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 a b s t r a c t

It has been demonstrated - both numerically and experimentally - that constrictions arising in 
artificial crystals composed of touching impermeable inclusions can strongly inhibit the propa-
gation of scalar waves, giving rise to wide complete band gaps. Building on this, we study the 
influence of the inclusion shape on the gap width when the contact points are preserved across 
different lattice types. The analysis reveals that the constriction geometry plays a decisive role in 
governing wave propagation; in effect, it acts as a tuning parameter for maximizing the band-gap 
width. Our findings may be taken into account for the design of future metamaterials.

1.  Introduction

Since the inception of the field of artificial crystals, the emergence of band gaps - frequency ranges in which propagating waves 
become evanescent - has ranked among its most promising phenomena [1–3]. Conceptually, it reaches back to 1887 [4]; up to the 
present day, the search for wide complete band gaps has remained one of the central objectives. In subsequent decades, this research 
trajectory was shaped by optimization strategies based on topology and deep-learning techniques [5–7]. Early investigations already 
indicated that close packing of inclusions may promote the emergence of wide band gaps [8–10]; if the material contrast is sufficiently 
large, the dispersion relation may exhibit a flat-band character that enables gap opening [11–13]. This effect is maximized in crystals 
where local resonances are excluded by impermeable materials so that Bragg scattering remains to be the dominating mechanism [14]. 
This is why close packing has often been documented as optimal for sonic crystals where impermeability is approximated by a high 
material contrast between air and solid [8–10,13]. Despite these advantages, close-packed geometries have sometimes been avoided 
in practical implementations. Some reasons arise from methodological limitations: conventional plane-wave expansion techniques 
struggle to resolve the singular geometrical features associated with touching inclusions [15,16]. Other reasons stem from mechanical 
constraints - for instance, the structural fragility of plates perforated by densely packed holes [17]. Another example arises for water-
wave crystals: when inclusions approach near contact, the flow through the narrow spaces between them becomes severely impeded; 
this cannot be covered within the framework of linear, inviscid, and irrotational wave theory as employed in ref. [18]. Moreover, 
wide gaps for close-packing systems have often been logically connected to the value of the filling fraction [8,10,17–20], defined as 
the ratio between the volume occupied by inclusions and the total volume of the unit cell.

In this paper, we instead emphasize that wide band gaps are favoured by the existence of constrictions. In previous investiga-
tions [13,14] we focussed on the existence of contact points and their effect, but not on the influence of the constriction shape. We 
show herewith that their geometry is actually essential for maximizing the band gap width even further. Under a controlled geometric 
framework, we compare all two-dimensional Bravais lattices under a common contact-point condition. We argue that spatial passages 
through which propagating waves have to make their way are optimal when they are narrow. The band gap systematically widens 
as these constrictions shrink.
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Fig. 1. The parametric definition of two-dimensional Bravais lattices, given in terms of (a) the primitive unit cell in direct space and (b) the primitive 
unit cell in reciprocal space. Panel (c) depicts the position of the five Bravais lattices within the parameter space defined by the scaling 𝑠 = 𝑎2∕𝑎1 - 
representing the ratio of the magnitudes of the two basis vectors associated with the lattice constants 𝑎1 and 𝑎2 - and by the angle 𝛼 between them. 
The most general configuration, exhibiting the lowest degree of symmetry, is the oblique lattice, which occupies almost all possible points in the 
diagram.

2.  Lattice topology

In two dimensions, five Bravais lattices are distinguished, classified according to their symmetry properties. This standard con-
vention, however, does not account for their respective prevalence in parameter space. Coordinates in two-dimensional lattices are 
measured along two non-aligned lattice vectors, 𝐚1 and 𝐚2, as depicted in Fig. 1(a). Given their magnitudes 𝑎1 and 𝑎2 as the lattice 
constants, we specifically set

𝐚1 = 𝑎1(1, 0)T (1)

𝐚2 = 𝑎2(cos 𝛼, sin 𝛼)T (2)

These lattice vectors are connected by a scaling factor 𝑠 = 𝑎2∕𝑎1 and the angle 𝛼 ∈]0, 𝜋[ between them. This parametrization shows 
that any lattice can be continuously deformed into another within a parameter space of dimension two. In particular, the square 
lattice (𝑠 = 1, 𝛼 = 𝜋∕2) with the highest degree of symmetry provides a convenient reference from which such deformations may be 
initiated. The reciprocal lattice vectors - depicted in Fig. 1(b) - define the first Brillouin zone; they are in turn

𝐛1 =
2𝜋

𝑎1 sin 𝛼
(sin 𝛼,−cos 𝛼)T, (3)

𝐛2 =
2𝜋

𝑎2 sin 𝛼
(0, 1)T. (4)

Here, the scaling factor is 𝑠 = 𝑏1∕𝑏2. The primitive unit cell in reciprocal space is thus continuously deformed from the square 
Brillouin zone. This relationship is illustrated in Fig. 1(c), which displays all possible configurations for two-dimensional lattices. 
Starting from the general case of the oblique lattice, symmetry enhancement may, for instance, be achieved by fixing the inter-
vector angle to 𝜋∕2, yielding the rectangular lattice, represented by the orange line. A further step is obtained by setting the scaling 
parameter 𝑠 to unity, resulting in the square lattice. Moreover, by applying the condition 2𝑠| cos(𝛼)| = 1, the lattice becomes centered 
rectangular, also referred to as rhombic. Finally, by imposing a more restrictive constraint on the angle (𝛼 = 𝜋∕3), one arrives at the 
hexagonal lattice.

3.  Mesh quality for small constrictions

For our investigations, we must first define the considered close-packing artificial crystals. To allow for a fair comparison between 
the different lattice types, and given that the primitive unit cells have four sides, we impose the presence of four touching points 
defining four constrictions - one of which is located at the center of each side. Starting from the unit square lattice, any lattice defined 
by a doublet (𝑠, 𝛼) can be generated by means of an affine transformation with the equation:

𝑥′ = 𝑎1 𝑥 + 𝑎2 cos(𝛼) 𝑦, (5)

𝑦′ = 𝑎2 sin(𝛼) 𝑦. (6)

Wave Motion 147 (2026) 103785 

2 



D. Röhlig and V. Laude

Further, to enable an independent control of the inclusion shape, we introduce the following representation in polar coordinates:
𝑥 = 𝑟 | cos𝛽−1 𝜃| cos 𝜃, (7)

𝑦 = 𝑟 | sin𝛽−1 𝜃| sin 𝜃, (8)

where the exponent 𝛽 effectively controls the shape and the radius 𝑟 = 𝑎1∕2. In particular, 𝛽 = 1 yields the circular case, whereas 
𝛽 = 2 produces a rotated square inclusion; intermediate values such as 𝛽 = 1.5 provide a continuous transition between these inclusion 
shapes. In order to obtain the numerical results in our study of close-packing artificial crystals, we used the finite element method 
as thematized later. Fig. 2(a) displays these four cases for a square lattice crystal of impermeable inclusions. It becomes clear that 
the constrictions progressively narrow as the parameter 𝛽 decreases. In all cases, the mesh is divided into four parts connected by a 
single point. When the affine transform is applied to the mesh, this connectivity property remains: the contact points sit exactly in the 
middle of each side. As a consequence, the inclusion undergoes a deformation - as do the resulting constrictions around the contact 
points. The examples shown in Fig. 2(b) illustrate the transformation toward a hexagonal lattice corresponding to the four values of 
𝛽 considered in Fig. 2(a).

In order to resolve the constriction shape with sufficient accuracy, mesh adaptation becomes necessary. As a rule, the convergence 
of the band structures may be enhanced by a denser sampling near the contact points, whereas sampling can be relaxed away from 
them. One conceivable strategy could be the use of mesh adaption based on an estimate of the finite element solution quality. However, 
we have found this approach to be made difficult by the connectivity of the mesh at the contact points. We therefore adopted a 
geometrical approach: the sampling along the boundaries of the mesh is gradually increased when approaching the midpoint of a 
side. For the square lattice, characterised by a single lattice constant 𝑎 = 𝑎1 = 𝑎2, the sampling density 𝑡 ∈ [0, 𝑎∕2] along one half of a 
unit-cell edge was varied according to

𝑡′ = 𝑎
2

tanh
(

2𝛾1𝑡
𝑎

)

tanh(𝛾1)
. (9)

Here, 𝑡 and 𝑡′ denote curvilinear coordinates along the respective half edge; 𝑡 is sampled uniformly, whereas 𝛾1 represents a constant 
controlling the local mesh density; it was set to three in the examples presented below. Similarly, the internal circular boundary is 
partitioned at the contact points; the four resulting sectors are sampled in a non-uniform manner. For instance, the sector defined by 
𝜃 ∈ [−𝜋∕4, 𝜋∕4] is sampled according to

𝜃′ = 𝜋
4

tanh
(

4𝛾2𝜃
𝜋

)

tanh(𝛾2)
. (10)

𝛾2 again denotes a constant controlling the local mesh density; it equals two in the provided examples.

4.  Results

After the construction of the mesh, we proceed to solve for the band structures of the different lattices. Following ref. [14], 
we consider the Helmholtz equation and solve its weak form with the finite element method (see Appendix A for a description); 
computations are performed using FreeFem++ [21]. To model our structures, we assumed a single-phase material and impermeable 
inclusions in which resonances are excluded. This case encompasses many different scalar wave equations for acoustics, plasmonics, 
photonics, or water waves. Given that there is a single material wave velocity, noted 𝑐, we can consider reduced frequencies defined 
as 𝑓 = 𝜔𝑎1∕2𝜋𝑐. As a note, we have 𝑓 = 𝑎1∕𝜆 with 𝜆 the wavelength in the base material. Band structures for close-packing crystals 
have already been provided in refs. [13] and [14] and are not repeated here. In short, it was observed that the bands are very flat, 
delimiting very wide band gaps. The lowest band, in particular, spans frequencies from zero up to 𝑓1 > 0, marking the entrance of the 
first Bragg gap; the subsequent band closes the first Bragg gap at the frequency 𝑓2. Since our primary interest lies in the width of the 
first Bragg gap, we evaluate it directly from the density of states (DOS), which is obtained by uniformly sampling the first Brillouin 
zone. Conventionally, we measure this width by means of the band gap width (BGW) metric defined as

BGW = 2
𝑓2 − 𝑓1
𝑓2 + 𝑓1

. (11)

With the frequency bounds introduced above for 𝑓1 and 𝑓2, this metric is constrained to the interval [0, 2]. The upper bound is attained 
for 𝑓1 = 0, irrespective of the value of 𝑓2.

Let us first compare crystals with a scaling of 𝑠 = 1, and 𝛽 = 1 for circular inclusions. Fig. 3(a) displays the DOS for the cases 
𝛼 = 𝜋∕2 (square lattice), 𝛼 = 𝜋∕3 (hexagonal lattice), and an intermediate configuration, 𝛼 = 5𝜋∕12 (oblique lattice). All three DOS 
curves are composed of sharp peaks marking the flat bands. The first peak defining 𝑓1 is almost the same for all three values of 𝛼, 
but 𝑓2 is clearly larger for the square lattice. The first peak defining 𝑓1 remains nearly identical for all three values of 𝛼, whereas 𝑓2
is distinctly larger for the square lattice. These characteristics have already been verified experimentally for both the square [13,14] 
and the hexagonal lattice [14], although the presented band gaps in those references are less pronounced owing to limitations in 
fabrication precision. Second, we examine crystals with 𝑠 = 1.2 and circular inclusions (𝛽 = 1). Fig. 3(b) shows the DOS for the cases 
𝛼 = 𝜋∕2 (rectangular lattice), 𝛼 = 𝜋∕3 (oblique lattice), and 2 𝑠 cos(𝛼) = 1 (rhombic lattice). As in the preceding analysis, 𝑓1 varies 
insignificantly; by contrast, 𝑓2 decreases continuously away from condition 𝛼 = 𝜋∕2.
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Fig. 2. Finite-element meshes obtained for 𝑠 = 1 and different values of the parameter 𝛽, which controls the inclusion shape. The left column (a) 
corresponds to a square-lattice crystal (𝛼 = 𝜋∕2), whereas the right column (b) depicts hexagonal lattices (𝛼 = 𝜋∕3). The mesh resolution is chosen 
such that 80 nodes are distributed along each external border.

Table 1 summarizes the calculated BGW obtained for the different close-packing crystals considered in this study. Varying the 
lattice type changes the band-gap width - which appears to attain its maximum for the square lattice. The entrance frequency 𝑓1 of 
the Bragg-gap approaches zero, whereas the exit frequency 𝑓2 lies close to the maximal unit value. In this respect, the conventional 
BGW metric hardly captures the differences between lattices. Notably, compared to the lattice type, the constriction shape exerts an 
even stronger influence on the width, as Fig. 4 illustrates. For the square lattice (see Fig. 4(a)), transforming the inclusion from a 
circular to a square by increasing the value of 𝛽, enhances band dispersion and narrows the complete band gaps. Fig. 4(b) confirms 
this behaviour for the hexagonal lattice; it can be explained as follows: For low values of 𝛽, the constriction becomes narrow. By 
contrast, when 𝛽 is increased the constriction elongates and gives rise to a narrow tunnel-like region surrounding the contact points. 
Propagating waves are then compelled to traverse the confined path, which drastically reduces the group velocity. As a consequence, 
the eigensolutions become concentrated within sharply defined frequency intervals and complete band gaps widen.

Wave Motion 147 (2026) 103785 

4 



D. Röhlig and V. Laude

Fig. 3. Influence of the Bravais lattice type on the density of states: (a) for a scaling factor 𝑠 = 1 and (b) for 𝑠 = 1.2.

Fig. 4. Influence of the constriction shape on the density of states: (a) for the square lattice with 𝛼 = 𝜋∕2 and (b) for the hexagonal lattice with 
𝛼 = 𝜋∕3. The scaling factor is fixed at 𝑠 = 1, while the exponent 𝛽 is varied.

Table 1 
Entrance and exit reduced frequencies, as well as the band-gap 
width (BGW), for the various artificial crystals considered in Figs. 3 
and 4.
𝑠 𝛼 𝛽 𝑓1 𝑓2  BGW  lattice type
 1.0 𝜋∕2  1.0  0.021  0.963  1.91  square
 1.0 𝜋∕3  1.0  0.021  0.805  1.90  hexagonal
 1.0 5𝜋∕12  1.0  0.022  0.871  1.90  oblique
 1.2 𝜋∕2  1.0  0.021  0.817  1.90  rectangular
 1.2 𝜋∕3  1.0  0.022  0.725  1.88  oblique
 1.2 cos−1( 1

2𝑠
)  1.0  0.020  0.744  1.90  rhombic

 1.0 𝜋∕2  0.5  0.008  1.427  1.98  square
 1.0 𝜋∕2  1.5  0.080  0.796  1.63  square
 1.0 𝜋∕2  2.0  0.182  0.706  1.18  square
 1.0 𝜋∕3  0.5  0.010  1.250  1.97  hexagonal
 1.0 𝜋∕3  1.5  0.080  0.654  1.56  hexagonal
 1.0 𝜋∕3  2.0  0.194  0.577  0.99  hexagonal

5.  Discussion

In summary, we characterised the two-dimensional lattice types by two continuous parameters: the angle 𝛼 and the scale 𝑠. By 
varying these parameters, a square primitive unit cell can be continuously transformed into the one associated with any other lattice. 
In addition, we introduced the parameter 𝛽 that controls the shape of the inclusion. In the computations, the mesh must be carefully 
constructed to capture the effect of a small constriction around a contact point. Results for the densities of states confirm the formation 
of exceptionally wide band gaps for all five Bravais lattices. In case of four constrictions per unit cell, the square lattice performs 
best among the presented lattice types. More importantly, the results indicate that - beyond the mere existence of contact points, 
the geometric shape of the constrictions formed by the inclusions exerts a decisive influence on band-gap formation. Indeed, this 
factor may prove at least as significant as the lattice type itself; it dictates wave dispersion inside the crystal. To conclude, the mere 
existence of contact points does not, in itself, exhaust the full picture; rather, the resulting dispersion characteristics are determined 
by the manner in which waves propagate through the constrictions formed by impermeable inclusions. In order to maximize the
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band-gap widths, the waves must be forced to traverse sufficiently narrow channels, and the constrictions should therefore be designed 
accordingly. This observation may serve as a guiding principle for the development of future metamaterials.
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Appendix A.  Finite element formulation

We consider a generic Helmholtz equation with a single material in the unit cell that contains an impermeable inclusion solely 
defined by a Neumann boundary condition [14]. Its weak form is solved using the finite element method on the meshes exemplified 
in Fig. 2. We consider the strong form of the Helmholtz equation as 

△𝑢(𝒓) + 𝜔2

𝑐2
𝑢(𝒓) = 0, (A.1)

where 𝜔 denotes the angular frequency, 𝑐 the wave speed and 𝑢 represents the wave field. Introducing Bloch waves 𝑢(𝒓, 𝑡) =
𝑢̃(𝒓) exp(𝑖𝜔𝑡 − 𝑖𝒌 ⋅ 𝒓) for both the field and the test function 𝑣(𝒓, 𝑡), the weak form has the form of an eigenvalue problem 

𝜔2

𝑐2 ∫Ω
𝑣∗ 𝑢̃ d𝒓 = ∫Ω

(∇ + 𝑖𝒌)𝑣∗ ⋅ (∇ − 𝑖𝒌)𝑢̃ d𝒓 (A.2)

Both integrals are defined over the whole unit cell domain Ω, which consists of a single material. The function 𝑢̃(𝒓) has the periodicity 
of the lattice. For real wavevectors the second integral defines a Hermitian-symmetric matrix, hence real and positive eigenvalues 
𝜔2∕𝑐2, and orthogonal eigenvectors.

Appendix B.  Brillouin zone sampling and density of states

As described in Section 2, the primitive unit cell in reciprocal space, parametrizing the first Brillouin zone, is a parallelogram with 
basis vectors 𝐛1 and 𝐛2. One quarter of this reciprocal unit cell is sampled using the 𝑁2 discrete wavevectors

𝐤[𝑛1, 𝑛2] =
𝑛1

𝑁 − 1
𝐛1
2

+
𝑛2

𝑁 − 1
𝐛2
2
, 𝑛1, 𝑛2 ∈ [0, 𝑁 − 1]2 (B.1)

For the computations presented in the manuscript, 𝑁 = 31, such that the reciprocal unit cell is sampled with 961 𝑘-points. Owing 
to symmetry, it suffices to sample only one quarter of the reciprocal unit cell - for instance, the upper-right quadrant. Note that 
the usual high symmetry points of the first Brillouin zone are all automatically included. Solving the eigenvalue problem for the 𝑁2

wavevectors yields a set of reduced eigenfrequencies 𝑓 [𝑛1, 𝑛2, 𝑞], with 𝑞 ∈ [1, 𝑄] labelling the discrete Bloch bands (𝑄 = 16 eigenvalues 
are computed for each wavevector). The density of states is then defined as a continuous function of reduced frequency as follows.

ℎ(𝑓 ) =
𝑁−1
∑

𝑛1=0

𝑁−1
∑

𝑛2=0

𝑄
∑

𝑞=1

1
2𝜋 𝛿𝑓

exp
(

−
(𝑓 − 𝑓 [𝑛1, 𝑛2, 𝑞])2

2 𝛿𝑓 2

)

. (B.2)

Within complete band gaps, we have ℎ(𝑓 ) = 0; thus, this condition makes it easy to identify the reduced entrance and exit frequencies 
of complete band gaps, in particular 𝑓1 and 𝑓2 as listed in Table 1. In order to plot Figs. 3 and 4, we have used 𝛿𝑓 = 0.003.
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Appendix C.  Solver settings and convergence

All finite element computations and meshing operations are performed using FreeFem++ [21]. The finite element matrices are 
constructed with quadratic Lagrange elements. We select the direct eigenvalue solver Arpack that is designed to compute a few 
eigenvalues and the corresponding eigenvectors of large sparse or structured matrices. For symmetric matrices, Arpack implements 
the Lanczos algorithm. Convergence in this case is known to occur from above, so that the eigenfrequencies are systematically 
overestimated. In the case of constrictions, the limiting element for convergence is the part of the mesh that surrounds the contact 
point and convergence is slower as parameter 𝛽 decreases, i.e. as the constriction becomes less wide. The straight boundaries of 
the mesh, extending between a corner and a contact point, are sampled using 𝑛ℎ = 40 vertices; the curved boundaries between two 
contact points are sampled using ⌈𝜋 𝑛ℎ∕2⌉ = 63 vertices, where ⌈⋅⌉ denotes the ceiling function. This meshing resolution was verified 
to yield an accuracy better than 0.5% for the reduced frequencies reported in Table 1.

Appendix D.  Examples of band structures

Fig. D.5 displays two exemplar band structures, for illustration of the impact of the shape of the inclusion near contact points. 
In case of a narrow constriction (𝛽 = 0.5), the band structure is composed only of very flat bands separated by giant band gaps. In 
the opposite case of a wide constriction (𝛽 = 2), bands are comparatively less dispersive and the complete band gaps comparatively 
smaller.

Fig. D.5. Band structures for square lattice crystals (𝑠 = 1, 𝛼 = 𝜋∕2) with touching empty inclusions for (a) 𝛽 = 0.5 and (b) 𝛽 = 2. The corresponding 
meshes are displayed in Fig. 2(a).
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