these extrema
under variations in temperature, interlayer distance,
and size confirms their intrinsic structural origin.
Meanwhile, these extrema arise from deformation-
induced moiré superlattices, which generate spatially
heterogeneous atomic stress and enhance phonon
scattering. The competition between increasing
scattering-site density and stress delocalisation leads
to a non-monotonic thermal response. Phonon density
of states analysis further supports this mechanism and
confirms the role of geometric mismatch in tuning
heat transport. Our findings establish geometric
modulation as an effective strategy for tuning lattice
thermal transport and extend the concept of magic-
strain physics to phonon-mediated heat conduction
in two-dimensional materials.
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1. Introduction2

Bilayer graphene has emerged as a prototypical platform for exploring structure–property3

relationships in low-dimensional materials [1–5]. The weak van der Waals coupling between4

adjacent layers permits controlled modification of stacking configurations through external5

perturbations, including in-plane strain and rotational misalignment [6–10]. Such geometric6

modulation generates long-wavelength moiré superlattices, which introduce spatially varying7

interlayer registry and give rise to emergent electronic [11–13], mechanical [14–17], and8

vibrational phenomena [18–20] beyond those found in monolayer graphene.9

In particular, twisted bilayer graphene has attracted significant attention following the10

observation of correlated electronic states near specific twist angles, commonly termed11

“magic angles” [21–23]. At these characteristic geometries, interlayer hybridisation and band12

reconstruction produce flat electronic bands and enhanced interaction effects [24–26]. Compared13

with rotational misalignment, uniform in-plane strain provides a mechanically accessible means14

of modulating lattice periodicity and similarly induces interlayer lattice mismatch [27–29]. In15

both cases, the resulting moiré pattern fundamentally alters the local stacking environment16

and modifies interatomic interactions over length scales much larger than the primitive lattice17

constant [30,31].18

While the electronic consequences of moiré superlattices have been extensively investigated,19

their influence on lattice dynamics and thermal transport remains comparatively less understood.20

TC in graphene is governed predominantly by lattice vibrations [32–34], and is highly sensitive to21

phonon dispersion [35–37], anharmonicity [38,39], and scattering processes [40–42]. In bilayer22

systems, spatial modulation of stacking registry produces non-uniform interlayer coupling,23

leading to position-dependent force constants and heterogeneous stress distributions [43–45].24

These structural inhomogeneities may induce phonon mode renormalisation [46], spectral25

redistribution [47], and enhanced scattering [48] at stacking boundaries or saddle-point regions.26

In addition, interlayer coupling has been recognized as a key structural parameter that27

can significantly influence the thermal properties of two-dimensional materials. It governs28

the strength of interlayer interactions and thus directly affects phonon dispersion, scattering29

processes, and cross-plane heat transport. The magnitude of interlayer coupling can be effectively30

tuned by applying external pressure [49,50] or by varying the interlayer distance. However,31

despite its importance, the role of interlayer spacing in modulating moiré superlattice structures32

and their associated thermal transport properties remains insufficiently explored.33

To elucidate the relationship between moiré-induced structural modulation and thermal34

transport, a methodology capable of resolving both atomic-scale interactions and long-35

wavelength superlattice effects is required. Continuum models [51–53], while effective for36

describing macroscopic elasticity, do not fully capture the atomistic force redistribution and37

phonon scattering arising from local stacking variations. Conversely, first-principles [54–56]38

approaches are often limited by the large moiré unit cells associated with small scaling factors39

or twist angles. Non-equilibrium molecular dynamics [57–59] simulations provide a suitable40

framework in this context, enabling direct evaluation of heat flux, temperature gradients, and41

phonon-mediated energy transport while explicitly accounting for interatomic interactions and42

stress heterogeneity across extended supercells.43

In this work, we investigate the TC of strained and twisted bilayer graphene using non-44

equilibrium molecular dynamics simulations. We primarily focus on bilayer graphene, where45

one layer is subjected to a uniform in-plane strain, and this deformation mode is fundamentally46

distinct from both interlayer twisting [60] and out-of-plane strain [49,50]. The selection of47

this specific type of mechanical deformation stems from the fact that it is potentially feasible48

from the perspective of future experiments and that its effect on the thermal conductivity49

remains mostly unexplored. In our study, we present our results in the context of more50

established bilayer graphene models such as twisted bilayer graphene. However, while we51

devote most of our attention to the concept of strained graphene and use other types of52



3

royalsocietypublishing.org/journal/rspa
P

roc
R

S
oc

A
0000000

..................................................................

deformed bilayer systems for comparative purposes, we also provide some novel aspects of53

the analysis focused on TBG. Even though in previous work [8], the author also reports a54

thermal magic angle in twisted bilayer graphene, in our work, we extend this concept to strain-55

induced moiré systems and modulate interlayer coupling strength through changing interlayer56

distance. Through our studies, a pronounced local minimum is identified at a characteristic57

scaling factor and twist angle, respectively. These extrema remain robust under variations in58

interlayer distance, system size, and temperature, indicating an intrinsic structural origin. Then,59

analysis of atomic stress distributions and phonon density of states reveals that this behaviour60

arises from the competition between the increasing density of moiré-induced scattering regions61

and the concurrent delocalisation of the stress field. The resulting non-monotonic evolution62

of phonon transport parameters gives rise to the observed TC minimum. Our results provide63

a unified physical picture linking moiré structural modulation, stress heterogeneity, phonon64

spectral redistribution, and thermal transport in bilayer graphene. These findings extend the65

concept of geometry-controlled emergent phenomena beyond electronic systems and highlight66

the fundamental role of structural modulation in governing lattice thermal transport in two-67

dimensional materials.68

2. Models and Simulation methods69

Models and simulation details. The pristine bilayer graphene structures are generated within70

the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS), and the length and71

width are taken as Lx =Ly = 440 Å, while the interlayer distance h is set as 7 Å. The interlayer72

distance is defined as the average out-of-plane separation between the two graphene layers,73

while all atoms are fully relaxed without any artificial constraints, thereby allowing natural out-74

of-plane corrugation to develop and be intrinsically accounted for. An aspect ratio of unity is75

retained throughout the study even when one of the layers is being deformed. The undeformed76

configuration corresponds to AB stacking [61], representing the stable equilibrium arrangement of77

bilayer graphene, as depicted in figure 1a. This pristine model is used as a reference to two types78

of deformed bilayer geometries that we analyze from the perspective of thermal conductivity79

(TC). The first one, i.e. the twisted bilayer graphene (TBG), is produced by prescribing a relative80

in-plane rotation of angle θ to the upper layer while constraining the lower layer (figure 1b). The81

second model corresponding to the strained bilayer graphene (SBG) is obtained by applying a82

uniform biaxial stretching to the upper layer, with the lower layer remaining fixed (figure 1c). In83

the case of such an idealized straining process, the aspect ratio of the deformed layer remains the84

same compared to that of the undeformed graphene sheet. Denoting the pristine and deformed85

C–C bond lengths by b1 and b2, respectively, the dimensionless scaling factor, which is later used86

in the quantitative analysis of the effect that strain has on TC, is defined as S = (b2 − b1)/b1. In the87

case of TBG, the parameter quantifying the extent of mechanical deformation is the twist angle88

θ. For both types of mechanical deformation, the characteristic moiré length scales depend on89

the extent of the imposed deformation. For a rotational mismatch, it follows amoire = a/2 sin(θ/2)90

where a= 2.45 Å is the lattice constant of monolayer graphene. Under uniform biaxial strain,91

the effective superlattice periodicity can be written as amoire = 100a(1 + S)/gcd(100(1 + S), 100)92

where gcd(.,.) stands for the greatest common divisor. In all simulations, the lateral dimensions of93

the calculation domain are selected such that they considerably exceed the corresponding moiré94

wavelength. This choice prevents artificial commensurability effects associated with periodic95

boundary conditions and allows us to obtain TC in the latter part of our work. In figure 1(d,96

e), we show the top views of the SBG and TBG. The resulting patterns demonstrate that rotational97

and strain-induced mismatches give rise to qualitatively different moiré patterns.98

In this paper, we use the non-equilibrium molecular dynamics (NEMD) method to calculate99

TC of all structures. Adaptive Intermolecular Reactive Empirical Bond Order (AIREBO) [62]100

is typically used for intralayer (covalent) bonds, while Lennard-Jones (LJ) [63] is used for101

interlayer (VdW) interactions. The cutoff of the LJ potential is chosen as 13Å, beyond which102

the weak interlayer Van der Waals interaction is negligible. During the simulation, the pristine103
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Figure 1. Schematic diagrams of bilayer graphene. (a) Pristine AB-stacked bilayer graphene. Here, h is the interlayer

distance, Lx and Ly are the length and width, respectively. (b) Twisted bilayer graphene. Here, θ represents the twist

angle. (c) Strained bilayer graphene under uniform biaxial stretch applied to the top layer. The pristine and deformed C–C

bond lengths are denoted by b1 and b2, respectively, and the scaling factor is defined as S = (b2 − b1)/b1. Top views of

(d) strained and (e) twisted bilayer graphene are also depicted. Different moiré patterns give rise to distinct distributions

of phonon scattering sites, thereby influencing the resulting thermal transport behaviour.

temperatures T of both SBG and TBG are kept at 300K and the timesteps are set as 1 fs. For104

SBG, due to the stiffness of graphene, the structure with a scaling factor S larger than 0.15 are not105

realistic since graphene sheets would get damaged [64]. In addition, the strain distribution in SBG106

is symmetric, which allows for retaining hexagonal symmetry. For TBG, due to the symmetry of107

graphene, the structure with a twist angle θ larger than 30° is identical to the structure with the108

angle 60°−θ. Given the above, for the two types of structures investigated in this study, we only109

consider the scaling factors from 0 to 0.15 for SBG and twist angles from 0° to 30° for TBG.110

NEMD simulations. The TC is evaluated using the non-equilibrium molecular dynamics111

(NEMD) method. In this work, a stationary temperature gradient is imposed by introducing112

heat flux into the system, thereby driving it away from thermal equilibrium. The resulting non-113

equilibrium steady state enables the calculation of TC. The atomic heat flux between the heat114
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source and heat sink in the graphene sheets can be expressed as:115

J =
1

V

[∑
i

eivi −
∑
i

sivi

]
. (2.1)

Here, J denotes the heat flux between the heat source and sink, V is the system volume, e116

represents total energy, v is the atomic velocity vector, and s denotes the atomic virial stress tensor.117

The cumulative energy exchanged between the heat source and heat sink is recorded to determine118

the steady-state heat flux and to construct the corresponding temperature gradient profile. The119

atomic temperature from the kinetic energy can be expressed as:120 ∑
i

ϵi =
n

2
kBNT, (2.2)

where i denotes atomic number, ϵ is the kinetic energy, n is the number of spatial degrees121

of freedom (n= 3 for a three dimensional system), N is the total atomic number within the122

calculation region and kB is Boltzmann’s constant.123

The computational domain is partitioned into 100 slabs along the x-direction to resolve the124

spatial temperature profile. The local temperature in each slab is obtained from the atomic125

kinetic energy, allowing the temperature gradient ∂T/∂x to be determined from the steady-126

state profile. To eliminate the translation of the entire system, atoms within 10 Å from both127

ends of the graphene sheet along the x-direction are constrained. Thermal equilibration is128

first performed using a Nosé–Hoover thermostat at T = 300 K for 1 ns to establish a stable129

initial configuration. Subsequently, the heat source and heat sink are introduced by maintaining130

two regions at temperatures T + 50 K and T − 50 K, respectively. The imposed temperature131

difference drives a constant heat flux through the system. After reaching a non-equilibrium132

steady state, the dynamics are propagated within the microcanonical (NVE) ensemble, where total133

energy is conserved. The cumulative energy exchange between the heat source and heat sink is134

monitored over a total simulation time of 10 ns to extract the stationary heat flux. Throughout135

the simulations, the velocity-Verlet algorithm [65], a standard integration scheme in classical136

molecular dynamics, is used. The TC of bilayer graphene is then evaluated from Fourier’s law137

as:138

k=
J∂x

Act ∂T
. (2.3)

Here, k denotes the TC, ∂T/∂x is the temperature gradient along the x-direction, Ac is the effective139

cross-sectional area, t is the total simulation time.140

3. Results and discussions141

The TC of undeformed bilayer graphene at T = 300 K, Lx = 440 Å and h= 7Å is first evaluated as142

k= 1638 W/(mK) using equation 2.3. The relative reduction in TC is defined as κ= (k1 − k)/k,143

where k1 denotes the TC of the lattice mismatch structures. For SBG, the TC generally decreases144

with increasing scaling factor S. However, a non-monotonic behaviour is observed, characterised145

by a local minimum in the vicinity of S = 0.019. Beyond this value, the TC increases and reaches a146

local maximum near S = 0.022 at h=10 Å followed by a further decrement at larger scaling factor.147

At S = 0.15, the maximum relative reduction reaches approximately 45%, as shown in figure 2a. In148

our previous work [66], S = 0.019 is identified as a characteristic strain associated with anomalous149

electronic transport behaviour. By analogy, this strain is here referred to as thermal magic strain,150

corresponding to local minimum value in TC. We emphasize that the present use of the term151

‘magic’ refers to extremal behaviour in phonon transport and does not imply the presence of152

flat electronic bands or correlated electronic states. The existence of this exotic behaviour is153

further examined under varying interlayer distances, lengths, and temperatures (figure 2(a–c)).154

The local minimum TC shifts towards larger scaling factors with increasing interlayer distance155

h, indicating that a series of characteristic magic-strain values emerges for different interlayer156

spacings, while remaining essentially insensitive to variations in length and temperature. These157
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observations suggest that the local minimum TC is an intrinsic consequence of strain-induced158

structural modulation. For TBG at T = 300 K and Lx = 440 Å, a similar local minimum TC is159

identified at θ= 1.1° while h= 7 Å, consistent with previous reports [8]. The corresponding160

angle increases with increasing interlayer distance. Moreover, in-plane rotation produces a more161

pronounced reduction in TC compared with uniform biaxial strain. At θ= 25° and h= 10 Å, the162

maximum relative decrement reaches approximately 55%.163

Figure 2. Variation of the relative reduction rate κ of TC. Strained bilayer graphene. Dependence of the decay rate

of κ on the scaling factor S for different (a) interlayer distances h; (b) lengths Lx; (c) temperatures T . Twisted bilayer

graphene. Dependence of the decay rate of κ on the twist angle θ for (d) different interlayer distances h. In both cases,

a local minimum in TC is observed near S = 0.019 and θ= 1.1° under the indicated interlayer distances. This exotic

behaviour is consistent with the magic-strain and magic-angle associated with analogous transitions in other reported

properties.

In both SBG and TBG, the moiré superlattice is characterised by a large unit cell within which164

the local stacking configuration varies spatially. The stacking arrangements evolve continuously165
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from stable AB regions to less stable AA [67] and saddle-point (SP) [68] regions. This spatially166

modulated stacking arrangement alters the phonon scattering sites and leads to a reduction in167

TC. In addition, the non-uniform arrangement generates heterogeneous mechanical responses,168

manifested as a non-uniform atomic stress distribution. The emergence of the thermal magic169

strain and angle can be interpreted as a consequence of two competing effects. Increasing170

deformation enlarges the number of effective phonon scattering sites associated with the moiré171

modulation. At the same time, the atomic stress distribution becomes progressively delocalised,172

reducing the scattering strength associated with individual regions. The balance between these173

two mechanisms gives rise to the observed local minimum in TC.174

The in-plane atomic stress exhibits a pronounced spatial dependence under uniform biaxial175

strain. The imposed deformation modifies the lattice periodic length of the stretched layer,176

generating a mismatch in in-plane periodic lengths between the fixed and deformed layers,177

as illustrated in figure 3(a-c). This lattice mismatch induces position-dependent interlayer178

interactions, resulting in alternating attractive and repulsive forces along the in-plane direction.179

Owing to the interlayer origin of these forces, the stress components in the stretched and fixed180

layers are oppositely directed with comparable magnitudes at corresponding spatial locations.181

Figure 3(d-f) illustrate the time-averaged normal stress along the x direction σxx of the SBG at182

T = 300 K, h= 10 Å and Lx = 440 Å, corresponding to scaling factor S = 0.019, 0.022 and 0.05.183

The atomic-level stress tensor is defined as:184

σab =−mvavb −Wab (3.1)

where a and b take on value x and y denote the in-plane Cartesian components. The first term185

represents the kinetic energy contribution to the atomic stress, where m denotes the mass of the186

reference atom. The second term corresponds to the virial contribution arising from interatomic187

interactions. The virial term accounts for both bonded and non-bonded interactions, including188

intra-layer and inter-layer forces within the bilayer system. It is expressed as [69]:189

Wab =
1

2

Np∑
n=1

(r3aF3b + r4aF4b) +
1

2

Nb∑
n=1

(r3aF3b + r4aF4b) +Kspace(ria, Fib) , (i= 3, 4). (3.2)

In equation 3.2, the first term is a pairwise energy contribution where n loops over the neighbors190

of a certain atom, r3 and r4 are the positions of the two atoms in the pairwise interaction, and191

F1 and F2 are the forces on the two atoms resulting from the pairwise interaction. The second192

term is a bond contribution of similar form for the Nb bonds which is part of certain atom. In193

addition, a reciprocal-space (KSpace) contribution is included to incorporate long-range Coulomb194

interactions. We observe that the center-to-center and edge-to-edge distances of the highlighted195

areas (r1 and r2 ) decrease as the scaling factor increases, implying an increased density of phonon196

scattering sites. In addition, the shear stress σxy at the same scaling factors can also be calculated197

using equation (3.1), as shown in figure 3(g–i). At small scaling factors, pronounced heterogeneity198

in the atomic stress distribution is observed for both σxx and σxy. These local stress variations199

decrease rapidly with increasing scaling factor and eventually become negligible. Notably, in200

contrast to σxx, the locations of the maximum and minimum values of σxy occur at different201

spatial positions.202

In figure 3(j), at small scaling factors, the atomic stress distribution exhibits pronounced203

spatial heterogeneity. The in-plane atomic stress components are broadly distributed, spanning204

approximately −0.2 to 0.2 eV at S = 0.019. As the scaling factor increases, the distribution205

progressively narrows and approaches a Gaussian-like profile with reduced standard deviation.206

For S > 0.01, the distribution becomes comparable to that of the undeformed bilayer graphene.207

A similar trend is observed in TBG, as shown in figure 3(h). However, compared with SBG,208

the peak density of the stress distribution is significantly higher, indicating a more uniform209

stress distribution. Finally, we summarise the statistical distributions of the in-plane atomic stress210

in figure 3(j-k), and further demonstrate the gradual transition from heterogeneous to nearly211

homogeneous stress states with increasing deformation.212
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Figure 3. Atomic stress distributions in strained and twisted bilayer graphene. Strained bilayer graphene (T = 300 K,

h= 10 Å, Lx = 440 Å). Moiré patterns corresponding to scaling factors (a) S = 0.019, (b) S = 0.022 and (c) S = 0.1.

Spatial distributions of the normal stress along x direction σxx for different scaling factors (d) S = 0.019, (e) S = 0.022

and (f) S = 0.1. The corresponding spatial distributions of the shear stress σxy are presented for the same scaling factors

in panels (g)–(i). For panels (d-f) and (e-g), the regions highlighted by black dashed boxes correlate with the moiré patterns

shown in panels (a-c). (j) Distribution of atomic normal stress for all atoms under different scaling factors. Twisted bilayer

graphene (T = 300 K, h= 7 Å, Lx = 440 Å). (k) Distribution of atomic normal stress for all atoms under different twist

angles. In all cases, the averaged stress is shifted to zero for clarity. The stress distribution density is relatively small

at low deformation (scaling factors and twist angles), and increases progressively with increasing deformation. At larger

deformations, the normalised in-plane atomic stress distribution approaches a Gaussian profile with a reduced standard

deviation, becoming comparable to the undeformed system.

The structure-induced spatial inhomogeneity in SBG and TBG introduces additional213

complexity into phonon transport compared with the undeformed system. In particular, the non-214

uniform stress distribution in SP regions modifies the local interatomic force constants, leading215

to shifts in phonon frequencies. Such stress-induced renormalisation of vibrational modes results216
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in spectral mismatches between SP regions and neighbouring stacking domains. Consequently,217

these regions act as effective phonon scattering centres [70], further reducing the overall TC.218

To quantify the influence of this scattering mechanism, the phonon density of states (PDOS) is219

calculated and analysed, as shown below:220

PDOS(ω) =
1

N
√
2π

∫
e−iωt

〈
N∑
j=1

vj(0)vj(t)

〉
dt, (3.3)

here, NVACF =
〈∑N

j=1 vj(0)vj(t)
〉

denotes normalized velocity autocorrelation function221

(NVACF), ω is phonon frequency, vj is the velocity vector of the j-th atom. As shown in figure 4,222

two prominent spectral features are observed: a low-frequency peak in the range 3–6 THz and a223

high-frequency peak between 50 and 55 THz. Unlike conventional three-dimensional materials,224

thermal transport in bilayer graphene is governed primarily by two mechanisms. The first is225

associated with the phonon frequency distribution, since TC can be approximately expressed as:226

k≈ T−1
(

ω

ω0

) β
α

. (3.4)

Here, T denotes the temperature, and ω represents the characteristic phonon frequency associated227

with the dominant spectral peak. The parameters α and β are functions determined by the228

interatomic potential and describe the anharmonicity of lattice vibrations. The second mechanism229

can be interpreted within the framework of lattice thermal transport theory, where the TC is230

expressed as231

k=
∑
m

Cvvml. (3.5)

Here, m denotes the phonon modes at a given temperature, Cv denotes the specific heat capacity,232

vm is the phonon group velocity, and l is the corresponding phonon mean free path. Both vm and233

l are proportional to the spectral characteristics of the dominant PDOS peaks. In general, lattice234

thermal transport theory indicates that variations in group velocity and mean free path play a235

more significant role in determining TC than the phonon frequency shift [71]. As shown in figure236

4a, the PDOS peak intensity at the thermal magic strain S = 0.019 is markedly lower than that of237

the undeformed case (S = 0) and the moderately strained case (S = 0.022). According to equation238

3.5, this reduction in peak intensity corresponds to decreased phonon group velocity and mean239

free path, leading to a local minimum in TC near the thermal magic strain. For S > 0.022, the peak240

intensity exhibits an overall decreasing tendency with increasing scaling factor, consistent with241

the observed reduction in TC. Furthermore, increasing the interlayer distance and temperature, or242

decreasing the system length, leads to a decrement of peak intensity, indicating a corresponding243

decline in TC, as shown in figure 4(b-d). For twisted bilayer graphene, as shown in figure 4e,244

a similar local minimum in PDOS peak intensity is observed at θ= 1.1°, corresponding to the245

thermal magic angle. However, in contrast to strained bilayer graphene, the evolution beyond the246

magic angle is non-monotonic. For example, the peak intensity at θ= 30° exceeds that at θ= 25°,247

implying a higher TC at the larger twist angle. In addition, in-plane rotational deformation248

induces a leftward shift of the dominant PDOS peak, thereby further enhancing phonon scattering249

and contributing to the overall reduction in TC, as predicted by equation (3.5). Overall, the250

PDOS analysis is consistent with the TC trends presented in figure 2. While the present study251

focuses on phonon-mediated heat transport, the structural modulations identified here—such252

as moiré superlattices [72,73] and the associated spatial variation of atomic stress—may also253

have implications for electronic properties in bilayer graphene [74]. In particular, these structural254

features could influence interlayer coupling and lattice periodicity, which are known to play a255

role in the formation of flat electronic bands in moiré systems. Therefore, any possible interplay256

between phononic and electronic degrees of freedom remains speculative and will be further257

investigated in the future.258
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Figure 4. PDOS in strained and twisted bilayer graphene. Strained bilayer graphene. PDOS under variations of (a)

scaling factors S (T = 300 K, Lx = 440 Å, h= 10 Å); (b) interlayer distances h (T = 300 K, Lx = 440 Å, S = 0); (c)

temperatures T (Lx = 440 Å, h= 10 Å, S = 0) and (d) lengths Lx (T = 300 K, h= 10 Å, S = 0). Twisted bilayer

graphene. PDOS for different (e) twist angles θ (T = 300 K, Lx = 440 Å, h= 7 Å). The left and right insets show

magnified views of the phonon frequency ranges 3–6 THz and 50–55 THz, respectively. Variations in the peak values

within these magnified views correlate with the deformation-dependent modification of phonon scattering sites, and are

consistent with the corresponding changes in TC observed for both strained and twisted bilayer graphene.

4. Conclusion259

In summary, a thermal magic strain S = 0.019 and thermal magic angle θ= 1.1° are identified260

as quantities that define the extent of the two considered types of deformation at which the261

TC for the bilayer graphene exhibits a local minimum. We further identify that these results262

are strongly dependent on the interlayer distance, which plays a crucial role in modulating263

interlayer interactions and, consequently, phonon transport behaviour. Variations in interlayer264

spacing alter the strength of van der Waals coupling, leading to significant changes in moiré265

pattern characteristics. As a result, the interlayer distance not only influences the magnitude of266
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thermal conductivity but also governs the emergence and position of the thermal magic strain267

and thermal magic angle. Then, we managed to show that the application of uniform biaxial268

strain or relative in-plane rotation modifies the stacking configuration of the bilayer graphene,269

giving rise to spatially heterogeneous atomic stress distributions. The resulting stress localization270

enhances phonon scattering and reduces TC. For small twist angles and scaling factors, the stress271

field becomes progressively more delocalized as the deformation increases, which weakens the272

scattering strength associated with an individual scattering region. Simultaneously, the number273

of such regions increases with increasing twist angle or scaling factors. The interplay between274

the decreasing scattering strength per site and the increasing density of scattering sites leads275

to the emergence of the observed exotic behaviour in TC. PDOS analysis further supports this276

interpretation by revealing deformation-induced modifications in peak value consistent with277

enhanced scattering. Though branch-specific contributions cannot be resolved within the present278

framework, we will consider to build a more comprehensive model to capture polarization-279

resolved or branch-resolved information, which would further clarify which modes are most280

strongly affected near the thermal magic strain and magic angle. These results indicate that281

controlled geometrical mismatch provides an additional parameter for tuning thermal transport282

in graphene-based systems and, more broadly, in two-dimensional crystalline materials.283
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Appendix503

Atomic-stress distribution for TBG. To investigate the relationship between stress distributions504

and twist angles in TBG, we calculate the normal stress σxx and shear stress σxy at T = 300 K,505

h= 7 Å, and Lx = 440 Å. In the untwisted (AB-stacked) structure, the stress is negligibly small506

and uniformly distributed across the entire system. When a small twist angle is introduced, the507

normal stress σxx exhibits pronounced spatial variation. However, the magnitude and spatial508

heterogeneity of σxx gradually decrease as the twist angle increases. At sufficiently large twist509

angles, σxx becomes negligibly small again, as shown in figure A1(a–c). Similarly, the shear stress510

in the untwisted structure is very small and homogeneously distributed. The introduction of a511

small twist angle generates significant local shear stresses. As the twist angle increases, the spatial512

variation in shear stress weakens progressively. When the twist angle is large enough, the time-513

averaged shear stress becomes negligible, and the distribution returns to a nearly homogeneous514

state, as illustrated in figure A1(d–f).515

Thermal conductivity of SBG with different interlayer potentials. Since the Kolmogorov–Crespi516

(KC) potential [75,76] and the interlayer potential (ILP) [77] are both widely used to describe weak517

interlayer interactions in two-dimensional materials, we further evaluate the TC of SBG using518

these potentials at T = 300 K, h= 10 Å, and Lx = 440 Å. The corresponding results are presented519

in figure A2. As shown in figure A2, although the absolute values of TC differ between the KC, ILP520

and LJ potentials, the overall trend remains consistent. Notably, the thermal magic strain appears521

at S = 0.019 for both potentials, in agreement with the results obtained using the LJ potential.522

Given the distinct formulations of these interlayer potentials, this consistency suggests that the523

thermal magic strain is an intrinsic property of SBG, rather than an artefact of a specific potential524

model.525

Phonon lifetime of SBG and TBG. The normalized velocity autocorrelation function526

(NVACF), describes the temporal evolution of atomic velocity correlations and serves as a key527

quantity for analysing lattice dynamics. Its Fourier transform gives access to the PDOS. The rate528

at which the NVACF decays reflects the degree of anharmonic interactions and phonon scattering529

in the system. In this sense, a more rapid decay of the NVACF can be interpreted as an indication530

of reduced phonon lifetimes [78,79]. In figure A3(a,c), we calculate the NVACF for both SBG and531

TBG. The NVACF decays to nearly zero within approximately 1 ns, indicating that the system532

has reached a steady state. Based on this observation, we evaluate the average peak amplitude533

of the NVACF after 1 ns, which serves as a measure of the strength of the normalized velocity534

autocorrelation function (SNVACF), as shown in figure A3(b,d). The variations in SNVACF reflect535

deformation-dependent changes in phonon lifetimes and are consistent with the corresponding536

evolution of thermal conductivity observed in both SBG and TBG.537
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Figure A1. Atomic stress distributions in TBG (T = 300 K, h= 7 Å, Lx = 440 Å). Spatial distributions of the normal

stress along x direction σxx for different twist angles (a) θ= 1.1°, (b) θ= 1.5° and (c) θ= 25°. The corresponding spatial

distributions of the shear stress σxy are presented for the same twist angles in panels (d)–(f). In all cases, the averaged

stress is shifted to zero for clarity.



17

royalsocietypublishing.org/journal/rspa
P

roc
R

S
oc

A
0000000

..................................................................

Figure A2. Thermal conductivity of strained bilayer graphene as a function of scaling factor with different interlayer

potentials.
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Figure A3. Normalized velocity autocorrelation function (NVACF) and its amplitude in strained and twisted bilayer

graphene. Strained bilayer graphene (SBG) under variations of scaling factor S (T = 300 K, Lx = 440 Å, h= 10

Å): (a) NVACF and (b) the corresponding averaged peak amplitude (SNVACF). Twisted bilayer graphene (TBG) under

variations of twist angle θ (T = 300 K, Lx = 440 Å, h= 7 Å): (c) NVACF and (d) SNVACF. Variations in SNVACF

reflect deformation-dependent changes in phonon lifetimes and are consistent with the corresponding evolution of thermal

conductivity in both SBG and TBG.
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