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This paper presents an integration model between CBR (Case Based Reasoning) and a MAS (Multi-Agent
System) that improves our previously proposed model called ESCBR (Ensemble Case Based Reasoning).
The integration model is designed to find approximate solutions to generic regression problems of one or
more dimensions. The integration pretends to explore and exploit the solutions space better by using an
individual cognitive process with social interactions and Bayesian reasoning. The proposed multi-agent system
is composed of several heterogeneous agents pursuing a common goal, but in different ways. Each agent can
choose an action from three possibilities and interact with other agents randomly. Bayesian learning allows
each agent to learn using the information obtained from past iterations and to adapt its behavior according
to the characteristics of the evaluated problem. The model has been evaluated in comparison with nine other
regression models on eleven different regression databases extracted from the UCI site. The comparison
between the models has been carried out with RMSE (Root Mean Squared Error) and MAE (Median Absolute
Error) metrics. The results show that the proposed model obtains good results, globally among the three best
models and effectively improves on the ESCBR base model.

1 Introduction

Our previous work with case based reasoning called
ESCBR (Ensemble Stacking Case Based Reasoning)
is a model based on the case based reasoning and
a stacking ensemble method to predict values in
regression problems. This model modifies the basic
case based reasoning cycle by introducing learning
steps, real-time evaluation and several algorithms to
find neighbors and generate solutions (Soto-Forero
etal., 2024).

Some models can be improved with multi-agent
systems because these are decentralized and consist
of multiple entities, called agents, that have the
ability to perform specific actions and react to the
environment according to the partial information they
obtain. They can also collaborate with each other and
cooperate to achieve a specific goal.

From the information they perceive and exchange,
agents can learn autonomously and achieve their
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goals efficiently (Kamali et al., 2023). Multi-agent
systems can be executed in parallel given the inde-
pendence of the agents. They are robust to problems
that present uncertainty (Didden et al., 2023).

Bayesian reasoning is a hypothesis about the
functioning of the human brain and its relationship
with the environment. The principle is that past ex-
periences allow inferring future states, which allows
action and decision-making (Hipé6lito and Kirchhoff,
2023), and also allows inferring information and
learning from incomplete information (Zhang et al.,
2023).

This paper proposes a model that integrates an
ensemble case-based reasoning model with multi-
agent systems and cognitive Bayesian reasoning. The
objective is to improve the processes of neighbor
search and solution generation in ESCBR by making
use of inter-agent information exchange and rein-
forcement learning, thus obtaining emergent effects
in the global behavior of the algorithm, which can
lead to improvement in the predictions of the ESCBR
algorithm (Soto-Forero et al., 2024).



The contributions of this paper are:

* Improvement of exploration and generation
phases of the ESCBR algorithm with the multi-
agent system integration.

* A multi-agent system with cognitive agents and
independent stochastic behavior according to
three predefined actions.

* Addition of a Bayesian learning process in the
search for similar problems and generation of
solutions.

2 Related Works

ESCBR is a model using CBR as a base to obtain
competitive results for ten popular databases in re-
gression problems (Soto-Forero et al., 2024). The al-
gorithm runs independent processes to obtain an es-
timated answer to a given problem. Fundamentally,
the process relies on the concept of analogy between
problems and analogy between solutions to both gen-
erate and evaluate the proposed solutions.
Multi-agent systems have the ability to evolve and
improve using the reinforcement learning strategy,
as seen in the work of (Li et al., 2023b), Using
a multi-agent evolutionary system with a graph
neural network, machining parameters are optimized
to boost quality and production efficiency. The
method improves accuracy between 13% and 25%
over other optimization algorithms. Multi-agent
systems can be also developed by imitating natural
process as (Kamali et al., 2023), whose objective
is to solve multi-objective optimization in dynamic
environments using an artificial immune—system
metaphor, the method enables agents to react to
environmental changes and generate diverse, adap-
tive solutions. As shown in prior work, multi-agent
systems can adapt, generate innovative solutions, and
even learn collectively. Also in the work of (Cinkusz
and Chudziak, 2025) authors show how cognitive
multi-agent systems can increase precision and intel-
ligence, in this case applied to a problem of manage
software projects. For example, (Rezaei et al., 2022)
presents a biased inferential social-learning model
based on Bayesian inference that combines local and
global observations for improved decision-making.
The algorithm’s behavior is demonstrated through
multiple simulations. These works highlight the po-
tential of multi-agent algorithms to explore, generate,
and refine solutions over time through interaction,
cooperation, emergent behavior, and feedback. Their
flexibility allows integration with other paradigms

to enhance internal reasoning and solution-space
exploration. In this work, we introduce a Bayesian
reasoning approach to further improve overall solu-
tion quality.

The idea that human reasoning is fundamentally
Bayesian has been widely explored in cognitive sci-
ences, as it unifies multiple information sources and
uses past experience to infer future states. Experimen-
tal evidence shows that human mental representations
align with Bayesian prediction. Bayesian reason-
ing also supports efficient perception, flexibility, and
top-down integration of prior knowledge (Hipdlito
and Kirchhoff, 2023). In (Kim et al., 2019), the
authors model how people interpret data using a
Bayesian cognitive framework in which beliefs are it-
eratively updated. They compare human judgments
across three studies with Bayesian predictions, show-
ing that the model retains notable predictive power
even under uncertainty and seemingly rational be-
havior. Bayesian inference has also been used in
multi-agent systems to facilitate learning and comple-
ment the cognitive process. In Rezaei et al. (Rezaei
et al,, 2022) a Bayesian inference model is pro-
posed in which agents estimate the world’s state to
make better decisions. Agents begin with initial be-
liefs and, through social interaction, consensus, and
new information, converge toward the truth. Simula-
tions show rapid adaptation and recovery from false
observations, demonstrating that Bayesian inference
combined with social cooperation improves decision-
making in complex, dynamic, and uncertain environ-
ments. Ristic er al.(Ristic et al., 2020) presents a
Bayesian review for decision-making under uncer-
tainty, introducing quantitative autonomous models,
rules for combining incomplete information, and re-
lated decision tasks. It presents Bayesian probability
as a strong framework for modeling both known and
unknown factors, demonstrated through a classifica-
tion problem. The work of Zhang et al. (Zhang et al.,
2023) proposes a Bayesian learning algorithm to find
optimal set-function values in both low and high di-
mensions.

In the work of Cicirello er al. (Cicirello and
Giunta, 2022), The goal is to optimize a generic en-
gineering system by quantifying uncertainty in in-
terval variables using Bayesian Optimization (BO).
Posterior probabilities are obtained by updating pri-
ors through deterministic simulations. This approach
greatly reduces the number of simulations needed
for accurate results by balancing exploration and ex-
ploitation through interval-based Bayesian optimiza-
tion. Also, BO is applied in the work of Petit er al.
(Petit et al., 2020) focused on learning hyperparam-
eters for a robotic arm, improving task efficiency us-



ing past experiences. A model using Bayesian infer-
ence with agent-based models is explained in Dyer
et al.(Dyer et al., 2024), where a Bayesian black-
box model is compared with a neural network black-
box model for parameter inference in economic sim-
ulation problems. Presscott et al. (Prescott et al.,
2024), uses Bayesian inference to estimate param-
eters of complex stochastic models with intractable
likelihoods. Likelihood-free Bayesian inference is
combined with an adaptive multi-fidelity algorithm to
estimate probability distributions in stochastic simu-
lations. Bayesian inference makes it possible to work
with data with a high level of uncertainty, which is one
of the reasons why Nikpour and Aamodt (Nikpour
and Aamodt, 2021) combine Bayesian inference with
case-based reasoning for an oil well drilling problem,
a real-world, uncertain domain. These studies show
that Bayesian reasoning balances exploration and ex-
ploitation while achieving high performance, accu-
racy, and adaptability from limited, uncertain data.
Integrating it with multi-agent systems further en-
hances inference, learning, and collaborative correc-
tion.

3 Proposed Model

The ESCBR-MAS (Ensemble Stacking Case-Based
Reasoning with Multi-Agent Systems) algorithm is
based on the generic CBR paradigm and incorporates
various neighbor search (Retrieve) and solution
generation algorithms (Reuse and Revise) . These
are integrated using a variation of the stacking model
in two iterative stages, executed by agents that
independently operate the algorithms defined in the
revision and reuse containers. The agents have a
local memory that permits them to adjust and develop
their search for neighbors, generating solutions
during each iteration. Each individual agent has a
corresponding behavior that enables the exchange of
information with other agents. The decision process
and stages of the agents within the broader system
are shown in Figure 1.

The overall model is composed of two cycles
that aim to refine the search for similar problems
(Stage 0) and the generation of solutions (Stage
1). Each cycle is executed according to the number
of iterations defined as parameters. The first cycle
consists of the stages retrieve, reuse, revise, renovate,
and retain. The second cycle consists of the stages
retrieve, reuse, revise, reconfigure, and exchange, as
shown in Figure 1.

ESCBR-MAS is the two stages of ESCBR
(Ensemble Stacking Case-Based Reasoning) stacking
integrated with a multi-agent system (Soto-Forero
etal., 2024). Each agent conducts a problem neighbor
search algorithm in the first stage and generates a
solution in the second stage by referencing the list of
solutions obtained in the first stage. In each iteration,
agents can select from three programmed behav-
iors: searching for problems neighbors, generating
solutions, or exchanging information with another
agent. Asynchronous execution is employed for these
behaviors, while neighbor list creation and selection
occur synchronously to unify the global algorithm.

The retrieve, reuse, revise, and retain stages
remain as in the conventional CBR model. The pro-
posed algorithm adds three new stages: reconfigure,
where agents update local parameters to improve
the next solution; exchange, where agents share
information to enhance search and generation; and
renovate, which updates global algorithm parame-
ters. Figure 2 shows the full flow, starting with the
creation of n agents. During initialization, agents
randomly select retrieve and reuse algorithms and
initialize Bayesian vectors, working on the same
dataset. Agents execute the retrieve algorithm in
parallel, extract solutions from similar problems,
and generate new solutions. Solutions are evaluated
with a minimization objective function, where the
lowest value is best. In subsequent iterations, agents
update Bayesian vectors based on objective results
and randomly choose one of three actions: change
both retrieve and reuse algorithms, change only
the reuse algorithm, or exchange information with
another agent. This randomness allows agents to
refine candidate solutions.

The complete variables and parameters for the
proposed algorithm are shown in Table 1. The multi-
agent system is composed of a variable number of
agents, all homogeneous but with independent and
stochastic internal cognitive processes.

3.1 Algorithms

In the first stacking stage, each agent selects an
algorithm to find problems similar to the new one.
Options include KNN, weighted KNN, K-Means,
GMM, and FuzzyC-Means. KNN identifies nearby
instances in the feature space, with weighted KNN
allowing dimension-specific weighting (Saxena et al.,
2024). K-Means clusters points by minimizing dis-
tances to cluster centers, updating centers as the mean
of assigned points (Li et al., 2023a). GMM models
data as a weighted sum of K Gaussian components



C1 - Container of Cases (Database of Cases)
C2 - Container of Adaptation (Weighting with
probability, weighting without probability,
median, copy/change, voting, interpolation,
PCA, random step)

C3 - Container of Similarity (KNM, Weighted
KNN, KMeans, GMM, FuzzyC)

C4 - Container of Vocabulary (Parameters of
models, Metrics, Evaluation models)

The solid lines represent the flow between the
stages of the cycle. The dotted lines represent
the flow of data between stages and
containers.

Figure 1: Two Cycles of the proposed ESCBR-MAS

Table 1: Variables and parameters of the proposed model (Type: p - parameter, v - variable, f - function)

ID Type Description Domain

it p Number of iterations N,it >0

np p Number of agents N,np >2

nl p Maximum number of local neighbors N,nl >0

ng p Number of global neighbors N,ng >2

n v Dimension of problem space Nyn>0

m v Dimension of solution space N,m>0
p v Problem description NG
s v Solution description R™
DPw v New problem description R”
Sy v New solution description R™
d(x1,x2) f Distance function between x; and x; R
rn(x,y) f Random value with Normal distribution x mean, y standard deviation R
rnp(x) f Discrete random value, x discrete vector of probabilities Z
(™) f Solutions evaluation R

for regression, classification, or clustering (Rakesh
et al, 2023). FuzzyC-Means extends clustering
by using fuzzy set theory to express membership
uncertainty. (Jiao et al., 2022).

In the second stacking stage, agents select from
weighting with probability, weighting without prob-
ability, median, copy/change, voting, interpolation,
PCA, or random step. Weighting with probability
copies solution information based on higher proba-
bilities, while weighting without probability copies
randomly. Median takes the median for each dimen-
sion. Copy/change combines parts of two random so-
lutions. Voting selects the most frequent values. In-
terpolation uses values from a random interpolation
function. PCA maps problem descriptions to solution
space. Random step modifies a single dimension of a
solution by a small random amount.

3.2 Agent Structure

The structure of the agents is similar for all, but each
agent performs an individual cognitive process that
allows it to obtain an independent behavior that is dif-
ferent from all the others. Figure 3 shows the actions
and variables necessary to perform the whole process.

There are three possible actions: Retrieve and
reuse, Reuse, and Exchange, and eight variables:
neighbors number (how many similar problems to
search), nearest neighbor list (agents for information
exchange), retrieve algorithm (algorithm to find simi-
lar problems), reuse algorithm (algorithm to generate
a candidate solution), solution (generated solution de-
scription), solution evaluation (quality via the objec-
tive function, Eqs. 1-2), Bayesian vector for retrieve
algorithms, and Bayesian vector for reuse algorithms



Generate N agents

Each agent chooses
a retreive algorithm
and a reuse algorithm

All agents start
Bayesian vectors with
a uniform A priori
probability
distribution.

Retrieve the nearest |
neighbors* &

Reuse (generate a
solution)*

Retain (get the best
solution)
h

Renovate (update the
global parameters in
the containers)

Revise (evaluate all
proposed solutions)”

Reconfigure (change
the algorithms to
Retrive and Reuse) *

Update Global
Memory (best
solution)

Mo Update Bayesian
Vectors *
R
Yes

Yes
L
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3.3 Agent Learning

Each agent has a Bayesian probability vector for
retrieve (C3) and reuse (C2) phases, initially uniform.
These vectors are updated each iteration using the
agent’s best results as the likelihood. Algorithm
choices are then guided by these updated probabil-
ities, enabling the agent to learn from experience
and favor algorithms most likely to yield optimal

Agent

Actions

Retrigve
land Reuse Reuse |Exchange

Variables

[ Retrieve Algorithm ]

[ Neighbors Number ]

Nearest NeighborList] [ Reuse Algorithm ]

Solution ] Solution Evaluation

[ Bayesian Vector for Retrieve Algorithms ]

Bayesian Vector for Reuse Algorithms ]

Figure 3: Agent Internal Structure

solutions.

Learning uses Bayesian reasoning, with retrieve
and reuse vectors initially uniform (Figure 4). In
each iteration, algorithms contributing to the best
solution earn one point per agent. These points form
a normalized likelihood vector P(A), used in the
Bayesian update (Eq. 3), with P(B) as the global
normalization term.

a)

Vector Retrieve Algorithms Vector Reuse Algorithms

A0 A1 A2 A3 A4A5 A6 A7A8 A9
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Figure 4: Example of the vector Bayesian evolutions for an
agent. a) Initialization of probabilities P(BJA) vectors for
Retrieve and Reuse (A priori distribution), b) Probabilities
after some iteration P(A|B) vectors for Retrieve and Reuse
(A posteriori distribution)

P(BI|JA)P(A) 3)
(B)

The selection of a retrieval algorithm a,, is made
through a random value taken from the discrete
retrieve distribution vector obtained from Bayesian
reasoning as shown in Equation 4.

P(A|B) =



a, = rnp(Py(A|B)) O]

The selection of a reuse algorithm a,; is made

through a random value taken from the discrete reuse

distribution vector obtained from Bayesian reasoning
as shown Equation 5.

ars = rnp(Prs(A|B)) 5)

The learning process is performed individually for

each agent, but contains a collaborative aspect as the

agents communicate the information they have found,

the local optimizations they have achieved, and the
algorithms and parameters.

3.4 Agent Exchanges

In each iteration, agents can randomly select a
neighbor from their nearest neighbor list to ex-
change information, allowing high-performing pa-
rameters to propagate. Randomly chosen informa-
tion—neighbors number, neighbor list, retrieve/reuse
algorithms, or Bayesian vectors—is replaced with the
neighbor’s copy, providing feedback and improving
solutions.

4 Results and Discussion

In order to compare the performance prediction and
behavior of the proposed algorithm ESCBR-SMA
(Al1l), eleven regression databases with different
characteristics has been selected. The databases and
their characteristics are shown in Table 2. The list
of algorithms that have been compared are : Linear
regression (A1), K-Nearest Neighbor (A2), Decision
Tree (A3), Random Forest (A4), Multi-Layer Per-
ceptron (AS5), Polynomial Regression (A6), Ridge
Regression (A7), Lasso Regression (AS8), Gradient
Boosting (A9), Ensemble Case-Based Regression
(A10). The values for the parameters of algorithm
are: it = 100, np = 50, nl = 10 and ng = 10.

The average ranking for all the databases consid-
ering the MAE (Median Absolute Error) metric, are
shown in Table 3.

The results show that the algorithm is competi-
tive in most of the selected datasets, effectively im-
proving the ESCBR model proposed above and ob-
taining the best RMSE and MAE results in the DS4,
DS5 and DS11 datasets. In comparison with the pre-
vious ESCBR model and according to RMSE the

proposed model improves the results by 3.6%; with
MAE, there is an improvement of 8.3% on average
over all datasets.

Analyzing the characteristics of all datasets,
it is possible to determine that the proposed
model performs better with asymmetric datasets
(skewness > 0.5) and flat distribution of probabil-
ity or high probability of outliers with thresholds
(kurtosis < —0.5 or kurtosis > 1) on average over all
the data. The data quantity, descriptive dimension, di-
mension of solutions and domain type are insufficient
parameters to effectively gauge successful outcomes.
In some of the datasets evaluated (DS6, DS8), the
results obtained are not highly satisfactory because
when analyzing the data recorded in these datasets,
there are cases where the records contain the same
description, but the expected results are different.
Despite this, the model is robust because it tries to
obtain an approximate solution that unifies the results
in contradictory cases. But, in the end, it may cause
distant or extreme values in the metric used.

Globally, according to the average rank the
algorithm is placed in third position, close to other
ensemble algorithms. Compared to ESCBR, an
improvement in results (RMSE: 22.31%, MAE:
14.33%) and variance reduction has been achieved,
which shows that multi-agent systems and Bayesian
stochastic reasoning contribute to the learning and
convergence of the algorithm toward solutions closer
to the real solution.

The global dispersion, median and outliers for six
representative datasets are shown in Figure 5, which
shows that the proposed algorithm in some cases
generates more outliers than others algorithms, but
the variance is very low and the convergence is close
to the real value, better than most of the compared
algorithms.

In addition to the results, the proposed algorithm
presents several advantages with respect to the algo-
rithms with which it has been compared. In addition
to the advantages already obtained with the previous
algorithm, there are: dynamic learning and adjust-
ment capabilities as well as cooperative solution con-
struction, which facilitates the search in the solution
space.

5 Conclusion

The proposed ESCBR with MAS tries to use the
advantages of multi-agent systems to improve the



Table 2: Description of evaluated datasets. (* After encoding String data)

ID DataSet Features Instances Output Input Output
Dimen- Do- Domain
sion main

DS1  Yatch Hydrodynamics 6 308 1 R R

DS2  Electrical Grid Stability 12 10000 1 R R

DS3  Real State Valuation 6 414 1 R4 R

DS4  Wine Quality (Red) 11 1598 1 R4 N

DS5 Wine Quality (White) 11 4897 1 R4 N

DS6  Concrete Compressive Strength 8 1030 1 R4 R4

DS7  Energy Efficiency (ENB) 8 768 2 Ry Ry

DS8  Gas Turbine CO, NOx Emission (GT - 2015) 9 7384 2 R4 R,

DS9  Student Performance Portuguese 30 649 3 N N

DS10  Student Performance Math 30 395 3 N N

DS11  Generated Student Performance 5 1000 1 Ry Ry

Table 3: Comparison of the best MAE (Median Absolute Error) for multiple datasets with machine learning regression
algorithms
Dataset Al A2 A3 A4 A5 A6 A7 A8 A9 A10 All
DS1 6.776  2.385 0231 0.207 3.632 6.778 6307 5.186 0.162 1.193 1.1
DS2 0.015 0.017 0.012 0.008 0.012 0.015 0.015 0.030 0.007 0.011 0.010
DS3 5.092 4320 4.1 3.632 4435 5092 520 5132 3504 39 3771
DS4 0413 0495 0.18 0.325 0451 0413 0412 0544 0387 0.154 0.135
DS5 0509 0.548 0.285 0374 0.550 0.509 0.509 0.633 0456 0.113 0.085
DS6 6.989 5709 3.134 2839 4306 6989 6989 6.986 3.084 5439 5.072
DS7 1.393  1.372 0217 0218 2523 1.393  1.529 2346 0.243 1.008 1.006
DS8 0.549 0.297 0365 0289 0.742 0.549 0549 0.540 0.309 0.861 0.794
DS9 1.496 1.788 2.080 1.612 2.005 1496 1496 1.714 1.538 1.721 1.556
DS10 2344  2.534 2910 2331 2543 2344 2344 2481 2258 2602 2371
DS11 0387 035 046 0338 0384 0.387 0387 0453 0.327 035 0.347
Avg. Rank | 722 7.05 5.5 255 795 732 736 890 245 551 472
Electrical Real State
0.05 12
0.04 | 10
ittt bbb
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Figure 5: Results of MAE (Median Absolute Error) for eleven algorithms and six representative databases

quality of the proposed solutions as well as to
improve the global learning process in order to
increase the performance of the algorithm at each

new execution even on different data, it also makes
use of Bayesian reasoning, which allows obtaining
good approximations and optimal learning with little



data.

This work has demonstrated the model’s ca-
pability to find solutions near to global optimum
for the majority of the analyzed dataset, even with
diverse, asymmetric and different-sized datasets.
Indeed, the results show an improvement of basic
ESCBR. This may be due to the combination of
ESCBR potential and features of multi-agent systems
such as feedback effects, emergent effects and the
implemented cognitive Bayesian reasoning behavior.

In future work, a set of rules can be implemented
together with the search algorithms to generate
searches that explore the data more qualitatively.
Also, new solution generation algorithms can be
integrated and even tested with heterogeneous agents
that perform specific functions, which can improve
the performance and speed of the model. The
ultimate goal of this model is its use in predicting
student outcomes in both simulated and real datasets
to improve the adaptation and revision processes in
an autonomous intelligent tutoring system. There-
fore, the proposed model behaves correctly, since it
obtains good results in database DS11 (Generated
Student Performance), and it is the only one of all the
databases evaluated that corresponds to the structure
and the objectives to achieve.
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