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Abstract 
This work investigates the design and performance of hybrid thermo-piezoelectric cantilevers (HTPCs) that enable combined 
piezoelectric and thermal actuation. Using COMSOL Multiphysics for multiphysics simulations and FreeFem++ for full 
thermo-piezoelectric coupling, we investigated the dynamic responses of HTPCs under different actuation conditions. The 
study focused on understanding the influence of material properties, especially Young’s modulus of aluminum nitride, on the 
resonant frequencies and displacement characteristics. Experimental validations with a laser Doppler vibrometer confirmed 
the simulation results and showed minimal frequency shifts in piezoelectric actuation and significant shifts in thermal modes. 
The results indicate that HTPCs hold promise for use in energy harvesting and microactuation systems.
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Introduction

Current mainstream technology uses piezoelectric mate-
rial from bulk1–3 to thin-film layers.4,5 Bulk piezo device 
fabrication is employed in both common and high-end 
products.6–9 Thin-film piezoelectric materials such as zinc 
oxide (ZnO),10–13 lead zirconate titanate (PZT),14–16 and 
aluminum nitride (AlN)4 are gaining increasing influence 
due to their favorable properties, high performance, and 
cointegration requirements. For the purpose of actuation, 
micro-devices are divided into four categories according 
to motion mechanisms: electromagnetic, electrostatic, 
piezoelectric, and thermal expansion. Electrothermal and 
piezoelectric actuators are the most valued because of their 
interesting characteristics. Piezoelectric actuators based on 
AlN remain a good alternative for microactuators.17,18 This 
biocompatible material is characterized by a wide band-
gap (6.0–6.1 eV),19,20 high thermal conductivity (319 W/m 
K),21 and low thermo-optical coefficient ( 2.7 × 10−5 K −1
),22 which makes it suitable for applications in medicine 
and optics from ultraviolet (UV) to mid-infrared (IR).23,24 
Thermal actuators, on the other hand, can produce high 
displacements and large forces based on a cost-effective 
process.25–27 Although the applied voltages for thermal 
actuation have been reduced, their motion performance 
remains to be improved. Rakotondrabe et al.28 fabricated 
a thermo-piezoelectric microactuator based on the thermal 
bimorph principle and PZT piezo cantilever microactua-
tion. The application of an electrical field led to initial 
bending of the cantilever, while varying the temperature 
led to a secondary bending due to the difference in the 
thermal expansion between layers.29 Pourrostami et al.30 
presented an analytical model for a hybrid thermo-piezo-
electric microactuator with a double-PZT cantilever beam 
structure consisting of two arms with different lengths. 
However, the combination of both types of motion actua-
tion, piezoelectric and thermal, is still not well understood. 
Indeed, the design strategy should consider a number of 
aspects in addition to the type of actuation, such as the 
choice of material, geometric design, processability, and 
mechanical performance for a specific application. There-
fore, it is difficult to develop a general research methodol-
ogy and studies for each micro-device.

Numerous studies have explored various geometries and 
excitation mechanisms of cantilevers, including piezoelec-
tric, thermal, and hybrid actuators. Much of this research 
was motivated by applications in atomic force microscopy 
(AFM) in the 1990s. However, these early studies focused 
primarily on fundamental principles and were often lim-
ited to specific applications, such as mode splitting due to 
clamping effects or excitation by Schottky barriers.31,32 
Despite these fundamental investigations, the combined 

effects of thermal and piezoelectric actuation, especially 
in unconventional geometries such as U-shaped hybrid 
thermo-piezoelectric cantilevers (HTPCs), remain insuf-
ficiently studied.

Our work deals with the investigation of the interaction of 
these actuation mechanisms, taking into account the influ-
ence of material properties, component geometry, boundary 
conditions, and fabrication imperfections. Herein, we pre-
sent a methodology to characterize the performance of the 
HTPC that combines experimental validation with numerical 
modeling. This approach not only deepens our understand-
ing of hybrid actuator technology, but also demonstrates how 
such devices can be used for practical applications, such as 
the extraction of the elastic modulus of thin films through 
simplified processes. The insights gained extend beyond 
the basic principles and provide engineers with actionable 
strategies to optimize the performance of microactuators for 
various applications.

Design and Fabrication

Chips (2 × 2 cm2 ) of silicon-based cantilevers (so-called 
single-clamped beams) have been designed. As shown in 
Fig. 1a, we consider U-shaped HTPC of 50 μ m in width 
( Wa ), with a slit ( Wb ) of 10 μ m width at the tip of the can-
tilever. As illustrated in Fig. 1b, to optimize the U-shaped 
HTPC design with respect to the stability of the resonant 
frequency and vibratory motion, we fabricated different 
lengths of the cantilever (L). Figure 2 shows the fabricated 
chip of the U-shaped HTPC, with different lengths rang-
ing from 232 μm to 306 μm. As shown in Fig. 1, the top 
and bottom electrodes were sputtered from titanium and 
platinum layers (Ti/Pt) with a thickness of 10/100 nm in a 
physical vapor deposition (PVD) system (Plassys MP 500). 
In this work, our designed cantilever was based on TiPt/
AlN/TiPt stacked layers, which were fabricated on a 500-± 
25-μm-thick, 4-inch, <100>-oriented undoped silicon wafer 
(Si). Three UV photolithography processes were performed. 
The first and third processes were for metal layer deposition, 
and the second process was used to deposit the 1-μm-thick 
AlN layer using a PVD sputtering machine. Wet etching 
of the AlN thin film deposited by sputtering was preferred 
due to the very low etch rate achieved by dry etching pro-
cesses.1,33–35 As presented in Table I, both tetramethylam-
monium hydroxide (TMAH) and phosphoric acid (H3PO4 ) 
exhibit high AlN etch rates, which are particularly favorable 
for efficient material removal. These etch rates are consid-
ered interesting because they allow faster processing times 
compared to other methods while maintaining low anisot-
ropy ratios. For the patterning of AlN, we selected an H 3PO4 
etching solution at 120 ◦ C as it offers high selectivity against 
Si and ensures that the underlying silicon substrate remains 
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unaffected during the etching process. Then, the pattern of 
Ti/Pt/AlN was transferred directly to the silicon wafer, facili-
tating etch openings for the sacrificial layer. The U-shaped 

HTPC was released by isotropic etching of Si using pure 
SF6,

36,37 as shown in Fig. 1b, and was investigated by scan-
ning electron microscopy (SEM), as shown in Fig. 2.

Modeling

In this study, we used COMSOL and FreeFem++ for the 
HTPCs, which offers several advantages due to the com-
plementary strengths of these software tools. COMSOL 
Multiphysics provides an extensive library of materials and 
their properties that can be used directly in the simulations, 
saving time and ensuring accuracy. The FreeFem++ soft-
ware allows us to implement custom finite element formula-
tions and solve a wide range of partial differential equations 
(PDEs) to enable the implementation of complex bound-
ary conditions. To investigate and predict the behavior of 
the HTPC with respect to a hybrid actuation, we performed 
3D finite element analysis (FEA) modeling using COM-
SOL Multiphysics version 5.6. As shown in Table II, the 

Fig. 1   (a) 3D schematic and notation of the studied U-shaped beam based cantilever, and (b) closeup of the piezoelectric stack showing the 
undercut released by isotropic etching.

Table I   Summary of different wet chemical etching parameters of 
AlN using Cr as a metallic mask layer (data from Ref. 1)

a Where tAlN is the thickness of the AlN layer and uAlN is the undercut 
distance of AlN under the etch mask
b A composition of phosphoric acid ( 80% ), acetic acid ( 16% ), and 
nitric acid ( 4%)

Etchant Temperature Etching rate Anisotropy ratio
(◦C) (nm/min) RA = tAlN/ua

AlN

BHF (buffered 
hydrofluoric 
acid)

21 <0.3 1433

Al etchingb 55 <1 412
Al etching 95 5 137
H3PO4 (85%) 120 20 13
TMAH (25%) 21 24 43

Fig. 2   Scanning electron micrograph of a released U-shaped hybrid thermo-piezoelectric cantilevers (HTPCs).
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geometry and materials used in the simulations were identi-
cal to those described for the investigated cantilever struc-
ture. The piezoelectric effect was modeled with a layered 
shell approach, while the thermal effect was modeled by the 
heat transfer in the shell. The assumed properties of AlN are 
given in Table III. For the mechanical boundary conditions, 
the silicon block was fixed at its side and base surfaces while 
the other faces were free to move, so that the bending effect 
could be obtained at a certain excitation. Different electrical 
boundary conditions were applied depending on the desired 
type of actuation. For thermal actuation, the electric field 
was applied between the upper HTPC electrodes, and for 
piezoelectric actuation, it was applied to the upper HTPC 
electrode while the bottom electrode was set to ground.

Here, we first simulated the two actuation modes, pie-
zoelectric and thermal, separately and then in the hybrid 
mode. The main idea was to compare the simulation with 
experimental results to achieve a better understanding of the 
hybrid actuation. To improve the prediction of the resonant 
frequency of the device and to obtain the vibration charac-
teristics, we also investigated the sensitivity of the model 
to material constants (see Table II) and to the specifics of 
micromachining, i.e., to the undercut caused by isotropic 
etching (see Fig. 1b). The effect of changing the cantilever 
length was also investigated for design optimization. For 
this purpose, the beam length was parameterized. In Fig. 3, 
we show the mesh of the 306-μm-long U-shaped cantilever. 
The meshes were created with the Gmsh finite element mesh 
generator.38 The 3D mesh takes into account the prestressed 
state by modeling the strong initial large deformations on 
FreeFem++ software. These initial deformations were easily 
recognizable on the scanning electron micrograph (SEM), 
as seen in Fig. 2

Results

The HTPC was designed with three different integrated actu-
ation on-chip configurations: piezoelectric actuation, ther-
mal actuation, and the combination of both actuations. As 
shown in Fig. 4a, a laser beam was focused on the selected 

scan area to measure the out-off-plane resonant frequency 
of the cantilevers using a Polytec MSA 500 laser Doppler 
vibrometer (LDV),39–41 at room temperature and atmos-
pheric pressure.

Piezoelectric Actuation

Piezoelectric actuation was performed by applying a volt-
age supply between the upper and lower electrodes of the 
U-shaped cantilever to produce motion. We measured the 
resonant frequency of the fundamental mode. As shown in 
Fig. 4b, we found that the dynamic range was large and the 
resonant frequency of the fundamental mode decreased as 
the length of the U-shaped HTPC increased, in agreement 
with the analytical approximation, as follows:18,42

where meff, I, L and E are the effective mass, area moment 
of inertia, length of the cantilever, and Young’s modulus, 
respectively. Here, the resonance peaks present magnitude 
in the displacement range of 25–39 pm at 500 mV. Thus, this 
linear detection as a function of length allows us to accu-
rately capture any nonlinear effects of the cantilever. This is 
the reason for using the piezo cantilever as a mass sensor, 
since the resonant frequency shifts due to the change in mass 
in the dynamic mode method.43,44 As shown in Fig. 5a, for 
the 306-μm-long cantilever, we varied the applied voltage 

(1)f0 =
1

2�

√
6EI

meffL
3

Table II   Materials properties

Material Young's modulus Poisson's ratio Thermal 
conductiv-
ity

(GPa) (W/m K)

Ti 115.7 0.321 21.9
Pt 168 0.38 71.6
AlN 186 0.28 200
Si 160 0.220 34

Fig. 3   Mesh of the simulated 306-μm-long cantilever at the funda-
mental mode.
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Fig. 4   (a) Hybrid thermo-piezoelectric cantilever resonance characterization setup, and (b) laser Doppler vibrometer resonance measurement of 
the fundamental mode for different HTPC lengths under piezoelectric actuation at 500 mV.

Table III   Properties of AlN Coefficients  Symbols Values

Density ( kg m−3) � 3300

Compliance matrix components ( 10−12m2N−1) S11 , S12 , S13 , S33 , S44 , 
S66

2.8987, −0.9326 , 
−0.50038 , 2.8253, 8, 
7.6628

Piezoelectric coupling coefficients ( pC N−1) d31 , d33 , d15 −1.9159, 4.9597,−3.84
Free dielectric constants �T

11
 , �T

33
9.2081, 10.1192

Fig. 5   Resonance measurement of the fundamental mode as a function of the applied voltage for a 283-μm-long cantilever: (a) piezoelectric 
actuation, and (b) thermal actuation.
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in the range of 500 mV to 3 V. No shift in the resonant 
frequency ( f0 = 8.6 kHz) was observed regardless of the 
applied voltage. In the context of practical applications, the 
stability of the resonant frequency as a function of tempera-
ture is very important. In the next section, we investigate 
the motion of the U-shaped HTPCs excited by a thermal 
actuation configuration.

Thermal Actuation

As shown in Fig. 4a, the motion of the cantilever can also 
be obtained by thermal expansion caused by the current 
flowing through the Ti/Pt contacts of the top electrodes. 
We can observe in Fig. 2 that cantilevers without polari-
zation naturally bend upward after release due to the ther-
mal stress and the residual stress of each thin film layer. 
This room-temperature built-in stress �i resulting from the 
thin-film deposition process. To this stress is added a ther-
mal stress �T resulting from heating caused by the applied 
voltage. Here, the bending effect is caused by the different 
thermal expansion coefficients (TEC) of the stacked lay-
ers (TiPt/AlN/TiPt). Indeed, the TEC of the AlN layer �AlN 
( K−1 ) is in range of [4.3 × 10−6, 4.6 × 10−6] , according to a 
study by Andrei et al.,45 while titanium and platinum have 
�Ti = 8.6 × 10−6K−1 and �Pt = 8.8 × 10−6K−1 , respectively. 
The applied voltage induces a temperature increase of ΔT  , 
reflecting the electrothermal heating of the HTPC. As a 
result, the cantilever expands by a length increase of �L as 
presented in Eq. 2:

where ΔT = T − T0 is the heating temperature, and T and 
T0 represent the temperature of the structure in the polar-
ized and non-polarized states, respectively. This thermally 
induced expansion leads to the thermal stress as follows:

 Hence, the total stress is expressed as follows:

In addition to the increase in vibration magnitude thanks to 
the thermal actuation, the resonant frequency can also be 
tuned. Indeed, the initial resonant frequency (at zero heating 
power) was measured as the reference point. As expected, in 
Fig. 5b, due to the TEC of the AlN thin films, we observed 
an increase in the U-shaped HTPC displacement depending 
on the applied voltage, which varied in the range of 500 mV 
to 3 V. Compared to piezoelectric actuators, thermal actua-
tors are characterized by a much higher range of motion. 
With increasing temperature ( Δ T ), we observed a cantilever 
deflection described by the following equation:25,46

(2)�L = �AlNLΔT

(3)�T =
�LE

L
= �AlNEΔT

(4)� = �i + �T = �i − �AlNEΔT

where r is the radius of curvature of the cantilever, �t, �b 
are the TEC of the thin film test sample and base material, 
respectively, Et,Eb are Young’s modulus of the thin film 
test sample and base material, respectively, and ht , h b are 
the thickness of the thin film test sample and base material, 
respectively; a = hb∕ht, b = Eb∕Et.

In addition to the highlighted increase in displacement, 
we can also observe in Fig. 5b a decrease in resonant fre-
quency with applied voltage from 8.6 kHz (at 0.5 V) to 8.5 
kHz (at 3 V). This frequency shift ( Δ f  = 100 Hz) does not 
exclude an additional influence of the temperature depend-
ence of the thermal stress ( �T = �EΔT  ) and the tempera-
ture-dependent variation in Young’s modulus (E). The latter 
can be described by an exponential relationship of the form 
E(T) = E0 ⋅ exp(−T0∕T) , where E0 is Young’s modulus at 
a reference temperature. This relationship accounts for the 
decrease in material stiffness with increasing temperature, 
which can influence the resonant frequency over the whole 
temperature range studied.47 However, the exact prediction 
of the radius of curvature r and Young’s modulus E as a 
function of the increase in temperature Δ T , as approximated 
by Eq. 5, is not easy, mainly due to fabrication imperfections.

Model Versus Design—Sensitivity Analysis

In order to develop a reliable microsystem and offer a 
standard means of production from an industrialization per-
spective, the design must take into account the appropriate 
properties of the materials used to both theoretically pre-
dict and simulate their performance before fabrication and 
subsequent characterization. However, micro-devices are 
manufactured in different ways. Equation 1 highlights the 
importance of accurate knowledge of Young’s modulus of 
the material. Moreover, the undercut ( Δ L ) that occurred 
during sacrificial layer etching (see Fig.  1b) causes an 
increase in the cantilever length compared to the design, 
and thus leads to inaccurate natural frequency prediction 
(Eq. 1). This effective length ( Leff = L + ΔL ) and the anchor 
modification indeed cause a deviation of the resonant fre-
quency. Although the properties of AlN thin films are well 
known, herein we show that manufacturing imperfections 
and driving excitation must be carefully considered. As a 
result, device performance depends on scaling and pre- and 
post-manufacturing processes.

As shown in Fig. 6, to determine the real Young’s modu-
lus, simulations were carried out calculating the funda-
mental resonant frequency ( f0 ) by determining the Leff for 
which E of the AlN film was equal and that resonated at 
the same frequency. We obtained a value of E close to 186 

(5)r =

(ht + hb)
[
3(1 + a)2 + (1 + ab)

(
a2 +

1

ab

)]

6(�t − �b)ΔT(1 + a)2
,
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GPa, which is quite similar to the values found in the lit-
erature between 200 GPa and 350 GPa. The experimentally 
measured Young’s modulus of 186 GPa is lower than the 
bulk value of 350 GPa. This reduction is consistent with 
variations introduced by the deposition technique, which 
can result in microstructural imperfections such as porosity, 
grain boundary effects, or stress gradients in the thin film. 
These factors are well known to influence the mechanical 
properties of thin films relative to their bulk counterparts. 
Consequently, by using thermal actuation, we show that for 
the accurate extraction of E, the matched supply voltage (no 
drift effect) and manufacturing errors (e.g., underetching37) 
must be taken into account. Considering a HTPC model that 
accounts for the expected E and realization of imperfections, 
the predicted resonant frequencies are calculated for the dif-
ferent lengths considered. As can be seen in Table IV, the 
prediction agrees with the measurements, with an average 
error of 2.74%.

As shown in Fig. 4, the measured resonant frequency 
of the HTPC based on AlN thin film (E = 186 GPa) were 
compared with predicted shapes determined by finite ele-
ment model (FEM) simulation. As presented in Table IV, 
we obtained a good agreement between experiments and 
simulation.

Piezoelectric Combined with Thermal Actuation

The range of motion obtained using piezoelectric actua-
tion was very limited ( ∼ pm) (Fig. 5a), even though it was 
fast and precise compared with thermal actuation ( ∼nm) 
(Fig. 5b). An intuitive approach for increasing the displace-
ment amplitude was to apply a higher supply voltage. How-
ever, this is not appropriate as it can lead to depolarization 
of the AlN thin film and cause electrode detachment. The 
goal of combining the two actuation principles is to take 
advantage of both, namely the range of movement of ther-
mal activation and the precision and speed of piezoelectric 
activation. Therefore, an effort to predict the dynamics of the 
combination of piezoelectric and thermal actuator simulta-
neously may attract attention, as this actuator can be used 
for a variety of applications, including energy harvesting, 
micro-grippers, and actuators.27–29

Figure 7 shows the effect of the combined piezoelectric 
and thermal actuators. The displacement magnitudes ( ∼
nm) were similar to those obtained with thermal actuation 
only. Here, the configuration of applied voltages resulted in 
complex dynamic behavior. We observed drift phenomena 
(Fig. 7) that resulted in a shift in the resonant frequency 
in the range of 7.18 kHz (at 0.1 V) to 7.38 kHz (at 2 V), 
while it remained stable at 8.5 kHz under piezo-actuation. 
The shift in resonant frequency arises from the combined 
influence of thermal stress, induced by temperature changes, 
and the piezoelectric stress, resulting from the applied volt-
age. The thermal stress modifies the intrinsic stiffness of 
the cantilever by altering the mechanical properties of the 
material, such as the Young’s modulus and stress state, 
through thermal expansion effects. Meanwhile, the piezo-
electric effect introduces an additional strain component that 

Fig. 6   Resonant frequency of cantilever at 500 mV as a function of 
1∕L2

eff
 . The red line represents the regression, and its equation is given 

here, where Y is the resonant frequency and X is 1∕L2
eff

.

Table IV   Comparison of measurement and simulation results

Length ( μm) F
meas

 (kHz) F
sim

 (kHz) Error ( %)

306 8.5 8.644 1.69
283 10 9.671 3.83
257 11.8 12.085 2.42
232 14.4 13.966 3.01

Fig. 7   Resonance measurement of the fundamental mode with dif-
ferent magnitude deflection as a function of the applied voltage for 
306-μm-long cantilevers.
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further influences the stiffness. Together, these phenomena 
dynamically tune the cantilever’s frequency. This dual-mode 
actuation capability demonstrates voltage tunability, a highly 
desirable property for applications that require precise fre-
quency modulation, such as sensors or resonators. Further-
more, the results highlight the potential of HTPCs for adap-
tive systems, where combined actuation mechanisms allow 
for improved functionality and versatility. To validate this 
behavior, the properties of the HTPCs were characterized 
under different activation conditions and a special test setup 
was developed. The results confirm that thermal activation 
of the U-shaped cantilever in combination with piezoelec-
tric high-voltage excitation opens up new possibilities for 
advanced frequency tuning applications.48,49 The properties 
of HTPCs were determined and a characterization setup was 
developed. The result showed that the thermal activation of 
the U-shaped cantilever followed by an applied high voltage 
and the inherent undercut allowed a mechanical resonant 
frequency drift and caused a potential error in the elastic 
modulus evaluation. Further studies could be conducted 
to evaluate the deflection control and further develop the 
thermo-piezoelectric cantilever for advanced applications. 
In the next section, we used the flexibility of FreeFem++ 
to implement customized models and boundary conditions.

Discussion

Combining piezoelectric and thermal actuation in numerical 
simulations was challenging because the physical and compu-
tational requirements of such piezoelectric and thermal effects 
are inherently coupled in certain materials, i.e., mechanical 
deformation, electric field, and temperature changes influ-
ence each other in complicated ways. The accurate capture of 
these interactions requires sophisticated multiphysics models. 
The coupling between thermal and piezoelectric effects often 
leads to nonlinear behavior, which complicates the formu-
lation and solution of the governing equations. In addition, 
both the thermal and piezoelectric properties of materials can 
vary with temperature, which requires detailed material data 
and increases the complexity of the simulations. Piezoelec-
tric materials are often anisotropic, i.e., their properties vary 
with direction, and this anisotropy must be accurately repre-
sented in combination with thermal effects. Applying realistic 
boundary conditions that reflect the actual physical scenarios 
can be difficult, especially when both thermal and electrical 
aspects are considered simultaneously. This theoretical study 
aimed to understand the frequency shift of the fundamental 
vibration mode. To this end, we used the fully coupled 3D 
thermo-piezoelectric finite-element model with the classical 
Biot (CL), Green–Lindsay (GL), and Lord–Schulman (LS) 

theories described in previous works50–53 for the U-shaped 
beam-based cantilever.

Initially, we hypothesized the presence of a thermoelastic 
damping phenomenon and implemented the corresponding 
CL, GL, and LS finite element models.

However, according to Guha and Singh,54,55 the maximum 
relative frequency shift for our aspect ratio (and the structure 
without voids) does not exceed 0.1% . In contrast, our thermal 
release model exhibited a frequency shift of about 100 Hz, 
which corresponds to about 1.2% . This indicates that thermoe-
lastic damping is not the predominant process in this experi-
mental setup. Consequently, our HTPC does not fulfill the con-
ditions for thermoelastic damping typically modeled by GL or 
LS theories. Finite element simulations confirm this result, as 
we could not observe any significant frequency shift that could 
be attributed to thermoelastic damping. Moreover, studies by 
Aguilar Sandoval et al.56 and Pottier et al.57 show that the fre-
quency shift in such devices may result from the temperature 
dependence of elastic and other physical constants, especially 
when the temperature increase is significant. Accordingly, 
our first study focuses on the global linear response at 293 K 
and other absolute temperatures that do not rise above 100 K. 
We adjusted the 100 Hz frequency shift for temperatures up 
to 380 K. For the piezoelectric mode, the simulations were 
performed at 293 K as there was no significant temperature 
increase. Therefore, we used the classical thermo-piezoelectric 
finite element model with physical constants at different abso-
lute temperatures. The latter combines the physics of piezo-
electricity and heat transfer to predict the coupled behavior 
of materials under thermal and mechanical loading, typically 
using the finite element method. This model is essential for 
the development and analysis of devices where both thermal 
and piezoelectric effects play a role. The linear thermo-pie-
zoelectric constitutive equations can be derived from the free 
thermo-piezoelectric energy potential58 or by applying the 
Hamiltonian principle.50–53 The linear thermo-piezoelectric 
system of constitutive equations can be obtained by using the 
notation in Table V. In these equations, a comma followed by 
a suffix denotes the material derivatives and a colon (:) denotes 
differentiation with respect to time.

Then we use the classical equation of motion, the Gauss 
equation, and Fourier’s law, which are given below.

(6)

⎧⎪⎨⎪⎩

�ij = Cijkl �kl − ekij Ek − �ij �

Di = eikl �kl + dik Ek + �i �

�� = �ij �ij + �k Ek + �c �

(7)

⎧⎪⎨⎪⎩

𝜌 üi = 𝜎ij,j + f𝛺
i

Di,i = 𝜌e = 0

T0 𝜌𝜂̇ = −qi,i + Q𝛺
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with the following classical relations:

We derived the full coupling variational weak forms of the 
linear thermo-piezoelectric problem. Finally, we imple-
mented these weak forms in FreeFem++59 as a finite ele-
ment solver both for eigenvalue and harmonic problems. 
The eigenvalue analysis was performed using the Lanczos 
method. The finite element analysis was conducted using 
the Galerkin method and the previous system of constitutive 
equations yields to the matrix/vector form below, labeled [.] 
for matrices and {.} for vectors.

Previously cited references50–53,58 described the com-
plete process calculations from weak forms to the global 
matrix system. The 3D linear thermo-piezoelectric model 
finally allowed us to determine the fundamental frequency 
mode for the different HTPC lengths with a relative error 
below 1 % . We then focused the finite element model on the 
306-μm-long U-shaped cantilever. Since it is assumed that 
AlN and platinum are isotropic for the considered physi-
cal constants, the modeling of this geometry is very sim-
ple. Moreover, since the length is a critical parameter for 
the eigenvalue analysis, we focus on the developed length 
of the prestressed cantilever. For simplicity, the HTPC was 
modeled by a circular profile so that the length of 306 μm 
corresponds to the arc.

In this study, the mesh consisted of about 10,900 nodes 
and 47,500 tetrahedral elements. To improve the efficiency 
of the finite element eigenvalue analysis, we ensured that the 
cantilever was modeled with ordered transfinite elements. 
In contrast, classical tetrahedral elements were used for the 
silicon volume part. To achieve better accuracy, quadratic 
Lagrangian interpolation was chosen, as linear interpola-
tion may be less effective for first-mode calculations. The 
boundary conditions of zero displacement and temperature 
change were defined at the base of the silicon material. In 
accordance with the HTPC description, a ground potential 
was applied to the lower electrode and 1 V to the corre-
sponding upper electrode. The elastic temperature depend-
ence mainly affects AlN and platinum, since the main heat-
ing of the U-shaped cantilever is in the cantilever. The latter 
refers to how the elastic properties of a material, such as 
Young’s modulus, shear modulus, and bulk modulus, vary 
with temperature. As the temperature increases, atomic 

(8)
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vibrations become more pronounced, weakening the intera-
tomic bonding forces and typically leading to a decrease 
in stiffness, which is reflected in a reduction of the mate-
rial’s Young’s modulus. The elastic modulus often decreases 
either linearly or non-linearly with temperature, and the 
material’s size may also change due to thermal expansion, 
affecting the internal stress state and thus influencing elas-
ticity. Additionally, phase transitions in some materials can 
cause abrupt changes in their elastic properties. For instance, 
metals generally experience a gradual decrease in Young’s 
modulus with rising temperature, while polymers may 
show more pronounced changes, especially near the glass 
transition temperature. Understanding this dependence is 
crucial in fields such as aerospace, electronics, and materi-
als exposed to varying thermal conditions, as it ensures the 
material’s mechanical integrity across a broad temperature 
range. According to,60,61 the elastic physical properties were 
temperature interpolated with the starting point of Young’s 
modulus of  186 GPa used in previous COMSOL modeling. 
The increased temperature in the silicon wafer was neglected 

Fig. 8   Thermal flux of piezoelectric and thermo-piezoelectric modes 
(HSV linear color scale in arbitrary units): (a) thermal field for piezo-
electric mode at 293  K, and (b) thermal field for thermal actuation 
mode at 380 K.

Table V   Notations for the thermo-piezoelectric finite element model

�ij Stress tensor Cijkl Elasticity tensor
�kl Strain tensor ekij Piezoelectric tensor
Ek Electric field vector �ij Thermal isotropic stress 

tensor
� Temperature variation Di Electric displacement vector
dik Permittivity  tensor �i Pyroelectric vector
� Mass density � Entropy density
c Specific heat capacity ui Displacement vector
f�
i

Volume forces  vector �e Electric charge density
T0 Reference temperature qi Heat flux vector
Q� Volumetric heat  source � Electric potential
�ij Thermal conductivity tensor



3769Modeling and Characterization of Hybrid Thermo‑Piezoelectric Cantilevers﻿	

as it is massive compared to the thin cantilever. The silicon 
wafer has a thickness of 500 ± 25μ m, while the U-shaped 
cantilever has a total thickness of 1.22 μ m. We can observe 
in Fig. 8 that the heating takes place in the electrodes and the 
AlN cantilever. We deduced from the finite element simula-
tions that the thermal release mode acts as a volumetric heat 
source in the upper electrode due to the Joule heating as seen 
in Fig. 8a. Therefore, we observed the frequency shift exper-
imentally and compared these results with a temperature of 
380 K in the HTPC, as observed in Fig. 8b. In our experi-
mental observations, the hybrid actuation mode induced a 
more pronounced frequency shift compared to other modes. 
Specifically, a frequency shift of 100 Hz corresponded to an 
approximate temperature increase of 90 K. Consequently, 
an experimental frequency shift of about 1.5 kHz indicated 
a significant temperature rise. Under these conditions, our 
linear finite element model became inadequate due to sig-
nificant nonlinear heating phenomena. We hypothesized that 
both the top and bottom electrodes contributed to the heat-
ing of the AlN cantilever through the Joule heating effect, 
with the heating effect amplified when the AlN beam was 
sandwiched between the electrodes. Given the aspect ratio of 
our HTPC, the thermal convection and radiation losses were 
managed mainly by the bottom electrode in the thermal acti-
vation mode where only one electrode was active. However, 
in the hybrid thermo-piezoelectric mode, both electrodes 
heated the AlN beam, resulting in lower heat dissipation and 
thus higher temperatures. This increased temperature could 
significantly affect the performance and reliability of the 
device. Therefore, it was found that it is crucial to consider 
these thermal effects in the design and analysis of hybrid 
thermo-piezoelectric systems.

Although the focus of this study was on the dominant 
piezoelectric and thermal effects driving HTPCs, we 
acknowledge the potential contributions of surface effects 
and flexoelectricity, especially for small structures. Bend-
ing deformation of AlN cantilevers can produce significant 
strain gradients, leading to a flexoelectric polarized field 
that could either enhance or attenuate piezoelectric coupling 
depending on the gradient magnitude and direction.62–64 
Moreover, surface effects could influence the mechanical 
responses and performance of piezoelectric bimorph actua-
tors, as demonstrated in recent studies.65 Although these 
effects have not been explicitly considered in the current the-
oretical framework, their potential influence is recognized, 
especially for thinner films or nanoscale devices. Future 
modeling efforts will aim to integrate the contributions of 
strain gradient induced polarization fields and surface phe-
nomena to provide a more comprehensive understanding 
of the behavior of HTPCs under hybrid actuation. These 
considerations will be especially relevant for applications 
requiring high sensitivity or where miniaturization leads to 
dominant nanoscale effects. This study, which focuses on 

larger cantilevers (length  300 μm), provides fundamental 
insights into hybrid actuation mechanisms. However, the 
inclusion of flexoelectric and surface effects in future work 
could lead to a more refined model and broader applicabil-
ity of HTPCs, especially in high curvature or high strain 
gradient regions. The inclusion of these effects will enable 
deeper exploration of performance optimization and sup-
port the design of the next generation of piezoelectric and 
thermo-piezoelectric micro/nano-devices.

Further nonlinear analysis of the hybrid thermo-piezoe-
lectric mode should be carried out in future work. Namely, 
we need to implement a nonlinear finite element model 
that takes into account the temperature dependence of the 
physical constants, the spatial dependence of the absolute 
temperature, the convective and radiative heat losses, and 
the dissipative Joule heating effect. This background before 
device design will be important for developing more com-
plex devices tailored for targeted applications, such as har-
vesting energy from vibrations,66 which is a very promising 
technology. Indeed, these vibrations produced in HTPCs 
in different electronic systems can be harvested. Thus, the 
heating combined with vibrational energy can be converted 
into electrical energy, which can be stored and efficiently 
used to power low-energy electronic devices, even in harsh 
environments.5,67,68

Conclusion

This study investigated the design and performance of hybrid 
thermo-piezoelectric cantilevers (HTPCs) for microactuation 
applications that combine piezoelectric and thermal actua-
tion mechanisms. Through finite element simulations using 
COMSOL Multiphysics and FreeFem++, we investigated 
the dynamics of these cantilevers under different actuation 
modes and configurations. Key findings include the sig-
nificant influence of material properties, such as Young’s 
modulus of elasticity of AlN, on the resonant frequencies 
and displacement capabilities of the HTPCs. Experimental 
validations using a laser Doppler vibrometer confirmed the 
predicted behaviors and showed minimal frequency shifts 
under varying voltages in piezoelectric mode and significant 
shifts due to thermal effects. We highlighted challenges and 
future directions for nonlinear modeling to account for tem-
perature-dependent material properties and heat dissipation 
effects. HTPCs show promising potential for applications 
such as vibration energy harvesting and low-power micro-
devices, as they efficiently utilize thermal and piezoelectric 
effects.
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