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A B S T R A C T

Amorphous polymers exhibit strongly temperature-dependent mechanical behaviour, particularly near the glass 
transition temperature, which remains challenging to describe using conventional viscoelastic models. In this 
study, an improved variable order fractional constitutive model is proposed to describe the viscoelastic behav
iour of amorphous polymers under different temperatures. The novelty of the research lies in introducing the 
multiple functions for the evolution of the fractional order, enabling an accurate description of nonlinear stress- 
strain behaviour over a wide temperature range. Compression tests on polycarbonate are performed across 
temperatures spanning the glass transition, and model parameters are identified based on the experimental data. 
Comparisons with existing fractional order models demonstrate that the proposed model achieves accurate 
fitting results with fewer parameters, particularly near yielding and at large deformations. The research confirms 
the efficiency of the proposed variable order fractional model for describing the viscoelastic behaviour from 
glassy to rubbery state.

1. Introduction

Amorphous polymers exhibit distinct mechanical and thermal 
properties due to their disordered molecular structure and the absence 
of long-range crystalline order. The absence of a well-defined crystalline 
phase results in various viscoelastic behaviours [1], which is strongly 
influenced by temperature and strain rate. Polycarbonate (PC) is an 
amorphous polymer widely used in engineering applications due to its 
high impact resistance, transparency, toughness, and excellent me
chanical stability [2–4]. Its viscoelastic behaviour is highly sensitive to 
temperature, especially below and above the glass transition tempera
ture (Tg) [5]. The accurate identification of the temperature-dependent 
behaviours within a constitutive framework remains a significant chal
lenge and necessitates the development of efficient models [6].

Various constitutive models have been proposed to describe the 
mechanical behaviour of PC over different temperatures and strain rates. 
Luo et al. [7] employed a linear viscoelastic formulation using multiple 
springs and dashpots to represent molecular elongation and slippage, 
successfully describing delayed elastic responses. Alves et al. [8,9]
proposed a nonlinear, rate-dependent constitutive model to describe 
compressive behaviour below Tg, including yield and post-yield 

responses. These conventional viscoelastic models require a large 
number of parameters and are insufficient to represent consistently the 
material behaviour across Tg.

Fractional order models have emerged as powerful constitutive 
behaviour laws to conventional viscoelastic models, owing to their 
ability to interpolate naturally between elastic and viscous responses 
with fewer parameters [10,11]. These models are able to describe 
time-dependent and strain rate-sensitive behaviours of polymers. The 
fractional derivatives have been proposed to describe viscoelastic and 
viscoplastic responses in polymeric materials with fractal dashpots [12, 
13]. Salazar-Martín et al. [14] applied a fractional Voigt-Maxwell model 
to describe creep behaviour, showing improved fitting accuracy with 
fewer parameters compared to conventional models. The fractional 
Maxwell model provides a favourable compromise between relative 
simplicity and a well-established capability to accurately describe stress 
relaxation behaviour. The fractional Kelvin-Voigt model is more natu
rally suited for modelling creep responses, while the fractional Burgers 
model, owing to its larger number of elements and parameters, is 
particularly effective in describing highly nonlinear and multistage 
viscoelastic responses.

Constant order fractional (COF) models remain limited in describing 
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the evolving mechanical response of polymers over large deformation 
ranges and across wide temperature domains. A fixed fractional order 
cannot describe the memory effects on the thermo-mechanical behav
iours associated with the evolution of deformation. Variable order 
fractional (VOF) models have been introduced, allowing the fractional 
order to evolve as a function of deformation or time [15]. This frame
work enables a more flexible representation of material memory effects 
and evolving viscoelastic mechanisms [16]. VOF models have been 
applied to various materials and the fractional order could be considered 
as an index to identify the flow behaviour [17]. The VOF model was 
employed to describe the multistage compressive responses of polymer 
foams in the uniaxial compression tests, including the viscoelastic, 
softening, plateau, and densification regions [18]. Gao et al. [19]
compared the VOF and COF models to describe the compressive 
behaviour of soft materials and demonstrated the improved fitting ac
curacy of VOF models.

VOF viscoelastic models have been employed to describe the stress- 
strain behaviour of polymeric materials. A linear variation of the frac
tional order with strain was employed to describe the viscoelastic 
response of amorphous polymers [20]. It is insufficient to describe the 
nonlinear mechanical response exhibited by glassy polymers [21]. The 
fractional order has been extended to power-law formulation to better 
describe their nonlinearity [22]. Variable order functions inspired by 
growth-curve theories have been proposed to describe strain-softening 
behaviour, particularly in regimes associated with logarithmic growth 
characteristics [23]. Cai et al. [24] proposed a VOF framework incor
porating power-law fractional order functions and demonstrated that 
these formulations were more sensitive to temperature and more 
effective in describing nonlinear phenomena such as strain hardening. 
However, the influence of different fractional order evolution functions 
on modelling efficiency and predictive capability has not yet been sys
tematically investigated.

In this study, the experimental and numerical analyses are conducted 
to investigate the compressive mechanical behaviour of PC over a wide 
temperature range across Tg. A VOF modelling framework is proposed 
with different fractional order functions selected according to the yield 
point. A linear strain-dependent order function is employed to describe 
the mechanical response above Tg, while below Tg, linear and power- 
law order functions are employed to characterize the complex strain- 
softening and strain-hardening behaviours. The proposed VOF models 
have been compared with the existing models in describing the various 
stress-strain curves below and above Tg. The VOF models demonstrated 
better agreement with experimental data and less fitting parameters.

This paper is organized into five sections. Following the Introduc
tion, Section 2 describes the material preparation, experimental pro
cedures, and constitutive modelling framework. Section 3 presents the 
parameter identification results and comparative numerical analyses. 
Section 4 is devoted to discussion and model assessment. The conclu
sions and perspectives for future work are summarized in Section 5.

2. Material and methods

The thermo-mechanical properties of PC were investigated based on 
the experimental results obtained from the thermal and mechanical 
tests. The PC pellets were dried to remove moisture and then injected 
into a cylindrical mould to fabricate the specimens for the compression 
tests. Differential Scanning Calorimetry (DSC) was performed to char
acterize the thermal properties. Uniaxial compression tests were con
ducted over a wide range of temperatures to evaluate the temperature- 
dependent viscoelastic properties under large deformations. A VOF 
model, in which the fractional order evolved with the deformation 
history, was employed to describe the observed viscoelastic behaviour. 
The model parameters were identified using the least squares method 
(LSM).

2.1. Material preparation

The PC INFINO® material was selected because of its good me
chanical property (superior flowability and thermal stability) and 
outstanding optical clarity. It is suitable for a wide variety of applica
tions from small to large size products with complex designs. As illus
trated in the manufacturing process shown in Fig. 1, the PC pellets were 
dried in a thermal oven at 120 ◦C for 4 h to remove residual moisture 
before injection moulding, ensuring consistent processing conditions. It 
was carried out with a screw of 15 mm, maximum injection pressure of 
220 MPa and maximum injection volume of 12 cm3. The polymer in
jection temperature was set to 300 ◦C, while the mould temperature was 
set to 90 ◦C. These processing parameters were selected based on the 
material specifications and preliminary optimization trials to ensure 
dimensional accuracy in the moulded specimens. After injection, the 
final specimens were obtained by turning process, with a diameter of 
10 mm and a length of 10 mm.

DSC tests were performed to characterize the thermal behaviour of 
PC. The evolution of heat flow was measured using a specimen with a 
mass of 28.0 mg, placed in an aluminium crucible and subjected to a 
controlled heating programme. The heating rate was set to 2 ◦C/min in 
order to ensure adequate sensitivity while minimizing thermal lag dur
ing the measurement. A lower heating rate improves the resolution of 
overlapping thermal events and reduces the potential shift of transition 
temperatures associated with kinetic effects [25]. The temperature 
range was selected from 25 to 300 ◦C to encompass all relevant thermal 
transitions of PC, including Tg, as well as possible endothermic or 
degradation phenomena at higher temperatures. Following the heating 
stage, the sample was cooled to 25 ◦C to complete the thermal cycle.

Fig. 2 presents the DSC thermogram illustrating the evolution of heat 
flow as a function of temperature. Tg is identified from the characteristic 
step change in the baseline of the heat flow signal, which reflects an 
increase in heat capacity associated with the transition from the glassy 
to rubbery state. Tg is defined as the temperature corresponding to the 
midpoint of the heat capacity change between the extrapolated base
lines of the glassy and rubbery regions. The value of Tg is estimated to be 
approximately 143 ◦C. It is consistent with reported literature data for 
PC and confirms the occurrence of the glass transition within the 
investigated temperature range.

2.2. Mechanical tests

The uniaxial compression tests were performed to study its thermo- 
rheological properties in the temperature range from 60 to 180 ◦C. They 
were carried out at a constant strain rate on an Instron universal testing 
machine in accordance with the ISO 604 standard. This machine pro
vided quasi-static loading conditions and was equipped with a thermal 
oven covering the range from 20 to 300 ◦C. A strain rate 0.003 s− 1 was 
applied and the true strain reached more than 50%.

The specimen shown in Fig. 3 was positioned between the upper and 
lower platens of a thermal oven. It was preheated to the testing tem
perature and maintained for 20 min to ensure uniform thermal distri
bution within the specimen. During the compression test, the applied 
force and the corresponding axial displacement were continuously 
recorded by the load cell and the displacement sensor.

2.3. Based on the measured deformation data, the true strain ε(t) is 
calculated as follows

ε(t) = ln
(

l0
l

)

(1) 

where l0 and l are the initial and final heights of the specimen.
The true stress σ(t) is obtained as follows: 
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σ(t) = Fl
S0l0

(2) 

where S0 is the initial cross-sectional area of the specimen and F denotes 
the applied force. Other symbols are explained in Table 1.

2.4. VOF constitutive model

A fractional derivative-based model has been proposed to describe 
the nonlinear properties of amorphous polymers, particularly their 
viscoelastic behaviour [26]. Fractional calculus extends the conven
tional differentiation to non-integer orders, providing an efficient rep
resentation of the gradual transition between elastic and viscous 
behaviour [27]. The constitutive relation of the COF model is expressed 
as [28]: 

σ(t) = EθαDα
t ε(t), 0 < α < 1 (3) 

where E is elastic modulus, θ = η⁄E is relaxation time, η is viscosity, 

Dα
t ε(t) represents the fractional derivative of order α of true strain.

The fractional order could be appropriately adjusted as an explicit 
function of time, α(t), to enhance the predictive accuracy of fractional 
order models. The VOF model with α(t) is proposed to more effectively 
describe the time-dependent evolution of material response. The cor
responding stress-strain relationship is expressed as follows [16]: 

σ(t) = Eθα(t)Dα(t)
t ε(t), 0 < α(t) < 1 (4) 

where Dα(t)
t ε(t) represents the VOF derivative of ε(t), α(t) represents the 

time-dependent fractional order.
The definition of VOF derivative is proposed by Ramirez and 

Coimbra [16]. The true strain of polymers is treated as a continuous 
function of time, the VOF differential operator is simplified to the 
Caputo form: 

Dα(t)
t ε(t) = 1

Γ(1 − α(t) )

∫ t

0
(t − s)− α(t)D1

s ε(s)ds (5) 

where Γ(χ) =
∫ χ

0 e− ssχ− 1ds is a Gamma function. D1
s ε(s)dsrepresents the 

first derivative of ε(s) with respect to variable s.
When the strain rate is constant, the true strain ε(t) is defined by the 

following expression: 

ε(t) = ε̇t (6) 

where ε̇ denotes the constant strain rate. The fractional order is defined 
as a function of strain α(ε) in this study, to characterize the viscoelastic 
behaviour as the deformation evolves.

According to the definition in Eq. (5) and Eq. (6), the VOF differential 
operator of ε(t) is rewritten as: 

Dα(ε)ε(t) = 1
Γ(1 − α(ε) )

∫ t

0
(t − s)− α(ε)ε̇ds =

ε̇
Γ(1 − α(ε) ) •

t1− α(ε)

1 − α(ε) (7) 

The Gamma function has the following property 

Γ(x+1) = xΓ(x) (8) 

Based on the property of Gamma function, Eq. (7) is transformed as: 

Fig. 1. Manufacturing process of cylindrical PC specimens.

Fig. 2. DSC heat flow curve of PC for Tg identification.

Fig. 3. Compression test with cylindrical PC specimen in different temperatures and strain rates.
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Dα(ε)ε(t) = ε̇t1− α(ε)

Γ(2 − α(ε) ) (9) 

The relationship between stress and strain is written as following: 

σ(t) = E(ε̇θ)α(ε) ε(t)1− α(ε)

Γ(2 − α(ε) ) (10) 

2.5. Model parameter identification process

The parameters in the VOF model (Eq. (10)) were identified based on 
experimental data using LSM. The main idea of the method is to deter
mine the model parameters, including the fractional order, by mini
mizing the discrepancy between experimental data and model 
predictions: 

min
X

∑N

i=1
[σi(εi) − σ̂(εi,X)]2 (11) 

where X = {α(ε), E, θ} denotes the vector of model parameters to be 
identified, σi(εi) represents the experimental stress measured at the 
strain εi, and σ̂ i(εi, X) is the corresponding stress predicted by the VOF 

model. The model parameters are fitted and optimized by minimizing 
the total squared error between experimental measurements and model 
predictions.

The accuracy of the parameter identification was evaluated using the 
root mean square error (RMSE) and the coefficient of determination 
(R2), defined as follows: 

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
n
∑n

i=1
(σi − σ̂ i)

2

√

(12) 

R2 = 1 −

∑n

i=1
(σi − σ̂ i)

2

∑n

i=1
(σi − σ)2

(13) 

where σ is the mean of the true stress values, n is the number of 
experimental data points.

RMSE quantifies the absolute error between the predicted and 
experimental values. A lower RMSE indicates greater predictive accu
racy for individual data points. R2 measures the proportion of variance 
explained by the proposed model for the overall trend in the data. A 
higher R2 (closer to 1) reflects a stronger fit, meaning a better capability 
of the model to account for the variability in the experimental data.

The flowchart of the parameter identification method is presented in 
Fig. 4. The mechanical behaviour of PC below and above Tg exhibits 
distinct characteristics, requiring different types of fractional order 
functions to accurately describe the material behaviours. The appro
priate fractional order functions based on the yield strain are investi
gated in the following section.

3. Parameter identification and numerical analysis

This section presents an analysis of the mechanical behaviour of PC 
under uniaxial compression tests over a wide temperature range. The 
evolution of true stress-strain responses is studied at different temper
atures to quantify the viscoelasticity of the material. The experimental 
data were obtained by conducting compression tests below and above 

Table 1 
Definition of the symbols and their units.

Parameter Symbol Unit

True strain ε(t) –
True stress σ(t) MPa
Initial height of the specimen l0 mm
Final height of the specimen l mm
Initial cross-sectional area of the specimen S0 mm2

Force F N
Constant fractional order α –
Time-dependent fractional order α(t) –
Strain-dependent fractional order α(ε) –
Elastic modulus E MPa
Elastic modulus before yielding E1 MPa
Elastic modulus after yielding E2 MPa
Relaxation time θ s
Relaxation time before yielding θ1 s
Relaxation time after yielding θ2 s
Viscosity η MPa⋅s
Fractional derivative Dα

t (•) s− α

Variable order fractional derivative Dα(t)
t (•) s− α(t)

Gamma function Γ( • ) –
Strain rate ε̇ s− 1

Time t s
Experimental stress σi(εi) MPa
Predicted stress σ̂ i(εi, X) MPa
Mean of stresses σ MPa
Number of experimental data points n –
Fractional order below Tg α1(ε) –
Fractional order above Tg α2(ε) –
Linear slope below Tg a1 –
Linear slope above Tg a2 –
Intercept above Tg b2 –
Scaling parameter c –
Exponent d –
Offset e –
Pre-yield strain ε1 –
Post-yield strain ε2 –
Upper yield strain εY –
Lower yield strain εYʹ –
Mechanical dissipation rate D (t) W•m− 3

Helmholtz free-energy density ψ(t) J•m− 3

Complex modulus E∗(ω, ε) MPa
Storage modulus Eʹ(ω, ε) MPa
Loss modulus Eʹ́ (ω, ε) MPa
Angular frequency ω rad•s− 1

Imaginary unit i –
Laplace variable s s− 1

Laplace transform F(s) –
Real part of complex variable Re(s) –

Fig. 4. Flowchart of parameter identification procedure for the VOF model.

L. Sun et al.                                                                                                                                                                                                                                      Materials Today Communications 52 (2026) 114935 

4 



Tg. The proposed VOF model is employed to describe these behaviours, 
with different functional forms of the fractional order introduced to 
reproduce the stress-strain response before and after the yield point. 
Model predictions are compared with the experimental results to eval
uate performance and to demonstrate the advantages of the proposed 
VOF approach over conventional fractional order models.

3.1. Compression stress-strain response of PC at different temperatures

Fig. 5 presents the true stress-strain results from compression tests on 
PC conducted at a strain rate of 0.003 s− 1 at different temperatures. The 
experimental results of each loading condition correspond to the 
average response of at least three specimens. The error bars illustrate the 
graphical representations of the variability of data. The maximum de
viation in the mechanical response remains below 10%. A pronounced 
reduction of the value in the true stress is observed with higher tem
peratures. The shape of the true stress-strain responses differs markedly 
below and above Tg, reflecting the transition from a glassy-dominated to 
rubbery deformation behaviour.

Fig. 5(a) shows the experimental data obtained below Tg at 60, 100, 
and 140 ◦C. At small strains, the stress increases linearly with strain, 
reflecting the elastic deformation of the polymer dominated by 
restricted molecular mobility. As deformation progresses, a distinct 
yield point is reached, followed by strain softening, which is commonly 
attributed to the initiation of localized molecular rearrangements. At 
larger strains, it exhibits strain hardening, as evidenced by the subse
quent increase in true stress. This hardening behaviour is associated 
with progressive molecular chain orientation and stretching, which 
enhances resistance to further deformation despite the initially reduced 
stiffness after yielding.

Fig. 5(b) illustrates the mechanical behaviour of PC above Tg, at 160, 
170, and 180 ◦C. Compared with the response below Tg, the true stress 
levels are markedly reduced, while a monotonic increase in true stress 
with true strain is observed. This behaviour is associated with the sig
nificant enhancement of molecular chain mobility in polymer above Tg, 
leading to a predominantly ductile, viscoelastic response. In this tem
perature range, the stress-strain curves no longer exhibit well-defined 
yield point and instead display smooth, strain-hardening behaviour. At 
180 ◦C, the response is dominated by rubbery deformation mechanism, 
characterized by extensive chain segment mobility and reduced inter
molecular resistance.

The stress-strain behaviour shows a transition between 140 and 160 
◦C, as the value of Tg lies within this temperature range. The polymer 
shifts from a rigid, glassy state to a more flexible, rubbery state. The 

evolution of true stress demonstrates strong temperature dependence 
and the stress values systematically decrease with increasing 
temperature.

Based on the pronounced differences in the stress-strain response 
below and above Tg, the numerical identification is performed sepa
rately with different constitutive models. This approach ensures that the 
constitutive behaviour laws are applied to describe the viscoelastic be
haviours from glassy to rubbery states of PC.

3.2. Numerical identification of viscoelastic behaviour below Tg

The VOF model is proposed for describing the viscoelastic behaviour 
of PC below Tg. Different functions could be applied to the fractional 
order of the VOF models. A comparative analysis is carried out to 
determine the suitable function for the stress-strain responses below Tg. 
The parameters in the VOF models are characterized based on the 
experimental data by using LSM. The fitting accuracy is compared with 
that of the conventional fractional order models.

3.2.1. Proposition of the fractional order function
The stress-strain curve of PC below Tg is presented in Fig. 6. It 

consists of an initial linear elastic region, and yielding up to the 
strengthening limit. After the yield point, it exhibits a strain softening 
and followed by the strain hardening. The mechanical behaviour before 

Fig. 5. True stress-strain responses at a strain rate of 0.003 s− 1 at different temperatures: (a) Below Tg, (b) Above Tg.

Fig. 6. Description of the experimental true stress-strain curve of PC under 
uniaxial compression below Tg (60, 100, or 140 ◦C).
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and after the yield point is different. The fractional order α(ε) is defined 
as a strain-dependent function to accurately describe the evolution of 
the stress-strain response.

The fractional order function is extended to a nonlinear function of 
strain to fit the stress-strain curve after the yield point. A power-law 
strain-dependent formulation is employed to characterize strain hard
ening and stress strengthening observed in the compression tests [29]. 
The fractional order in the VOF model below Tg is defined as given in Eq. 
(14), with the yield strain εY as a reference point. 

α1(ε) =
{

a1ε, 0 ≤ ε ≤ εY
cεd + e, ε > εY

(14) 

where a1 is the slope governing the linear strain dependence of the 
fractional order prior to yielding, c, d, and e are the scaling, exponent, 
and offset parameters, respectively, characterizing the nonlinear evo
lution of the fractional order after yielding.

A parametric study is conducted to evaluate the efficiency of the 
power-law function α1(ε) = cεd +e to describe large-deformation 
behaviour of PC. Based on the parameter identification performed on 
the experimental stress-strain responses, the elastic modulus and 
relaxation time in Eq. (10) are fixed at E = 40 MPa and θ = 400 s, 
respectively, while the offset parameter is e = 0.1. Fig. 7 illustrates the 
influence of the parameters c and d on the predicted stress-strain 
response. The parameter ranges were chosen to ensure that the strain- 
dependent fractional order α(ε) remains between 0 and 1. In Fig. 7(a), 
the effect of the scaling parameter c is investigated by fixing the expo
nent to d = 1 and varying c over the range {0.1, 0.3, 0.5, 0.7}. This 
analysis highlights the c influences on the magnitude of the strain- 
dependent fractional order. In Fig. 7(b), the influence of the power- 
law exponent d is investigated by fixing c = 0.5 and considering four 
representative values d = {0.1, 0.5, 1, 2}. The exponent d governs the 
nonlinear evolution of the fractional order with strain.

These results indicate that a linear order function is appropriate for 
describing the viscoelastic behaviour of PC under small strains, where 
the response remains nearly linear at temperatures below Tg, while a 
power-law fractional order function is required to accurately describe 
the large-deformation response.

Above Tg, a linear order function, 

α2(ε) = a2ε+ b2 (15) 

is adopted in VOF model to describe the mechanical behaviour observed 
in the rubbery regime. These formulations enable accurate identification 
of the VOF model across distinct thermo-mechanical regimes.

3.2.2. Identification results below Tg
The proposed order function as defined in Eq. (14) is employed in 

VOF model to describe the true stress-strain behaviour below Tg. As 
illustrated in Fig. 8, the model prediction and experimental data are 
consistent, confirming the accuracy of the proposed constitutive model.

The true strain is divided into pre-yield strain ε1 and post-yield strain 
ε2 to describe the different deformation mechanisms governing the 
response below Tg. As proposed the fractional order (Eq. (14)) is 
employed in VOF model prior to the yield point. This formulation is 
justified by the relatively small strains in this regime, where the 
nonlinearity of the mechanical response remains limited. Beyond the 
yield point, the order function adopts a power-law form, which ensures 
continuity at the yield point for each temperature and maintains phys
ical consistency across the entire deformation range. The identified 
model parameters at different temperatures below Tg are summarized in 
Table 2.

The identified elastic modulus and relaxation time reflect the 
temperature-dependent viscoelastic behaviour of the material. Before 
yielding, E1 represents the initial elastic modulus, which decreases 
progressively with temperature. The stiffness of the material decreases 

Fig. 7. Effects of the parameters (a) c and (b) d of the strain-dependent fractional order on stress-strain response.

Fig. 8. Comparison between the experimental data and the VOF model pre
dictions for the true stress-strain behaviour of PC at different temperatures 
below Tg.
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with temperature near the glass transition regime. θ1, representing the 
relaxation time, increases with temperature and reflects the enhanced 
time-dependent viscous response [30]. After yielding, E2 and θ2 exhibit a 
more pronounced temperature dependence. The substantial decrease in 
E2 with temperature highlights the significant softening of the material 
in the post-yield regime [31]. The concurrent increase in θ2 indicates the 
dominant role of viscous flow and long-term relaxation processes as the 
polymer transitions into a more ductile state. This evolution of param
eters with temperature and deformation underscores the capability of 
the VOF model to describe the complex thermo-mechanical behaviour of 
PC across a wide range of strain levels below Tg.

The evolution of the strain-dependent fractional order is illustrated 
in Fig. 9. It shows that at lower temperatures, the fractional order ex
hibits a rapid increase before yielding and a pronounced decrease after 
yielding due to the restricted molecular mobility. At higher tempera
tures, both the pre-yield increase and the post-yield decrease become 
more gradual, consistent with enhanced chain mobility and molecular 
rearrangement. The mechanical response before yielding corresponds to 
an elastic-dominated regime, described by a linear fractional order 
formulation. At the yield strain εY , a distinct transition in the evolution 
law of the fractional order is introduced to capture the abrupt change in 
material behaviour. This transition represents the onset of irreversible 
molecular rearrangements and increased nonlinearity in the mechanical 
response. A discontinuity appears at the yield point, as shown in Fig. 9. 
Such a discontinuity is not a mathematical inconsistency but rather re
flects a physical transition in the underlying deformation mechanism. 
Similar piecewise definitions have been adopted in the literature for 
VOF model to describe mechanical transitions of soft materials in [19]. 
Although the fractional order exhibits a jump at εY , the stress response 
remains physically admissible, and no non-physical energy generation 
occurs. The fractional order remains within the admissible interval (0, 
1), ensuring thermodynamic consistency of the model. These results 
demonstrate that the proposed VOF model describes the 
regime-dependent viscoelastic behavior of PC in the glassy state, 
including the transition at yielding.

3.2.3. Comparative analysis of the proposed VOF model and existing VOF 
models

In contrast to the proposed approach of dividing the stress-strain 
curve into two regions based on the upper yield point, as shown in 
Fig. 10(a), Meng et al. [20] divided it into three regions using the upper 
and lower yield points (εY and εYʹ), as illustrated in Fig. 10(b). Their VOF 
model contains three different order functions: a constant, a linear 
function, and another linear function for each region. It allows for 
detailed modelling of different deformation stages, but significantly 
increases the complexity of the parameter identification process due to 
the multiple order functions and additional transition boundaries. The 
present study proposes a simplified and effective formulation, avoiding 
multiple partitioning. The proposed VOF model is suitable to describe 
the essential nonlinear behaviour with fewer parameters, and improve 
both the efficiency and robustness of the parameter identification.

Fig. 11 compares experimental data on the true stress-strain response 
of PC at 60, 100, and 140 ◦C with these two VOF models. The proposed 
VOF model consistently aligns more closely with the experimental data, 
accurately describing both the pre-yield and post-yield regimes. The 
existing VOF model shows greater deviations near the yield point and at 
higher strains. This comparison underscores the capacity of the pro
posed model to account more effectively for temperature-dependent 
viscoelastic deformation in PC.

A quantitative comparison between the experimental true stress- 
strain responses and the corresponding simulations obtained using the 
proposed VOF model and the existing model reported in [20] is pre
sented in Table 3. The fitting performance is evaluated in different 
deformation regions using the R2 and the RMSE. The proposed VOF 
model consistently exhibits higher R2 values and lower RMSE across all 
investigated temperatures, demonstrating an improved ability to 
reproduce the experimental response in both the pre-yield and 
post-yield regimes. In contrast, the model in [20] shows larger dis
crepancies, particularly in the vicinity of the yield point and at higher 
strain levels. These results highlight the superior capability of the pro
posed model to describe the temperature-dependent viscoelastic and 
inelastic deformation mechanisms governing the mechanical behaviour 
of PC below Tg.

Cai et al. [24] proposed a VOF model in which the fractional order 
was defined through three strain-dependent functions to describe the 
different deformation stages of polymers below Tg. In Region 1 (pre-y
ield regime), a linear strain-dependent fractional order was employed to 
describe the initial compressive response. In Region 2 (strain-softening 
stage), an increasing power-law evolution of the fractional order was 
introduced, replacing the linearly decreasing formulation adopted in 
[20]. This modification enhanced the model flexibility in representing 
the nonlinear softening behaviour. The re-hardening stage (Region 3) 
exhibits greater sensitivity to temperature compared with the visco
elastic and softening stages. The fractional order in [24] was formulated 
as an explicit temperature-dependent function in this regime.

The quantitative fitting results of the model in [24] for describing the 
true stress-strain responses of PC below Tg are summarized in Table 4. 
The VOF model in [24] significantly improves the fitting accuracy 
compared with results in Table 3, particularly in Regions 2 and 3. For 
example, at 60 ◦C, the value of R² exceeds 0.98 in all regions, while the 
RMSE values are substantially reduced compared with those reported 
for the model in [20], especially in the strain-softening stage.

The fitting efficiency of the proposed VOF model with the model in 

Table 2 
Identified VOF model parameters at different temperatures below Tg.

T (◦C) Before yielding Yield strain After yielding

a1 E1 (MPa) θ1 (s) εY c d e E2 (MPa) θ2 (s)

60 9 1346 9 0.07 -1.86 0.66 1.31 72 268
100 16 820 14 0.05 -1.38 0.56 1.23 40 370
140 19 493 15 0.04 0.10 -0.45 0.51 12 853

Fig. 9. Evolution of the fractional order as a function of true strain below Tg.
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[24] is compared quantitatively in Tables 3 and 4, together with the 
fitting curves presented in Fig. 12. It shows that the proposed VOF model 
has a simple formulation and high fitting accuracy. The model in [24]

requires multiple region-specific fractional order expressions and a 
larger number of adjustable parameters, which complicates the param
eter identification procedure and may reduce model robustness. This 

Fig. 10. Stress-strain curves below Tg: (a) Proposed VOF model, (b) Model in [20].

Fig. 11. Comparison between the experimental data and the simulation of the proposed VOF model and the existing model in [20] for the true stress-strain behaviour 
of PC below Tg: (a) 60 ◦C, (b) 100 ◦C, (c) 140 ◦C.
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model is formulated and validated exclusively for temperatures below 
Tg, which limits its applicability to broader thermo-mechanical condi
tions. The proposed VOF model seeks to maintain high fitting accuracy 

using a more compact parameter set and a unified formulation across 
different deformation stages, thereby improving both computational 
efficiency and generalization capability.

3.3. Numerical identification of viscoelastic behaviour above Tg

A VOF model with a strain-dependent linear order function Eq. (15)
is employed to characterize the viscoelastic behaviour of PC above Tg. 
The model parameters are identified from the experimental data. The 
predictive performance of the proposed VOF model is evaluated by 
comparing the results with both experimental observations and COF 
model simulations. This confirms the strong capability of the VOF model 
to describe the nonlinear viscoelastic behaviour over a wide strain 
range.

Table 3 
Quantitative comparison of fitting accuracy between the proposed VOF model and model in [20] for PC below Tg.

T (◦C) Proposed VOF model Model in [20]

Region 1 Region 2 Region 1 Region 2 Region 3

R² RMSE R² RMSE R² RMSE R² RMSE R² RMSE

60 0.9985 0.34 0.9962 0.33 0.9267 5.43 0.9573 1.30 0.6162 0.53
100 0.9998 0.19 0.9948 0.33 0.9571 2.84 0.9904 0.48 0.9647 0.13
140 0.9997 0.12 0.9809 0.39 0.9702 1.26 0.8837 0.79 0.9733 0.18

Table 4 
Quantitative results of fitting accuracy the existing model for PC below Tg.

T (◦C) Model in [24]

Region 1 Region 2 Region 3

R² RMSE R² RMSE R² RMSE

60 0.9985 0.334 0.9975 0.31 0.9820 0.12
100 0.9998 0.19 0.9945 0.36 0.9957 0.037
140 0.9997 0.12 0.9691 0.41 0.9988 0.037

Fig. 12. Comparison between the experimental data and the simulation of the proposed VOF model and the existing model in [24] for the true stress-strain behaviour 
of PC below Tg: (a) 60 ◦C, (b) 100 ◦C, (c) 140 ◦C.
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3.3.1. Identification results above Tg
The fitting results presented in Fig. 13 demonstrate good agreement 

between the VOF model predictions and the experimental data for 
temperatures above Tg (160, 170, and 180 ◦C).

The identified parameters and quantitative metrics of the VOF model 
are summarized in Table 5. The high R² values obtained at all investi
gated temperatures indicate an excellent agreement between the VOF 
model predictions and the experimental data. The consistently low 
RMSE values further confirm the robustness and accuracy of the pro
posed VOF model in describing the viscoelastic response of PC above Tg.

These results show that the elastic modulus E decreases with tem
perature due to the scission of the macromolecular chains. The relaxa
tion time θ increases with temperature. It reflects the extended 
timescales associated with molecular relaxation processes in the highly 
softened state. At elevated temperatures, polymer chains experience 
enhanced segmental mobility and slippage. It allows the stress relaxa
tion to occur over a longer period.

As illustrated in Fig. 14, the fractional order increases gradually with 
temperature, indicating enhanced molecular mobility and a more pro
nounced time-dependent viscoelastic response at elevated thermal 
temperatures.

3.3.2. Comparative analysis of the proposed VOF model and COF model
The numerical predictions of the true stress-strain curve with the 

COF model defined in Eq. (3) and the proposed VOF model are 
compared, as shown in Fig. 15. The results demonstrate that the VOF 
model provides a more accurate description of the mechanical behav
iour, especially at larger strains.

Table 6 highlights the identified parameters of the COF model for PC 
at different temperatures above Tg, together with the corresponding 
correlation parameters R² and RMSE. The identified parameters exhibit 
similar trends to those obtained with the VOF model. The fractional 
order α increases monotonically with temperature, indicating a gradual 
transition toward a more fluid-like viscoelastic response.

A quantitative comparison between the results obtained with the 
COF model (Table 6) and the VOF model (Table 5) is performed using 
the fitting metrics. The VOF model consistently yields lower RMSE 
values and higher R². This demonstrates that the constant fractional 
order limits the ability of the COF model to describe the nonlinear 
viscoelastic response in the rubbery regime, where strain-dependent 
effects become significant.

The proposed VOF framework preserves a unified constitutive 
structure and modelling philosophy across both glassy and rubbery 

regimes. The existing fractional order models, although demonstrating 
good accuracy when applied either below or above Tg, generally rely on 
regime-specific formulations and parameter sets. The present approach 
enables a consistent and continuous interpretation of viscoelastic 
behaviour across Tg under different temperatures.

4. Discussion and model assessment

This section provides a general discussion and assessment of the 
proposed VOF model. The thermodynamic admissibility of the formu
lation is examined to ensure its physical consistency. The applicability of 
the proposed framework to other amorphous polymers is discussed. The 
model’s capability in describing loading-unloading responses and irre
versible deformation mechanisms are addressed.

4.1. Thermodynamic considerations of the VOF model

The thermodynamic consistency of COF viscoelastic models was well 
established as reported in [32]. When the fractional order is constant 
and all material parameters are strictly positive, such models satisfy the 
second law of thermodynamics and exhibit physically admissible creep 
and relaxation responses. Thermodynamic constraints requiring 
non-negative energy dissipation ensure a physically meaningful 
description of viscoelastic behaviours [33].

The thermodynamic consistency for VOF models should be carefully 
assessed. It depends on both the definition of the fractional operator and 
the fractional order function. In the present work, the proposed VOF 
formulation (Eq. (10)) is not derived from a variational framework built 
on an explicit Helmholtz free energy and a complementary dissipation 
potential [34]. The thermodynamic admissibility is ensured by imposing 
physically motivated constraints on the model parameters, derived from 
the requirement of non-negative storage and loss moduli in the 
steady-state regime [35].

All material parameters in the proposed VOF model are constrained 
to be strictly positive, and the strain-dependent fractional order is 
required to satisfy 0 < α(ε) < 1, as illustrated in Fig. 9 and Fig. 14. 

Fig. 13. Comparison between the experimental data and the VOF model pre
dictions for the true stress-strain behaviour of PC above Tg.

Table 5 
Identified parameters of the VOF model at temperatures above Tg.

T (◦C) a b E (MPa) θ (s) R² RMSE

160 0.1780 0.361 2.412 9.120 0.9998 3.40× 10− 3

170 0.275 0.383 0.401 9.330 0.9988 1.01× 10− 3

180 0.001 0.877 0.179 16.338 0.9995 9.62× 10− 5

Fig. 14. Evolution of the fractional order as a function of true strain above Tg.
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Under these conditions, the model can be locally interpreted as a Scott- 
Blair fractional viscoelastic element, which is passive and dissipative 
under isothermal loading. Consequently, no non-physical energy gen
eration occurs during deformation.

The thermodynamic consistency of the proposed model is examined 
under isothermal small-strain conditions. Under these assumptions, the 
local form of the Clausius-Duhem inequality reduces to the mechanical 
dissipation inequality: 

D (t) = σ(t)ε̇(t) − ψ̇(t) ≥ 0 (16) 

where ψ denotes the Helmholtz free-energy density.
For a given instantaneous value of the strain-dependent order α(ε), 

the VOF model locally coincides with a Scott-Blair fractional element. In 
one-dimension, the constitutive behaviour law is written as: 

σ(t) = Eθα(ε)Dα(ε)
t ε(t) (17) 

where E > 0, θ > 0, and 0 < α(ε) < 1.
According to the theory of the Grünwald-Letnikov (GL) VOF deriv

ative, the VOF operator of f(t) is defined as [36]: 

Dα(t)
t f(t) = lim

h→0+
h− α(t)

∑∞

k=0

( − α(t) )k
k!

f(t − kh) (18) 

where f(t), t ∈ R, is any function, h denotes a positive time increment, 
k = 0, 1, 2, …, and ( − α(t) )k is Pochhammer symbol.

A fundamental property of this definition is that exponential func
tions remain eigenfunctions of the operator. In particular, for f(t) = est , 
s ∈ C, and Re(s) > 0, 

Dα(t)
t est = sα(t)est (19) 

As a consequence, for harmonic functions f(t) = eiωt, 

Dα(t)
t eiωt = (iω)α(t)eiωt (20) 

which implies that 

Dα(t)
t cos(ωt) = (ω)

α(t)cos
(

ωt+
π
2

α(t)
)

(21) 

In the GL framework, complex exponentials remain eigenfunctions 
even when the order varies with time.

If the functions admit a Laplace transform, the VOF derivative can be 
expressed via the Bromwich inversion integral: 

Fig. 15. Comparison between the experimental data and the simulations of the COF and VOF models for the true stress-strain behaviour of PC above Tg: (a) 160 ◦C, 
(b) 170 ◦C, and (c) 180 ◦C.

Table 6 
Identified parameters of the COF model at temperatures above Tg.

T (◦C) α E (MPa) θ (s) R² RMSE

160 0.48 3.80 1.32 0.9510 2.19× 10− 2

170 0.57 1.52 3.89 0.9683 2.60× 10− 3

180 0.83 0.41 5.43 0.9602 5.80× 10− 4
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Dα(t)
t f(t) =

1
2πi

∫ β+i∞

β− i∞
sα(t)F(s)estds (22) 

where F(s) is the Laplace transform of f(t), and the integration contour 
Re(s) = β lies within the region of convergence of F(s).

This representation provides the theoretical foundation for the 
spectral characterization of the operator. Under vanishing initial con
ditions and steady-state harmonic loading, the Fourier transform F 

corresponds to evaluating the Laplace transform along the imaginary 
axis (s = iω), yielding: 

F
[
Dα(ε)

t ε(t)
]
= (iω)α(ε)

F [ε(t) ] (23) 

In the framework of the forward GL definition and for functions 
admitting a Laplace transform, the operator admits a frequency-domain 
symbol sα(t), which justifies the transition from time to frequency domain 
adopted in the present work.

Applying this property to proposed model in Eq. (17) leads to the 
strain-dependent complex modulus: 

E∗(ω, ε) = E(iωθ)α(ε) (24) 

Using the principal-branch representation: 

(iωθ)α(ε)
= (ωθ)α(ε)eiα(ε)π/2 = (ωθ)α(ε)

[

cos
(

πα(ε)
2

)

+ isin
(

πα(ε)
2

)]

(25) 

in which the storage and loss moduli are obtained as: 

É (ω, ε) = E(ωθ)α(ε) cos
(πα(ε)

2

)
(26) 

É (́ω, ε) = E(ωθ)α(ε) sin
(πα(ε)

2

)
(27) 

where both É (ω, ε) and É (́ω, ε) are strictly non-negative with E > 0,
θ > 0, 0 < α(ε) < 1, and ω > 0. The dissipated energy is positive, 
ensuring passivity of the constitutive operator and compliance with the 
Clausius-Duhem inequality.

The above derivation shows that, within the forward GL framework 
and for functions admitting a Laplace transform, the VOF derivative 
possesses a well-defined spectral representation through the symbol sα(t). 
This provides the theoretical justification for the frequency-domain 
formulation adopted in Eqs. (24-27). A fully nonlinear thermodynamic 
formulation based on an explicit Helmholtz free-energy functional and 
an associated dissipation potential remains an open extension for future 
work.

4.2. General applicability of the proposed VOF model

The proposed VOF model is employed to describe the strain- 
dependent viscoelastic properties of amorphous thermoplastic poly
mers. The fractional order is defined as an internal variable that can be 
expressed as a function of strain, temperature, or strain rate. This flex
ibility makes the proposed framework applicable to other amorphous 
polymers exhibiting strong thermo-viscoelastic and nonlinear defor
mation behaviours, such as poly(methyl methacrylate), polyethylene 
terephthalate, or polystyrene. Future work will explore the efficiency of 
the proposed VOF model for other polymers under various loading 
conditions and temperature ranges.

4.3. Loading-unloading response in PC

The experimental results in this work are based on monotonic uni
axial compression tests. When unloading is considered, amorphous 
polymers possess recoverable elastic strain and irreversible plastic 
deformation, resulting in residual strain and mechanical hysteresis. 
Loading-unloading tests were performed on PC at 140 ◦C with a strain 

rate of 0.001 s⁻¹ . Fig. 16 presents the corresponding true stress-strain 
curve with 8% experimental uncertainty indicated by the error bar. 
The true strain recovers partially to 0.4881 after unloading, which 
confirms the time-dependent viscoelastic recovery and permanent 
deformation.

Fractional order models have been employed to describe the stress- 
strain responses under loading-unloading conditions. The study in 
[37] demonstrated that fractional order formulations can accurately 
characterize rate-dependent viscoelastic behaviours of polymers. These 
models have been developed to describe mean stress evolution and 
ratcheting strain in polymeric materials subjected to cyclic loading, 
providing effective representations of experimental observations over 
multiple cycles [38]. The VOF models have been extended to describe 
unloading behaviour. The fractional order function at different 
unloading strains was obtained by shifting the order function defined at 
a reference strain, and the feasibility of this approach was validated 
based on the comparisons with experimental data [39].

Despite these advances in the literature, several limitations remain. 
First, most existing models treat loading and unloading processes 
separately or require different functional forms of the fractional order 
for distinct stages, which increases the number of model parameters and 
limits predictive generality. Second, the evolution of the fractional order 
during cyclic loading is often prescribed phenomenologically, without 
fully capturing the continuous interaction between loading and 
unloading within a unified framework. Third, the extension of VOF 
models to fully cyclic processes, including hysteresis evolution and 
stiffness degradation, remains insufficiently explored.

In light of these limitations, further research is required to explore a 
unified VOF framework capable of describing the entire loading- 
unloading cycle as a continuous process. Such an approach would 
involve redefining the functional form of the strain-dependent fractional 
order so that both loading and unloading behaviours are described 
within one consistent evolution law. This enables a reduction in the 
number of model parameters while improving predictive robustness. 
The extension of the VOF formulation to cyclic loading conditions could 
provide deeper insight into hysteresis evolution, memory effects, and 
progressive material degradation, thereby broadening the applicability 
of VOF models in polymer mechanics.

5. Conclusions and perspectives

In this study, a VOF model is proposed to describe the viscoelastic 
behaviour of amorphous thermoplastic PC across a wide temperature 
range (below and above Tg). Experimental data obtained by 

Fig. 16. Experimental loading-unloading true stress-strain response of PC with 
a strain rate of 0.001 s⁻¹ at 140 ◦C.
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compression tests are used to identify the material parameters. A 
comparative analysis with the existing VOF and COF models is carried 
out. The main conclusions are as follows: 

1. The proposed VOF model with less parameters effectively describes 
the viscoelastic properties of PC at different temperatures.

2. Various strain-dependent functions have been proposed for the 
fractional order based on the shape of the stress-strain curves. Above 
Tg, a linear order function is suitable. Below Tg, a combination of 
linear and power-law order functions is required for higher accuracy.

3. Compared to other COF and VOF models, the proposed VOF model 
exhibits greater accuracy with fewer identified parameters.

4. The thermodynamic admissibility of the proposed VOF model was 
examined and confirmed based on the physically motivated model 
parameters and the boundedness of the fractional order.

The proposed VOF model can be extended to describe complex 
nonlinear viscoelastic behaviour of other amorphous polymers. Its effi
ciency and accuracy will be investigated under more complex loading 
conditions, including loading-unloading and cyclic responses with 
irreversible deformation and hysteresis effects.
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