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A P P L I E D  P H Y S I C S

Experimental sample-efficient and device-independent 
GHZ state certification
Laura dos Santos Martins1*, Nicolas Laurent-Puig1*, Simon Neves2, Uta I. Meyer1, Ivan Šupić1, 
Damian Markham1, Eleni Diamanti1

The certification of quantum resources is a critical tool in the development of quantum information processing. In 
particular, quantum state verification is a fundamental building block for communication and computation ap-
plications, determining whether the involved parties can trust the resources at hand or whether the application 
should be aborted. Self-testing methods have been used to tackle such verification tasks in a device-independent 
(DI) setting. However, these approaches commonly consider the limit of large (asymptotic), independent and 
identically distributed (IID) samples, which weakens the DI claim and poses serious challenges to their experimental 
implementation. Here, we overcome these challenges by adopting a theoretical protocol, enabling the certifica-
tion of quantum states in the few-copies and non-IID regime and by leveraging a high-fidelity multipartite en-
tangled photon source. This allows us to show the efficient and DI certification of a single copy of a four-qubit GHZ 
state that can readily be used for the robust and reliable implementation of quantum information tasks.

INTRODUCTION
The certification of entangled quantum states is one of the most im-
portant quantum information primitives as entangled states are very 
often the crucial resource for quantum information applications, 
so that their certification can, in turn, ensure the reliable running 
of the associated application (1, 2). Examples of such resources 
are cluster states offering a platform for universal measurement–
based quantum computation (3); stabilizer states for error correction 
(4); and Greenberger–Horne–Zeilinger (GHZ) states for anony-
mous communication (5), quantum metrology (6), leader election 
(7), and more.

When entangled states are intended for use in a given application, 
their certification should meet three key requirements. First, it must 
output a state that can be used for a given application, without addi-
tional assumptions. Given that measurements in quantum theory are 
destructive and irreversible, it is crucial to certify the quality of quan-
tum states without destroying them. Second, certification should 
ideally not rely on complete trust in the measurement devices as faulty 
assumptions about their structure could compromise security, im-
plying that it should be, at least to some degree, device independent 
(DI). Last, the certification process must account for possible memory 
effects, thereby avoiding the assumption that the source produces 
independent and identical copies in every round of the experiment. 
In addition to the requirements imposed by the applications, certifi-
cation should also prioritize efficiency in terms of both energy con-
sumption and invested time. Quantum resources are inherently costly, 
underscoring the significance of verifying quantum systems using the 
fewest possible samples or measurements while still achieving robust 
confidence in the results. This not only minimizes the time, cost, and 
computational resources needed for verification but also mitigates the 
potential introduction of errors by external factors, narrowing the 
time window during which errors may occur.

Bell nonlocality, aside from being a fundamentally nonclassical 
phenomenon used to invalidate locally causal theories, offers an elegant 
solution for device-independent (DI) certification (8). This approach 
enables certification despite lacking control over the measurement 
devices, with self-testing results pinpointing specific quantum ex-
periments based solely on observed measurement correlations (9). 
While traditionally expressed as mathematical theorems linking quan-
tum setups with correlation probabilities obtained through infinite 
repetitions, recent advancements demonstrate the practical utility of such 
self-testing results in finite regimes, enabling protocols for sample-
efficient DI certification of quantum states without the need for the 
independent and identically distributed (IID) assumption (10).

Such DI certification protocols pose substantial experimental chal
lenges and hence have been largely unexplored in practice. Recent 
experiments have certified states when measurement devices are trust-
ed (i.e., not DI) (11), even when some parties act dishonestly (12). In 
the DI setting, there have been experiments robustly self-testing states 
(13, 14) or verifying entanglement properties (15), but these assume 
IID and are only valid in the large copy (asymptotic) limit. No experi-
ment, so far, satisfies our three requirements for the certification of en-
tangled quantum states. Here, we experimentally demonstrate the 
DI certification of a single copy of a four-partite GHZ state, completely 
free of the IID assumption. Our demonstration relies upon and ex-
pands the sample-efficient protocol of (10) and leverages the charac-
teristics of a high-performance multipartite entangled photon source 
(16). We analyze the protocol in terms of the achieved certified op-
timized fidelity measure and show that our implementation opens the 
way to carrying out efficient and reliable quantum information tasks.

RESULTS
A DI protocol in the non-IID scenario
The objective of our certification protocol is to quantitatively assess 
the proximity of a state, σc , generated by an uncharacterized source 
to the target state ∣GHZ⟩ = (∣HHHH⟩+∣VVVV⟩)∕

√
2 , without direct 

measurement. Ideally, the source should consistently produce multiple 
copies of the state ∣GHZ⟩ . However, due to its uncharacterized nature, 
it is possible that, over N rounds, the produced state, σN , may exhibit 
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correlations or even entanglement across rounds. In our protocol, 
on the basis of (10), we perform measurements over N − 1 rounds 
and use the obtained results to estimate the proximity of an unmea-
sured copy to the target state, as illustrated in Fig. 1. Operating in a 
DI scenario, where measurements are uncharacterized and conform 
to a Bell scenario, we only have access to input-output correlations. 
For this reason, our approach involves testing the violation of a Bell 
inequality, which self-tests the target state: A high Bell violation im-
plies that all N − 1 measured copies are close to the target state. Given 
the random selection of the unmeasured copy, we can infer with high 
confidence that it is also close to the target state.

The fact that we operate in a DI scenario leads to a few caveats in 
our certification protocol. Unlike in many other approaches to quan-
tum certification tasks [see, e.g., (17)], the fidelity between states 
cannot serve as a standard metric in this setting. Under DI condi-
tions, our protocol is limited to certifying states up to local isometries, 
at best. Therefore, to address the uncertainty inherent in treating all 
measurement devices as black boxes, we propose using extractabil-
ity as an appropriate metric, as suggested in (18). Extractability rep-
resents fidelity optimized over all possible local isometries. A high 
extractability indicates the presence of an isometry capable of align-
ing the measured state closely with the target state. As all other copies 
are measured, the extractability of the unmeasured copy is estimated 
conditionally on the outcomes of the performed measurements. In 
this sense, the certified extractability is conditional, or, in other words, 
it characterizes the conditional state

where σN is the state over N rounds, M
ok ∣ik

 represents the measurement 
performed on the kth copy giving outcome ok , and p1,…,c−1,c+1,…,N = 
Tr

[(
⊗

N�{c}

k=1
Mok ∣ik

)
σN

]
. This approach guarantees that the conditional 

state of the unmeasured copy is independent from all the other cop-
ies produced in the measurement rounds, which allows us to define 
the appropriate figure of merit for a non-IID DI quantum state cer-
tification protocol and formally express its final goal. We wish to 
claim, with a confidence level 1 − δ , whether the extractability of the 
conditional state, σ̃c , from the target state, ∣GHZ⟩ , is bigger than 
some value 1 − η , with η ∈ [0, 1] , which can be written as

where Φ is an arbitrary local isometry and the fidelity of a state 
σ with respect to the target state ∣ψ⟩ is defined as  (σ, ∣ψ⟩) = 
⟨ψ∣σ∣ψ⟩.

To properly estimate the extractability of the GHZ state from the 
unmeasured copy, we must first carefully choose a Bell inequality that 
self-tests the target state. In other words, the selected Bell inequality 
should be maximally violated only by the ∣GHZ⟩ state (up to local 
isometries). This selection determines the Bell test to which the copies 
will be subjected during the measurement rounds. Furthermore, we 
can rely on robust self-testing statements based on a Bell inequality to 
establish a lower bound on the extractability of the underlying quan-
tum state, Ξ

�
σ̃
c
, ∣GHZ⟩

�
 , from the observed violation of the inequality, 

β. Moving from a general self-testing framework to a well-defined 
certification protocol, it is useful to reframe the scenario as a nonlocal 
game derived from the Bell inequality. In this context, after estab-
lishing the appropriate winning and losing outcomes (where win-
ning corresponds to those outcomes that contribute to violation of the 
Bell inequality), only the target state (up to local isometries) achieves 
the optimal quantum winning probability, pQM . Although self-testing 
statements are typically designed for IID sources, we can leverage 
the robustness statement to determine the maximal winning prob-
ability for states with limited extractability.

After the copies are measured and given a score for their perfor-
mance in all N − 1 rounds (they score one if they get a winning result, 
zero if not), we can add them up to determine the overall score, Nwin , 
and deduce the resulting verification pass rate, P = N

win
∕(N−1).

For a given desired extractability 1 − η (Eq. 2) and confidence level 
1 − δ , the number of copies required is determined by two parame-
ters ϵ1, ϵ2 that are related to the violation of the Bell inequality in the 
ideal case. In the protocol, ϵ1 fixes the required pass rate: our claim 
on extractability holds when P ≥ pQM − ϵ1 . This is then related to the 
desired extractability through ϵ2 , via cη = ϵ2 > ϵ1 , where c is a con-
stant coming from self-testing, linking the extractability to β [see (10) 
and the Supplementary Materials]. The role of ϵ2 is to allow for a gap 
in the requested pass rate and the desired extractability so that our 
goal can be achieved for finite N. The requested number of copies N 
is chosen so that the following is satisfied

where D(a‖b)=alog(a∕b)+(1−a)log
�
(1−a)∕(1−b)

�
 is the Kullback-

Leibler divergence and pi = pQM − ϵi ; see the Supplementary Mate-
rials for a detailed description of the protocol.

Choosing the Bell measurement operator
As explained above, a crucial step for experimentally demonstrat-
ing the certification of a GHZ state is to select the most appropri-
ate Bell operator. To this end, we studied the performance of three 
different candidates: two Bell operators, proven to have very tight 
self-testing bounds in terms of robustness (13, 19, 20) (see Materials 
and Methods and Eqs. 5 and 6) and the following Mermin-like 
operator (21)

σ̃c=
1

p1,…,c−1,c+1,…,N

Tr1,…,c−1,c+1,…,N

[(
⊗

N�{c}

k=1
M

ok ∣ik

)
σN

] (1)

Ξ
�
σ̃
c
, ∣GHZ⟩

�
=maxΦ

�
Φ
�
σ̃
c

�
, ∣GHZ⟩

�
≥1−η (2)

δ ≤

�
1

N
+
N−1

N
e−D(p1‖p2)

�N

(3)

BMermin=A0B0C0D0−A1B1C0D0

−A1B0C1D0−A1B0C0D1

+A1B1C1D1−A0B1C1D0

−A0B1C0D1−A0B0C1D1

(4)

n

Fig. 1. DI quantum state certification scheme. The source generates N states, out 
of which N − 1 are used as a verification set and are measured according to Bell 
nonlocality tests. The outcomes resulting from these measurements are used to 
evaluate whether the remaining unmeasured sample is certified to be close to the 
target state.
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where A0,B0,C0,D0 = X and A1,B1,C1,D1 = Y  . The motivation be-
hind this choice is the fact that its quantum bound, βQ , saturates the 
algebraic bound, βalgebraic , leading to a maximum success probability 
of pQM = 1 . However, to our knowledge, the only self-testing bound 
for a Mermin inequality existing in the literature is restricted to a tri
partite system (18). For this reason, we computed for this work a self-
testing bound for the four-partite case, relying on the numerical method 
described in (19) (see the Supplementary Materials for more details).

To compare the different Bell operators fairly, we consider a quan-
tum state described as a statistical mixture of a GHZ state and white 
noise, mathematically expressed as ρ = (1−α)ρGHZ

+
α

16
 𝟙. We calcu-

late the pass rate (as a probability in this case), P, and subsequently 
fix the winning probability threshold, p1 = P , for each operator, as a 
function of the noise characterizing the state we want to certify, α . This al-
lows us to study the behavior of the remaining parameters, captured 
in inequality (3). For this analysis, three main figures of merit stand 
out for their significance: The maximum extractability one can cer-
tify how many samples one needs to measure to complete the proto-
col and the confidence level associated with the results. In Fig. 2, we 
analyze the behavior of the different operators from the perspective of 
the parameters mentioned above (further details are given in Materials 
and Methods). In all three plots, it is clear that the Mermin operator 
outperforms the others, providing not only a substantial advantage 
in terms of sample efficiency, by almost two orders of magnitude, but 
also an overall better performance, regarding how close we can cer-
tify a state with respect to the target state. It is therefore the one that 
we use to device-independently certify the four-partite GHZ state.

Experimental results
To experimentally demonstrate the DI certification of a quantum 
state, we use a compact and high-performance four-party GHZ state 
source on the basis of spontaneous parametric down conversion 
(SPDC) in a layered-Sagnac interferometer configuration (see Fig. 3) 
(16). Once the states are generated, we transmit each of the four 
photons to the measurement apparatus and run the protocol de-
scribed above. After the protocol is successfully completed, we use all 
the recorded measurement outcomes, except for one corresponding 
to a single copy randomly selected, to calculate the pass rate P. After 
setting the desired confidence level, 1 − δ , we use the total number of 
copies, N, to numerically invert inequality (3) and compute the solution 
for the maximum certified extractability that fulfills the condition 

ϵ2 > ϵ1 (a detailed description of the data acquisition and its analysis 
is given in Materials and Methods).

The results are shown in Fig. 4. The certified extractability with 
respect to the total number of copies follows the overall expected 
behavior outlined by the simulation (full) curves, apart from stan-
dard experimental fluctuations. The abrupt reductions in certified 
extractability occur when a sequence of successive winning rounds 
is interrupted by the measurement of a losing outcome, resulting in 
a characteristic seesaw pattern. The plot on the left illustrates that, by 
tuning the confidence level, we can reduce the number of samples 
required to achieve the same certification level. However, this trade-
off vanishes for large samples as the certified extractability always 
converges to the self-testing bound. These results show the experi-
mental DI certification of a four-qubit GHZ state with an extract-
ability of Ξ

�
σ̃
c
, ∣GHZ⟩

�
≥ 0.896 , for a total of 4643 verified samples 

and a confidence level of 1 − δ = 0.99 , in a non-IID scenario. This 
demonstration is only possible due to the high-fidelity states pro-
duced with our experimental setup, yielding an average success prob
ability of P = 0.973.

It is clear that the collection of additional samples would allow us 
to get closer to the self-testing bound of Ξ

max

�
σ̃
c
, ∣GHZ⟩

�
≥ 0.919 , 

assuming that the average passing probability of P would remain 
unchanged. However, a significant increase of the acquired statistics 
can be experimentally challenging due to the accumulation of the 
recovery time associated with updating each black box’s setting. This 
motivates the consideration of a less conservative trust scenario, in 
which, instead of a one-to-one input-to-output correspondence, we 
record multiple outcomes within the 15-s acquisition time associated 
with each classical input. Using postprocessing techniques, we can 
decompose the results obtained within the acquisition window into 
multiple near-single-shot measurements, mimicking the recording of 
a single output for each input. A randomization of the decomposed 
events provides the opportunity to simulate the implementation of 
the protocol for a larger sample, using experimental data (see Materials 
and Methods for more details about the data acquisition and analysis). 
The resulting dataset, shown in Fig. 4 (right), is further explored by 
testing different state generation rates, ranging from 6 to 101 Hz, 
which result in varying degrees of high-order SPDC emissions, con-
sequently affecting the certified extractability, ranging from 0.923 
to 0.820, respectively. This analysis highlights the range of capa-
bilities in which our multipartite entanglement source can operate 

Fig. 2. Performance of three distinct Bell operators in the certification of a four-qubit GHZ state. Green and blue lines refer to operators proposed in (13, 19, 20) (see 
also Eqs. 5 and 6 in Materials and Methods), respectively, for robust self-testing purposes; red line corresponds to the Mermin operator (Eq. 4). Left: Maximum certified 
extractability, 1 − η , as a function of the certified quantum state noise, α , for a confidence level of 1 − δ = 0.99 , and setting ϵ1 = ϵ2 , which is only possible in the limit of 
N → ∞ . Middle: Confidence level, 1 − δ , as a function of the total number of copies required for the certification task, N, for a certified infidelity of η = 0.25 and for α = 0.05 . 
Right: Certified extractability, 1 − η , as a function of the total number of copies required for the certification task, N, for a fixed 1 − δ = 0.99 , α = 0.05.

D
ow

nloaded from
 https://w

w
w

.science.org on M
ay 26, 2026



dos Santos Martins et al., Sci. Adv. 12, eaea4292 (2026)     3 April 2026

S c i e n c e  A d v a n c e s  |  R e s e ar  c h  A r t i c l e

4 of 7

and shows a clear convergence of the certified extractability toward the 
self-testing bound, which is only possible due to the marked increase 
of copies to N ∼ 4 × 105 . Although this approach does not strictly follow 
the protocol, it shows that, as long as the stability of the setup is 
maintained, it is possible to saturate the self-testing bound.

DISCUSSION
It is worth noting that, although the Mermin operator provides the 
best certification results among those we analyzed, this does not 
mean that they cannot be further improved. It is possible that the 
self-testing bound that we found is not optimal in terms of robust-
ness, i.e., that a tighter bound exists. Furthermore, there might exist 
operators, other than the ones that we analyzed, yielding a more fa-
vorable combination of robust self-testing bound parameters and 
maximum probability of winning, pQM . Because the GHZ state cer-
tification protocol heavily relies on such parameters, this suggests 
that the same experimental data can potentially produce even bet-
ter results. Additionally, to implement the non-IID DI certification 
protocol, we must guarantee the precise isolation of one single ran-
dom event from the whole sample. One possibility could be to use 
an optical switch. While this method allows for the selection of 
some states, accurately discerning the presence of one and only one 
state would prove challenging due to the postselected nature of 
states produced by SPDC and their inherent high-order emissions. 

Furthermore, in a DI scenario, the certification of extractability must 
account for any local isometries introduced by elements such as op-
tical fibers or distinct measurement stations. The introduction 
of a physically distinct path for certified samples, an inevitable con-
sequence of using an optical switch, would require prior certifica-
tion of both the channel and the new measurement devices, leading 
to a circular dependency. Alternatively, although conceptually close to 
verification, postprocessing analysis techniques are a viable solution 
(see Materials and Methods for details), particularly given the ab-
sence of a specific protocol to use the certified state. However, the 
integration of this protocol as a subroutine in a quantum informa-
tion task would likely require the incorporation of quantum memories. 
Moreover, our primary limitation in recording a large sample, while 
guaranteeing a one-to-one input-to-output correspondence, is the ac-
tive control of the Mermin settings. More specifically, the experimen-
tal realization of each black box involves controlling the rotation of 
wave plates with mechanical motors. Adjusting their configuration 
requires waiting for their response time before measuring, which is 
accumulated over all classical inputs, leads to time-consuming im-
plementations. Alternatively, a passive choice mechanism or electro-
optic modulators (22) could accelerate the protocol execution, making 
it more efficient.

Our work demonstrates a proof-of-principle framework for 
DI certification of multipartite entangled states in a fully non-IID 
scenario, addressing key challenges encountered in real-world 

Fig. 3. Experimental setup. Laser pump: A Ti:sapphire laser (3.4-W average power) emits 2-ps pulses at 775 nm with a repetition rate of 76 MHz. Spatial mode shaping: 
The pump is prepared in a Gaussian spatial mode. Spatial multiplexer: Each pulse is split into two parallel beams (top and bottom layers) with horizontal and vertical po-
larizations, respectively. Polarization shaping: Both layers are diagonally polarized to maximize the fidelity of the output Bell states. Sagnac interferometer: Polarization-
entangled photon pairs are probabilistically generated via type II SPDC in a 30-mm-long periodically poled potassium titanyl phosphate (ppKTP) crystal (46.2-μ m poling 
period), producing the state 

�
∣H⟩s∣V⟩i +eiθ∣V⟩s∣H⟩i

�
∕
√
2 . Coupling and filtering: After separation with a dichroic mirror and 1100-nm long-pass and 1.3-nm ultra-narrowband 

filters, bottom-layer photons are reflected by half-circle mirrors, while top-layer photons are transmitted. All photons are coupled into single-mode fibers using 12-mm 
focal-length lenses. Fusion station: A mechanical delay aligns the arrival of both idler photons at a fibered polarizing beam splitter (FPBS). Conditioned on fourfold coin-
cidences and transmission to different FPBS outputs, a four-photon GHZ state 

�
∣HHHH⟩+eiδ∣VVVV⟩

�
∕
√
2 is generated. Certification: Measurement inputs and outputs from 

four black-box devices are used to compute the winning score over multiple rounds, certifying the proximity to the target GHZ state; HPW, half-wave plate; QWP, quarter-
wave plate; PBS, polarizing beam splitter.
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implementations. While the primary aim is to showcase the feasibil-
ity and robustness of the protocol, it is important to note that such 
implementations inherently rely on certain experimental assumptions 
and may involve potential loopholes (see Table 1 for an overview). 
These include the locality loophole and detection loophole, both of 
which are necessary to fulfill the theoretical requirements of device 
independence. The locality loophole arises when there is a possibil-
ity of communication or causal influence between measurement 
stations, which can undermine the no-signaling and measurement 
independence conditions. Addressing this loophole is typically done 
through strict space-like separation between players (23). Although 
this loophole is not directly addressed in our work, given that our 
focus is on demonstrating the feasibility of DI certification rather 
than testing foundational quantum principles, we consider it is rea-
sonable to rely on proper isolation of the laboratory setup to miti-
gate any risks of communication, as has been proposed in previous 
studies (24). The detection loophole, on the other hand, refers to the 
possibility that measurement outcomes could be biased because of 
detection inefficiencies. Heralded sources based on alternative physical 
platforms (23) can bypass this issue. However, photonic experiments 
face substantial challenges, including losses and the probabilistic na-
ture of GHZ state generation, particularly when postselection is 
involved. Incorporating “no-click” events as valid outcomes could 
theoretically address this loophole, but the low effective detection 
efficiency in our probabilistic source renders this approach unfeasible. 
Consequently, we adopt the fair sampling assumption, a common 
practice in photonic quantum information experiments (15). Despite 
these assumptions, our work marks a substantial advancement by 
addressing the challenges of non-IID scenarios, an aspect that has been 
largely overlooked in prior DI certification studies. Table 1 provides a 
comparative summary of these studies, highlighting the loopholes 
that they address and the methodologies used. By tackling the non-
IID scenario, our framework broadens the robustness and applicability 
of DI protocols, paving the way for future, more stringent implemen-
tations. A detailed discussion of these experimental assumptions 

and the specific measures taken to address them can be found in the 
Supplementary Materials.

This work reinforces the validity of the DI certification of quantum 
states as a valuable fundamental resource for a wide range of quantum 
information applications. We emphasize the practicality of our pro-
tocol in providing a rigorous framework in which a finite number of 
samples can yield meaningful results, without further assuming iden
tical and independent distribution for all produced copies. Further-
more, it is instructive to observe the impact the number of samples 
has on the robustness of our results. This is particularly clear when 
comparing the purple data points in the two plots in Fig. 4; for a 
similar passing probability and the same confidence level, the certi-
fied extractability increases by 3% with 10 times more samples. In 
other words, while the theory is able to characterize the few-copies 
regime, demanding confidence levels and extractability requirements 
can only be achieved for relatively large samples. In general, the abil-
ity to experimentally demonstrate the DI certification of such a high 
extractability level paves the way to the reliable and robust use of 

Fig. 4. Experimental certified extractability of a four-qubit GHZ state with respect to the total number of samples, N. Full simulation curves consider the winning 
probability threshold to be p1 = Nwin ∕ (N

max−1) . The dashed horizontal lines refer to the self-testing bounds, determined by the measured inequality violations, β , repre-
senting the maximum obtainable certified extractability in the limit of N → ∞ . Left: Non-IID DI protocol implementation for different confidence levels, 1 − δ . Each classi-
cal input is associated with one single output. Dataset taken for a pump power of 240 mW, yielding an average state generation rate of 6 Hz. The full horizontal gray line 
refers to the fidelity estimated via quantum state tomography (QST) (ℱ=94.15%) and shows the correctness of the protocol. Right: Protocol implementation for different 
rates: 6 Hz (purple), 46 Hz (blue), and 101 Hz (green). Each input is associated with multiple outcomes recorded within an acquisition time of 15 s. The confidence level is 
fixed to 1 − δ = 0.99.

Table 1. Overview of DI implementations of quantum state 
certification protocols, highlighting the specific loopholes addressed 
in each reference. (S) and (P) refer to superconducting and photonic 
systems, respectively.

Ref. Locality Detection IID

This work ✗ ✗ ✓
 Wu et al. ( 23﻿ ) (S) ✗ ✓ ✗
 Wu et al. ( 23﻿ ) (P) ✓ ✗ ✗
 Xu et al. ( 14﻿ ) ✗ ✗ ✗
 Zang et al. ( 15﻿ ) ✗ ✓* ✗

*The authors show that the measurement devices satisfy the weak fair 
sampling assumption (26).
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quantum information systems in practical, real-world settings. Note. 
At the time of finalizing this work, we became aware of parallel and 
independent work on experimental quantum state certification by 
Antesberger et al. (25).

MATERIALS AND METHODS
Self-testing bounds
The self-testing bound plays a pivotal role in our implementation of 
the quantum state certification protocol as it affects not only the 
sample efficiency but also the lower bound for the certified extract-
ability. For this purpose, as mentioned in Results section, we con-
sider two options, introduced in (13, 19, 20), alongside the Mermin 
operator (Eq. 4). The Bell operator, derived from Baccari et al. (19), 
holds substantial potential for its tight self-testing bound, and it can 
be written as

The subsequent operator, originating from Wu et al. and Zhao et al. 
(13, 20), offers comparable advantages, it was demonstrated to be even 
tighter than the first one, and it is defined as

For GHZ states, the optimal quantum bounds, for both operators 
mentioned above, can be achieved by taking A0 =

X +Z√
2

 , A1 =
X −Z√

2
 , 

and Bi,Ci,Di defined as X (Z) for i = 0 ( i = 1 ). Last, we take the Mer-
min operator, defined in Eq. 4, because of its optimal maximum suc-
cess probability of pQM = 1.

To compare the different options, we consider the robust self-
testing statement to be of the form (see the Supplementary Materials 
for more details)

where s, μ ∈ ℝ , for all states σ achieving a violation greater than β . 
The lower bound of each inequality, determined by the values of s and 
μ (see Table 2), is illustrated in Fig. 5.

The Mermin operator displays the tightest bound from a robust 
self-testing perspective, suggesting that it is likely the most appro-
priate operator for the certification protocol. However, because the 
lower bound on the extractability provided by the DI quantum state 
certification protocol also depends on the maximum probability of 
winning the nonlocal game with a quantum strategy, pQM , we observe 

that the advantage of the Mermin operator becomes even more pre-
dominant than one would think by simply comparing the self-testing 
bounds (see Fig. 2). This indicates that the robust self-testing analy-
sis does not contain all the necessary information for the choice of 
the most favorable operator for the DI certification of a quantum 
state. This point is further reinforced by the observed inversion in 
the performance assessment of the Bell inequalities from (13, 19, 20), 
depending on the evaluation metric. While a self-testing analysis 
suggests that (19) (green line) outperforms (13, 20) (blue line) by 
requiring a smaller relative violation to achieve the same extract-
ability bound, the protocol adopted in this work, when considering 
sample efficiency and maximum certified extractability, leads to the 
opposite conclusion. Moreover, although the results in  Fig.  2 (left) 
depend on the type of noise affecting the quantum state and slight 
performance variations may occur for different states, this approach 
clearly provides valuable insights into the assessment of different 
Bell tests for quantum state certification.

Data collection and analysis
We conducted the experiment for three different pump power set-
tings, associated with different state generation rates: 6, 46, and 101 Hz. 
For each of these configurations, we collected more than 4 × 105 
states over a fixed acquisition window of 15 s per randomly selected 
classical input. To implement the non-IID DI certification protocol, 
we must guarantee the precise isolation of one single random event 
from the whole sample. For this purpose, we rely on postprocessing 
analysis techniques. Using a high-performance time tagger, we can 
record the precise time-stamps associated with each detected event. 
With this capability, we can replay the full experiment and decom-
pose each of the 15-s acquisitions into multiple ultrashort measure-
ments, such that each of them records, on average, one single output. 
Two different methods are taken to analyze the resulting data. First, 
we take each 15-s window and randomly select one out of the full set 
of recorded outcomes, guaranteeing a true one-to-one input-to-
output correspondence in the nonlocal game (Fig. 4, left). While this 

B
Baccari

=3
(
A
0
B
0
C
0
D

0
+A

1
B
0
C
0
D

0

)

+
(
A
0
B
1
−A

1
B
1

)
+
(
A
0
C
1
−A

1
C
1

)
+
(
A
0
D

1
−A

1
D

1

) (5)

BZhao1
=
(
A0+A1

)
B1C1D1

+
(
A0−A1

)
B0+B0C0+B0D0

(6)

Ξ(σ, ∣GHZ⟩) ≥ sβ + μ (7)

Table 2. Numerical self-testing bound parameters for the three 
different operators considered for the DI quantum state certification 
protocol. 

4-Qubit GHZ s � �Q �C

  BBaccari   0.4897 −3.1552 6
√
2 6

  BZhao1
   1 −1 − 2

√
2 2

√
2 + 2 4

  BMermin   0.1875 −0.5 8 4

GH
Z

Wu et al. and Zhao et al.

Baccari

Mermin

Fig. 5. Lower bound of the extractability from the target GHZ state as a func-

tion of the normalized violation �− �C

�Q − �C
. Green and blue lines refer to inequalities 

proposed in (13, 19, 20), respectively (Eqs. 5 and 6), and the red line corresponds to 
the Mermin inequality (Eq. 4).
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approach discards a substantial portion of the recorded events and 
limits the number of measured samples, N, to the total number of 
randomly generated inputs throughout the experiment, it reflects a 
faithful implementation of the protocol. Alternatively, we consider 
the full dataset resulting from the decomposition of each classical 
input into as many inputs as the total number of recorded outputs 
within the 15-s acquisition window (Fig. 4, right). As mentioned in 
Results section, while this last approach does not strictly follow the 
protocol, it allows to use the full dataset to simulate a considerably 
larger sample. This approach enables us to keep the acquisition time for 
the entire dataset within a reasonable range, considering our limited 
measurement-setting update rate of 1.4 Hz. While it could be experi-
mentally feasible to take 5 × 105 samples at this speed, we believe that 
our alternative method is still useful to demonstrate the convergence 
to the self-testing bound with a less demanding data acquisition. For 
both approaches, we can use a random number generator to select a 
single copy to be certified and, consequently, excluded from the verifi-
cation analysis. It is worth noting that high-order emissions hamper 
the isolation of individual single events. Each time one of these is 
selected to be certified, we restart the random selection until we dis-
card one and only one copy for each classical input.

Supplementary Materials
This PDF file includes:
Notes S1 to S4
Fig. S1
Table S1
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