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Abstract. This study investigates the application of Bayesian neural
networks for regression tasks aimed at recovering structural damage pa-
rameters from time-domain wave propagation data. The raw wave propa-
gation data are simulated in a one-dimensional elastic bar using the Spec-
tral Finite Element Method, considering data collection from a limited
number of sensors. The damage fields are modeled as rectangular profiles,
described as three parameters: position, size (or width), and magnitude.
The inverse problem of damage recovery is formulated within a Bayesian
framework, where the wave field data collected by the sensors serve as in-
puts and the output consists of probabilistic distributions of the damage
parameters, allowing for quantifying uncertainty in the damage param-
eters, providing a stochastic characterization of the damage state. The
training data includes deterministic values for system properties, while
the validation and test datasets incorporate uncertainties in the elas-
tic bar’s properties, simulating modeling error for the inference stage of
the inverse model. The findings of applying this approach in a struc-
tural health monitoring context are discussed, highlighting its potential
in assessing structural integrity.

Keywords: Structural Health Monitoring - Deep Learning - Bayesian
Neural Network - 1D Wave Propagation - Inverse Problem - Surrogate
Model.
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1 Introduction

Structural Health Monitoring (SHM) is an essential process for maintenance,
anomaly detection, and improving the serviceability of structures through the
management and repair of damage, which is often manifested by changes in me-
chanical properties, such as stiffness. Recently, with the fast advances of Artifi-
cial Intelligence (AI), and more specifically Machine Learning (ML) techniques,
along with the adoption of Deep Learning (DL), has profoundly influenced the
automation of SHM. Neural Network (NN) models have unlocked the potential
for analyzing extensive datasets and intricate system behaviors through auto-
mated feature extraction. However, there are still ongoing challenges, such as
the lack of interpretability regarding uncertainties in the network’s output and
robustness to structural changes [2], both of which are crucial for the decision-
making process in an effective SHM system.

Bayesian modeling is a powerful tool for investigating uncertainty in DL
models. In this context, a Bayesian Neural Network (BNN) is a NN that models
uncertainties in one or more of its weights by treating them as random variables
rather than deterministic entities. Therefore, a BNN provides uncertainty esti-
mates for the network’s outputs, enhancing the interpretability of the surrogate
model’s response [8,4,20]. Furthermore, BNNs can learn effectively from small
and noisy datasets and are more robust to overfitting than traditional NNs.
This makes them particularly suitable for applications such as SHM, where un-
certainty estimates can build a cost-inform decision-making process [21]. In this
regard, several studies in the literature have explored using BNNs to support
SHM procedures [20, 21,1, 24, 6, 13], with most of them focusing on damage de-
tection, condition classification or damage evolution (severity). The exception is
the work by Luo et al. [13], which not only detects damage but also locates it
in Carbon Fiber Reinforced Polymer (CFRP) composites using ultrasonic Lamb
waves, although not fully characterizing the damage profile.

The main objective of the present work is to explore the use of BNNs as
a surrogate inverse model to fully characterize damage profiles using measured
wave propagation data. Additionally, this study aims to address the issues and
challenges associated with the proposed approach. The measured data was syn-
thetically generated using Spectral Finite Element modeling of one-dimensional
wave propagation in an elastic bar, with data collected from a limited number of
sensors distributed along the bar’s length. The damage profiles are modeled as
rectangular shapes, fully characterized by their center position, size (or width),
and magnitude. To assess the robustness of the proposed approach, the surrogate
inverse model was also tested with profiles generated from a model that includes
property uncertainties.

2 Mathematical Modeling

This section presents the proposed mathematical models for the forward and
inverse problems, which are designed in conjunction to recover damage profiles
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from time-domain wave propagation data collected in a one-dimensional elastic
medium.

2.1 Forward Model - 1D Wave Propagation in an Elastic Bar

Linear elastodynamics in a one-dimensional setting (a bar) in the context of small
deformations can be described by eq. (1), subjected to the appropriate boundary
conditions. In this formulation, u(z,t) denotes the displacement field, E(x) and
p represent the Young modulus (local) of the material and the mass density,
respectively, and A is the cross-sectional area of the bar. The wave propagation
phenomena can be described by eq. (1) and are nondispersive, which can be
applied to bars made from linear elastic isotropic materials when lateral inertia
effects are negligible [5].

13} ou 0%u

The space-discretized equations of motion are derived using the Spectral Finite
Element Method, as detailed in Silva and Castello [15], and take the form of a
system of Linear Ordinary Differential Equations (ODEs) as follows:

Mii + Ku = f(¢), (2)

where u(t) € R” is the displacement vector of the discrete governing equations.

The direct problem consists of determining the system response given a dam-
age field d(x|a). In that sense, to construct the forward model, equation (1) is
discretized using N, = 120 spectral elements of order No = 6, resulting in a
system of ngdl = 720 degrees of freedom. The ODEs in (2) are then integrated
with the Composite Explicit Method proposed by Kim and Lee [10], with a time
step 6t =5 x 10785 over a time span of T = 2 x 107 3s.

In this study, damage is modeled as a scalar-valued 1D field d(x, @) : x €
[0, L] — [0, 1], stationary in time, corresponding to a local reduction in stiffness;
damage is parameterized by o = (., d¢, D), as given by eq. (3):

D, |z —z.| < d/2
d(w, o) = {0, otherwise ’ (3)

where z. is the location of the damage’s center, df is its width and D represents
the local reduction in the Young’s Modulus of the bar, that is to say E(x) =
(1 — d(x))FEy. This simple model is commonly used in the literature, as can be
seen in [14, 22,12, 16, 3,17,9]. The properties of the intact material are provided
in Table 1, along with the uncertainties associated with each parameter.

The uncertainty values for the properties, presented in Table 1, indicate
that each model parameter can vary from its nominal value by an amount of
nominal value X uncertainty x -y for each generated sample of the model. Here,
~v ~ N(0,1) represents a sample from an univariate Gaussian distribution with
mean i = 0 and standard deviation ¢ = 1.
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Table 1: Physical system properties and their associated uncertainties.

Parameters|Nominal Values|Considered Uncertainties
L 1 [m)] 0.1%

A 3.6 x 107° [m?][1%

E 200 x 10° [Pa] 2%

p 7556 [kg/m3] 2%

F 10* [N] -

2.2 Inverse Model - Bayesian Neural Network

The procedure for solving the inverse problem to recover the damage profiles
from time-domain wave propagation data is based on a BNN framework. In a
BNN, one or more model parameters @ = (W, b), where W represents the model
weights and b denotes the biases, are treated probabilistically to account for un-
certainties. This results in a model where the output is stochastic, as opposed to
deterministic outputs in traditional NNs. In other words, while the conventional
approach to NNs involves minimizing the model parameters through backpropa-
gation, yielding a single deterministic value 6, for each parameter, the Bayesian
approach aims to determine a probabilistic distribution for each parameter which
uncertainty is accounted for [8,4]:

6 ~ p(0). (4)

The first step in the process is to define the BNN architecture, as shown in
Figure 1, considering a dropout rate of 5% in the dropout layers for the current
problem. This architecture was optimized through hyperparameter tuning using
a grid search approach. The search involved fine-tuning several hyperparame-
ters of the deterministic layers, such as the layer types, the number of layers,
and the number of units or filters in each layer. After this process, a series of
layers (specifically, the last two layers in Figure 1) were incorporated into the
architecture to handle the probabilistic nature of the model.

The network architecture presented in Figure 1 employs the DenseReparame-
terization layer as the layer immediately preceding the outputs, from TensorFlow
Probability (version: 0.26.0-dev20250103). This layer incorporates trainable pa-
rameters for both weights and biases, while also allowing for the specification
of a prior distribution. The prior for the layer parameters is set as a multi-
variate normal distribution with mean p = 0 and standard deviation o = 1,
and the posterior is modeled using a mean-field normal distribution. The di-
vergence function, used for regularization during training, is defined with the
Kullback-Leibler (KL) divergence, which measures the difference between the
two distributions [7]:

N
KLgllp) = 1 > [mg ;m , (5)
i=1 v
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Fig. 1: Proposed architecture of the BNN. Here, N denotes the number of sensors
used to measure the time-domain response, while N; represents the number of
time points, given the duration of the measurement.

where ¢(6;) and p(0;) represent the posterior and prior distributions of the pa-
rameters 6;, respectively. Furthermore, the equation is normalized by the number
of training samples N, ensuring that the divergence is averaged over the dataset.

The final output of the network is generated through the IndependentNormal
layer. This layer models the output distribution, where the event shape corre-
sponds to the number of independent normal variables. The distribution is then
sampled, converting it into a tensor for downstream processing.

Regarding the loss function, the Negative Log-Likelihood £(8) is used [11]:

L(0) = logp(ai | 4i,6) (6)
=1

where, in the context of the approached problem, a; are samples of the damage
profile parameters (or the outputs of the model), y; denotes the samples of ob-
served time-domain data collected from the sensors (or the inputs of the model)
and p(a; | vs, 0) is the likelihood of the damage profile parameters «; given the
model parameters 6.

As for the optimization algorithm used during the backpropagation procedure
of the proposed model, two were considered: the Adaptative Moment Estima-
tion (ADAM) and the Stochastic Gradient Descent (SGD). Experiments were
conducted with both algorithms, and the differences in their performance for
minimizing the cost function will be discussed in Section 4, where the results are
presented and discussed.

It is important to note here that, when using a BNN for prediction, the out-
put is typically obtained using a Markov Chain Monte Carlo (MCMC) approach.
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In this method, a large set of parameters 6; is sampled from the posterior dis-
tribution and used to compute a series of possible outputs «;. These outputs
correspond to samples from the marginal distribution p(e|y, 8), where y corre-
sponds to the current measurement of the system [8].

In the context of the proposed problem, given a set of system responses y, a
sufficient number of samples are drawn to estimate the underlying distribution
of the parameters a, which describe the damage field. The measured responses y
consist of time-domain displacement history data in the x—direction, obtained
from Ny sensors uniformly spaced along the length of the bar. Furthermore,
samples that lack physical meaning — i.e., those that fall outside the domain of
the damage parameters considered in the problem — are discarded during the
inference sampling procedure.

3 Datasets

Synthetic data are simulated using the forward model discussed in Section 2.1,
with an excitation and a damage profile as inputs. Narrowband signals are
recognized as the preferred method for exciting Guided Wave signals in Non-
Destructive Testing applications [19, 18]. Thus, for this study, a 2-cycle Hanning-
windowed tone burst with a central frequency f. = 25 kHz is used as the exci-
tation f(t); this excitation and its spectrum are shown in Figure 2.
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Fig.2: Two-cycle Hanning-windowed pulse. (a) Time domain signal F(t). (b)
Absolute value of the Fourier transform of the signal F(¢).

This excitation signal, depicted in Figure 2, serves as the input to the forward
model, which is used to solve the direct problem for two distinct scenarios. These
scenarios, along with the dataset division for training and evaluating the BNN
model, are presented in Table 2.
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Table 2: Dataset division for training and evaluating the BNN model.

Dataset Damage Profile|Properties Uncertainties? | Number of Samples
Training Rectangular No 20000
Validation/Test|Rectangular  |Yes 5000

For each scenario, a damage profile is randomly generated, fully characterized by
three parameters: position (center), size (width), and magnitude. The minimum
and maximum values for each of these parameters are presented in Table 3.

Table 3: Damage profiles parameters and their limits.

Parameters

Minimum Value

Maximum Value

Position [m]
Size [m)]
Magnitude

0.01
0.05
0.1

0.99
0.15
0.5

Furthermore, additional care is taken to ensure that the damage does not exceed
the physical spatial domain. Specifically, the extent of the damage, considering
both its position and size, is constrained to stay within the bar’s length. For
instance, if a damage profile is located at 0.01m on the bar and has a size of
0.1m, it will not extend beyond the left end of the bar (at x = 0m). In such cases,
the portion of the damage that exceeds the physical domain is disregarded, and a
parameterization correction is applied to adjust its position and size accordingly.

The displacement field is measured by eight sensors over a period of 2 ms,
with data sampled at f; = 400 kHz. As discussed in Section 2.2, these sensor
readings capture the system response in the time domain and serve as input to
the inverse model, as shown in Figure 1. Therefore, the inputs and outputs of
the BNN have shapes of (number of samples, points in time, number of sensors)
and (number of samples, number of damage parameters), respectively.

4 Results

In this section, the results are presented and discussed regarding the performance
of the proposed BNN model in recovering damage field profiles, along with some
challenges associated with training the BNN itself. First, it is important to note
that the only preprocessing step applied to the raw data was normalizing both
the input and output data to the range [0,1]. Additionaly, training a BNN is a
non-trivial task. In comparison to traditional NNs, there is a higher risk of falling
into a poor local minimum, which is directly correlated with the optimization
algorithm used for backpropagation. This issue can be explained by the fact
that the Bayesian posterior for complex models, such as artificial NNs, is a high-
dimensional and highly non-convex probability distribution [8]. In that sense,
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the SGD optimizer has a more stable behavior regarding the convergence of the
loss function to be minimized than the Adam.

Figure 3 illustrates examples of the damage profile recoveries from the BNN
model considering 1000 samples drawn from the model’s output for each test/validation
sample (see Tables 1 and 3).
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Fig. 3: Examples of damage profiles estimated with the BNN approach. The black
continuous line represents the true damage profile, while the red continuous line
is the mean of the predicted damage profile, accompanied by a 95% confidence
envelope.
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For the most of analyzed cases, a good agreement was achieved between the
predicted damage fields of the BNN and the target values.

5 Conclusions

In the analysis of 1D wave propagation in an elastic bar, the behavior of a BNN
applied to regression was investigated to model a simple damage field by esti-
mating the probability distributions of the parameters that fully characterize
the damage. This approach provides an alternative to estimating parameters
within an inverse problem framework, effectively creating a surrogate model for
inversion that offers enhanced analytical capabilities compared to determinis-
tic NNs. For instance, when dealing with uncertainty and incorporating prob-
abilistic reasoning, a digital twin could benefit from the stochastic nature of a
BNN-—something a deterministic model cannot provide [23].

The proposed inverse surrogate was evaluated in relation to test data that
included uncertainties in the physical system properties, showing good agreement
with respect to the predicted damage fields and the targets. The SGD optimizer
was found to be significantly more stable than Adam (which heavily depends
on the proper initialization of trainable parameters). The authors recommend
further investigations with real-world data to assess how noise, measurement
inaccuracies, and model errors might affect the performance of the proposed
approach.
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