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We create wave-matter stimuli responsive metamaterials using optical trapping forces to manipu-
late mass-spring chains and create zero-frequency and zero-wavenumber band gaps: the bosonic na-
ture of phonons, and hence this elastodynamic setting, traditionally prohibits either zero-frequency
or zero-wavenumber band gaps. Here, we generate zero-frequency gaps using optomechanical inter-
actions within a 3D mass-spring chain by applying an optical trapping force to hold or manipulate a
mass in a contactless manner independent of its elastodynamic excitations. Through careful modifi-
cation of the geometrical parameters in the trapped monoatomic mass-spring chain, we demonstrate
the existence of a zero-frequency gap generated by the optical forces on the masses. The precise
control we have over the system allows us to drive another set of masses and springs out of phase
with its traveling wave thereby creating a zero-wavenumber band gap.

I. INTRODUCTION

For centuries, researchers have focused on how acous-
tic and electromagnetic waves interact with matter to
better understand material properties and govern wave
propagation; these investigations are critical for a variety
of applications, ranging from understanding the origins
of the universe to developing new devices and technol-
ogy. The field of photon-matter interaction, which stud-
ies how electromagnetic waves interact with matter, has
grown beyond its initial boundaries and now involves the
application of mechanical stress on matter via the en-
ergy, linear momentum, and angular momentum of light.
Historically, Johannes Kepler was the first to identify
this phenomenon in 1619 by observing the deflection of
comet tails by sunlight, thereby establishing that light
can exert mechanical forces on matter [1]. Building on
this concept, Arthur Ashkin introduced the application
of optical forces in 1970, leading to the development of
optical tweezers [2–4]. The use of light for trapping mi-
croparticles has since led to groundbreaking discoveries
and diverse applications in fields such as chemistry [5–7],
nanotechnology [8–11], quantum science [12], plasmonics
[13], thermodynamics [14], and microrobotics [15–18].
In parallel, the field has also transformed into a dynamic
exploration of phonon vibrations within phononic crys-
tals and metamaterials [19–22]. This research aims to
generate stop band gaps, which are generally essential for
a variety of applications, such as shielding [23–25], sens-
ing [26–29], and filtering [30, 31]. In this context, Bench-
abane et al. demonstrated the control of surface acoustic
waves using shallow and cylindrical pillars on piezoelec-
tric plates, aiming to enable wave filtering and sensing
through phononic crystals [32–36]. Inspired by photonic
crystals, phononic structures control the propagation of
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phonons using an array of periodic scatterers and create
high-frequency band gaps via Bragg scattering, with the
periodic constant matching the wavelength of the inci-
dent wave [37–40]. Notably, creating low-frequency band
gaps with periodic arrays of scatterers was challenging.
However, in 2000, the concept of local resonance emerged,
revolutionizing band gap creation by introducing a mech-
anism where propagating modes interact with locally res-
onant modes, resulting in low-frequency local band gaps
[41]. Following this, metamaterials with sub-wavelength
band gaps arose, owing to the aforementioned mecha-
nisms. Since then, substantial optimization has permit-
ted the development of low-frequency band gaps in many
acoustic applications [42, 43].

Exploiting bandgaps at near-zero frequencies allows for
precise control of wave fields, with potential applications
in managing low-frequency mechanical waves for seismic,
and sound control; the zero-frequency bandgap is named
for its forbidden zone starting at zero frequency. It was
first studied in the context of the quasi-static approxima-
tion of the acoustic band [44] and low frequency plasmons
[45] in metallic photonic crystals. The key fundamental
aspect of obtaining a zero-frequency bandgap for phonons
is to get either zero stiffness over a range of frequencies
starting from zero (which is forbidden by the thermody-
namic laws) or to have an infinite mass density (forbidden
by the standard model). Most studies on zero-frequency
bandgaps have sidestepped this by using clamped holes
or pillars with Dirichlet boundary conditions. Theoreti-
cal studies on pinned plates have examined the existence
of zero-frequency stop-bands to shield elastic waves us-
ing clamped holes arranged in square arrays with Dirich-
let conditions [46]. Another study explored generating a
zero-frequency bandgap using clamped pillars embedded
in bedrock based on fixed pillars [47]. More recently, a
Bragg gap at nearly zero frequency has been proposed by
introducing an additional degree of freedom represented
by spin motion, which interacts with the longitudinal mo-
tion of a mass in a diatomic mechanical system [48].
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In this work, we propose a novel paradigm for cre-
ating either zero-frequency and zero-wavenumber stop
band gaps through optomechanical interactions. Em-
ploying highly focused laser beams, formed with aspheri-
cal lenses that act as optical tweezers, we effectively trap
masses within optical potentials. In such traps, opti-
cal forces contribute additional mechanical forces to the
masses, akin to supplemental springs attached to each
mass. Furthermore, due to the higher propagation veloc-
ities of optical waves compared to elastic waves, optical
forces can be applied significantly faster than any com-
parable acoustic counterpart. This allows for the cre-
ation of highly responsive, controllable systems in the
spirit of space-time metamaterials, where optical forces
can be dynamically activated. This phenomenon of op-
tomechanical trapping results in the emergence of zero-
frequency bandgaps when the effective optical stiffness is
positive, and zero-wavenumber bandgaps when it is effec-
tively negative. More intriguingly, using this same type
of optical actuation, we have been able to mimic nega-
tive springs by modulating the optical traps, resulting in
a zero-wavenumber bandgap.

II. COMPUTATIONAL METHODS

Our optomechanical model, as shown in Fig. 1(a),
is constructed as a monoatomic mass-spring chain, and
each mass is exposed to optical forces generated by a
highly focused laser beam by aspherical lenses with a nu-
merical aperture N.A.= 1.29 and made up of a material
with the refractive index of n = 1.52: this laser-focused
beam, with a wavelength of 1064nm, acts as a local opti-
cal tweezer. In the trapping condition, the mass acts as if
it is attached to another spring, depending on the optical
stiffness, which is represented by the equivalent model at
the top of Fig. 1(a). The geometrical parameters of the
mass-spring elementary cell are illustrated in Fig. 1(b),
in which the periodic lattice constant has a constant of
a = 5 µm and spherical masses with a radius of r = 1.5
µm. For the mechanical calculations reported here we
use polymer-like material with material density ρ = 1100
kg/m3, Young’s modulus of 1 GPa for masses and 2.7
MPa for springs, and Poisson’s ratio ν = 0.4.

Firstly, we calculate the optical forces exerted on the
masses to verify their practicability and potential exper-
imental verification. We consider a circular polarization
for the incident wave with the parameters mentioned ear-
lier, and the plane wave becomes focused due to the as-
pherical lens and creates a Gaussian-like beam. The dis-
tribution of the electric field on the mass-spring unit cell
is depicted in Fig. 1(c). The result is obtained by simu-
lations performed in COMSOL Multiphysics 6.2. In this
figure, we have a full view of the mass and a cross-section
in the xz-plane for an incident wave propagating upward
in the z-direction. Using the outcomes of this simulation,
we calculate the trapping efficiencies as a function of the
positions x, y, and z in the mass: Qi = cFi/nairP with

Fig. 1. Principle of an optomechanically controlled
monoatomic mass-spring chain. (a) Illustration of the
spherical masses arranged as a monoatomic toy model
connected via Cm springs and the optical trapping stiff-
ness CO acting on each mass as being attached to the
foundation. The lower panel shows the correspond-
ing physically realizable mechanical system composed of
spherical masses connected by rods and illuminated via
an optical metasurface composed of spherical-like lenses
acting individually as traps on the spheres. A linearly
polarized optical laser is illuminating the system from
the bottom (in the z-direction) (b) The geometric rep-
resentation of the unit cell with a periodicity constant
a = 5 µm, the mass radius r = 1.5 µm, the length of
the cylinder d = 1 µm and the diameter e = 0.2 µm.
(c) An illustration of the distribution of the electric field
modulus imposed on the spherical mass by the focused
laser beam. (d) The trapping efficiencies (Qx, Qy, Qz)
for the sphere immersed, are graphed in the transverse x,
y (black dotted and red lines respectively) and longitu-
dinal z (black line) directions, as function of the particle
displacement from the nominal paraxial focus. (e) The
equivalent optical stiffness in the function of the laser
power along the 3 principal directions.



3

i = x, y, or z, c is the light velocity, P is the laser power,
nair is the refractive index of air, and Fi is the optical
forces (see Appendix A); the results of the normalized
trapping efficiencies are illustrated in Fig. 1(d).

At the equilibrium point, the optical force can be lin-
earized as an elastic restoring force with a negative slope,
e.g., Fx = −COxx for the x-direction. Thus, optical
forces can be approximated with an effective harmonic
potential with spring constants or trap stiffnesses COx,
COy, and COz. To calculate the optical trap’s stiffness,
we simply get the slope of the force-displacement graphs
at the equilibrium position, where the force vanishes. In
Fig. 1(e), we show the calculated stiffness as a function of
laser power. The optical analysis is conducted in COM-
SOL Multiphysics 6.2.

Fig. 2. (a) Analytical phononic dispersion curves in the
first irreducible Brillouin zone along x-direction as a func-
tion of the stiffness of the optical traps CO on the mass-
spring model, with Cm = 0.01 N/m, a = 5 µm, and the
Bloch wavenumber kx ∈ [0, π/a]. (b) Corresponding real
and imaginary parts of the group velocity vg = dω

dk are
depicted versus wavenumber kx.

Secondly, we derive the dispersion relation for the
mass-spring chain by starting with an analytical model
where optical mass trapping is equated to a monoatomic
mass-spring system. In this model, each mass is sub-
jected to a highly focused laser that exerts Maxwell stress
in the z-direction. This setup is analogous to a classical
mechanical system where a mass is attached to an ad-
ditional spring, with the spring’s stiffness determined by
the optical forces applied by the laser trap. Fig. 1(a)
illustrates the optical trapping mechanism and its equiv-
alent model for n masses.

To calculate the dispersion diagrams, we analyze the
motion of the masses in the system mentioned before.
By extracting the forces applied to each mass in the
chain, we write the Lagrangian for the mechanical sys-
tem, which consists of n masses connected by springs
with a spring constant Cm, and each mass attached to a
clamping spring with stiffness CO = COx depending on
the optical force applied to that mass. The Lagrangian
is expressed as follows:

L = 1
2

∑n
i=0

[
mu̇2

i

+ Cm

(
(ui+1 − ui)

2 − (ui − ui−1)
2
)
− Cou

2
i

]
,

(1)

where ui is the displacement of mass mi from its equi-
librium position, u̇i its time derivative, m is the mass
of each particle in the chain (assuming all masses are
identical), Cm is the spring constant of the springs con-
necting each mass to its neighbors, ui−1 and ui+1 are the
displacements of the neighboring masses, and CO is the
spring constant describing the optical force.

To solve this system of equations, we need to derive
the Lagrangian equation for each degree of freedom, as

follows: d
dt

(
dL
du̇i

)
− ∂L

∂ui
= 0. In addition, we assume

Bloch waves in the system, as follows:

ui(t) = Uie
j(nkxa−ωt), (2)

where j2 = −1, Ui (i = 1, · · · , n) is the amplitude of
ui, kx the component of the wavevector k along x, a the
pitch of the array and ω the angular frequency.

Solving these equations (see Appendix B), we obtain
the dispersion relation of the system:

ω =

√
2

m

(
Cm sin2

(
kxa

2

)
+ CO

)
. (3)

III. RESULTS AND DISCUSSION

A. Infinite trapped mass-spring model

In Fig. 2, we plot the analytical dispersion of the lon-
gitudinal wave of the monatomic mass-spring system,
where each mass is connected to an optical stiffness CO.
We depict the phononic dispersion along an edge of the
first irreducible Brillouin zone (ΓX), where Γ = (0, 0, 0)
and X = (π/a, 0, 0), assuming that the cells are repeated
periodically along the x-direction and finite in the yz-
plane, making use of the rotational symmetry of the
spheres and beams, and aware of dangers of using edges
of the Brillouin zone [49]. The first mode, represented in
a black line, begins at zero frequency and has an optical
stiffness constant set to zero. This shows typical disper-
sion without a zero-frequency band gap. In other words,
the group velocity is not zero; therefore, any wave polar-
ization travels through the mass-spring system. This be-
havior is typical of a system in which wave propagation is
dependent on the material properties, allowing all waves
to pass through the medium. However, when an optical
stiffness of 1 mN/m is added to the mass, as indicated
by the red line curve, a zero-frequency band gap appears.
This indicates that the group velocity equals zero at these
frequencies, forbidding wave propagation over the zero-
stop-band gap. As a result, no wave will pass through
the system at these frequencies, demonstrating the pres-
ence of a zero bandgap caused by the additional optical
springs. This shows that applying forces equivalent to
a constant spring stiffness introduces a zero-frequency
band gap. Further, when additional forces are applied
to the mass, such as in the red dotted line curve where
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CO is 2 mN/m, the zero-frequency band gap becomes
larger, and the longitudinal mode at kx = 0 shifts to
higher frequencies. This is an analytical demonstration
that applying optical forces to the masses results in the
formation of a zero-frequency band gap in a monoatomic
mass-spring chain.

Another remarkable phenomenon occurs when the
stiffness of one of the optical forces becomes negative,
specifically reaching values of −1 mN/m and −2 mN/m
in the case of the black dotted line and line curves, respec-
tively. This negative stiffness induces the formation of a
zero-wavenumber band gap. In this band gap, the group
velocity, which describes the speed at which elastic waves
propagate through the mass-spring system, diverges to
infinity. This means that within this band gap, the wave
packets associated with the optical forces can theoreti-
cally travel instantaneously, leading to unique and po-
tentially useful physical properties.

Fig. 3. Phononic dispersion curves in the first irreducible
Brillouin zone ΓX for infinite structure. (a) The disper-
sion curves without optical traps. The longitudinal mode
is highlighted in black, while the other modes are shown
in gray. (b) The evolution of the longitudinal mode as
a function of laser power. The stronger the Laser power
P, the wider the zero-frequency stop band. (c) Screen-
shots of the eigenmodes at kx1 = 0.4π/a display the four
fundamental modes: two degenerate transverse modes, a
torsional mode, and a longitudinal mode, respectively.

After calculating the analytical phononic dispersion
in the first Brillouin zone along the x-direction, we nu-
merically calculate its counterpart using the Finite Ele-
ment Method (FEM) using the elementary cell shown in
Fig. 1(b), taking into account the optical stiffness calcu-
lated for several values of the laser power up to 1 W (see
Appendix C).

Fig. 3 depicts the results of eigenvalue calculations.
Several major conclusions can be drawn from this figure:
at zero frequency, there is no longitudinal mode, indicat-
ing that any longitudinally polarized elastic wave cannot
propagate at these near-zero frequencies.

Furthermore, we conduct a sweep calculation of the

eigenfrequencies of each mode as a function of the laser
power; the results of this investigation are illustrated in
Fig. 3(a). As the power of the laser increases, the upper
range of the zero-frequency band gap of each mode shifts
to a higher frequency; the frequency range of the zero-gap
is controlled by the altered laser power.

B. Finite trapped mass-spring model

Until now, we have demonstrated the existence of the
zero-frequency and zero-wavenumber band gaps in an in-
finite array of a monoatomic mass-spring chain. Now, we
proceed to calculate the phononic diagrams and demon-
strate the existence of the zero-gaps in the case of a fi-
nite array composed of n = 40 elementary cells, which
is an experimental approach to demonstrate the exis-
tence of the zero-frequency band gap. The schematic
illustration of this array is presented in Fig. 1(a) with
n = 40. We take into account the optical stiffness ap-
plied to each mass by the highly focused laser beam. We
use the time domain study to solve the problem, by ex-
citing the finite array with a noise signal, and at each
of the i = 0, 1, . . . , 39 masses we evaluate the displace-
ment amplitude |Ux,y, or z(t)| over real-time t. Then we
conduct the 2D Fast Fourier Transformation from time-
real space to frequency-wavenumber, and we obtain 40
points within the first Brillouin zone kx ∈ [−π/a, π/a].
To ensure consistency across frequencies, we normalize
the displacement amplitude to a unity power density
such that

∑39
i=0|Ui(kx, ω)|2 = 1. Furthermore, to bet-

ter understand the zero gap, we calculate the transmis-
sion between the fast Fourier transformation of the dis-
placements at the first mass (i = 0) and the last mass
(i = 39), by using the expression for the transmission, T,

as T = 20 log10

(
|U39(ω)|
|U0(ω)|

)
.

Fig. 4 presents the calculated band structures for the
infinite array of mass-spring chains within the first Bril-
louin zone and its calculated transmission over the fre-
quency. The phononic dispersion results presented in
Fig. 4(a) are displayed on false-color scales, additionally,
black solid curves represent band structure calculations
for an infinitely periodic array along the y-direction.

In the phononic dispersion, we plot three fundamental
modes: bending and transverse modes and longitudinal
mode. One can see that all modes have zero frequency
band gaps, which is demonstrated by the transmission
calculation in Fig. 4(b), in which the transmission still
equals −47 dB along the 0 − 80 kHz frequency range.

Lastly, we now actively trap and move the previously
explained traps in order to control, like in space-time
metamaterials, the applied stiffness on the masses. Do-
ing it in this configuration, we can make a counteracting
spring leading to a negative stiffness. The corresponding
dispersion relation is given in Fig. 5. We see a clear signa-
ture of a zero wave number region from 0 to a finite wave
number where no possible mode could be excited to fit a
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Fig. 4. Finite mass-spring chain optically trapped in the
temporal domain. (a) The calculated phononic disper-
sion of a finite mass-spring chain under optical traps for
40 unit cells along the x-axis. The modulus |Ux(kx, ω)|
of the complex response function is plotted on a false-
color scale versus the x-component kx of the wave vector
and frequency f = ω/2π. The black solid line represents
the numerical computation of dispersion for an infinite
mass-spring chain. (b) The calculated transmission in
dB between the modulus of the input x-component dis-
placement and the modulus of the output after 40 unit
cells x-component displacement.

Fig. 5. Finite mass-spring chain optically driven in the
temporal domain. The calculated phononic dispersion of
a finite mass-spring chain under optical traps for 40 unit
cells along the x-axis.

small wavenumber (i.e. large wavelength). We mention
in passing that all the mentioned dispersion calculations
are performed in COMSOL Multiphysics 6.2.

IV. CONCLUSION

In conclusion, we present an approach that uses opti-
cal tweezers to trap and precisely manipulate masses in
mass-spring arrays, creating a zero-frequency band gap
and also a zero-wavenumber gap. This study introduces
an experimental paradigm for generating these band gaps
via optomechanical interactions, offering an alternative
to conventional methods that use clamped pillars or holes
in the zero-frequency case. A challenge for time-varying
metamaterials, where the time period of the material
modulation is desired to be similar, or less, than that
of the wavelength is to modulate a material fast enough;
in optics this requires femtosecond modulation pushing
the boundaries of experimental laser physics [50]. The
technique used here in the simple mechanical system, us-
ing local optical tweezers, allows effective manipulation
of matter on timescales much shorter than the waves in
the chain: this opens the way to validating theoretical
results for time-modulated metamaterials.
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Appendix A: Mechanisms of optical trapping

In this section, we simplify optomechanical interaction
by taking into account the orders of magnitude of the
different frequencies related to the problem of optical os-
cillation against mass-spring vibrations. For the optical
part, we consider a tweezer trap based on a laser operat-
ing at a wavelength of λ = 1064 nm, which corresponds
to a frequency of 3×1014 Hz. For the acoustical problem,
it is limited to frequencies within the MHz range due to
the lattice constant of 5 µm. As a consequence, we could
solve the electromagnetic problem independently and ap-
ply the outcome as a constant trapping force in the acous-
tic problem. The highly focused laser beam used in this
work is like Gaussian with circular polarization, and its
electric field can be expressed as follows:

E = E0
w0

w(z)
exp

[
−x2 + y2

w2(z)
− jqz − jq

x2 + y2

2R(z)
+ jη(z)

]
,

(A1)
where j2 = −1, E0 = E0(1, j, 0)T , w0 is the beam

waist which is the radius at the focus, p0 is the position
of the focal plane which is zero in our case, q is the optical
wavenumber, w(z) is the radius at specific z position, and
it is calculated as:

w(z) = w0

√
1 +

(
z − p0
z0

)2

, (A2)

where z0 =
qw2

0

2 and R(z) is the radius of curvature of
the beam’s wavefront, and it is computed as:

R(z) = (z − p0)

[
1 +

(
z0

z − p0

)2
]
, (A3)

η(z) is the Gouy phase which is defined as a phase
advance to the beam around the focal point which results
in an increase in the wavelength near the waist; therefore,
the phase velocity exceeds the speed of light. The Gouy
phase is calculated according to equation A4:

η(z) = tan−1

(
z − p0
z0

)
(A4)

https://doi.org/10.1038/s41567-023-01993-w
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8

The radiation pressure is then calculated using
Maxwell’s stress tensor, a parameter depending on the
electric and magnetic field components of the total field
(incident and scattered).

Generally, the stress is a 2nd-rank symmetric tensor
depicted as:

T =

 Txx Txy Txz

Txy Tyy Tyz

Txz Tyz Tzz

 (A5)

Each component of this tensor can be computed from
the previous field’s components:

Txx = ℜ[ϵ0(ExE
∗
x − 1

2E
2) + 1

µ0
(BxB

∗
x − 1

2B
2)]

Tyy = ℜ[ϵ0(EyE
∗
y − 1

2E
2) + 1

µ0
(ByB

∗
y − 1

2B
2)]

Tzz = ℜ[ϵ0(EzE
∗
z − 1

2E
2) + 1

µ0
(BzB

∗
z − 1

2B
2)]

Txy = ℜ[ϵ0(ExE
∗
y) + 1

µ0
(BxB

∗
y)]

Txz = ℜ[ϵ0(ExE
∗
z ) + 1

µ0
(BxB

∗
z )]

Tyz = ℜ[ϵ0(EyE
∗
z ) + 1

µ0
(ByB

∗
z )]

(A6)
where B2 := B ·B∗ and E2 := E ·E∗.

Fig. 6. Maxwell stress tensor distribution calculated by
using an optical lens that focuses the laser beam on the
mass-spring system. (a) The Maxwell stress tensor’s x,
y, and z-components. (b) The Maxwell Stress Tensor’s

modulus.

The total optical force is computed on a particle by
integrating the stresses over the external surface using
the equation F =

∫∫
S
T · dS.

The theoretical description of optical forces depends
on the comparison between the spherical mass radius r
and the Gaussian laser wavelength λ. Optical trapping
can be described in three main regimes based on whether

the particle size is smaller than, comparable to, or larger
than the wavelength. In our case, with a laser wavelength
λ of 1 µm and a mass radius of approximately 1.5 µm, the
particle size is significantly larger than the wavelength.
Therefore, we use the geometrical optics approximation.

According to ray-optics theory, the maximum restoring
radial or axial force occurs when the sphere is displaced
from the focal point by a distance equal to its radius.
Specifically, for the transverse force along the r-direction,
the force is given by [54, 55]:

F = −COrr, (A7)

Where r is x or y. Similarly, for the axial force along the
z-direction, the force is given by:

F = −COzr (A8)

Here, COr and COz are the radial and axial stiffness
coefficients of the trap, respectively. The main relation-
ship between the trapping force (axial or radial) and the
laser power is:

F =
QinP

c
, (A9)

where Qi is a dimensionless parameter that describes
the radial and axial efficiency of the trap, representing
the fraction of the laser beam’s momentum nP

c that is
converted into the trapping force, for air the refractive
index is equal to n = 1. The expressions of optical stiff-
ness then follow from A7, A8 and A9:

COx = −Qx

r

P

c
,

COy = −Qy

r

P

c
,

COz = −Qz

r

P

c

(A10)

Appendix B: Analytical phononic dispersion
calculations

In this section, we detail the derivation of the analyt-
ical dispersion relation for the mass-spring chain where
optical mass trapping is equated to a monoatomic mass-
spring system. In this model, each mass is subjected
to a highly focused laser that exerts Maxwell stress in
the y-direction. This setup is analogous to a classical
mechanical system where a mass is attached to an ad-
ditional spring, with the spring’s stiffness determined by
the optical forces applied by the laser trap.

To compute the dispersion diagrams, we analyze the
motion of the masses in the aforementioned system. By
extracting the forces applied to each mass in the chain,
we can write the Lagrangian for the mechanical system,
which consists of n masses connected by springs with a
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spring constant Cm, and each mass attached to a clamp-
ing spring with stiffness CO depending on the optical
force applied to that mass. The Lagrangian is expressed
with 1.

To solve this system of equations, we need to derive
the Lagrangian equation for each degree of freedom, as

follows: d
dt

(
dL
du̇i

)
− ∂L

∂ui
= 0. Then, for each mass mi in

the chain, the equation of motion can be expressed as:


mü0 = Cm(u1 + u−1 − 2u0) − COu0

mü1 = Cm(u2 + u0 − 2u1) − COu1

...
mün = Cm(un+1 + un−1 − 2un) − COun

. (B1)

The monoatomic chain is periodic with the lattice con-
stant a, representing the distance between two nearest
masses. Solutions of the system of equations (B1) are in
the form of Bloch waves:

ui(t) = Uie
j(nkxa−ωt), (B2)

with Ui the amplitude, kx the component of the wavevec-
tor k along x, and ω the angular frequency. The differ-
ential equations, along with these boundary conditions,
fully describe the dynamics of the system of masses con-
nected by springs in the infinite chain.

Solving these equations would provide the analytical
solution for the displacement ui of each mass in the chain
as a function of wavenumber. Plugging the plane wave
solution (B2) into the equation of motion (B1) results in
the following system of equations:


−ω2mU0 = Cm(U1e

jkxa + U−1e
−jkxa − 2U0) − COU0

−ω2mU1 = Cm(U2e
jkxa + U0e

−jkxa − 2U1) − COU1

...
−ω2mUn = Cm(Un+1e

jkxa + Un−1e
−jkxa − 2Un) − COUn

(B3)
which is nothing but an eigenvalue problem C(kx)U =
ω2MU, where U is the amplitude vector, M the mass
matrix (Mij,i=j = m), and C(kx) a stiffness matrix de-
noted as follows:

C(kx) =


2Cm + CO −Cmejkxa 0 . . . 0
−Cme−jkxa 2Cm + CO −Cejkxa . . . 0

0 −Cme−ikxa2Cm + CO . . . 0
...

...
...

. . .
...

0 0 0 . . .2Cm + CO


(B4)

To compute the dispersion curves arising from (B3), we
look for roots of the determinant det(C(kx)− ω2M) = 0.

To streamline the calculation of the system of equa-
tions (B3), we selected two nearest neighbor masses i
and i+ 1, respectively. Then, we compute the dispersion
of the longitudinal mode by using the expression derived

from (B3) as a function of the optical stiffness constant
that describes the optical forces applied to both masses,
as illustrated by the equation 3.
Appendix C: Infinite numerical phononic dispersion

calculation methods

In this section, we use the commercial software COM-
SOL multiphysics to numerically solve the eigenvalue
equation derived from Cauchy elasticity, using a similar
system to the one studied in the analytical model, by con-
sidering an infinite monoatomic mass-spring chain com-
posed of spherical masses with a radius r and n springs
attached to these masses with stiffness Cm. In order to
enhance optical trapping in finite element simulations, we
use spring foundation boundaries to apply the calculated
optical forces to each mass. Then, we solve the elasticity
equation starting with the equilibrium equations.

∇ · σ + b = 0 (C1)

Combined with the Caushy elastic equation (General-
ized Hooke’s Law):

σ = C : ε. (C2)

where the strain-displacement relation:

ε =
1

2

(
∇u + (∇u)T

)
. (C3)

where σ is the stress tensor, b is the body force vector,
C is the elasticity tensor, ε is the strain tensor, and u is
the displacement vector.

Substituting equation (C3) into Cauchy elasticity for
an isotropic homogeneous linear material, leads to the
eigenvalue problem:

−ρω2u =
E

2(1 + ν)(1 − 2ν)
∇∇ · u +

E

2(1 + ν)
∇2u (C4)

with E the Young’s modulus, ν the Poisson’s ratio, ρ the
density, ω the angular frequency, and u the displacement
vector.

For optical forces, we use a spring foundation condi-
tion (F = −Cou) by applying the calculated optical stiff-
nesses at the center of mass, represented by COx, COy,
and COz. We then compute the phononic dispersion re-
lation in the first irreducible Brillouin zone (ΓX), where
Γ = (0, 0, 0) and X = (π/a, 0, 0), assuming that the cells
are repeated periodically along the x-direction present-
ing beam symmetry. We apply Floquet-Bloch boundary
conditions along the x-direction in the unit cell:

u(x + a, y, z) = u(x, y, z)ejkxa, (C5)

with k = (kx, 0, 0) the reduced Bloch wavevector and
u(x, y, z) the displacement vector.
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